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1. Introduction

A critical step in pharmaceutical drug design continues to be the identification and optimization of compounds in a
rapid and cost effective way. An important tool in this work is the prediction of physico-chemical, pharmacological and
toxicological properties of a compound directly from its molecular structure. This analysis is known as the study of the
quantitative structure-activity relationship (QSAR). In chemistry, a molecular graph represents the topology of a molecule,
by considering how the atoms are connected. This can be modelled by a graph, where the points represent the atoms,
and the edges symbolize the covalent bonds. Relevant properties of these graph models are then studied, giving rise to
numerical graph invariants. The parameters derived from this graph-theoretic model of a chemical structure are being used
not only in QSAR studies pertaining to molecular design and pharmaceutical drug design, but also in the environmental
hazard assessment of chemicals.

Many such graph invariant ‘topological indices’ have been studied. The first, and most well-known parameter, the
Wiener index, was introduced in the late 1940s in an attempt to analyze the chemical properties of paraffins (alkanes) [21].
This is a distance-based index, whose mathematical properties and chemical applications have been widely researched.
Numerous other indices have been defined, and more recently, indices such as the eccentric distance sum, and the adjacency-
cum-distance-based eccentric connectivity index have been considered [6,7,9,13,12,11,14,17,16,15,18,19]. These topological
models have been shown to give a high degree of predictability of pharmaceutical properties, and may provide leads for
the development of safe and potent anti-HIV compounds. Refinements of some of these indices have also been considered.
For instance, the augmented eccentric connectivity index [1,2,8] and the superaugmented eccentric connectivity index [5] have
been found to be useful indicators in chemical research.

We propose to investigate some mathematical properties of the eccentric connectivity index. The maximum value of
the Wiener index, for a graph of given order and diameter, has not been established, but for other parameters, such as the
degree distance [3,10], Gutman index and the edge-Wiener index [4,20], the maximum has been essentially established. In
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this paper we will consider the same problem, and establish bounds, both upper and lower, for the eccentric connectivity
index.

2. Definitions and some examples

Consider a simple connected graph G, and let V(G) and E(G) denote its vertex and edge sets, respectively. |V (G)| = n(G)
is called the order of G. The distance between u and v in V(G), d¢(u, v), is the length of a shortest u — v path in G. The
eccentricity, ecg(u) of a vertex u € V(G) is the maximum distance between u and any other vertex in G. The diameter of G, d,
is defined as the maximum value of the eccentricities of the vertices of G. Similarly, the radius of G is defined as the minimum
value of the eccentricities of the vertices of G. A central vertex of G is any vertex whose eccentricity is equal to the radius of
G. Finally, the degree of a vertex w € V(G), deg;(w) is the number of edges incident to w. If no ambiguity is possible, the
subscript G may be omitted.

We define the eccentric connectivity £€(G) of G as

£°9(G) = Z ec(v) deg(v).
veV(G)
For special classes of graphs we have the following useful values for our parameter.
£S(Ky) =n(n—1) (forn > 2);
E°(Kyp) =4ab (fora, b # 1)

and the index reaches its maximum for K, , whena = b = n/2.
For the star, cycle and path of order n,

£(Sn) = £ (K1 no1) =3(n—1) (forn > 3);

c _n for n even
§ (G = {n(n —1) fornodd;

1

—(3n*> —6n+4) forneven
%_C(Pn) =

E(H —1)? for n odd.

Finally, we calculate the eccentric connectivity index for three other classes of graphs which will be important in our
theorems. The broom graph B, 4 consists of a path Py, together with (n — d) end vertices all adjacent to the same end vertex
of P4. The lollipop graph L, 4 is obtained from a complete graph K;_4 and a path Py, by joining one of the end vertices of Py
to all the vertices of K,_4. The volcano graph V;, 4 is the graph obtained from a path P41 and a set S of n — d — 1 vertices, by
joining each vertex in S to a central vertex of P4, ;. See Fig. 1.

Straightforward calculations show that

2dn—n—d*/2 —d+1 for d even
c
(Bna) =y 1
& (Bna 5(3—2d—d2—2n—|—4dn) for d odd;
1
5(2 —2d + d? + 2d® — 2n + 2dn — 4d?n + 2dn*) ford even
§Una) =17
S3-2d+ d* +2d®> — 2n + 2dn — 4d*n + 2dn*)  for d odd;
£y = nd+n+d*/2—2d—1 for d even
" I nd+2n+d?/2 —3d—3/2 fordodd.
3. Results

Theorem 1. Let G = (V, E) be a connected graph of order n, n > 4. Then
£ =3(n—1),
and the bound is tight.
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Proof. LetA={v eV |degv) =n—1},B={v eV |n—2>deg(v) >2}andC = {v € V | deg(v) = 1}. Then letting
|A] = a, |B| = band |C| = c, we obtain
a+b+c=n. (1)
Since deg(v) < n — 2 for every vertex v in BU C, it is easy to see that, for n > 4,
ec(v) >2 forallv e BUC. (2)

Case 1: A # (J; i.e.,a > 1.Then (1) and (2) in conjunction with n > 3, give

£9G) = ) ec(v)deg(v) + Y ec(v)deg(v)

veA veBUC
=Y 1=+ > 21
veA veBUC
=an—1)+2(b+c)
=2n+a(n—3)
> 2n+n— 3,

as claimed.
Case 2: A = (J; i.e.,a = 0.1t can be seen that ec(v) > 3 for all v € C. This, together with (1) and (2) yields

£9(G) = ) _ec(v)deg(v) + Y _ ec(v) deg(v)

veB veC
>y 2:24) 31
veB veC
= 4b+ 3c
=3n+b,

and the bound is established. The bound is attained by the star graph. O

Theorem 2. Let G be a connected graph of order n and diameter d. Then
£9(G) <d(n —d)* + 0(n?),
and this bound is best possible.

Proof. For a vertex v of G, define D(v) = ec(v) deg(u). Thus

G = ) D).

veV(G)
Let P = ug, uy, ..., ug be a diametral path, and let M C V be the set of the remaining vertices which are not on P. Call
m = |[M|.
Claim 1. }_, ., D(X) < O(n?).

Writed = 3q+r forr € {0, 1, 2}, and partition the vertices of P as V(P) = Vp U V; U V,, where Vy, V; and V; are defined
as follows: For the case when r = 0 we set

Vo = {uo, us, ug, . .., Usg}

Vi={uj,ug, u7, ..., usg_»}

Vo ={uy, us, ug, ..., Usq—1}
and so for this case, |V;| = |V,| = |Vp| — 1. Similarly, for r = 1 or 2, all the vertices of P can be consecutively assigned to
one of the three classes Vg, Vq, V5.

Let x,y € V;, for some i = 0, 1, 2. Since the distance between x and y along P is at least 3, and P is a diametral path,
we have that N[x] N N[y] = @, where N[v] is the closed neighbourhood of v in G. Thus ervi deg(x) < n — |V, for each
i=0,1, 2. Now

Y D =) DX+ Y DX+ ) D
xeV(P) xeVpy xeVq xeVp

< Z ddeg(x) + Z ddeg(x) + Z d deg(x)

xeVp xeVq xeVp
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Fig. 2. Tree T in the proof of Theorem 3.

=d (Z deg(x) + Z deg(x) + Z deg(x))

xeVp xeVq xeVyp

<dn—|Vol +n—|Vi|+n—|V3))
—dBn—d—1)
= 0(n?).

This argument holds for r = 0, 1 and 2, and thus the claim is proven.

Claim 2. D(v) <d(n —d) + O(n) forallv € M.
Since P is a diametral path, v € M is adjacent to at most 3 vertices of P. Hence, deg(v) < n —d + 1and so
D(v) <d(n—d+1) <d(n—d)+0(n),

as required.
Finally, combining Claims 1 and 2 we obtain

£(G) =) D)+ Y _DX) < m{d(n — d) + 0(n)} + 0(n*)

veM xeP
= (n—d - 1)d(n — d) + 0(n*)
= d(n—d)* +0(n?)
which completes the proof.
This bound is sharp, since the lollipop graph attains this upper value. In fact, it can be verified that
E%(Lng) = d(d — n)* + 0(n?).
O

A simple maximization of the bound in Theorem 2 results in a maximum eccentricity value at d = n/3, and hence we have
Corollary 1. Let G be a connected graph of order n. Then
4
c 3 2
G) < —n 0o(n%),

§(6) = v (n)
and the bound is sharp.
Again, the lollipop graph, L, ;;/3 shows that this bound is best possible.

Theorem 3. Let T be a tree of order n, n > 2. Then

%(3n2—6n+4) for neven
ET) <£°(P) =13 (3)

E(n —1)2 for nodd.

Proof (By Reverse Induction on the Diameter d of T). Firstly, if d = n — 1, then T = P, and the theorem is true. The same is
true when n = 2 or 3. Call ¢ the number of end vertices of T: clearly ¢ > 3,if T is not a path.

So, assume thatn > 4, d < n — 2 and that(3) holdsifd =k + 1,for2 <k <n — 2.

Now, consider a tree T with diameter d = k.

LetP : xg, X1, ..., Xc, ..., Xq be a diametral path in T, where x, is a central vertex of T. Observe that for each vertex w in
V(T), ec(w) € {d(w, xq), d(w, x4)}.

Let By and B, be the branches at x. containing, respectively, xo and x4. Also, let y be an end vertex of T, where y & {xo, x4}
Say, without loss of generality, that y is not in By, and let vy € E(T). See Fig. 2.
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Define T' = (T — {vy}) U {yxo}. Thend(T") = k + 1 and |V(T")| = n, so by the induction hypothesis

ECT) < E°(Py). (4)
Forz € V(T) — {y, v, xo}, we have ecyr(z) > ecr(z) (and certainly, ecy’(z) > ecy(z) if z is in By.) Furthermore,
degr (v) = degr(v) — 1, degy (xo) = degr(xo) + 1,and ecpr(y) = d + 1 > ecr(y) + 1. Thus,
EC(T') — E9(T) > ecr(v)(degr(v) — 1) + (ecr (X)) - 2+ (ecr(y) + 1) - 1 — fecr (v) degp(v) +d - 14 ecr(y) - 1}
=d—ecr(v) +1
> 1.

Combining this inequality with (4), we conclude that £°(T) < £5(T’) < £°(P,). and the proof is complete. [

Theorem 4. If T is a tree of order n and diameter d, then £€°(T) < £°(By.4).

Proof. Let P : xg, X1, ..., Xq be a diametral pathin T.

If T = By g4, then there is nothing to be proved; so assume that there exists an end vertex v of T, v # X, such that v is
adjacent to a vertex u, where u # xg_1. (It is possible that u lies on P.) Denote by {vq, v,, ..., v} the set of end vertices
which are adjacent to u; and v; #£ xo fori = 1,2, ..., k. Let deg(u) = r + k, for some r > 1.

Form another tree, T', by replacing the k edges u v; with x;_; v; fori = 1,2, ..., k. Note that T’ has the same order and
diameter as T.

We show that T’ has a larger eccentric connectivity index than T.

k
ES(T) =) ecr(vy) degy (vi) + ecr(u) degr (u) + (d — 1) degr(xa—1) + N
i=1
< k- (1) +ecr)( +k) + (d— 1) degr(xq—1) + N,
where N =3\ vy (1.0, vuxa_y) €T (%) degr(X).
In comparison,

E(T) = k- (d)(1) + ecr(u) r + (d — 1)(k + degr(x4—1)) + N.
So, sinceec(u) <d-—1,
£9(T") — £9(T) = —kecr(u) + k(d — 1) > 0.

Continue this procedure, forming new trees, until all the end vertices in V(T) — {x,} are adjacent to x4_1. Thus, a broom
B,.q is obtained, of order n and diameter d, with the property that £€(B,, 4) > £€5(T). O

Theorem 5. If T is a tree of order n > 3 and diameter d, then
E9(T) = 65 (Vi) (5)

Proof. The statement (5) holdsifn = 3 or 4, and ifd = n— 1. Let us assume that there exists a tree T with £ (T) < £(V,..q),
where d is the diameter of T and, of such counterexamples to (5), choose T to have the smallest possible order, n.

Let P : xg, X1, . .., Xq be a diametral pathin T.

Suppose there exists an end vertex x in V(T) — V(P) adjacent to a vertex y, and let T" = T — x. Then, since n(T") < n(T)
we have

ES(T) = E(Va_1,9) while E9(T) < £ (Vyq).

d+1 fordeven

Hence §€(T) = §5(T') < £ (Vo) = 6 Wa10) = {51, prgune

However, &£S(T) —&5(T') > ec(x) - 1+ec(y) - 1
(d/2] + 1) + [d/2]
- {d—l— 1 fordeven

d+2 fordodd.

=
=

This is a contradiction, and the proof is complete. O
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