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Abstract

The centers of the generic central simple algebras with involution are interesting objects
in the theory of central simple algebras. These fields also arise as invariant fields for linear
actions of projective orthogonal or symplectic groups. In this paper, we prove that when the
characteristic is not 2, these fields are retract rational, in the case the degrearis &
is odd. We achieve this by proving the equivalent lifting property for the class of central
simple algebras of degre@:8vith involution. A companion paper [D.J. Saltman, Invariant
fields of symplectic and orthogonal groups, preprint] deals with the case®#, and 4n
where stronger rationality results are proven.
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In this paperF will always be an infinite field of characteristic not 2. L&t
be an algebraic group ovét andV an algebraidt representation, by which we
mean there is an algebraic group morph@m> GLg (V). There is considerable
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interest in the structure, and more specifically in the rationality, of the invariant
field F(V)Y, whereg has its natural action on the field of rational functidh@’)

of V. For specific groups anf, this question has particular significance. For
example, conside§ = PGL,(F) = GL,/F* andV = M,(F) ® --- & M, (F)

(r times) where the action &GL, (F) on V is induced by diagonal conjugation.
Then the invariant field”(V)PC is the center of a generic division algebra
UD(F,n,r) (e.g. [LN, Section 14]).

In PGL, there are subgroups and for some of these subgroups the correspond-
ing invariant field is also of importance. We will be particularly interested in the
projective orthogonal groupg30O, and projective symplectic groupsSp, (for n
even). Since we do not assunfeis algebraically closed, let us be precise here.
Let 0,(F) Cc GL,(F) be the group of orthogonal matrices. That &, (F) is
the group of matrices whe¢A™ = I, where T is the transpose. L8, (F) be
the group of symplectic matrices, that is the group of matrices where= |
and S is the standard symplectic involution. For our purposes we can then define
PO, (F) andPSp,(F) to be the image 0D, (F) andSp,(F) in PGL,(F). Note
that, with this choicePO, (F) and PSp,(F) may not be the group of ratio-
nal points of the corresponding algebraic group, because the quotient groups may
haveF points not in the image of the group 6fpoints ofO,, or Sp,. To remedy
this one could replac®, andSp, by GO, andGSp,, the corresponding groups
of similitudes (e.g. [K-T, p. 153]). However, for our purposes none of this matters.
Our definition ofPO, (F) andPSp,(F) yield a Zariski dense set of points in the
corresponding groups over the algebraic closur& odnd so the invariant rings
and fields are the same no matter what definition we take.

In, for example, [R1, p. 183] there is a definition of generic algebras
UD; (F, n,r) andUD;(F, n, r) with involution of orthogonal, respectively sym-
plectic, type. By [P, pp. 377-378]F(V)P™ is the center,Z;(F,n,r), of
UD,(F, n,r) while F(V)PSR is the centerZ (T, n,r), of UDy(F,n,r). Thus
the invariant fields oPO, andPSp, play the role in the theory of central simple
algebras with involution that the invariant field BGL, plays in the theory of
central simple algebras. In particular, these invariant fields are natural objects to
consider.

Though the original question we asked was about rationality, there is a weaker
property which is closely tied to properties of central simple algebras. We say a
field extensionK / F is retract rational if and only if the following holds X is
the field of fractionsg(S) of an F algebra domairs, and there is a localized
polynomial ring F[x](1/s) = F[x1, ..., x,](1/s) with F algebra maps :S —
F[X](1/s) andg: F[X](1/s) — S suchthaig o : 5 — S is the identity.

The basic properties of retract rational field extensions are developed in [S].
Let us note one here. Defiré, K’ to be stably isomorphic (over) if and only
if the following holds. For some, b, the fieldsK (x1, ..., x,) andK’(y1, ..., y»)
are isomorphic oveF, where thec's andy’s are transcendence bases. It is shown
in [S]that if K, K’ are stably isomorphic, ankl/ F is retract rational, thek’'/ F
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is retract rational. In particular, stably rational (i.e., stably isomorphic to a rational
extension) implies retract rational (but not conversely). Because of the above fact,
we will talk about the retract rationality of the stable isomorphism class of a field
extensionk / F.

Let us break to explain a little notation. The statemdntk is a central
simple algebra of degree means thatA is a simple algebra of dimensior?
over its centerk. If we say D/K is a division algebra, we also meda is
its center. IfA/K is central simple, we will writeK (A) to mean the function
field of the Severi—Brauer variety of. That is, K (A) is the Amitsur generic
splitting field of A. Finally, supposet /K andA’/K’ are central simple algebras
and K (x1,...,xq) = K'(y1,..., yp) as in the definition of stable isomorphism.

If some such isomorphism extends to an isomorphsm®g K (x1,...,x,) =
A" Q@ K'(y1,...,yp), we sayA/K andA’/K’ are stably isomorphic.

As mentioned above; (V)PO and F(V)PSP are the centers of the so-called
generic algebras with orthogonal respectively symplectic involution. In particular,
these fields are centers for generic objects for the class of central simple algebras
with orthogonal respectively symplectic involutions. It follows that these are
also generic objects for the class of central simple algebras of order dividing 2
in the Brauer group. This last fact is reflected in the result from [BS] we are
about to quote in Theorem 1, describiRgV )P and F(V)PSP as extensions of
F(V)PCL Furthermore, in Theorem 2, we will confront more precisely what it
means to be a generic object for a class of central simple algebras.

To state it the result from [BS] we need, lebe the number of direct summands
in V. andUD(F,n,r)/Z(F,n,r) the generic division algebra of degredan r
variables. Abbreviate)JD/Z = UD(F,n,r)/Z(F,n,r). Let B, be the central
simple algebra of degree(n + 1)/2 in the Brauer class dfiD ® ; UD and By
the central simple algebra in the same class of degiee- 1)/2. Note thatB, is
written s2UD and B, is written22UD in [K-T, p. 33].

Theorem 1. For anyn, F(V)PO = Z,(F,n,r) = Z(B,). If n is even(so PSp is
defined, F(V)PSP = Z,(F, n,r) = Z(By).

Let D’ be the division algebra in the classWb ®7 UD. Then, by, e.g., [LN,
p. 93], Z(B,) and Z(B;,) are, when defined, rational ov&i(D’). In particular,
Z(B,) is isomorphic to a field rational ove£ (B;). Thus, to save ink, we will
frequently only discus#' (V)P = Z,(F, n, r) since the other field is equivalent.
The goal of this note is a result on retract rationality, which we prove by
relating retract rationality to a property of algebras. To this enddlet be the
class of Azumaya algebras/ R of degreen whereR O F andA @z A = M,;(R)
for the appropriate. Note that this is a linear class in the sense of [LN, p. 76]. We
say Ay, has the lifting property [LN, p. 77] if and only if the following holds.
AssumeT is a local commutative” algebra with residue fiel& and A/K is
in Az ,. Then there is an Azumayg/ T € A, , with B @7 K = A.
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Lifting is important because of Theorem 2 to follow. But before we state the
result, we recall a few notions from [LN, Section 1UD, = UD,(F, n,r) can
be identified withUD ® z Z(B,) and the center of both these algebras can be
identified withF (V)P . Supposet /S is an Azumaya such that ) = F (V)P
andA ®s F(V)P% =UD;. If B/R € Az, we say¢:S — R realizesB if and
only if B= A ®¢ R. Note that®4 means that we tredt as anS module viag.

We sayUD,/Z(B,) representsdz, (see [LN, p. 76]) if and only if the
following holds. There is am /S Azumaya such thaf is finitely generated as
an F algebra,q(S) = Z(B,), A ®s Z(B,) = UDy, and further the following
holds. Assume G s € S and B/K € Ay, with K a field. Then there is a
¢:5(1/s) — K realizingB/K . Note that ifA/S is as above, and’ c F(V)P%
satisfiesq(S") = F(V)P, then for some G4 s’ € §' and someA’/S’(1/s'),
A’/S'(1/s") satisfies the same property. This is why we can view “representing”
as a property of the algebtiD, /Z(B,) = UD,/F (V)P Also, it is clear that if
UD,/F(V)P9 is stably isomorphic to a /K, and A/K representsd, ,, then
so doesUD,/F(V)P%. Thus we can talk of the stable isomorphism class of
UD,/F (V)P as representinglz.,.

Another idea we recall is called “local projectivity” in [S], or (a slight variant)
property v) in [LN, p. 76]. We will use the version of this property from [LN], but
the name local projectivity from [S]. Let /S be such thag (S) = F(V)P9 and
A ®s F(V)PO =UD;. SupposeB’/T € Az, andT is a local ring with residue
field K. SetB = B’ ®r K. ThenA/S is locally projective if and only if for any
suchB’/T etc.,and any: S — K realizingB/K, thereis ap’ : S — T realizing
B’/ T such that the compositiofi — T — K is ¢. Note that ifA/S is locally
projective then so isA(1/s)/S(1/s) for any 0#£ s € S. Thus once again it is
fair to talk aboutUD, /F (V)P being locally projective. Also it is clear that the
property of being locally projective is preserved by stable isomorphisms. Thus,
once again, we can talk about the stable isomorphism clag®pfF (V)P as
being locally projective.

In [S] and [LN, Section 11] a general framework is described along with
a result connecting lifting properties with retract rationality. This framework
applies here and so we can show the following theorem.

Theorem 2. The stable isomorphism classesrofV )PC: /F = Z,(F,n,r)/F or
(whenn even F(V)PSR/F = Z.(F,n,r)/F are retract rational if and only if
A» , has the lifting property.

Proof. By [LN, p. 77] it is enough show thatD,/F (V)P representsdy ,
and is locally projective. By the above observations, we can repgtd@) =
F(V)PO by K = Z(UD ®z UD), andUD, by D = UD, ®z, K, because
K/Z(B,) is rational (e.g. [LN, p. 93]).

In [S1] was defined a generic central simple algebfaK’ of degreen and
order dividingr. In that papeiD’/ K’ was shown to represent the class of Azumaya
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algebras with the same property. In the case-612, it follows from [S2, p. 344]
that D'/ K’ is rational overD /K, and soD/K representsds ;.

In [LN, p. 105] it is shown thatUD/Z is locally projective for the class of
Azumaya algebras of degree Let A’/S’, q(S’) = Z, be an Azumaya algebra
that realizes this property. Defie> S’ to be the affine ring of an affine open
subset of the Severi—Brauer schemelo®s A’ (e.g. [V]) and sed = A’ ®g S.
Theng (S) = Z(UD ® z UD) = K by the naturality of the Severi—-Brauer scheme.
Furthermore, clearld ® s K = D. We claim that usingd /S one sees thab/K
is locally projective.

SupposeB’/T isin Az, T is local with residue field&, andB = B’ ®7 K.
Assume¢ : S — K realizesB/K. SinceA’/S’ is locally projective, there is a
partial lifting ¢” : S — T which realizesB’. That is, the restrictiog|g : S’ — K
can be factored int6” — T — K where the first map ig”. The full map¢ can
be factored intaS — S ®4 T — K. Note that by the naturality of the Severi—
Brauer scheme§ ®,- 7T is the affine ring of the corresponding open subset, call
it U, of the Severi—-Brauer scheme Bf ®7 B’. Thus¢ defines aK point on the
Severi—Brauer variety aB’ ®r B’ which can be identified with & point of the
Severi—Brauer variety aB ®x B. There is a transitive action b\B ®x B)* on
theseK points, and B’ ®7 B’)* maps onta B ®k B)*. By assumption, there is
a T point on the Severi-Brauer schemeBif®r B’. It follows that theK point
given by¢ is the image of & point of the Severi—Brauer scheme Bf®7 B’.
SinceT is local, the closure of thi§" point includes thep given K point, and
so thisT point is also inU. That is, there is a morphis$1®4» T — T and the
compositiong’: S — S ®4 T — T is the required lift forg. This proves local
projectivity and hence Theorem 20

It is clear how we will use Theorem 2, but before we do that let us make one
final reduction.

Lemma 3. Letn = 2"m wherem is odd. Thendy, has the lifting property if
A or has the lifting property.

Proof. If A/K isin Az,, thenA = A> ® A, whereA; has degree’2and A,,
has degree: (e.g. [LN, p. 35]). SinceA has order 2 in the Brauer group, ang
has order dividingn, it follows thatA,, must be split. Thatisd = M,,(A2). Itis
now obvious that ifd, »- has the lifting property then so dogls ,,. O

We remark that the converse is also true, but to prove this would take us too far
afield. To outline the argument, B/ T is an Azumaya algebra over a local ring,
thenB = M, (D) whereD has no nontrivial idempotents. Moreover, there is only
one suchD, up to isomorphism, in the Brauer class®fWith this, one can copy
the usual proof over a field, and show tlaE B1 ®7 - - - ® Bs; where all theB;
have prime power degree. With this background, the converse is clear.
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We can now state the following theorem.

Theorem 4. SupposeF is an infinite field of characteristic n® andn = 8m
wherem is odd. Then the stable isomorphism classeg @f)PS# and F (V)P0

are retract rational overF. Equivalently, the stable isomorphism classes of the
centersZ,(F,n,r) and Zy(F,n,r) of the generic algebras with orthogonal,
respectively, symplectic involution are retract rational over

Before we prove Theorem 4, we begin with another lemma. Relbe a

commutative ring. If; e R are finitely many elements, deflﬁﬁbl/z,...,bsl/z)
to be R[x1,...,xs]/(x? ¢ —bi|i=1,...,5). Note that we make the above
definition even if some of thé; are squares. In particular, iR is a field,
R(al/z, .. 1/2) may not be a field but is a direct sum of fields. We recall the

next Iemma.

Lemma 5. Let T be a local F algebra with residue fieldk. Supposey; € K*

anda; € T are preimages. Thefi = T(a’l/z, ... ’1/2) is a semilocalF algebra

which, modulo its Jacobson radical, is |somorph|clto= K(al/z,.. l/2) In
particular, S* maps ontal*. S/T is Galois with Galois group we can identify
with the Galois group ofL/K. Call this group G. There is an isomorphism

H?(G, $*) ZBr(S/T).

Proof. Since the:] are invertible, itis easy to se® T is Galois and since Galois
extensions are closed under specialization, one can identify this Galois group with
that of L/ K. The Jacobson radical 6f must beM S where M is the maximal

ideal of T. SinceL is a direct sum of fields§ is semilocal. Of course, semilocal
local rings have trivial Picard group, si?(G, S*) = Br(S/T) by, e.g., [LN,
p.45]. O

If A"is anyT algebra, and” has residue field', then we sayd’ is a lift of
A=A"®r K. WhenA/K is central simple, we will only call” a liftif A’/T is
Azumaya. Whem /K is a commutative Galois extension with Galois graup
we will only say A’ is a lift if A’/T is Galois with groupG. Thus among the
results of Lemma5 is thdf(a’l/z, . dY¥ s alift of K(al/z, a?.

Let us also recall that |fR is any commutative ring containing/2, and
a,b € R*, then one can form the Azumaya quaternion alggbtad)r = R ®
Ra @ RB ® Rap wherea? = a, 2 =b, andaf = —Ba. As implied, (a, b)r is
Azumaya oveRR of rank 4 (i.e. degree 2) [LN, p. 49]. By, e.g., [LN, p. 34}, b)
defines an element of order 2 in the Brauer grougRof-urthermore(a, b)g =
(b,a)r = (a, Ns(y)b)g Wherey € R(a¥?)*, S = R(a'/?), andNs: R(al/?) —
R is the norm. IfR is semilocal, ther(a, b) = (a, ¢) impliesbc is a norm from
R(a/?) by Lemma 5.



D.J. Saltman, J.-P. Tignol / Journal of Algebra 258 (2002) 535-542 541

Let « € R* with R as above, andS = R(a/?). Then the corestriction
Cors/r :Br(S) — Br(R) is defined (e.g. [LN, p. 55]) and satisfies all the usual
properties. In particular, i: € R* andb € $*, then Cog/r((a, b)s) is Brauer
equivalent to(a, Ns(b))g (e.g. [LN, p. 57]). Furthermore, iA/R is Azumaya,
Cors/r(A®g S) is Brauer equivalenttd ®z A. Leto generate the Galois group
of S/R. That is,o (a¥/2) = —a'/2. SupposeB/S is Azumaya and let(B) be
theo twist. Thatis,o (B) = B ®, S. We finally have Cog/z(B) ®r S is Brauer
equivalenttoB ®s o (B).

We are finally ready to turn to the proof of Theorem 4. Of course, by Theorem 2
and Lemma 3 it suffices to prové; g has the lifting property. To this end, suppose
T is alocalF algebrawith residue fiel@d', andD/K is a central simple algebra of
degree 8 and order 2 in the Brauer group. We must show that there is an Azumaya
D'/T suchthatD’ @ K = D and D’ @7 D’ is isomorphic to matrices over.
Note that sincel" is local, this is equivalent to sayinB’ has order dividing 2 in
the Brauer group.

B : . 12 1/2 1/2

y [R], D has a maximal subfield of the formK(a;’", a5’", a3""). The
centralizer of L = K(ai/z) in D is a division algebra of degree 4 with
involution. Thus by, e.g., [LLT, Proposition 5.2], this centralizer has the form
B = (az,x2)L ®L (az, x3)L.

The corestriction off B] is Brauer equivalent td ®x D and so must be
trivial. But this corestriction iga2, Ni (x2))x ®k (a3, N1 (x3)) k. In other words,
(a2, N (x2))x = (a3, Np(x3)). By [T, p. 267] or [A, Lemma 1.7], there is a
y € K* such that(ap, Ni. (x2)) = (v, NL(x2)) = (y, Np(x3)) = (a3, N1 (x3)). Set
L; = K(Nz(x;))¥/?) for i = 2,3 and Loz = K (N (x2x3)Y/2). Then there are
wi € LY and upz € L35 such thatazy = Np,(n2), ¥y = Np,(u23), andagy =
Ni,(n3). The idea of this proof is that we can lifi, then thex;, theny, and then
az, a3 S0 that all these relations still hold. The key idea is that we use the relations
to define the lifts.

Chooser; € T* a preimage ofi1. SetS = T(a/ll/z), soS is alift of L. Choose
x! € §* preimages of they;. Of course,Ns(x/) is a preimage ofV (x;). Set
Si = T (Ns(x))V/?) andSz3 = T (Ns(x5x4)/2). Of course, thes; andSa3 are lifts
of the L; and L3, respectively. Choosg; € SF andu’, € S35 preimages of the
wi and g, respectively.

Sety’ = Ns,(1uyg). Clearly y' € T* is a preimage ofy. Fori = 2,3, set
a; = Ng, (M;)y/*l e T*. Clearly, theq; are preimages of the;. Set B’ =
(a5, x5)s ®s (a3, x3)s. Of course B’ is a lift of B. The corestriction Cgyr(B’)
is Brauer equivalent tda, Ns(x5))r ®r (aj, Ns(xg))r. But (aj, Ns(xp)) =
(v, Ns(x3)) = (y', Ns(x3)) = (a3, Ns(x3)). It follows that Cog, 7 (B’) is trivial.
Tensoring up taS, we haveB’ ®s o (B’) is trivial whereo generates the Galois
group of S/ T. Of course this mean8’ ando (B’) are Brauer equivalent. Since
S is semilocal, using [D] we have th#&' = o (B’). Alternatively, we can make

the following argument. Boti®’ ando (B’) are split byV = S(a’zl/z, aél/z). More
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precisely, bothB’ and o (B’) are crossed products (e.g. [0S, pp. 88-90]) with
respect toV/S. By [LN, p. 45], the corresponding cocycles are cohomologous,
and soB’ =Z o (B’).

The isomorphisnmB’ = o (B’) can be equivalently expressed as the existence
of ane : B’ = B’ such thatx is o semilinear. Since:? is an S automorphism,
ands is semilocalg? is an inner automorphism given by, say; B* (e.g. [LN,

p. 16]).

Form the algebral’ = B’ @ B'u whereub = a(b)u for all b € B andu? = c.
Using, e.g., [LN, p. 12]itis easy to see théll/ T is Azumaya ovel of degree 8,
and the centralizer, i/, of S ¢ B’ is B’. Thus (e.g. [LN, p. 24]’/T defines
a preimage ofB’ in the Brauer group of". In particular,A’ @ A’ is Brauer
equivalentto Cay;7(B’) and soA” has order 2 in the Brauer group.

If A=A’ ®r K, thenA and D have equal images in the Brauer grouplof
Thatis,M2(A) = D ®k (a1,d) for somed € K*. Letd' € T be a preimage of
and setA” = A’ ®r (ay,d"). Of course, the Brauer class af' is a preimage of
the Brauer class ab. A” contains the subalgebfa®7 S. SinceS/T is Galais,

S ®7 S contains an idempotertsuch thate(S ®r S) = §. Viewinge € A”, it
is easy to see thdd’' = eA”e is Azumaya ovefl' of degree 8 and s®’ is a lift
of D.
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