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Research problems 

The purpose of the research problems section is the presentation of unsolved prob- 
lems in discrete mathematics. Older problems are acceptable if they are not as widely 
known as they deserve. Problems should be submitted using the format as they appear 
in the journal and sent to 

Professor Brian Alspach 
Department of Mathematics and Statistics 
Simon Fraser University 
Burnaby, B.C. 
Canada V5A lS6. 

Readers wishing to make comments dealing with technical matters about a problem 
that has appeared should write to the correspondent for that particular problem. Com- 
ments of a general nature about previous problems should be sent to Professor Alspach. 

Problem Session of Discrete Metric Spaces 96 
Edited by Patrick Sole*, CNRS-US, ESSI, route des Colles, BP 145, 06 903 Sophia 

Antipolis, France. 

1. Problems of V. Cbepoi 

Problem 301. The It dimension of a metric space (J&d) say di(X) is the smallest 
integer m for which (X,d) can be embedded into the m-dimensional rectilinear space. 

Find dl(K,) for n 39. 
It is known that dl(K7)=dl(Kg)=4 [2]. We conjecture that dl(K,)= [n/21. 

Problem 302. Let c(m) denote the smallest integer n such that an arbitrary metric 
space (X,d) embeds into the m-dimensional rectilinear space whenever the same holds 
for every subspace of (X, d) on at most n points. By an old result of Menger c( 1) = 4. 
By [l] c(2)=6. By [2] c(3)alO; c(m)3m2 for odd m>5; c(m)>m2 - 1 for even 
m34. 

Find an upper bound for c(m). 
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The general problem of finding c(m) seems very difficult, 
Find c(3). 
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2. Problem of W. Deuber 

Problem 303. Let 

TX = (XI ,...A), TY=(YI,...,Y~) 

denote two finite sequences of vectors E R” for some integers n, m. Define three attached 
sums as follows: 

where Ir.41 stands for the usual euclidean module of u E R”, namely (~1 = 
ui + . + ~2. Prove or disprove that 

&y=;(Sxy +Sw) 

entails 

TX = Ty. 

3. Problem of M. Deza 

Problem 304. For a finite semi-metric d on n points denote by p(d) the largest real 
in [0, l] such that dP isometrically embeds into an euclidean space Z!J’. H. Maehara, 
Okinawa University and I conjecture that the path metric of KLQ~, ,,,,21 realizes the 
minimum of p(d) when d ranges over the cone of all semi-metrics d with n points. 
We checked the conjecture for n = 6, and Blumenthal in the 1930s [l] proved it for 
n = 4. We make the same conjecture with 17 replaced by I?. 
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4. Problems of V. Grishukhm 

Problem 305. It is known that the problem to decide whether if a metric is 11 is 
NP-complete [l]. But if the metric is the path metric of a graph the problem is poly- 
nomially solvable [2]. If the graph is of diameter 2 we define a two-distance metric d 
by the rule d(edge)= 1 and d(non-edge)=2. 

What is the complexity of deciding the 1, status of a two-distance metric? 

Problem 306. Any two-distance metric can be expressed as dc,( where G is a graph and 
t a nonnegative real in such a way that dc,Jx, y) = 1 if xy is an edge and dc,t(x, v) = t 
if xy is a non-edge. The map t H dc,r enjoys the following properties: 

?? dc, 1 lies on the central axis of the metric cone, 
?? By the triangle inequality, dG,( is not a metric for t > 2 if G # K,,, 
?? If c denotes the complement of G then 

dc,, = tdc, I/t. 

Is the following problem NP-hard: find the set of t E [0.5,2] such that dG,r is a 
11 -metric. 
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5. Problem of A. Karzanov 

Problem 307. Let d be a metric on a set T. A metric m on a superset V > T of T 
is an extension of d iff d and m coincide on T. The metric m is primitive if it is an 
extreme point of the dominant polyhedron of the set of all extensions of T to V. 

Characterize the class of finite metrics which have only a finite number of positive 
primitive extensions. This is true for the path metric of any bipartite complete graph, 
but wrong for the path metric of an even cycle with six vertices or more. 

6. Problems of J. Koolen 

Problem 308. Let d be a pseudo-metric on the finite set X. Attach to d the polytope 

P(d)= {f:x++ RI f(x) + f(y)>dky)). 



350 Research Problems1 Discrete Mathematics 192 (1998) 347-351 

The decomposition d = dl -t . . + d, is called coherent if: 
1. For all i= 1 , . . . , n the pairing dj is a pseudo-metric, 
2. P(d)=P(d,)+...+P(d,). 

A pseudo-metric d’ is called an extension of a proper metric d if the O-distance metic 
of d’ equals a metric isomorphic to d. A metric d is called irreducible if the coherence 
of d = dl + d2 forces dl = ad for some ~30. We pose the following question: 

If d,,... , d, are distinct d-extensions of some (proper) metric d are they linearly 
independent? 

The answer is yes for split metrics (cut metrics) [l]. 
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7. Problems of V. Levenshtein 

Problem 309. Let 37 = (X,d) be an arbitrary finite metric space and S”-’ the 
n-dimensional unit sphere for the euclidean metric D(x, y). A mapping y : 3 - S”-’ is 
called acute angular if there exists a constant c(y) such that for any x, y E % we have 

The triangle inequality on E entails that the images of a triple of point of X form a 
triangle with acute angles. This gives motivation for the following problem: 

Find the largest cardinality of a set of points on S”-’ any three of which form a 
triangle with acute angles. 

Problem 310. With the preceding notations it is easy to show that 

C(Y) S&U/2, 

where 

J(X) = & c d&y). 
&YEX 

When equality holds the acute angular mapping is said to be optimal. It can be shown 
that y is optimal iff the square matrix with typical entry 

(@f) - 4x, v)X,y 

is nonnegative definite. 
Give another characterization of finite metric spaces which afford an optimal acute 

angular mapping. 
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It is known [l] that the set of q-ary vectors of length n of given type Orno, lmi, . . . , 
(q - l)“+-I with cy&i mi = n endowed with the Hamming metric affords an optimal 
acute angular mapping. 
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8. Problems of M. Pouzet 

A colouring c of the edges of the complete graph K,, into r colors is representable 
into an euclidean space V, of dimension m if there is a l-l map from K,, into V such 
that d( f(x), f(v)) = d(f(x’), KY’)) iff c(x.~) = 0’~‘). 

Problem 311 (E. Specker). If Y B 2 then can one take m = n - 2? (m = n - 1 is known). 

Problem 312. A colouring is m-critical if c is not representable on V, but all colourings 
induced on proper subgraphs are. Find all l-critical colourings. 
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9. Problems of P. SolC 

Problem 313. Consider an n-dimensional lattice with covering radius R, volume V and 
dual norm N. Find an upper bound on R as a function of V,N. Similar problems have 
been studied for codes [l]. 

Problem 314. Which Cayley graphs on an abelian group A can be isometrically em- 
bedded in the hypercube (up to scale) while preserving the MacWilliams duality for 
codes over the alphabet A? See [2] for the example of the cycle of order 4 viewed as a 
Cayley graph on the cyclic group of order 4. The condition A abelian seems necessary 
to have a MacWilliams formula and the very notion of duality. 
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