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1. Introduction

Since Pontecorvo’s pioneering work [1] the theoretical basis of
neutrino mixing has been studied in great detail [2] and a quan-
tum field theory (QFT) formalism for mixed fields has been de-
veloped [3-12]. Phenomenological and experimental developments
have successfully confirmed [13-19] the original proposal of the
occurrence of the phenomenon of neutrino mixing and oscillations,
thus opening new scenarios beyond the Standard Model (SM) of
elementary particle physics. Puzzling questions remain, however,
open. Among these, the problem of the origin of the non-vanishing
neutrino masses and mixings is a crucial one.

The QFT formalism has shown the limits of the quantum me-
chanical approximation in the treatment of mixing of neutrino
fields by exhibiting the unitary inequivalence of the vacuum for
neutrino fields with definite flavor (flavor vacuum) and the ones
with definite mass. The unitary inequivalence between representa-
tions of the canonical (anti-)commutation relations is a character-
istic feature of QFT, which is absent in quantum mechanics (QM)
due to the von Neumann theorem [20]. It has been shown [21]
that many physically relevant aspects in the mixing and oscillation
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phenomenon are indeed consequences of such a QFT characteristic
feature.

In this paper we focus on the algebraic structure of the field
mixing generator. In QM the mixing transformation looks like a
rotation operating on massive neutrino states. We show explicitly
that such a rotation is not sufficient for implementing the mixing
transformation at level of fields. It is necessary, in fact, also the
action of a Bogoliubov transformation which operates a suitable
mass shift. Such a property of Bogoliubov transformations has been
already known and used since long time [22-25], e.g. in renor-
malization theory or in the dynamical generation of mass [25,26].
Bogoliubov transformations are also used in recent studies of neu-
trino mixing in astrophysics [27]. The key point in our analysis
is the non-commutativity between rotation and Bogoliubov trans-
formations, a feature which turns out to be at the origin of the
inequivalence among mass and flavor vacua.

The paper is organized as follows. In Section 2 we investigate
the compatibility of the mixing transformation at level of states
and fields, and show that a Bogoliubov transformations is required.
In Section 3 we analyze the condensate nature of the flavor vac-
uum and the role played by the non-commutativity between the
rotation and the Bogoliubov transformation. The possibility of a
thermodynamical interpretation of such a condensate is consid-
ered in Section 4. Finally, in Section 5 we draw our conclusions.
The paper is completed with Appendix A.
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2. Rotation and Bogoliubov transformations

Pontecorvo mixing transformations are written as a rotation of
the states with definite masses |v1), |v2), into those with definite
flavor |ve) and |v,) as [1]

[Ve) =c0s@ |v1) +sinf |va), (1)
[vu) =cos6 |vy) —sinf [vq). (2)

On the other hand, Standard Model is formulated in terms of

fields' and there neutrino mixing appears in the following form
[28]

Ve(x) = cosf vi(x) + sinf vy(x), (3)
vy (X) = cos6 v2(x) — sinf vi(x), (4)

where x = (X, t). The generator of such a transformation is [3]

G(t: 6, my, my) :exp{@/dBX(VI(x)vz(x) _ v;(x)vl(x))} .
(5)

The question then arises to what extent the two above transfor-
mations are equivalent. It has been shown [3] that this is not the
case and indeed a deep conceptual difference is present between
mixing of states and mixing of fields. The results also extend to
the mixing phenomenon of any particle, and are not limited to the
case of Dirac neutrinos.

Let us now consider the expansion for the Dirac fields v; and
v with definite masses appearing in Egs. (3), (4):

V(%)

3 .

i=1,2, (6)

r

where uj ;(t) = e*i“’kvi[uf(,i and v", (t) = e"“)k-itvik,i, with wy; =

JKk2 +ml.2. The oclrm. and the ﬁ:k’i (r=1,2), are the annihilation
operators for the vacuum state |0);,2 = |0); ® |0)2. See Appendix A
for other useful relations.

Observe that Egs. (1), (2) can be seen as arising by the applica-
tion to the vacuum state |0); » of the rotated operators:

R(O)™ ozk]R(Q)_cosé)ozl ;1 +e ~ivi smeoszz, (7)
RO) oy ,R(©O) = cosO oy, — V¥ sinf oy . (8)

and similar ones for ﬂlT An arbitrary phase v has been also in-
cluded. The generator R(9) is indeed the one of a rotation:

R(G)—exp{QZf (Zd l)(
- (O‘k 20+ BBl k,1)eiiw]}~ ©)

Notice that the unitary operator R~! = RT leaves the vacuum in-
variant:

AP A ) i

“16)10)12=10)12 . (10)

1 Qur analysis is limited to the case of two Dirac neutrinos. Extension to three
neutrinos is in our plans. However, we have good reasons to believe that the present
results are general, since our arguments are of algebraic nature.

In order to study the generator G(t; 6, my, my), Eq. (5), it is use-
ful to introduce another canonical transformation, the Bogoliubov
transformation:

ay =B (@) oy Bi(©))
= Cos ®k,i01kj — € el sin Ori B 1 (11)
B =B (©) B Bi(®)
ZCOS(’Dk,iﬁrij + € e ki sin Oy ; o ;. (12)

with i =1, 2 and the generator(s)

B(O)_exp[Zf

— B W’ki]}. (13)

Since [B1(®1), B2(®3)] = 0, we may also define B(®1,0;) =
B2(©®3)B1(®1). Note that, the Bogoliubov transformatioNn does
not leave invariant the vacuum [0)1 3. Defining [0);, =
B~1(®1,©7)|0)1.2, we have

r| 7 Br —ig,i
P 7O € [ak,iﬂ—k,ie i
j'[ 2

012 = [T [T[ cos @i+ et sinon 675|102 (14)
i=1,2 k,r

The states |6)1,2 and |0);,2 become orthogonal in the infinite vol-
ume limit, thus giving rise to inequivalent representations [12].
This is a well-known feature of QFT [24] reflecting into the non-
unitary nature (in the infinite volume limit) of the generator of
Bogoliubov transformations.

We now consider the action of the rotation Eq. (9) on the fields
vy and vy:

RN (O)vi(OR(®)
= cos 6 vi(x) +siné /
l Z @n)?

+e gl v, (r)), (15)
1O (x)RO)

= oS0 vy(x) — sin@Z/
"

+elVip v[k,z(t)) (16)

The above expressions do not fully reproduce the mixing at level
of fields, cf. Egs. (3), (4): the problem is that the last term in the
r.h.s. of these equations appears as the expansion of the field in the
“wrong” basis. However, it is possible to recover the wanted ex-
pression by means of a suitable Bogoliubov transformation, which
implements a mass shift. Let us see this for the field v;:

ik-x iy T r
(e Qg o U1 ()

d3k
@m)?

ikx( ,—ivg 1 r
e (e 0‘1(,1”k,2(t)

B;1(©2) R (@) vi(x) R(9) 32(@2) =
=cosf vi(x) + sm@Z/
+e BV )
=cos6 vi(x) + sind /
l Z @m)?

e gl k](t)) (17)

(23 (¢ atien

th u//k ron
Uy 2l 1 (6)



106 M. Blasone et al. / Physics Letters B 761 (2016) 104-110

where

AT r —iwy 1t 50
i 4 (6) = uj e~ ek cos Oy

+evy jel@kiteTitzeVisin @y, , (18)

NT r iy 1t ,—Ii
V(O =V e %ite™ Vi cos Oy 5

— €"uj ye i kte k2o Visin @y 5 . (19)

For O = cos™! (e Wk Uy (1)), with Uy (t) = uyl, (O)u | (£) (see Ap-
pendix A), the Bogoliubov transformation B2(07) produces the

mass shift my — my, such that? ukl(t) = ukz(t) and V" 1=

vik.z(t). In definitive, the action of 32 (02) R~1(9) produces the
desired transformation of the field vy, cf. Eq. (3). A similar rea-
soning can be done for vy, using B;'(©1) R™1(8), with Oy, =
cos~1 (eVkUy(t)).

Note that the role of the Bogoliubov transformation in the pro-
cess of (dynamical) mass generation is well known, see for exam-
ple Refs. [25,26].

3. Vacuum structure and non-commutativity

In the previous Section, we have shown the incompatibility of
the mixing transformation as mere rotations both for states and
fields, and the necessity of implementing a mass shift for repro-
ducing the correct relations for fields: such an operation is highly
non-trivial and indeed requires infinite energy (in the infinite vol-
ume limit).

On the other hand, the results of Section 2 are incomplete in
that two different generators are needed for v{ and v,, whereas
we know the algebraic generator for fields to be that of Eq. (5).
It thus arises the problem of the decomposition of such generator
in terms of rotation and Bogoliubov transformations; a preliminary
solution to this problem has been presented in [29]. The full de-
composition of the mixing generator is given by (see Appendix A)

G(t; 0, my, mp) = B~ (t; my, my) R(t; ) B(t; my,my), (20)

where the notation is now f(®;(m;)) = f(m;); R(t;0) and
B(t;mq,my) are defined as in Eqgs. (9), (13), with the phases
i = 2wy it and Yy = (wr1 — w2)t and the condition Ok ; =
%cotq(%) has been used [29]. From Eq. (20) it appears evident
that the difference between G and R relies in the non-zero value
of the commutator [R, B].

The explicit form of G(6) in terms of ladder operators is given
by Eq. (51) in Appendix A. It is possible to rewrite G(0) (at t =0)
as

3
G(@)—expize Z/ ¢’k

where we have introduced the following operators:

[ Uis ekaj.i,z” L@

1 ot i
Jk1= 5[(“ﬂ,1ﬂik,1 = Bl 1) — @aBlin — Bl 0 2)]

(22)

10, ;
_EI:(ak,llek,Z_'B 2% ) + @Bl — BT 1 1(2)]’
(23)

|
Ji2 =

2 An equivalent choice is ©gp = sin”!(ei2eMkVi(t)) with Vi(t) =
€r u{( LOV (@),

3 We also have ]k1 = 2(Kkl — Kkz) with Kk :"‘kxﬁ ki — B k,otle and
InBi(O) = [ k7 O X, Ky InRO) =260 [ 24 ¥, )i 5.

T
Jk3=5 [(O‘k 1%t 5r_k,1:3r—k,2) (O‘k 21+ /3_1( zﬂ—k,l)]’
(24)

which close the su(2) algebra: []lrm,, ]|r<,j] :Eijkflr(,k with i, j, k=
1,2, 3. Moreover, considering that the Bogoliubov coefficients Uy
and Vy appearing in Eq. (21) can be written as Ugx = cos(®k 2 —
Ok.1), Vk = sin(Og 3 — Ok 1), in the limit of small (O — O 1),
itis possible to expand Vi in terms of the adimensional parameter

a= % so that Ux =1, Vi =aVy, up to o[(a)?] where Vy =
IKlVmm2_ 504 thus

2(|k|2+mqmy)

d’k
Z]k3+290/

GOH=1 +29/
m)z

3 Vi Ze ]k2
2
(25)

It is easy to see as this generator becomes the identity when
f = 0 and is equivalent to a mere rotation when a = 0, i.e.
my = my. Moreover, the last term shows the explicit dependance
on the true physical parameters of the mixing transformation,
i.e. 6 and a. Notice that the adimensional parameter a appears
at second order in the expansion, being linked with the com-
mutator ]{(,2 = []{(,3,]121] which can be interpreted as a non-
diagonal Bogoliubov transformation, and is the first non-trivial term
which contributes to the flavor vacuum structure.* This feature
can be further understood by looking at the vacuum defined in
Eq. (14):

d’k
|0)1 2= |:]1 + / — Z(@k,] Ollr(]jlﬁrjk,l

@m)? 5
+ ®k,za.iT2ﬁiTk,2)} 1012, (26)

for @y ; small, and comparing it with the flavor vacuum |0), , =
G‘1(9)|0)1,2 obtained in our approximation:

rT
|o>w_[ﬂ+ ea/(zn)2 ka (

+op B .(1)}0)1,2. 27)

Notice that, although the operatorial structure of the two above
equations is similar, Eq. (27) exhibits non-diagonal operatorial
terms. From Eq. (27) we see that |0)e , cannot be reduced as a
tensor product of vectors built on |0)1 »: this indeed confirms that
the phenomenon of flavor mixing is related to the entanglement
of mass eigenstates (see [30] for the discussion of entanglement
in the context of particle mixing and oscillations). Another inter-
esting feature of this phenomenon appears as one analyses more
closely the parameter a, which in order to exist needs at least
two fermion families to be present. In fact, with just one fam-
ily the only adimensional parameter one can form is ‘Wk‘ which
however depends on k and thus cannot be extracted from the in-
tegrals.

Finally, let us express the flavor vacuum by means of the full
finite decomposition in Eq. (20):

Oeu = 0012 + [Bmi,ma), R7'(®)] 0)1.2. (28)

4 The complete operatorial structure of the flavor vacuum (Eq. (56) in the Ap-
pendix A) is obtained already at the second order approximation.
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where |5)1,2 is defined in Eq. (14). We, thus, see how a condensate
nature, made of particle-antiparticle pairs with same or different
masses [3], arises as a consequence of the non-vanishing com-
mutator [B, R™1]. lndNeed, a condensate is already present in the
Bogoliubov vacuum |0) 2, for which it is possible to compute a
condensation density:

1200y 10012 = 120187 By il001.2 =5in? O (29)

k,i

with i =1, 2. The condensation density of the flavor vacuum differs
from the one of the Bogoliubov vacuum and is given by

0.1 0BT B 1 il0O)e.u
sin 6 sin®(Oy 1 — Ok.2), (30)

e (0|t 0tk 10(E))e e

with i =1, 2. We stress that, such condensation density, vanishes
when either 6 =0 and/or m; = my, which are the cases in which
there is no mixing.

As a result of the non-vanishing commutator in Eq. (28), one
finds a gap in the vev of the energy on the two vacua AEg =
e,u(OlHk|0)e, . — 1,2(0|Hk[0)1,2:

AEg =2(wy.1 + @y 2) sin* 0 sin® (O 1 — O ), (31)

where Hy = Hg 1 + Hik2. A detailed analysis of the energy gaps
among the vacua |0)e 4, [0)1,2 and |0)q 2 is given in [29].

4. Thermodynamical properties

In this Section we investigate the possibility of a thermody-
namical interpretation for the condensate structure of the flavor
vacuum. We proceed in analogy with Thermo Field Dynamics (TFD)
for fermions, where a thermal vacuum is generated by means of a
suitable Bogoliubov transformation:

09)) =] [cosouc + sinonyi10)1.2. (32)

k,r

where o and & are fermion operators anti-commuting among
themselves and ¢ = @ (8). Note that a “fictitious” system (the tilde
system), with the same structure of the physical system, is intro-
duced and is interpreted as a thermal bath. According to [22], such
a state can be written as

S Ss
|0()) = exp (—g") |I) = exp (—7“) I (33)
with |I) = exp (Zk’r &fjka]f;r) |0), and

Sy = — Z (oelrjozf( Insin® 9y + a{(oelr: In cos? z?k) ) (34)
k,r
In the above derivation one makes use of the following relations

Sa
TT

_Sa S
e 2 ocke

Sa . o ~
e’TalT(eT —a (35)

=tan ﬁl(ole( , K-

A similar expression holds for Sgz. Sy (or Sg) can, thus, be inter-
preted as the entropy function associated to the vacuum conden-
sate. We also have®

me = (g )y = sin® (V). (36)
The expectation value of the Hamiltonian Hy = ZkaOllT(Olk is

(Ha)p = Y €xk. We will use wy = €x — u, with o being the
chemical potential. The vev on the thermal vacuum of the entropy

5 We use the notation (0(19)] % [0(8)) = (%)y.

is: (Sa)o = =2 (mkInng + (1 —ng) In(1 — ny)). One also consid-
ers the following quantity: Q = (Hy — %Sa — Ny) g, which can be
identified as a thermodynamical potential [22]. Extremization of
with respect to ¥ leads to the Fermi-Dirac distribution.

1

= eﬁwk +1 ’ (37)

Ny

We apply a similar reasoning of the one in [22], also for the
case of the flavor vacuum generated by G;(#, m1, my) as in Eq. (5)
and assume that it is possible to rewrite it as:

5/
[0)e.. =€ 2 |If), (38)
where i =1, 2, f denotes “flavor”, and® Sif = Zk 51{1'-
Slj;,' = _[(a;r(’iak,i + ﬁik’ilg—k,i) Insin? Ty

+ (@ciof  + BociBly ) Incos? I, (39)

with sinTy = |V|sinf. We have the following relations - cf.
Eq. (35):
s/ s

o
k,jez =

e TI o ezsij In tan FkaT

k,j’
,i il i SiiIntan Ty ot
e 2 ﬁ_k.je 2 =e%i /3_|<,j~ (40)

In order to check whether or not the ansatz in Eq. (38) is consis-
tent, we evaluate it at the first order approximation in 6 for small
(Ok2 — Ok,1)-

st==>{ef oni+ 6 Bapmo©c -0xn). @D
k

and |[I5) ~ [y, exp {er(oeljﬂikz + oz;r(_zﬂiky])}\O)]vz. thus the
identity in Eq. (38) is satisfied in this approximation - cf. Eq. (27).
This is indeed sufficient for the following considerations. Further
discussion on the thermodynamical structure of |0)e, ,, will be pre-
sented elsewhere.

Finally, we define the difference AS,{ ; between the vev of the
entropy operator Eq. (39) computed on the two different vacua
ASE

k,i

e {01S] ;10)e. i — 1, (OISE;10),
= —2sin’ Ty Intan® T. (42)

We can now consider the ratio AS,’:J/AE,{J, where the latter is
the energy gap defined in the previous Section Eq. (31), obtaining
Bri= AS,{i/AE,“- = —Intan? 'k /wg i, which, however, depends on
the momentum. In fact, unlike the standard TFD case, in which
the parameter ¥ is determined only by the relation in Eq. (36),
in the present case the Bogoliubov angle is already set with the
condition Ok ; = %cotfl(,‘;—‘i‘) - see Appendix A, Eq. (53). This re-
sults in an impossibility to introduce a well defined temperature
or equivalently in a deviation from the Fermi distribution, due to
the non-diagonal pairs in the condensate structure of the flavor
vacuum.

On the other hand, starting from a different viewpoint, one can
investigate the relation between the flavor vacuum and a thermal
vacuum state of the form |0(81, 82)) =|0(81)) ® |0(B2)) with

6 Here we have chosen to separate the physical and tilde systems (in analogy
with TFD) according to the mass index.
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Ni(p)

Oloiﬂ-,r;;u;?—'r‘ T P B, Sl St S SO

-2 -1 0 1 2 3

Fig. 1. Plot of N¢(p) and Nr(p) against Log |p|. For all curves, we set 6 = /4 and
mq =20. Ny(p) is plotted for different values of a. Sample values of parameters for
Np(p) are a=100, T; = 10* and T, = 7.8 x 10%,

10080) = [ T[ cos vi(B) + sinvici By el BT Jlo, 43)

k,r

where i =1,2 and yy ;(B;) are the parameters of the Bogoliubov
transformations depending on the temperature. We recall [3] that
it is possible to rewrite |Ug|? in terms of two adimensional param-

eters: |Uy|? = (1 +1//1+a(p/(p? +1))2)/2, with p = — X

Jmimy’
2
a= % We consider the total number operator on the flavor

vacuum Ny (k) = ¢ 4 (0|Ni 1 + Ni210)e, ;0 =2 sin® 0 |Vi|?> while the
vev on the thermal vacuum gives’ Ng(k) = (N1 + Nk 2)g . =
(eProx1 4 1)1 4 (ef2@r2 4 1)~1, One may wonder to what extent,
N (k) can fit N¢(k) for given values of the parameters mq, my and
0, by adjusting the free parameters g; and B,. From Fig. 1 we
see that this is somehow possible only for the right tail of the
distribution Ny (k); on the other hand, for low momenta, the be-
havior of the two distributions is quite different. This fact boils
down to a structural difference between the two states |0)e , and
|0(B1, B2)). These states differ because in the condensate struc-
ture of the “thermal” state |0(B1, B2)) are missing terms of the
form (o B , + g, BT )10}, , (cf. Eq. (56) of Appendix A) due
to the non-diagonal Bogoliubov transformation discussed in Sec-
tion 3.

5. Conclusions

We have discussed the algebraic structure of the mixing gener-
ator for two Dirac neutrino fields with different masses. We have
shown that such a generator can be decomposed in terms of a
rotation depending only on the mixing angle and a Bogoliubov
transformation depending only on the neutrino masses. These two
transformations do not commute among themselves and this fact
produces important effects on the vacuum structure.

It is interesting to observe that the Bogoliubov transformations
are indeed responsible for the mass shift and thus the results of
this paper can lead to further insight in the interplay between mix-
ing phenomenon and mass generation in a dynamical perspective
as recently discussed in Refs. [31].

Moreover, the condensate structure of the vacuum suggests
a thermodynamical interpretation which we investigated, show-
ing peculiarities in the thermal behavior due to the character of
the particle-antiparticle condensate involved in the flavor vac-

7 F stands for Fermi. We use the notation (0(B1, 82)| * |0(B1, B2)) = (%) 1.8 -

uum. Such an issue will be further investigated in a future
work.

Finally, we observe that the algebraic mechanism discussed in
the present paper appears to be of quite general nature and thus
we expect it to hold, with the due differences, also for the mixing
among other kinds of fields. For Majorana fields [32], the mixing
generator has essentially the same form as the one for Dirac fields
Eq. (51), with the difference that antiparticle ladder operators are
replaced by particle operators and the flavor vacuum appears to
be a condensate of pairs of particles with opposite momenta: thus,
in such a case, the results here derived apply essentially in the
same way, including those concerning the thermodynamical inter-
pretation of §4. The case of bosonic fields will be discussed in a
separate publication together with the extension of the present
work to three flavor mixing.
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Appendix A

The fields v; and v, are expanded as - cf. Eq. (6)

3
U,’(X) = Z/ d—k3 I:u]r(,,'(t)alr(’i + Vik’i(t)ﬁﬁki] eik-x7
r 7 (2m)2
i=1,2,
where uj ;(t) = e*"‘”kifu{(’i and v ;(t) = ei‘”kifv{(’i, with wy; =
JK2 +ml.2. The (xlr(,l. and the ﬂ{(’i (r =1,2), are the annihilation
operators for the vacuum state |0)12 = [0)1 ® |0)2: alr(,,.|0)1,2 =

B ;10)1,2 = 0. The anticommutation relations are the standard
ones:

WV Wl =X = Y)apdiy, @ p=1,....4, (44)

(Bioi By i} = Suqdrsdij. 1.j=1.2

{alr(’i’ a(S;’[j} = Okqrsdij; .
(45)

The orthonormality relations are u:riuf“. = vfivfﬂ = & and
uﬂivik.izvﬁk’iui!i = 0. The completeness relation is Zr(uf(‘iulr:i—l—

r T _
ViV =1

One may recast Egs. (3), (4) as [3]:

VX)) =G, (O vEX) Go(t),  (0,i) = (e, 1), (14, 2) (46)

where the generator Gy (t)® is given by Eq. (5). Thus the flavor
fields can be expanded as:

d3k .

Vo)=Y f — [u{(,i(t)a{(,a(t)+vik,i(t)ﬁfk,a(t)]e""".

r=1,2¢ (2m)?2

(47)

The flavor annihilation operators are defined as alr(.a(t) =
G;](t)a{(’icg (t) etc. For k= (0, 0, |Kk|), we have

r _ r : * r r T
o (O) = cos et (1) +sin (Up(0) a0 + € Vi , )
(48)

and similar ones. We have defined

8 In order to have a simpler notation we will use Gg(t) = G(t; 6, my, my).
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U(®) = ujd, (O (6) = v OV () = |Uyl e @zt
(49)
Vi) =€ up (V50 = —€" up, OV (0
= |Vl ei(a)k,2+wk,1)t’ (50)
with € = (=1)", and |Uyl? [Vil2 = 1 with |Ug|

Il -+ (e0g 1 Hm1) (@ 2 +1M2)
2wy 1wk 2 (g, 1+m1) (@ 2 +m2)
tor in terms of the mass annihilation and creation operators [3]

is?:

. The expansion of the mixing genera-

G(0) =exp 92/ Uk(‘xm"‘kz"‘/3 ker K2
(271)2
O‘k 2%1 — Bl 2:3—1< 1)
te€ Vk(“ 'B—kz AL k10‘k2+0‘ ﬂ
—ﬂ[kgzaf(‘])] : (51)

Let us now define R = R(9, ©1, ©,) = B~1(0©1, ©2)R(0)B(01, ©3),
with B(®1,®2~) = B1(®1)B2(0®3) and R(9), B;(©;) defined as in
Egs. (9), (13). R can be written as

_exp GZ/

(‘3‘1<20‘k1+/3 k2Pl )efwk] : (52)

rT ~ T 3 i
o)} Ay 1@ r + Bfk,ﬂgr—k,z)elw

By use of the explicit form of the Bogoliubov transformed ladder
operators, Egs. (11), (12) and imposing the equality between R and
G(0), we obtain the following conditions for the six parameters
(three angles and three phases):

1 K| i,
Ok = 5 co ot™ s i =2t

m;

\[’k (wr,1 — wi 2t 0=0. (53)

From such constraints, the following relations are derived:

Uk(t) =e "k cos(Oy 1 — Ok 2),

(P 1 +k.2)

Vit)y=e™ Z sin(Ogq — O). (54)

In definitive, we have decomposed the mixing generator in the fol-
lowing way'?

G(t; 6, my, my) = B~ (t; my, mp) R(¢; 0) B(t; my, my), (55)

i.e.,, as a product of operators depending only on the masses or
on the mixing angle. It is, indeed, possible to disentangle the two
dependances, mass and angle, of the mixing generator. Moreover,
the form of the flavor vacuum (at t # 0) is the following one for
k= (0,0, |k)):

9 In order to simply the notation we omit in the following the time dependance
of the annihilation and creation operators.

10 We used the notation f(®;(m;)) = f(m;). In fact Oy ; are functions of the
masses and the momentum only. Thus we can regard the generator B(©®1, ®3),
where the momentum has been integrated out, as dependent on the mass parame-
ters, i.e. as B(mq,my).

0)eu = T[ (1 = sin?61vi?)
k.r

(¢1+¢2)
—€"sind c059|Vk|e 2

(Ol ﬂ +Olk2,3 )
+ €" sin? 0] Vie] Uil (/2 ] ﬁ_l(l—e“”lot LB )

+sin 0|V Pe Ol g1 ond BT ]|0)1,2. (56)

We report some useful relations among spinors of different
masses:

Uy 1 (6) = U , OUk(®) + €V 5 (O V(D) (57)
Vi1 (0 =V OURD) — €"uje 5 (O Vie(t) (58)
Uje 2 (6) = U (OURE) + €V (OVi(©) (59)
Vo ® =V (OUK(®) — € uj 4 (O V(D) (60)

with Uy (t) and Vi (t) defined as in Egs. (49), (50). These relations
can be easily veriﬁed Consider for example the first one: multiply-
ing on the left by u (), and using the orthonormality relations,

we obtain the 1dent1ty u (t)uk 1) = Uk(®). A similar result is

obtained by acting with v_k 5 ().
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