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1. Introduction

The fuzzy numbers are often used to represent the uncertain and incomplete information in decision making, linguistic
controllers, expert systems, data mining, pattern recognition, etc. Because complicated fuzzy numbers may cause important
difficulties in data processing, different kinds of approximations (interval, triangular, trapezoidal, parametric) were proposed
in many recent papers [1-4,6-10,18,27-29,37,43-48]. The aim of the present paper is to continue the development of the
topic.

To capture the relevant information, to simplify the task of representing and handling of fuzzy numbers, the value and the
ambiguity of a fuzzy number were introduced in [24]. The authors also discussed how to approximate a given fuzzy number by
a suitable trapezoidal one with the same value and ambiguity. Because it is not possible to uniquely determine a trapezoidal
fuzzy number, which is characterized by four numbers, from two conditions, some additional conditions must be introduced.
An idea is to determine the trapezoidal fuzzy number by minimizing the distance between the initial fuzzy number and its
approximation. In the present paper we completely solve the problem to find the nearest trapezoidal approximation of a
fuzzy number, with respect to a well-known metric, preserving the ambiguity. The triangular approximation and interval
approximation are determined too. They can be useful for practitioners which prefer to work with more simplified data.
In applications is sometimes better to consider symmetric data such as we compute the nearest symmetric triangular
and the nearest symmetric trapezoidal fuzzy number with respect to average Euclidean distance, under the preserving of
ambiguity. We propose a simpler and elementary method to avoid the Karush-Kuhn-Tucker theorem and the associated
calculus and to prove some properties, like continuity. We give examples and algorithms of calculus in terms of width,
left-hand and right-hand ambiguity. In the paper [11] it was proved that, in the case of trapezoidal approximation without
conditions and in the case of trapezoidal approximation preserving the expected interval, there is no difference whether
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the trapezoidal approximation is performed before or after aggregation with respect to average. The property is valid in the
case of approximations treated in the present paper too.

2. Preliminaries

We consider the following well-known description of a fuzzy number A:

0, if x < aq,
(), if ap <x < ap,
AX) =11 if ay <x < as, (M

ra(x), if a3 < x < ag,

0, if ag <x,

where aq, ay, az, ag € R, I : [a1, a;] —> [0, 1]is a nondecreasing upper semicontinuous function, [4(a;) = 0,l4(az) = 1,
called the left side of the fuzzy number A and r4 : [as, ags] — [0, 1] is a nonincreasing upper semicontinuous function,
ra(az) = 1, r4(aq) = 0, called the right side of the fuzzy number A. The o —cut, @ € (0, 1], of a fuzzy number A is a crisp
set defined as

Ay ={xeR:AKX) > «}.

The support or 0—cut Ag of a fuzzy number is defined as

Ao ={x € R:A(x) > 0}.
Every o —cut, o € [0, 1], of a fuzzy number is a closed interval

Ay = [Ar(a), Ay(@)]

where

Ar(x) =inf{x € R : A(x) > «a},
Ay(a) =sup{x e R : A(x) > o}

forany @ € (0, 1]. If the sides of the fuzzy number A are strictly monotone then one can see easily that A; and Ay are inverse
functions of I4 and r4, respectively. We denote by F(RR) the set of all fuzzy numbers.
The ambiguity Amb(A) of a fuzzy number A, A, = [AL(), Ay(@)], @ € [0, 1] is given by (see [24])

1
Amb(A) :/ a(Ay (@) — A(@)) de. )
0
The typical value of A, called the expected value of A, is given by (see [25,33])
1 1 1
EV(A):E(/ AL (@) dcx+/ Ay (@) da). 3)
0 0
The nonspecificity of a fuzzy number A, called the width of A, is introduced by (see [18])

1 1
W(A)z'/o Ay (@) da—/o A, (@) da. (4)

To describe the spread of the left-hand and right-hand part of a fuzzy number with respect to the expected value, the
left-hand ambiguity and right-hand ambiguity of a fuzzy number A, were introduced in [31] as follows

1
Amby (A) = /O o (EV(A) — A, (@) da. (5)

Amby (A) =/(;1 o (Ay (@) — EV(A)) da. (6)
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A metric on the set of fuzzy numbers, which is an extension of the Euclidean distance, is defined by [26]

1 1
fmm=/kmm—mwfw+/mwm—%wfw. (7)
0 0

Fuzzy numbers with simple membership functions are preferred in practice (see e.g.[15,17,19,20,35,38,41,42]). The most
used such fuzzy numbers are so-called trapezoidal fuzzy numbers. A trapezoidal fuzzy number T, T, = [T, (o) , Ty (@)], @ €
[0, 1] is given by

Ti(a) =t + ( — t)a,
Ty(a) =t4 — (t4 — t3)a,

where tq, ty, t3, ts € R, t; <ty < t3 < t4. We denote by T = (ty, t2, t3, t4) a trapezoidal fuzzy number and by F' (R) the
set of all trapezoidal fuzzy numbers. When t, = t3 we obtain a triangular fuzzy number. We denote by Ft(R) the set of all
triangular fuzzy numbers. When t, — t; = t4 — t3 we obtain a symmetric trapezoidal fuzzy number. We denote by FS(R)
the set of all symmetric trapezoidal fuzzy numbers. When t; = t3 and t; — t; = t4 — t3 we obtain a symmetric triangular
fuzzy number. We denote by F*(R) the set of all symmetric triangular fuzzy numbers.

Sometimes (see [45]) it is useful to denote a trapezoidal fuzzy number by

T=1[Luxyl]

with [, u, x, y € R such that

x>0, (8)
y=0, 9)
x+y<2(u—1. (10)

Then
TL(a):l+x(a—%),
Tu(a)=u—y(a—%),

foreverya € [0, 1].
It is immediate that

1+ 6
|=——=, 1
5 (11)

t3 +t4
_ , 12
u 2 (12)
Xx=t, — 1y, (13)
y=ti—t3 (14)

and
6u—6l—x—y

Amb(T) = — "7 (15)

12

It is easy to obtain that a trapezoidal fuzzy number T = [I, u, x, y] is symmetric if and only if x = y and triangular if and
only if 2u — 2] = x + y. The distance between T = [I, u, x, y]and T’ = [I, u/, X/, y'] becomes [44]

AT, T ==Y +@w—-u)>+ 11—2()( —x)? + 11—2()/ —y)2. (16)

Another important kind of fuzzy number was introduced in [16] as follows. Let a, b, ¢, d € R suchthata < b < c < d.
A fuzzy number A such that

Ay =1AL (@), Ay @] =[a+ b -aa d=d-0)a'],aelo1], (17)



808 A.L Ban, L. Coroianu / International Journal of Approximate Reasoning 53 (2012) 805-836

where r, s > 0, is denoted by A = (a, b, ¢, d), ;. Whenr = s = 1 we obtain a trapezoidal fuzzy number. We denote by
F"3(R) the set of such fuzzy numbers.

LetA,Be F(R),A, = [A; (@) ,Ay (@)], By = [B (o), By (@)], @ € [0, 1] and A € R. We consider the sum A+ B and
the scalar multiplication A - A by (see e.g. [23], p. 40)

(A+B)y = Ay + By = [AL (o) + B, (@) , Ay (@) + By (a)]
and

[AAL (o) , AAy ()], ifA >0

XAy = Ay =
[MAy (o) , AAL ()], ifA <O,
respectively, for every o € [0, 1]. In the case of the trapezoidal fuzzy numbers T = (t1, ty, t3, t4) and S = (sq, S2, S3, S4)
we obtain

T+S=(t1 +51,t+52,t3 +53,t4 +54),
AT = (Aty, Ay, At3, Aty) if L >0,
AT = (Aty, At3, Ay, ALy) if L < 0.

We also mention that
(@b, c.d) s+ (d. b, d) =(a+d b+t ct+c d+d) (18)

r,s r,s
and

A-(a,b,c,d), s = (Aa, Ab, Ac, Ad), ¢, (19)
for every A > 0.

An extended trapezoidal fuzzy number [44,45] (see also [12,46]) is an ordered pair of polynomial functions of degree
less than or equal to 1. An extended trapezoidal fuzzy number may not be a fuzzy number, thatis t; < tp < t3 < t4
(or equivalently (8)—(10)) are not satisfied, but the distance between two extended trapezoidal fuzzy numbers is similarly
defined as in (7) or (16). In addition, we define the ambiguity of an extended trapezoidal fuzzy number in the same way as
in the classical case of a fuzzy number. We denote by FeT (R) the set of all extended trapezoidal fuzzy numbers.

The extended trapezoidal approximation

Te(A) = [I° (A), u® (A) , X° (A) , y* (A)] = [I°, u, X°, y°]

of a fuzzy number A is the extended trapezoidal fuzzy number which minimizes the distance d(A, X) where X is an extended
trapezoidal fuzzy number. In the paper [5] the authors proved that T.(A) is not always a fuzzy number. The extended
trapezoidal approximation T,(A) = [I°, u®, x°, y] of a fuzzy number A, A, = [AL («) , Ay (@)], o € [0, 1] is determined
(see [44]) by the following equalities

1

= /0 AL(@) dar, (20)
1

u® :/0 Ay(a) da, (21)

xX¥=12 /01 (a - %) Al(o) da, (22)

ye=—-12 /o] (a — %) Ay (o) da. (23)

The real numbers x¢ and y° are non-negative (see [44]) and from the definition of a fuzzy number we have ¢ < u®.
In the paper [43] the author proved two very important distance properties for the extended trapezoidal approximation
operator T, : F(R) —>F£,T (R), as follows.
Proposition 1 ([43], Proposition 4.2). Let A be a fuzzy number. Then
d*(A, B) = d*(A, Te(A)) + d*(Te(A), B),

for any trapezoidal fuzzy number B.
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Proposition 2 ([43], Proposition 4.4). d(T.(A), T.(B)) < d(A, B) for all fuzzy numbers A and B.

Remark 3. LetA and B be two fuzzy numbers and T, (A) = [I°, u, x°, y°], T(B) = [I'®, u’®, X’¢, y’¢] the extended trapezoidal
approximations of A and B. From (16) and from Proposition 2, it is immediate that

(¢ = 199? + u° —u")* < (A, B)

and
*° =X+ (° —y*)* < 12d*(A, B).

Proposition 4. If A is a fuzzy number and T,(A) = [I°, u®, x¢, y¢] is the extended trapezoidal approximation of A then
Amb(A) = Amb(T.(A)).

Proof. By direct calculation, we get

Amb(Te(A))

—1(6ue 61° — x° e)—1/1A (o) dox 1/1A(a)doz
T Y'=5 2Jo ™

—/0] ((x - %)AL(O()doz+/0l (a— %)Au(a)d“

=/01 w(Ay(@) — A(@)) da = Amb(A). [

The below version of the well-known Karush-Kuhn-Tucker theorem is an important tool in approximation of fuzzy
numbers by trapezoidal or triangular fuzzy numbers (see [6,7,9,29]).

Theorem 5 ([34,36], see also [39], pp. 281-283). Let f, g1, ..., g&n : R"™ — R be convex and differentiable functions. Then X
solves the convex programming problem

min f (x)
st.gi(x) <hj,iefl,.. m}

if and only if there exists &;, i € {1, ..., m}, such that
() vf ) + ;1&' V& (X) =0;
(ii) & (®) — hi < 0;
(iii) & > 0;
(iv) & (hi — g (®)) = 0.

3. Approximation of fuzzy numbers by real intervals preserving ambiguity

Because a real interval [v, w] can be represented as a fuzzy number with the «-cuts [v, w], for every o € [0, 1], from (2)
we get

w—v
Amb ([v, w]) = —

We find Iy, the nearest interval of a given fuzzy number A, A, = [A; (@), Ay (@)], @ € [0, 1] such that its ambiguity is
preserved, by solving the following problem

mind ([v, w], A),

1 w v
/ a(Ay(e) — Aye)) da = =Y.
0 2
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The problem is equivalent to find v, w such that

min ( /0 " AL (@) — v)? da + | /0 " Ay (@) — w)? da) , (24)
s 2_ L /(;1 a(Ay(a) —AL(a)) da (25)
v<w. (26)

After simple calculations we get the problem (24)-(26) is reduced to

1 1
min (2v2 + (4/ oAy (o) da — 4/ oA (a) da
0 0

—2'/01 Ay(a) da — 2/0114,_((1) da) v) ,

1
w= z/o a(Ay(a) — AL (@) dar + v

The following result is immediate.

Theorem 6. The nearest interval to A € F (R), which preserves the ambiguity of A, Ix = [v, w], is given by

v= /0l (a + %) Ar(a) do + /01 (—a + %) Ay(a) da (27)
W:/Ol (—a—}—%)AL(a)da—i—/O] (a—i—%)AU(a)da. (28)

According with (2) and (3) we obtain
I = [EV (A) — Amb (A) , EV (A) + Amb (A)] .

Corollary 7. IfA = (a, b, ¢, d), ¢ then Iy = [v, w] is given by

2+3r 3r + 4r? s
V= a+ b+
2(1+r)(142r) 2(1+r1r)(142r) 2(1+5s)(1+2s)

(d_c)’

r 3s + 4s? 2+ 3s
w=———— (a—b)+ c+ d.
21411 +2r) 204+s)(1+25)  2(14s)(1+2s)

Example 8. We have

5 21}
36

l1,2,3,4) = [
9 10
Ia,23,4),, = [g» g]-

4. Approximation of fuzzy numbers by trapezoidal fuzzy numbers preserving ambiguity

In this section we prove that for any fuzzy number A there exists an unique trapezoidal fuzzy number T4 such that
Amb(A) = Amb(T,) and which is the nearest to A with respect to the metric d. By Proposition 1 and Proposition 4 it follows
that the problem to find the trapezoidal approximation preserving the ambiguity of a fuzzy number A is equivalent with
the problem to find a trapezoidal fuzzy number T, such that Amb(T4) = Amb(T,(A)) and d(Tx, T.(A)) < d(B, T.(A)) for all
B € FT(R) satisfying Amb(B) = Amb(T,(A)). Therefore

Ta = Iy (A), ur (A) , xr (A) , yr (A)] = [Ir, ur, X7, yr]
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is a solution of the discussed problem if and only if the quadruple (I, ur, xr, yr) € R* is a solution of the minimization
problem

: e\2 e\2 i _ 82 l _,8\2
mm((l—l)+(u—u>+12(x X+ y)) (29)

under the conditions

x>0, (30)

y>0, (1)
x+y<20u—1), (32)

6u— 6l —x —y="6u°—6I°—x° —y°. (33)

Condition (33) implies
1 1
u—l=u" =1+ (x+y) — - X +)°)
6 6
and
l—lezu—ue—l(x—xe)—l(y—ye) (34)
6 6 ’
therefore problem (29)-(33) becomes
minF (I, u, x,y),
where
e\2 1 e\2 1 e\2 1 e e
Fllbuxy) =2w—u)" 4+ S =x)" + 0/ =y)" = o (—u) k= x)
l e e 1 e e
——(u—u — + —(x—x -
3 ( O =¥)+ 5 ) v —¥°)

under the conditions

x>0, (35)
y=0, (36)
2x + 2y <6u® —61° — x° —y°. (37)

After elementary calculus we get

1 27
Fl,,, -2 e _ G _e) oy 82
(L, u,x,y) (u u ]Z(X X +y-—y9 +72(x x%)
7 e\2 1 e e
o =Y S = x) v =)

Because conditions (35)-(37) are independent of u and taking into account (34), Ty = [Ir, ur, X7, yr] is the nearest trape-
zoidal fuzzy number to fuzzy number A such that Amb (A) = Amb (T,) if and only if

1
ur=ue+a(><r—xe+yr—ye), (38)

1
Ir=1°— E(XT—XE—H’T—YE) (39)
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and (xr, yr) is the solution of the minimization problem

min (70— x°)> + 70/ = ¥)* +2(x = )y = ¥°)) , (40)

x>0, (41)

y=0, (42)

2x + 2y < 6u® — 6I° — xF — )~ (43)
Let us denote (see Fig. 1)

My ={(x,y) e R?*: x>0,y >0,2x + 2y < 6u° — 6I° — x° — y°} (44)

and d the Euclidean metric on R?.
To solve the above problem we give the following result.
Theorem 9. The problem (40)-(43) has an unique solution (xr, yr), where
(x1, y1) = Pu, (x°, ¥°)

and Py (a, b) denotes the orthogonal projection of (a, b) € R? on nonempty set M C R?, with respect to the Euclidean metric
dE.

Proof. First, we prove that M, is nonempty. Indeed, taking into account (20)—(23) we have
1
6uS — 66 — X — ¢ = 12/ a(Ay(@) — AL(@)) da > 0,
0

therefore My # (.
Let us define an inner product (-, -) on R? by

((x1,¥1), (x2,¥2)) = Tx1x2 + 7y1y2 + x1y2 + X2¥1.

If (X1, y1), (x2,y2) € R? then

D*((x1,y1), (X2, ¥2)) = (X1 — X2, y1 — ¥2), (X1 — X2, Y1 — ¥2))
=701 —x)* + 701 —¥2)* +2 (1 — x2) ()1 — ¥2)

introduces a distance on R?, induced by the above inner product. Since R? is a finite dimensional space it follows that
(Rz, (-, ~)) is a Hilbert space. Because M, is a nonempty closed convex subset of the Hilbert space (Rz, (-, .)) it follows

(see e.g. [40], Theorem 4. 10, p. 79) that for any (x, y) € R? there exists an unique element denoted (PMA)D (x, ¥) such that

D((x. ). (Ph)p () = inf D((x.) . C),

<

(i)

(0,3U%-31°-x°/2-y"[2)

y

—» X

0 (3u®-3I°-x°/2-y°/2,0)

Fig. 1. M, and cases for (x°, y°) in the finding of Ty.
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that is

(XTa yT) - (PMA)D (XE’ ye) (45)

is the unique solution of problem (40)-(43). Now, we distinguish the following two cases:
(i) (x%, y°) € My. Then it is obvious that

(xr, y1) = (. ¥°) = (Pm,)p (X°, ¥°) = Pu, (X%, ¥°) .
(ii) (x°, y°) ¢ My. We prove that (xr, yr) € M7, where
My ={(x,y) e R> :x >0,y >0,2x + 2y = 6u® — 61° — x°* — y°}.

Let us assume (x7, y7) ¢ M;. Because (x7, yr) € Ma\Mj, there exists B € M7 such that B is between (x7, yr) and (x¢, y©),
therefore

D((Xe7 ye) 5 (XT’ .yT)) > D((Xe’ yE) 5 B)v

a contradiction with (45).
Since (x, yr) € M7 we get that (xr, yr) is the solution of the problem

minG (x,y) ,
where

G, y) =7(x —x)*+ 7@y — ¥)* + 2(x — x)(y — ¥°),

under conditions
x>0, (46)
y=>0, (47)
2x + 2y = 6u® — 61° — x° — y~©. (48)

Taking into account (48) we get

3 3 ,\?
G(x,y) =6(x —x)%+6(y—y°)?+ (3ue —3°F - Exe - Eye)

3

and since the expression (3u® — 31° — 7x° — %ye)2 is constant we obtain that (x, yr) is the solution of the problem

min ((x -+ (y— ye)z)
under the conditions
x>0,

y=0,
2x 4+ 2y = 6u° — 61° — xt — y°,

therefore (xr, yr) = Py, (x°, y©). Because (x°, y°) ¢ My we easily obtain (xr, yr) = Py, (x¢,¥%). O

Theorem 9, together (38) and (39), suggest us the following method to compute T4 = [Ir, ur, X7, yr), the nearest trape-
zoidal fuzzy number of a fuzzy number A preserving the ambiguity (see Fig. 1).
(i) (x, ¥®) € My, thatis

=208+ 2uf —x*—y* > 0.
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Then
xr = x°,
yr =y
Iy =1°,
ur = u.

If (x¢, ¥°) ¢ My then the following cases are possible:
(ii) If

6I°—6u®+3x*—y* >0

then
1 1
xr =314 3u® — —x°* — —)°,
T 2 2y
yr=0,
1 5 1 1
Up = ——¢ 4~y — —x¢ — = e,
TETy TR T T

5 1 1 1
Ir=-1°——u®+ —x*+ —y°.
=gl Tt Ty Ty

(iii) If

—6I° +6u°+x°—3y° <0

then
xr =0,
e e e 19
yr=-3I"4+3u — —x —Ey,
1 5 1
uT:_ile_’_i e _ “xf ye7

(iv) If
=264+ 2uf —x* —y* <0,
61° —6u® +3x° —y°* <0,
—61° + 6u® +x* —3y° >0,
then
3, 3 1
e I R

3. 3 3 1
=1+ -u — =X+
=Tt T TN Y

1.5 1 1
Up = ——1° 4+ “u® — —x° — —y°,
=41y 8 g’

5 1 1 1
Ir==1°— —u® 4+ —x* + —y°.
e T Y
Taking into account (11)-(14) and (20)-(23) we obtain the following result to compute

A= (T1(A),T2(A),T3(A), T4 (A) = (T1, T2, T3, Ta) ,

the nearest trapezoidal fuzzy number of a fuzzy number A preserving the ambiguity.
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Theorem 10. (i) If

/1(1 — 3a)A; () do + /1(301 — 1Ay () da > 0
JO JO

then
T, = / (6 + 44, (@) da.
0
T —/1(605 2)AL (@) d
2= 0 - (X o,
1
Ty = /O (6a — 2)Ay () dar.
1
u:/ (—6a + 4)Ay () da.
0
(i) If
1 1
/(30{—1)AL(05) da—l—/ (¢ — DAy (o) da > 0
0 0
then
11 11
Tl:i/o (1+9a)AL(a)da+5/0 (1 — 9)Ay (@) da,
Cn=Ti= 2 [ —3wa@de + & [0+ 30)Ay@) d
n=n=T= [ (—30a@d+ [ 1+30a@d
(iii) If
1 1
/((x—l)AL(a) da—l—/ Ba — 1Ay (@) da < 0
0 0
then
=T =T =+ [ (1 43e@de+ 2 [ (130
=T =n= [(+30a@da+ [ (1-30a@de,
1 41 1 /1
T“:E/o a —9a)AL(a)doc+5/0 (1 + 9)Ay (o) der.
(iv) If
1 1
/(1—3a)AL (@) da+/ Ga — 1)Ay (@) da <0,
0 0
/](3(1 — 1A (@) da—}—/l(a — 1Ay (@) da <0,
0 0
/](oc — DA (@) da+/](3a — DAy (o) da >0,
0 0
then

T, = 2/01 A (o) dot — /0l (60 — 2)Ay () dar,
1 1
T,=T; = /0 Ba — 1AL (@) da —|—/0 Ba — 1Ay () do,

1 1
T, = /0 (2 — 6)AL (@) do + 2'/0 Au(@) da.

815

(54)

(57)

(58)

(59)
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Taking into account the representation (17) of the fuzzy numbers (a, b, c, d), ; we get

[ @b e, oede =",

0 ' r+1

[ @b, u@da =1

Jo ’ s+1
1

[ et besdy uer do = S

[ et@ b ey ute e = 2
0 ’ 22s+1)

and replacing in (49)-(62) we can obtain an important consequence of Theorem 10 (see [10], Corollary 15, in the case of the
nearest trapezoidal fuzzy number preserving value and ambiguity). Due to the length of the result we prefer to give some
examples instead.

Example 11. Case (i) in Theorem 10 is applicable to fuzzy number (1, 2, 3, 4), ; and

19 31 44 56
Ta2san: = (535 35 35)

The fuzzy numbers (1, 200, 201, 220), , and (1, 20, 30, 320), , satisfy conditions (54) and (57), respectively, and

1403 4079 4079 4079
T1,200,201,220), , = ( 20 20 )

97 979 979 13903
s = (G0 50 60" 0 )

Case (iv) in Theorem 10 is applicable to fuzzy number (1, 2, 4, 35), , and
7 133
T(1,2,4,35),, = (g 2,2, ?) .
5. Approximation of fuzzy numbers by symmetric trapezoidal fuzzy numbers preserving ambiguity

The uncertain or imprecise information is often represented by symmetric fuzzy numbers, particularly by symmetric
trapezoidal/triangular fuzzy numbers. Taking into account the considerations in Section 4 we obtain that

Sa=[Is (A) ,us (A) , xs (A) , ys (A)] = [Is, us, xs, ys]

is the symmetric trapezoidal fuzzy number nearest to fuzzy number A with respect to d (see (16)) such that Amb (A) =
Amb (Sa) if and only if (xs, ys) € R? is the solution of the problem

min (70— x°)* + 70/ = ¥)* +2(x = )y = ¥)) ,

x>0,
y=0, (63)
2x + 2y < 6u® — 6I° — xF —)°,
X=Y,
and
e l e e
Us =u +E(XS_X +ys —¥°%), (64)

1
lszle—a(xs—xe—l—ys—ye). (65)
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We recall, T.(A) = [I¢, u®, x°, y°] is the extended trapezoidal approximation of A (see (20)-(23)). The problem (63) is
equivalent with

min (16)(2 —16 (X +y*)x + 7 (x)* + 7 (/°)* + 2xeye) ,
x>0,
3 1 1

x < —uf— =F — —x* — -y~
=2 2 4 4

Because the function h : R — R given by
h(x) = 16x% — 16 (x° + ) x + 7 (x°)* + 7 ()* + 2x°y°

attains its minimum if and only if x = # and taking into account x® > 0, y¢ > 0 (see [44]), the following cases are
possible:

(i) If

etye 3 3 1 1
X +y S 7u€ _ 718 _ 7X€ _ 7y€’
2 2 2 4 4

that is

xe+yesz(ue_le)

then
XE +y€
Xs = Y5 = R
s =JYs 2
Us = Lle,
Is =1¢

that is

X4yt >2wW -1

then
3, 3, 1 1
xs =ys = —u° — =I° — —x* — —)*,
STYST 2 T Ty
5, 1, 1 1
us = —u® — - — =x* — =)~
ST T TN T
5.1
l__ie_i_ile_i_ixe_i_ie
ST T TN T

From (20)-(23) we obtain the following result to compute
Sa = (S51(A),S2(A),S3(A),S4(A) = (51, 52,53, 54)
the nearest symmetric trapezoidal fuzzy number of a fuzzy number A preserving the ambiguity.

Theorem 12. (i) If

/01(1 — 3)A, (@) da + /01(301 — 1Ay (@) da > 0 (66)

then
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S1 :/o] —3a + g) AL(a) da + /l (3a — ;)Au(a) da,

sz=/01 3a—%)AL(a)da+/ ( 30 + 2 ) Ay(@) da,

(
( )
55 =/O] (—3 z)AL(oz)doz +/ (3a - %)Au(oz)doz,
( S)Au(a) do.
(i) If
/01(] — 3a)A; (o) da —|—/(;1(3Ol — DAy (@) da < 0
then
5, =./O] (3a n %) AL(e0) da + '/01 (—3a n %) Ay(@) da,
1 1 1 1
Sy =83 = 5/0 Ar () do + 5/0 Ay (o) da,
S4 :/o] (—Ba + %) Al (o) da + /01 (30[ + %)Au(a) da.

Example 13. Case (i) in Theorem 12 is applicable to fuzzy number (1, 2, 3, 4), , and

19 31 44 56)

s(1,2,3,4)2,2 = (E, E, E7 E

The fuzzy numbers (1, 200, 201, 220), , , (1, 20, 30, 320), , and (1, 2, 4, 35), ; satisfy (71) in Theorem 12. We get

5(1,200,201,220), , =

) ’ b

_(518 341 341 1187)
5727 2 5 )’

563 421 421 2668
5(1,20,30,320),, = (_7’ —_— 7) ,

23 103)

S = (——, 8,8, —
(1,2,4,35)55 5 5

6. Approximation of fuzzy numbers by triangular fuzzy numbers preserving ambiguity
Taking into account (38)-(43),

ta = [l (A), ur (A) , X (A) , ye (A)] = [le, ug, X¢, yel

is the nearest triangular fuzzy number to fuzzy number A such that Amb (A) = Amb (t,) if and only if

1
ur=u+ — (x —x*+y: — ¥,
12
1
I =1 — — (x; — x° —y°
t 12(r + Ye Y)

and (x¢, y;) is the solution of the minimization problem

min ((7(x = x)% + 7(y = ) + 2 = ) (v = ¥°)) ,
x>0,

y=0,

2x + 2y = 6u° — 61 — x° — y°,
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where T.(A) = [I°, u®, x°, y¢] is the extended trapezoidal approximation of A. Let us denote (see Fig. 2)
Na={(x,y) e R>:x>0,y>0,2x+ 2y = 6u° — 6I° — x°* — y¢} (81)
and d the Euclidean metric on R2.
Theorem 14. The problem (77)-(80) has an unique solution (x;, y¢), where
(X, ye) = Pn, (X, ¥°)
and Py (a, b) denotes the orthogonal projection of (a, b) € R? on nonempty set M C R? with respect to d.

Theorem 14 suggests ((75) and (76) are important here) the following method to compute t4 = [I;, us, X, y¢], the nearest
triangular fuzzy number of a fuzzy number A preserving the ambiguity (see Fig. 2).

i) If
6I° —6u°+3x*—y* <0

and
—6I° +6u®+x*—3y°>0
then
3 3 1 3
X, = — 2l xe 2 e’
t 3 +2 +4 4J’
3 3 3 1
=_7le+7ue_7xe+7e’
V=m0 Ty 4Ty
1 5 1 1
U — ——[° Tu— X e’
(=73 Ty 8 g’
5 1 1 1
le==1°——u® 4+ —x* 4+ —y°.
‘T4 g 8 g’
(i) If
6I°—6u®+3x*—y* >0
then
e e e 16
xr=—3" +3u" — —x —Ey,
ye=0,
e e e 1e
Up=—-1+-u" — —x"— )",

(i)

(0,3u°-3I°-x12-y’/2)

(ii)

—» X

0 (3u®-3I°-x°/2-y°/2,0)

Fig. 2. N4 and cases for (x, y°) in the finding of t4.
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(iii) If

—6I°+6u°+x*—3y° <0

then
x¢ =0,
ye=—3°+3u° — %xe — %ye,
ur = —%le + %ue - %xe - %ye,

5 1 1 1
le==1°— —u® 4+ =x* + —y°.
4 4 8 8

From (20)-(23) we obtain the following result to compute t4 in the representation

ta = (t1 (A), &2 (A) ., t3(A)) = (t1, b2, t3) .

Theorem 15. (i) If

/](301 — 1A () doz—}—/l(a — 1Ay (@) da <0
0 0

and
1 1
/ (@ — DA, (@) da + / Ga — 1)Ay (@) da > 0
JO JO
then
f :2/01 A, (@) do — /01(60( — 2)Ay() da,
1 1
ty =/0 Ba — 1A (@) da —I—/O Ba — DAy (@) da,
1 1
t = —/0 (6 — 2)A, () der + 2/0 Ay(@) da.
(i) If
1 1
/ Ga — 1A, (@) +/ (@ — DAy (@) da > 0
0 0
then
1 1 1 /1
f = 5/0 (1 + 90)A, () der + 5/0 (1 — 9a)Ay (@) da.
1 /1 1 r1
b=t = /O (1= 3004y @) do + /0 (1 + 3)Ay (a) da.
(iii) If
1 1
/ (a — DAL (o) da +/ Ba — 1Ay (@) da < 0
0 0
then
1 1 1 1
=t = 5/0 (1 + 30)A, (a) do + 5/0 (1 — 32)Ay (a) da,

1 /1 1 /1
t3 = 3 ‘/0 (1 —9a)AL (@) da + 7 '/0 (14 92)Ay () dor.

(83)

(87)

(90)
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As in the case of trapezoidal approximation we prefer to give few examples instead of a theoretical result in the particular
case of fuzzy numbers (a, b, ¢, d), ¢ (see (17)).

Example 16. Case (i) in Theorem 15 is applicable to fuzzy numbers (1, 2, 3, 4), , and (1, 2, 4, 35), ,. We get

2 5 23
£(1,2,3,4),, = (g, > ?) ,

7 133
£(1,2,4,35),, = (g, 2, ?)

The fuzzy numbers (1, 200, 201, 220), , and (1, 20, 30, 320), , satisfy (87) and (90) in Theorem 15, respectively, and

1403 4079 4079)
207 20° 20 /)’
979 979 13903)

£(1,20,30,320),, = (E 50 60

£(1,200,201,220), , = (

From (63), (64) and (65),
sp = [ls (A) , us (A) , xs (A) , ys (A)] = [, us, Xs, 5]

is the nearest symmetric triangular fuzzy number to fuzzy number A such that Amb (A) = Amb (sa) ifand only if (x;, ys) € R?
is the solution of the problem

min ((7(x = x)% + 7(y = ¥)* + 2 = ) (v — ) » (93)
x>0,
y=0,
2x 4 2y = 6u® — 6I° — x° —)°, (94)
x=y (95)
and
e ] e e

us = u’ 4+ — (xs —x° +ys —¥°),

12

1
I =1°— E(xs_xe‘i‘)’s_ye)s

where T, (A) = [I°, u®, x°, y°] is the extended trapezoidal approximation of A. In fact, (94) and (95) imply

3, 3, 1, 1
x=y=—-u"— =I°— —x*— )",
Y 2 2 4 4y

therefore the minimization in (93) is not effective because the system of conditions has an unique solution. We obtain the
following result taking into account (20)-(23).

Theorem 17. The nearestsymmetric triangular fuzzy number preserving ambiguity of the fuzzy numberA, Ay = [AL (o) , Ay (@)],
o € [0, 1], in the representation

sa = (s1(A), 52 (A), s3(A)) = (s1, 52, 53)

is given by
1 1 171
S1 =/ (3(1 + 7) Al (o) da +/ (f — 3oc) Ay(a) da, (96)
0 2 0 \2
1 /1 1 /1
Sy = f/ AL (o) da + 7/ Ay (@) de, (97)
2Jo 2Jo

S3 = /0] (% — 3()[) Al (o) da + /0.1 (3a + %) Ay(@) da. (98)
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Example 18. We get

2 5 23
5(1,2,3,4),, = (g, 5, ?) s
23 103
5(1,2,4,35),, = (—?, 8, ?)

518 341 1187)

$(1,200,201,220), , = (*5 , 7 s 75

and

563 421 2668 )

5$(1,20,30,320) , = (—E, ?, T

7. Algorithms

Because the conditions in Theorem 10 are too technical, we express them in terms of ambiguity, width, right and left-hand
ambiguity (see (2), (4)-(6)). The idea was proposed in [30,31] and continued in [7,10].
Since (49) is equivalent with

w(A) < 3Amb (A),
(54) with
4Amb; (A) < Amb (A)
and (57) with
4Amby (A) < Amb (A)
we get the following algorithm for computing the nearest trapezoidal approximation preserving the ambiguity:
Algorithm 19. Step 1: If w (A) < 3Amb (A) then apply (50)-(53) to compute Ty, else
Step 2: If 4Amb; (A) < Amb (A) then apply (55)-(56) to compute Ty, else
Step 3: If 4Amby (A) < Amb (A) then apply (58)-(59) to compute Ty, else
Step 4: apply (60)-(62) to compute T4.
To avoid checking unnecessary requirements and taking into account the properties (see [10], Proposition 14)
4Amb; (A) < Amb (A) = w (A) > 3Amb (A)
4Amby (A) < Amb (A) = w (A) > 3Amb (A)

we use Algorithm 19 if the fuzzy number is almost symmetrical or moderately asymmetrical and the below algorithm if the
fuzzy number A is strongly asymmetric to the right or to the left.

Algorithm 20. Step 1: If 4Amb; (A) < Amb (A) then apply (55) and (56) to compute Ty, else
Step 2: If 4Amby (A) < Amb (A) then apply (58) and (59) to compute Ty, else
Step 3: If w (A) > 3Amb (A) then apply (60)-(62) to compute T, else
Step 4: apply (50)-(53) to compute Ty.

As a conclusion, for more vague fuzzy numbers the approximation is a trapezoidal fuzzy number computed by (50)-(53).
For less vague fuzzy numbers the approximation is a triangular fuzzy number.

The following short algorithm describes the computing of the nearest symmetric trapezoidal fuzzy number preserving
the ambiguity of a fuzzy number A (see Theorem 12).

Algorithm 21. Step 1: If w (A) < 3Amb (A) then apply (67)-(70) to compute Sy, else
Step 2: apply (72)-(74) to compute Sy.
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The computing of the nearest triangular fuzzy number preserving the ambiguity of a fuzzy number A (see Theorem 15)
can be given in the following form:

Algorithm 22. Step 1: If 4Amb; (A) < Amb (A) then apply (88)-(89) to compute ty, else

Step 2: If 4Amby (A) < Amb (A) then apply (91) and (92) to compute ty, else

Step 3: Apply (84)-(86) to compute t4.
8. Properties

Scale invariance, translation invariance and additivity are between the properties which have been studied for trapezoidal
or triangular approximations (see [4,6,7,10,46,47]).

Because

Amb (A+2z) = Amb (A) ,

forevery A € F (R), z € R, and the distance d in (7) is translation invariant, that is

d(A+z,B+2z)=d(A,B),

for every A,B € F(R),z € R, from Theorem 1 in [13] we obtain the translation invariance of the operators given in
Theorems 6, 10, 12, 15 and 17. Because

Amb (A -A) = |A|Amb (A),
forevery A € F (R), A € R, and the distance d is scale invariant, that is
d(A-A,A-B)=|A|ld(A,B),
foreveryA, B € F (R), A € R, from Theorem 4 in [13] we obtain the scale invariance of the operators given in Theorems 6,

10, 12, 15 and 17.
It is immediate that the operators given in Theorems 6 and 17 are additive, that is

In+1Ig = IatB
and
SA + S = Sa+8,

for every A, B € F (R). Unfortunately, the trapezoidal approximation operators in Theorems 10, 12 and the triangular
approximation operator in Theorem 15 are not additive.

Example 23. Case (ii) in Theorem 10 is applicable to fuzzy number A = [A;(«), Ay(®)], o € [0, 1] given by A; («) =
Ja, Ay(a) = 1and

23 59 59 59
n( )

60° 60’ 60 60
IfB=(0,0,0, 1) then
TB = (07 0’ 0? ])

and

_—_ _(23 59 59 119)
AT~ \60"60"60" 60/

On the other hand,

A+B) (@) = Va,
A+B)y (@) =2—a,
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the case (iv) in Theorem 10 is applicable and

1 31 31 29)

W
A= \330"30" 15

therefore

Ta + Tp # Ta+s.

We easy get
23 59 59
tA=(777’7)’
60 60 60
tB=(0709 ])
and
. (1 31 29)
B3 30" 15/

therefore

ta + tg 7 tayp.

Example 24. IfA, B € F (R), A as in Example 23 and B = [B;(«), By(«)], « € [0, 1] is given by B; (@) = 0, By(«) =
2 — /o then we use (ii) and respectively (i) in Theorem 12 to compute S4 and Sg. We obtain

8 5 5 17
SA = (77 P 7)
15 6 6 15

11 17 23
SBZ(_777’797)'
55 15 15

and

On the other hand, Theorem 12, (i) is applicable to compute Ssp and

4 16 29 41)

S =\7-° 7> - 1~
Ath (15 15° 15" 15

therefore
Sa + Sg # Sa+B-
Another very important property that a trapezoidal or triangular approximation operator should posses is the continuity
(see [28]). In what follows, we prove that the approximation operators given in Sections 4 — 6 own this property. In fact
we prove that the discussed operators satisfy a stronger condition, namely, they are Lipschitz. In this sense we have the

following.

Theorem 25. (i) The nearest trapezoidal approximation operator preserving the ambiguity given in Theorem 10 satisfies the
inequality

d(Ta, Tg) < 10 + 4+/2d(A, B),

forall A, B € F(R).
(ii) The nearest symmetric trapezoidal approximation operator preserving the ambiguity given in Theorem 12 satisfies

d (Sa, Sp) < 24/3d (A, B)

forallA, B € F(R).
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(iii) The nearest triangular approximation operator preserving the ambiguity given in Theorem 15 satisfies

d (ta, tg) < V104 4v2d (A, B),

forall A, B € F(R).
(iv) The nearest symmetric triangular approximation operator preserving the ambiguity given in Theorem 17 satisfies

d (sa. s8) < V/6d (A, B) .
forall A, B € F(R).
Proof. (i) Let us consider two fuzzy numbers A and B,

A= [A(@), Au(e)],
B = [B(«), By(e)], @ € [0, 1],

To(A) = [I°, u®, x%, y°], T.(B) = [I'°, u’®, X', y’*] the extended trapezoidal approximations of Aand Band T4 = [Ir ur, X1, yT],

Tg = [I", u/T, x’T, y/T] the trapezoidal approximations preserving the ambiguity of A and B, respectively. We also consider the
points Ae (x°, ¥°), Be(x®, ¥'°), Ao(xr, yr) and Bo(x}, ¥7). Relation (16) implies

2 2
d* (Tp, T) = (It — 1) + (ur — uf)
1 N2 1 1\ 2
t5 (XT - xT) t4 (yr —yr) . (99)
The Cauchy-Buniakowski-Schwarz inequality, (38) and (39) imply

(1 = 1)+ (ur = )

1
= 03[0 =30+ 0F =y 120° = 1)+ (€ =X + 0 =y
1
o L = X0 + O =¥ + 12 —u') + (K —x) + (7 =y

_L e e e r/eN12
_288[12(1 %) + 12(u® — u'®)]
1
+ﬁ[2(x; —xr) + 205 — yr) + 12(1° = I®) — 12(u® — u®) + 2(x° — X°) +2(° — yO)]?
1 e /e e re\12
=5[(1 =)+ @ —u”)]
1
+ [0 = xr) + 0 = y) +6(° = 1) = 6(u" —u) + (& =¥+ ° — YO
S |:(I€ _ 1/8)2 + (ue _ u/e)z]
1 / 2 / 2 e /e\2 e re\2
+E[(XT_XT) + @ —yp) 13 =)+ W —u)7]
+ L1 = X0 4 0y
12
_ e _ je\2 e ./e\2 le_/e2 le_/eZ
—[(1 %)+ (u u)+12(x X°) +12(y y)}
1 / 2 / 2 e /e\2 e re\2
+E[(XT_XT) + @ —yp) )3 =)+ W —u)7]

_ g2 l / 2 / 2 e je\2 e /e\2
=d"(Te(A), Te(B) + - 10q —x1)" + O —yn)"] 431 = )7 + " —u?)7].

Taking into account Proposition 2 and Remark 3, we easily get

2 2 1
(lr = 15)"+ (ur — )" < 4A. B + 16 — a0 + 0 = y0)°].
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Substituting in (99) we obtain
1
d* (Ta, Ty) < 4d°(A, B) + [ —xD)” + (7 = y)”]
or
2 2 15,
d” (Ta, Tp) < 4d“(A, B) + ng(Ao, Bo),
where df denotes the Euclidean metric on R?. Let us assume (contrariwise the proof is similar)
6u® —6I° —x° —y*° > 6u° —61° —x° —y~.
We consider
2 e e 1 e 1 e
My =1{(x,y) eR°:x>0,y>0,x+y <3u®—3l —ix —Ey ,
1 1
Mg = ‘(x,y) eR?2:x>0,y>0x+y<3u®—30°— Ex’e— Ey’e]
and
1 1
C (3ue —30° — —x* — —)°, ) ,
2 2
1 1
c (O, 3uf — 3 — —x° — 7ye) ,
2 2

G <3u/e — 3¢ — 1x’e - 1y/e, 0) ,
2 2

Ied (0’ 3¢ — 3¢ — lx/e _ ly/e) ,
2 2

the points which define the closed convex sets M4 and Mj in the Euclidean space R? (see Fig. 3).

According to Theorem 9 we get
AO = PMA (Ae)
and

Bg = Py, (Be) -

(100)

(101)

(102)

(103)

(104)

We denote by By the projection of By on the convex set My, that is the unique element in My which minimizes Dg (Bp, Q),
whereQ € Mag.lItiseasytocheckthat By is the projection of B, onthe set My, thatis By € M and I%nli\?DE (Be, R) = Dg (Be, By).
€Ma

YA
G’ )~Ae
Ve
// B
¢ MB // /% °
/
// //
A, ,
// BO
M, B
o c G "X

Fig. 3. One case in the evaluating of the Lipschitz constant of Ty.
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Also, it is immediate that
d (B1, Bo) < dp (C, G) = di (€', G).
We have ((20)-(23) and the Cauchy-Buniakowski-Schwarz integral inequality are important here)
d? (C, )

_[3( re e)_3(l/e_le)_1( e e)_l(y/e_ e)]2
= u u 5 X X 2 y

1 1 2
=(6 @@ — v ) da—6 [ o B@ — A @) da)

< 72((/01 o (By (@) — Ay (@) da)z + (/0l o (B (@) — A1 (@) da)z)

1 1 1 1
<7 (/0 o? da/o (By (&) — Ay (@))? da+/0 o da/o (BL (@) — AL ())? da)
=24 (/01 By (@) — Ap (@))? da + ./01 (By (@) — Ay (@))? da)
= 24d*(A, B),
that is
d% (C, G) < 24d*(A, B) (105)

and therefore we get

d? (By, By) < 24d*(A, B).

Because M, is a closed convex subset of R? we obtain (see [44], Appendix C)

dg (Py, (Ae), P, (Be)) < dip(Ae, Be),
thatis
di (Ao, B1) < di (Ae, Be) -
Since by Remark 3 we get dp(Ae, B.) < 2+/3d(A, B), it follows that

dg (Ao, Bo) < dg (Ao, B1) + dg (B1, Bo)
< di (Ae, Be) + +/24d(A, B)
< 2+/3d(A, B) + 2+/6d(A, B)
=23 (1+v2) d@, B).

Substituting in (100) we obtain
d? (Ty, Tg) < 4d*(A, B) + 2(1 + ~/2)%d*(A, B)
which after simple calculus implies

d(Ta, Tp) < mdm, B)

and the proof is complete.
(ii) Let us consider A, B € F(R),

Sa = [Is,us, Xs, Xs],

Sp = [ls, us, X5, Xs]
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the symmetric trapezoidal approximations preserving ambiguity of A and B,
Te(A) = [I°, u®, x°, ],
To(B) = [I°, u*, X, ],
the extended trapezoidal approximations of A and B and
Ae (xe5 ye) ’
BE (x/ev y/e)s

Ag(xs, Xs),

Bo(Xs, Xs).
Following the same root as in the proof of (i), we get

d? (Ao, Bo)

d* (Sa, Sp) < 4d*(A, B) + (106)

Without any loss of generality, let us assume that
6u/e _ 61/9 _ X/e _y/e > 6ut — 6 — x° _ye.

We consider the closed convex sets
2 e e 1 e 1 e
U=y eR :x>0,x=y,x+y < 3u —31—5x—5y ,

1 1
Qg = {(x,y) e R? :sz,x:y,x+y§3u/e—3l/e—Ex’e—fy/e}

and the points C, C’, G, G’ given in (101)-(104). It is easy to check that Q4 and Qg represent the medians of the triangles 0CC’
and OGG/, respectively (see Fig. 3). According to Theorem 9, it follows that

Ag = Py, (Ae)
and
BO = PQB (Be) .

As in the proof of (i), let us consider By = Pq, (Bo) . Again, it is immediate that By is the projection of B, on the set Q. In
addition, we have

1 1 P
dg (B1, Bp) < fsz (C,G) = —=d (C,G)-

V2
Taking into account that Q4 is closed and convex we obtain ([44])
dg (Ao, B1) < dg (Ae, Be) .
Since in (105) we have dg (C, G) < 2\/€d(A, B), it follows that

dg (Ao, Bo) < dg (Ao, B1) + dg (B1, Bo)
< dg (Ae, Be) + 2+/3d(A, B)
< 4V/3d(A, B).

Substituting in (106) we obtain

d (S, Sp) < 2+/3d (A, B).
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(iii) Let us consider A, B € F(R),
ta = [le,ue, X¢, yil,
ts = [I;, ug, x;, yil,
the triangular approximations preserving ambiguity of A and B,
Te(A) = [I°, u®, x°, ¥°],
Te(B) = [l/es u/ev x/ev y/e]s

the extended trapezoidal approximations of A and B and

Ae(x®,¥°),
Be (X, y'),
Ao(Xt, t),
Bo(X(, 1)
Again, following the same root as in the proof of (i), we get

d%(Ao, B
@ (ta, ts) < 4d*(A, B) + %

Without any loss of generality, let us assume that

6u€ — 6I° — x¢ — y/e > 6uf — 6I° — x& — y°.

We consider the closed convex sets (see Fig. 4)

1 1
NA:{(x,y)eRz:sz,yzO,x+y:3ue—3le—Exe—iye},

1 1
Np = {(X,y)elR2 :sz,yzO,x—}—y:?»u/e—?»l/e—Ex’e—iy/e}

and the points C, C/, G, G’ given in (101)-(104) (see Fig. 4). In fact, N4 and N represent the closed segments [CC'] and [GG']
respectively.

O

Fig. 4. One case in the evaluating of the Lipschitz constant of t4.
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According to Theorem 14 we get

Ap = Py, (Ae),
Bg = Py, (Be).

We denote by B the projection of By on the convex set Ny, thatis B; = Py, (Bp). It is easy to check that By is the projection

of B, on the set Ny, that is By € Ny and Ign}vndg (Be, R) = dg (B, By). Also, it is immediate that
€Np

d; (B, Bo) < di (C, G) = di (€', G') .

Therefore, from now one, the proof goes exactly on the same pattern with the proof of case (i) and consequently the same

type of estimation is obtained, that is

d(ta, tg) < mdm, B).

(iv) Let us consider A, B € F(R),

SA = [lS,u57 Xs, Vsl

/ / / /
sg = [L, ug, X, y,]

the symmetric triangular approximations preserving ambiguity of A and B,
TE(A) = [lea uev Xe’ ye]a
Te(B) = [l/ev u/ev x/es y/e]s
the extended trapezoidal approximations of A and B and
Ae(x%,¥°),
BE (X/ev y,e) k)

AO(Xs, yS)»
BO(X;a y;)

Also, we consider the points C, G given in (101), (103). As in the previous cases we get

d%(Ao, B
& (s, s5) < 4d%(A, B) + 4o, Bo)

Because x; = ys and x, = y, we obtain

d (Ao, Bo)

=2(x — x)* =

N | =

15
= EdE (C,6)
which together (105) imply
d%(Ao, Bo) < 12d*(A, B).
Combining this last inequality with (107) we get

d (s, s8) < /6d(A, B)

and the proof is complete. [

[(3ue _ 3 — lxe _ lye) _ (3u/e _ 3 _ 1X/e _ ly/e)]
2 2 2 2

(107)
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Atthe end of this section we mention that the best Lipschitz constant of the trapezoidal approximation operator preserving
the expected interval was determined in [21]. The calculus of the best Lipschitz constant in the case of approximation
operators studied in the present paper is sophisticated too. A future research will be dedicated to this subject.

9. Trapezoidal and triangular approximation preserving ambiguity and aggregation

The important problem whether it is better to simplify initial data before using an aggregation operator or conversely, to
aggregate original fuzzy values and then to simplify the outputis addressed in [ 11] with respect to trapezoidal approximation
and trapezoidal approximation preserving the expected interval of fuzzy numbers. The aim of this section is to prove that
the conclusion in [11] remains valid under the approximations introduced in the previous sections.

The ambiguity of a set {A1, Az, ..., Ay} C F (R) can be defined in a natural way (see [32] for the case of an intuitionistic
fuzzy number, which is a conjunction of two fuzzy numbers) by

1
Amb (A1, Ay ... An) = — (Amb (Ar) + - + Amb (Ay))

Let us suppose that given fuzzy numbers Ay, A,, ..., A, should be efficiently aggregated to a fuzzy number such that the
ambiguity of aggregation to be equal with the ambiguity of the initial data set {A1, A, ..., Ap}. Therefore, we try to find a
trapezoidal fuzzy number Ty, 4,, . a4, = [I*, u*, x*, y*] which is the nearest one to all members of the setAq, Ay, ..., A, with
respect to the distance d given in (7) and, in addition,

Amb (TAlsAz An) = Amb (Al,Az, ...,An).

,,,,,

In fact, we are looking for a trapezoidal fuzzy number Ty, 4,.... 4, such that

.....

n
D* (A1, ooy An) s Tay sy, ) = 2 A% (i, Tay sy, a0) (108)
i=1

is minimized and the conditions

6u* —6I* —x* —y* 1
= - > Amb(A), 109
2 . Zl: (AD) (109)
x>0, (110)
y =0, (111)
Xyt <20 — 1), (112)

that assure the preservation of ambiguity and our output is really a trapezoidal fuzzy number (see (8)-(10)) are satisfied.
According with Proposition 4, after some elementary calculus, (109) can be rewritten as

6 < 12 1

n n
6u*—61*—x*—y*=§Zuf—fZlf—72xf—nyf. (113)
miz1 =1 miz1

i iz
Taking into account Proposition 1 this problem becomes to find such Ty, 4,.. 4, that

n

> d* (Te (Ai) , Tay s,...A,) — Min (114)

i=1

with respect to (110)-(113), where T (4;) = [If, u, x{, y¢] is the extended trapezoidal approximation of 4;, i € {1, ..., n}.

Because u* is expressed from (113) it reduces ((16) is important here) to find [*, x* and y* such that

i=1 i=1

n l n 1 n
DU+ =2 K=+ =D -y
12 - 12
o3 (ue—r 1, 1., 1i e (115)
U — I — —x* — —y  — = U
=\ 6 Gy mi=1 l

18 1 & 1 &
D+ — D>+ — ¢ — min,
n;:’ GnE : GnZ;‘y'
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x* >0, (116)

y* =0, (117)
3 3 1 & 12

y’ *Z DI ) I Al I8 (118)
ni3 niz 2n i 2n i

According to the Karush-Kuhn-Tucker theorem (Theorem 5), (I*, x*, y*) is a solution of (115)-(118) if and only if there exist
41, 12, 43 such that the following system holds

n n 1 1 1 n
2> (=) —-2>" uf—l*—gx*—gy*—quf (119)
i=1 i=1

mis
. e * 1 * 1 * e e
—gz ui_l _gx _Ey _qui—i_izli (120)

e * 1* 1* 1” e 1ne
Lll-—l —gx —gy —Ezu,‘i‘azll (121)

1 12 12
+— > x4+ — el + - *y8) — g + =0,
o i:§1 it i:§1yl) c i:§1 0" =¥i) — ma2 + w3

x* >0, (122)

y* =0, (123)

x*+y*<Eiu?_§i[?_lix?_liy? (124)

= e ) T B e

m1 =0, (125)

M2 >0, (126)

n3 =0, (127)

wix* =0, (128)

may” =0, (129)
33 3 12 1

U3 (x*+y*—2uf+21$+Zx,‘?+2y$)=0. (130)
L i 2n = 2n i3

Taking into account Propositions 1 and 4, the problem to find the nearest trapezoidal fuzzy number Ty = [7, u, X, y} of

fuzzy number A = % - (A1 + Ay + ... + Ap), with respect to the distance d given in (7), such that the ambiguity is preserved,
that is

Amb (Tg) = Amb (E)
is equivalent to solve
d*(T, (E) , ;) — min (131)

with respect to

X >0, (132)

y=0, (133)
x+y<2(@-1), (134)
Amb (Tz) = Amb (T, (4)) (135)
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Because
_ 18,13 13,1
Te (A) = (nZl?, ;Z”f’” szf» nZy?) .
i=1 i=1 i=1 i=1

according with (15) and (16), (131)-(135) becomes

1 ? 1 ?
I—=>F) +u—=->uf
s L

2 2
1 1 1 1
+—(x—=-Dx) + = V—--D ¥ — min
12( n 12 nis

i=1
under (132)-(134) and

- 6 & 6 13 13
Ga—sl—z—yzEZuf—EZlf—Efo—Eny. (136)
i=1 i=1

i=1 i=1

It is immediate that T; = [7, u,x, ﬂ is a solution of the problem (131)-(135) if and only if u satisfies (136) and (7, X, y) isa
solution of the problem

2 2
B o1 1 1 1 1
)] +{1+X+-y—=-D F——>x——>y
( z) ( e RN B WD N

[— =
ni i=1 i=1 i=1
b (x=toe) + L (5=t
—|x- - — |y - - — min,
12 i:ll 12 l:]yl
X >0, (137)
y=0,
3 3 1 & 12
X+y<- u?—f l.e—f x?—f ?.
y_nl;:l nl;:l 2n = 2n§yl

According to the Karush-Kuhn-Tucker theorem (Theorem 5), (7, X, y) is a solution of (137) if and only if there exist vy, Vo, V3

such that the following system holds

o1 o1 1
z(z-Zlf)+z<l+x+6y—Zlf (138)
n

Hiv e ly 1216 LS 1Zn:e (139)
— —X -y — — . —_— — X — — :
3 6 6 ni="t o eng 6"i=1yl
+1 (x ]ane + 0
—[x— - X | —v v3 = 0,
6 n & 1 3

1/ 1 1 1 1 1
<l+ Xty —— Xf—Gnny) (140)



834 A.L Ban, L. Coroianu / International Journal of Approximate Reasoning 53 (2012) 805-836

x>0, (141)
y=0, (142)
372 370 1 & 1 &

X+y<->u —=>1IF—— - — Z 143

y_ng;" ngl 2n = ZnZ;‘y' (143)
v1 =2 0, (144)
vy >0, (145)
v3 >0 (146)
VX = 0, (147)
vy =0, (148)

n

Z o ZX? ZM) (149)
i=1 i=1

3
n; i=1

3
n

/_\
‘< I

If we compare (113) with (136) and (119)-(130) with (138)-(149) the below result is immediate. Because a trapezoidal fuzzy
number [, u, x, y]is symmetric if and only if x = y, the above reasoning can be repeated in the case of symmetric trapezoidal
approximation.

Theorem 26. The (symmetric) trapezoidal fuzzy number nearest to fuzzy numbers Ay, ..., Ap which preserves the ambiguity of
{A1, ..., Ap} is the (symmetric) trapezoidal fuzzy number nearest to fuzzy number A = % - (A1 + Ay + ... + A,) which preserves

the ambiguity of A.
Example 27. Let us consider the fuzzy numbers A and B, given by their a-cuts, @ € [0, 1],
Ay =[-1+a? 4—24°]
and
= [1 —1—012,3—012].
Because
(1
2

according with Theorems 10, (i) and 12, (i), we get
159 15
Tl(A+B) == (_75 PR 7)
2 6 6 4 4

( 7 23 19 29)
24’24 8’ 8

2 7 3,
-A+B)) =|a°, - —-a"|,a €]0,1],
o 2 2

and

S 1A+ =
Theorem 26 implies that the trapezoidal fuzzy number nearest to fuzzy numbers A and B, which preserves the ambiguity of
{A, B} is ( 5 g, 2, —) too. From the same theorem, we conclude that the symmetric trapezoidal fuzzy number nearest to
fuzzy numbers A and B, which preserves the ambiguity of {A, B} is (— %, %, %, %) too.

We recall, a trapezoidal fuzzy number [I, u, x, y] is triangular if and only if x +y = 2 (u — ). A similar result with
Theorem 26 remains valid in the case of the nearest (symmetric) triangular fuzzy number preserving ambiguity of a fuzzy
number. We omit the proof.

Theorem 28. The (symmetric) triangular fuzzy number nearest to fuzzy numbers Ay, ..., A, which preserves the ambiguity of
{A1, ..., Ap} is the (symmetric) triangular fuzzy number nearest to fuzzy number A = % - (A1 4+ Ay + ... + Ap) which preserves

the ambiguity of A.
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Theorems 26 and 28 show that there is no difference whether the trapezoidal and triangular approximations preserving
the ambiguity are performed before or after aggregation with respect to average.

Example 29. IfA, B € F (R) are as in Example 27 then, according with Theorems 15, (i) and 17 we get

t ( 19 37 31)
>@am =\ T2 24" 6

and

( 41 5 121)
s =(-——,-,—).
77(A+B) 24’3 24

Theorem 28 proves that the triangular fuzzy number nearest to fuzzy numbers A and B, which preserves the ambiguity of

{A, B} is (— %, %, %) and the symmetric triangular fuzzy number nearest to fuzzy numbers A and B, which preserves the

ambiguity of {A, B} is (—‘2%, g %) .

10. Conclusion

We continue the list of approximations of fuzzy numbers under conditions. The ambiguity of a fuzzy number [24] is
the characteristic with a central role in the present paper. Strictly speaking, the results are not better or worse than other
results of approximation obtained in this topic. In fact, different approximations can be compared only taking into account
their properties and importance from the theoretical and practical point of view. As example, the trapezoidal approximation
operator given in [4] preserves the core, it is computationally efficient and additive, but discontinuous (see [14]) and does
not preserve the ambiguity or the expected value. The trapezoidal approximation in [44] give us the nearest trapezoidal
fuzzy number of a fuzzy number with respect to the average Euclidean distance (7). The operator is continuous [44], but it
is non-additive, not preserves any important characteristic (expected value, expected interval, ambiguity, value, etc.) and it
is not very good from the computational point of view. The approximations proposed in the present paper are the best in
practical or theoretical developments where it is advisable as the data (expressed by fuzzy numbers) to be simplified but the
ambiguity must be preserved. Operators of approximation of fuzzy numbers by real intervals, trapezoidal fuzzy numbers,
symmetric trapezoidal fuzzy numbers, triangular fuzzy numbers and symmetric triangular fuzzy numbers, preserving the
ambiguity, are given in Theorems 6, 10, 12, 15 and 17. Algorithms of calculus, the study of continuity and behavior related to
aggregation were debated too. In this way the main properties of the operators were studied even if some improvements are
possible. As example, we prove that the operators are Lipschitz and the continuity is animmediate consequence. Nevertheless,
the geometrical reasonings used in the paper do not furnish the best Lipschitz constants as in the case of the trapezoidal
approximation preserving the expected interval was performed [21]. The method to find the best Lipschitz constant for the
operators given in the present paper was already elaborated in [22], but the concrete reasonings would be very sophisticated
and the presentation too large to be treated here.
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