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Piezoelectric laminated slightly curved beams (PLSCB) is currently one of the most popular actuators used
in smart structure applications due to the fact that these actuators are small, lightweight, quick response
and relatively high force output. This paper presents an analytical model of PLSCB, which includes the
computation of natural frequencies, mode shapes and transfer function formulation using the distributed
transfer function method (DTFM). By setting the radius of curvature of the proposed model to infinity, a
piezoelectric laminated straight beams (PLSB) model can be obtained. The DTFM is applied and extended
to carry out the transfer function formulation of the PLSCB and PLSB models. This method will be used to
solve for the natural frequencies, mode shapes and transfer functions of the PLSCB and PLSB models in
exact and closed form solution without using truncated series of particular comparison or admissible
functions. The natural frequencies of the cantilevered PLSCB and PLSB are calculated by the DTFM and
the Rayleigh–Ritz method. The analysis indicates that the stretching–bending coupling due to curvature
has a considerable effect on the frequency parameters. Increasing the radius of curvature of the PLSCB has
its largest effect on the natural frequencies. But the inhomogeneity of the boundary conditions does not
have any effects on the natural frequencies or system spectrum due to the both receptance and boundary
transfer functions have the same characteristic equations. The method can also be generalized to the
vibration analysis of non-piezoelectric composite beams with arbitrary boundary conditions.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Rapid developments in intelligent biomedical devices using pie-
zoelectric laminated slightly curved beams (PLSCB) actuators have
been proposed, which include a piezoelectric cell stretching device
(Clark et al., 2000), a stimulator for cultured bone cells (Tanaka,
1999), a device for straining flexible cell culture membranes
(Schaffer et al., 1994) and a novel piezoelectric forceps actuator
for minimum invasive surgery (Susanto and Yang, 2004; Susanto
and Yang, 2007; Susanto, 2008). Furthermore, the piezoelectric
actuators also have been used in controlling the shape of the satel-
lite antenna (Washington, 1996; Granger et al., 2000) and damping
of wings (Crawley and de Luis, 1987). Piezoelectric actuators are
currently one of the most popular and widely available to be used
in smart structure applications because these actuators are small,
lightweight, low power requirements, respond quickly and gener-
ate relatively high force output (Damjanovic and Newnham, 1992).
Several studies demonstrated the benefits of the use of mechani-
cally pre-stressed and curved shape piezoceramics actuator,
THUNDER (THin Layer Composite UNimorph Ferroelectric Drive
and SEnsoR), had better performance in generating high displace-
ll rights reserved.
ment out of plane and high force output (Shakeri et al., 1999; Mossi
et al., 1999; Ounaies et al., 2001; Balakrishnan and Niezrecki, 2001;
Yoon et al., 2000) and C-block actuator (Moskalik and Brei, 1999)
compared to standard geometrically straight piezoelectric
actuator.

The vibration of curved beam is a topic that has been investi-
gated by a number of researchers, as illustrated in Table 1. This
table illustrates the breakdown of research on curved beams into
different categories, with the primary division being between indi-
vidual curved beams. The research on individual curved beams can
be further broken down into composite curved beams, composed
of a number of layers; and homogeneous curved beams, fabricated
from one solid material. Finally, the research can be categorized on
the basis of the assumptions made to determine the equations of
motion, which range from neglecting the effects of rotatory inertia
and transverse shear and assuming an inextensible neutral axis to
including the effects of rotatory inertia and transverse shear and
assuming an extensible neutral axis.

The body of research on individual curved beam vibration has
been reviewed quite comprehensively. The latest, most complete
review was by Chidamparam and Leissa (1995), including over
400 references. Other review of curved beam literatures were
also done by Auciello and De Rosa (1993) and also Laura and
Maurizi (1987). These reviews presented a wealth of information
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Table 1
Literature review of curved beams.

Homogeneous curved beams Composite curved beams

Non-piezoelectric Non-piezoelectric Piezoelectric

Inextensional neutral
axis

Extensional neutral axis With rotatory inertia With trans. shear Semi
circular

Slight
curved

Semi circular Slight
curved

Den Hartog (1928) Nelson (1962) Hammoud and Archer
(1963)

Buckens (1950) Dym
(1980)

Qatu
(1992)

Larson and Vinson
(1993)

NONE

Archer (1960) Chidamparam and
Leissa (1995)

Seidel and Erdelyi
(1964)

Qatu
(1993)

Washington (1996)

Laura and Maurizi
(1987)

Veletsos et al. (1972) Rao and Sundararajan
(1969)

Qatu
(2004)

Mitchell et al.
(1997)

Auciello and De Rosa
(1993)

Irie et al. (1983) Moskalik and Brei
(1997)

Love (1944)
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on homogeneous curved beams, but illustrated the comparative
scarcity of literature on composite curved beams. Den Hartog
(1928), Archer (1960), Laura and Maurizi (1987), Auciello and De
Rosa (1993) and Love (1944) examined homogenoeuos curved
beams that were very thin; the assumption of inextensibility, cou-
pled with the absence of rotatory inertia and shear deformation to
solve for the natural frequencies. Nelson (1962) and Chidamparam
and Leissa (1995) compared the natural frequencies generated by
extensional and inextensional theory for pinned homogeneous
curved beams. Veletsos et al. (1972) studied for the natural fre-
quencies of the homogeneous thick curved beams with extensional
and shear deformation effects. Hammoud and Archer (1963) exam-
ined the natural frequencies of the homogeneous thick curved
beams with extensional and rotatory inertia effects. Buckens
(1950), Seidel and Erdelyi (1964), Rao and Sundararajan (1969)
and Irie et al. (1983) computationally determined the natural fre-
quencies of the homogeneous curved beams which includes trans-
verse shear effect.

Many researchers examining the dynamic behavior of compos-
ite curved beams like Dym (1980), merely derived equations of
motion for the curved beam, but without a piezoelectric term.
These equations of motion for composite curved beams are identi-
cal in form to those for homogeneous beams, but incorporate lam-
inate stiffness in place of the homogeneous extensional and
bending stiffness.

Qatu (1993) used these equations of motion to find the natural
frequencies of specific geometries of pinned composite beams, and
extended the theory with the inclusion of rotatory inertia and
transverse shear to find the natural frequencies of thicker pinned
composite beams. Qatu and Elsharkawy (1993) proposed Ritz
method to solve for the natural frequencies of the laminated com-
posite arches with deep curvature and arbitrary boundaries. Later,
Qatu (2004) compiled a monograph research works of vibration
analysis of composite shells and plates, which included the non-
piezoelectric composite curved beam.

Larson and Vinson (1993) included piezoelectric term in the
equations of motion of composite shells composite curved beams
and rings. Although they used these equations of motion to devel-
op solutions for the static behavior of curved composite beams,
they did not investigate the dynamic behavior or its natural
frequencies.

Washington (1996) added the piezoelectric term to the com-
posite circular beams by Qatu (1993) to study the quasi-static
behavior of satellite antenna. Mitchell et al. (1997) improved the
composite piezoelectric circular beams model by including first or-
der shear deformation. But, none of them determined any dynamic
responses or natural frequencies of the piezoelectric composite
curved beams.

Moskalik and Brei (1997) added the piezoelectric term to the
derived non-piezoelectric composite circular beams model by Qatu
(1993) in order to study the static and dynamic behaviors of the C-
block actuator.

However, the work of these researchers provides a useful guid-
ance on which to base the development of the equations of motion
for the PLSCB, even though additional work must be done to com-
plete the modeling and analysis. The only non-piezoelectric lami-
nated slightly curved beams model by Qatu (1992) can be
modified and extended by adding piezoelectric term on its govern-
ing equations to derive the PLSCB model.

This paper presents an analytical model of the piezoelectric
laminated slightly curved beam (PLSCB), as shown in Fig. 1, derived
using the Hamilton’s principle. Then, the governing equations of
the PLSCB are solved using the distributed transfer function meth-
od (DTFM) (Yang and Tan, 1992). By setting the radius of curvature
of the PLSCB model to infinity, a piezoelectric laminated straight
beams (PLSB) model is derived, as shown in Fig. 2. The DTFM is ap-
plied and extended to carry out the transfer function formulation
of the PLSCB and PLSB models. This method will be used to solve
for the natural frequencies, mode shapes and transfer functions
of the PLSCB and PLSB models in exact and closed form solution
without using any truncated series of particular comparison or
admissible functions. Furthermore, this method also does not re-
quire any eigensolution. Compared to Rayleigh–Ritz method, the
DTFM has the capability of providing exact and closed-form solu-
tion for vibration analysis of the composite beams with arbitrary
boundary conditions and physical insight behavior of the continu-
ous structure.
2. PLSCB and PLSB models

The dynamic model of the PLSCB, as shown in Fig. 1, is derived
using the Hamilton’s principle. The thin beams are studied here
where effects of shear deformation and rotatory inertia will be
neglected.

The first step in determining the strain energy, which will be
used in the Hamilton’s principle, is to determine an expression
for the stress within the curved beam. The magnitude of the stress
in the circumferential direction at any point of the curved beam is
given by the piezoelectric constitutive law (IEEE, 1998) as follows:

r ¼ Ye ¼ Yðem þ epÞ; ð2:1Þ

where the mechanical strain, em, and piezoelectric induced strain,
ep, (Moskalik and Brei, 1997) are defined as follows:

em ¼ e0 þ zj;
ep ¼ d31E3ðtÞ:

ð2:2Þ

Y is Young’s modulus of the material, d31E3ðtÞ is the induced piezo-
electric strain, E3(t) is the applied electric field function of time
through the thickness of the piezoelectric elements, e0 is the exten-



Fig. 2. Schematic drawing of piezoelectric laminated straight beams (PLSB).

Fig. 1. Schematic drawing of piezoelectric laminated slightly curved beams
(PLSCB).
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sional strain at the neutral axis, z is the distance from the neutral
axis and j is the change in curvature of the neutral axis during
bending. The electric field, E3, is defined as positive if it is applied
in the same direction as the polarity of the piezoelectric element
and negative if applied in the opposite direction. The piezoelectric
strain constant, d31, relates the electric field in the radial direction
to circumferential strains. In poled piezoelectric ceramics, d31 is a
negative quantity; in non-active materials, it is assumed to be zero.

The stress of each layer of the shallow curved beam can be
found by substituting Eq. (2.2) into the piezoelectric constitutive
equation, Eq. (2.1) to yield

ri ¼ Yiðe0 þ zjþ ðd31E3ðtÞÞiÞ; ð2:3Þ

where number of layers, i = 1,2, . . . ,q.
The strain and curvature at the mid-plane of the slightly curved

beam are expressed in terms of circumference and radial displace-
ments (Qatu, 1992) as follows:

e0 ¼ @uðx; tÞ
@x

þwðx; tÞ
R

; ð2:4Þ

j ¼ �@
2wðx; tÞ
@x2 ; ð2:5Þ

where u(x, t) and w(x, t) represent the circumferential an radial dis-
placement of the structure’s geometrical mid-plane in the x and z
directions, respectively, and R represents radius of curvature of
the curved beam.
The normal force at any cross-section is defined as the stress
integrated over the cross-sectional area. Due to the existence of
the multi layers of the beam, as shown in Fig. 1, the integration
must be performed piecewise over the cross-sectional area. Inte-
grating the normal force, Eq. (2.3), across the q layers of the com-
posite cross-sectional area, A, yields

N ¼
Z

A
rdA ¼ b

Xq

i¼1

Z zi

zi�1

Yiðe0 þ zjþ ðd31E3ðtÞÞiÞdz

¼ b
Xq

i¼1

Yiðzi � zi�1Þe0 þ 1
2

b
Xq

i¼1

Yiðz2
i � z2

i�1Þj

þ b
Xq

i¼1

Yiðzi � zi�1Þðd31E3ðtÞÞi; ð2:6Þ

where the subscript i refers to the ith layer, Yi is the Young modulus
of the ith layer, zi is the distance from the neutral axis to the outside
of the ith layer and b is the width.

Calculated in a similar way to the normal force, the moment
about the neutral axis is defined as the stress, Eq. (2.3), multiplied
by a moment arm to the neutral axis, z, and integrated over the
cross-sectional area

M ¼
Z

A
rzdA ¼

Xq

i¼1

b
Z zi

zi�1

Yiðe0 þ zjþ ðd31E3ðtÞÞiÞzdz

¼ 1
2

b
Xq

i¼1

Yiðz2
i � z2

i�1Þe0 þ 1
3

b
Xq

i¼1

Yiðz3
i � z3

i�1Þj

þ 1
2

b
Xq

i¼1

Yiðz2
i � z2

i�1Þðd31E3ðtÞÞi: ð2:7Þ

The normal force and moment, Eqs. (2.6) and (2.7), can be re-
stated in a matrix form as follows:

N

M

� �
¼

A B

B D

� �
e0

j

( )
þ

NpðtÞ
MpðtÞ

� �
; ð2:8Þ

where the constants A, B and D are the extensional, coupling and
bending stiffness, respectively, and are defined as

A ¼ b
Xq

i¼1

Yiðzi � zi�1Þ; ð2:9aÞ

B ¼ 1
2

b
Xq

i¼1

Yiðz2
i � z2

i�1Þ; ð2:9bÞ

D ¼ 1
3

b
Xq

i¼1

Yiðz3
i � z3

i�1Þ: ð2:9cÞ

Likewise, the piezoelectric forcing terms Np and Mp in Eq. (2.8)
are defined as

NpðtÞ ¼ b
Xq

i¼1

Yiðzi � zi�1Þðd31E3ðtÞÞi; ð2:10aÞ

MpðtÞ ¼
1
2

b
Xq

i¼1

Yiðz2
i � z2

i�1Þðd31E3ðtÞÞi; ð2:10bÞ

where d31 = 0 in the non-piezoelectric layers.
The strain energy of the multi-layered curved beam during the

deformation can be expressed by using Eq. (2.3), as follows:

U¼1
2

Z
V
redV¼

Xq

i¼1

Ui¼
1
2

b
Xq

i¼1

Z LC

0

Z zi

zi�1

Yiðe0þzjþðd31E3ðtÞÞiÞ
2 dzdx; ð2:11Þ

where U is a total internal strain energy, r is a mechanical stress, e
is a mechanical strain plus piezoelectric induced strain and V is a
volume of a curved beam bonded with piezoelectric layers.

The Hamilton principle uses the variance of the energy in the
system; thus, the objective is to determine the variance of the
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strain energy rather than the energy itself. The variance of the
strain energy shown in Eq. (2.11) is

dU ¼ b
Xq

i¼1

Z LC

0

Z zi

zi�1

Yi½ðe0 þ zjþ d31E3ðtÞÞde0

þ ðze0 þ z2jþ zd31E3ðtÞÞdj�dzdx

¼ b
Xq

i¼1

Z LC

0

Z zi

zi�1

ðrde0 þ rzdjÞdzdx: ð2:12Þ

Furthermore, the variance of the strain energy, Eq. (2.12), can
be expressed in terms of the normal force and moment. Using
the definitions of normal force, Eq. (2.6), and moment, Eq.
(2.7), the variance of the strain energy, Eq. (2.12), can be shown
as follows:

dU ¼
Z LC

0
ðNde0 þMdjÞdx: ð2:13Þ

To produce the equations of motion, the strain energy vari-
ance equation must be restated in terms of the circumferential,
u, and radial, w, displacements instead of the strain and the cur-
vature change. Substituting the displacement relations, Eqs. (2.4)
and (2.5), into the variance of the potential energy, Eq. (2.13), re-
sults in a simplified expression for the variation of the strain
energy

dU ¼
Z LC

0
Nd

@uðx; tÞ
@x

� �
þ N

R
dwðx; tÞ �Md

@2wðx; tÞ
@x2

 !" #
dx:

ð2:14Þ

Taking integration by parts of Eq. (2.14) yields

dU ¼
Z LC

0
� @N
@x

duðx; tÞ þ N
R

dwðx; tÞ � @
2M
@x2 dwðx; tÞ

" #
dx

þ Nduðx; tÞjLC
0 þ

@M
@x

dwðx; tÞ
����LC

0
�Md

@wðx; tÞ
@x

� �����LC

0

 !
: ð2:15Þ

Kinetic energy of the curved beam can be expressed as follows:

T ¼ 1
2

Z LC

0
�q

@uðx; tÞ
@t

� �2

þ @wðx; tÞ
@t

� �2
" #

dx; ð2:16Þ

where �q ¼
Pq

i¼1qibiðzi � zi�1Þ is the average mass density of the
beams per unit length.

The variation of the kinetic energy, Eq. (2.16) is

dT ¼
Z LC

0
�q

@uðx; tÞ
@t

� �
d
@uðx; tÞ
@t

� �
þ @wðx; tÞ

@t

� �
d
@wðx; tÞ
@t

� �� �
dx:

ð2:17Þ

By assuming that variations and differentiations are inter-
changeable and the fact that du = dw = 0 at t = t1 = t2, one can carry
out the integration by parts of equation (2.17), which involved in
the Hamilton principle as follows:Z t2

t1

dT dt¼
Z t2

t1

Z LC

0
�q
@uðx;tÞ
@t

@

@t
duðx;tÞþ@wðx;tÞ

@t
@

@t
dwðx;tÞ

� �
dxdt

¼�
Z t2

t1

Z LC

0
�q
@2uðx;tÞ
@t2 duðx;tÞþ@

2wðx;tÞ
@t2 dwðx;tÞ

" #
dxdt: ð2:18Þ

With the variance of the kinetic energy and potential energy de-
fined, all quantities necessary to implement the Hamilton principle
are now determined. The Hamilton principle states that the time
integral of the variation of the potential strain energy, U, minus
the variation of kinetic energy, T, equals zero
Z t2

t1

½dU � dT�dt ¼ 0: ð2:19Þ

Substituting the variance quantities of potential energy and ki-
netic energy, Eqs. (2.15) and (2.18), respectively, into the Hamilton
principle, Eq. (2.19) yields

Z t2

t1

dðU�TÞdt¼
Z t2

t1

Z LC

0
�@N
@x

duþN
R

dw�@
2M
@x2 dwþ �q

@2u
@t2 duþ �q

@2w
@t2 dw

" #
dx

"

þNdujLC
0 þ

@M
@x

dw
����LC

0
�Md

@w
@x

� �����LC

0

#
dt¼0: ð2:20Þ

Based on the Hamilton principle, Eq. (2.20), the equations of
motion of the PLSCB associated with its boundary conditions can
be written as follows:

@N
@x
¼ �q

@2uðx; tÞ
@t2 ; ð2:21aÞ

� N
R
þ @

2M
@x2 ¼ �q

@2wðx; tÞ
@t2 ; ð2:21bÞ

where

@

@x
ðNÞ ¼ @

@x
ðAeo þ Bjþ NpðtÞÞ

¼ @

@x
A

@uðx; tÞ
@x

þwðx; tÞ
R

� �
þ B � @

2wðx; tÞ
@x2

 ! !

þ @

@x
b
Xq

i¼1
Yiðzi � zi�1Þðd31E3ðtÞÞi

	 

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

0

and

@2

@x2 ðMÞ ¼
@2

@x2 ðBeo þ DjþMpðtÞÞ

¼ @2

@x2 B
@uðx; tÞ
@x

þwðx; tÞ
R

� �
þ D � @

2wðx; tÞ
@x2

 ! !

þ @2

@x2

1
2

b
Xq

i¼1
Yiðz2

i � z2
i�1Þðd31E3ðtÞÞi

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

0

:

By assuming uniformly distributed external electric field, E3 is a
function of time and independent of space, the piezoelectric in-
duced control force, Np and control moment, Mp of Eq. (2.21) are
equal to zero when taking partial derivative with respect to x-coor-
dinate. After this reduction, the equations of motion of PLSCB,
which will be shown in Eq. (2.22), are the same as those of non-pie-
zoelectric slightly curved composite beams modeled by Qatu
(1992) without any additional of piezoelectric force terms. How-
ever, it also should be noted that the boundary conditions of the
PLSCB, which will be shown in Eq. (2.23), are different from those
of non-piezoelectric slightly curved composite beams due to the
additional of the boundary piezoelectric induced control force
and moment terms.

The equations of motion of the cantilevered PLSCB as defined
for 0 6 x 6 Lc can be reinstated in terms of circumferential and ra-
dial displacements by substituting combination equations 2.4, 2.5
and 2.8 into Eq. (2.21), shown as follows:

A
@2uðx; tÞ
@x2 þ A

R
@wðx; tÞ
@x

� B
@3wðx; tÞ
@x3 ¼ �q

@2uðx; tÞ
@t2 ; ð2:22aÞ

� D
@4wðx; tÞ
@x4 þ 2B

R
@2wðx; tÞ
@x2 � A

R2 wðx; tÞ þ B
@3uðx; tÞ
@x3

� A
R
@uðx; tÞ
@x

¼ �q
@2wðx; tÞ
@t2 þ NpðtÞ

R
: ð2:22bÞ
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The clamped-free boundary conditions of the PLSCB ðx ¼ 0; LCÞ can
be shown as follows:

ujx¼0¼0; A
@uðx;tÞ
@x

þA
R

wðx;tÞ�B
@2wðx;tÞ
@x2 þNpðtÞ

" #�����
x¼Lc

¼0; ð2:23aÞ

wjx¼0¼0; B
@2uðx;tÞ
@x2 þB

R
@wðx;tÞ
@x

�D
@3wðx;tÞ
@x3

" #�����
x¼Lc

¼0; ð2:23bÞ

@w
@x

����
x¼0
¼0; B

@uðx;tÞ
@x

þB
R

wðx;tÞ�D
@2wðx;tÞ
@x2 þMpðtÞ

" #�����
x¼Lc

¼0: ð2:23cÞ

By setting the radius of curvature of the PLSCB model to infinity
or R =1 in Eqs. (2.22) and (2.23), the equations of motion of PLSB
associated with its boundary conditions, as shown in Fig. 2, are de-
rived as follows:
A
@2uðx; tÞ
@x2 � B

@3wðx; tÞ
@x3 ¼ �q

@2uðx; tÞ
@t2 ; ð2:24aÞ

� D
@4wðx; tÞ
@x4 þ B

@3uðx; tÞ
@x3 ¼ �q

@2wðx; tÞ
@t2 : ð2:24bÞ
The clamped-free boundary conditions of the PLSB ðx ¼ 0; LCÞ
can be shown as follows:
ujx¼0 ¼ 0; A
@uðx; tÞ
@x

� B
@2wðx; tÞ
@x2 þ NpðtÞ

" #�����
x¼Lc

¼ 0; ð2:25aÞ

wjx¼0 ¼ 0; B
@2uðx; tÞ
@x2 � D

@3wðx; tÞ
@x3

" #�����
x¼Lc

¼ 0; ð2:25bÞ

@w
@x

����
x¼0
¼ 0; B

@uðx; tÞ
@x

� D
@2wðx; tÞ
@x2 þMpðtÞ

" #�����
x¼Lc

¼ 0: ð2:25cÞ

As one may notice that there is no piezoelectric actuation
term remains in Eqs. (2.24) for a similar reason to the above-
mentioned case of PLSCB, which its piezoelectric induced control
force and moment terms are equal to zero when taking partial
derivative with respect to x-coordinate. The derived equations
of motion of PLSB, Eq. (2.24), are the same as those non-piezo-
electric straight composite beams by Vinson (2002). Note that
the boundary conditions of the PLSB are different from those
of non-piezoelectric straight composite beams due to the addi-
tional of the boundary piezoelectric induced control force and
moment terms.
3. Solution methods

In this section, the DTFM by Yang and Tan (1992) is applied and
extended to carry out the transfer function formulations of the
PLSCB and PLSB models. This method will be used to solve for
the natural frequencies, mode shapes and transfer functions of
the cantilevered PLSCB and PLSB models. The natural frequencies
of the cantilevered PLSCB and PLSB will be calculated by the DTFM
and the Rayleigh–Ritz method.

Based on the DTFM, the governing equations of the cantilevered
PLSCB and PLSB associated with its boundary conditions, Eqs.
(2.22–2.25), are cast into the equivalent spatial state form and
Laplace transformed with respect to time as follows:

d
dx
fgkðx; sÞg ¼ ½FkðsÞ�gkðx; sÞ þ PkðsÞ; 0 6 x 6 Lc; ð3:1Þ
where

k ¼
1 for PLSCB;

2 for PLSB;

�

F1ðsÞ ¼

0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 1 0

�q
A s2 0 � 1

R 0 0 B
A

0 0 0 0 0 1
0 � �q

a s2 � A
aR2 0 B�q

aA s2 � A
aR

B
aR 0

2
6666666664

3
7777777775
;

P1ðsÞ ¼ 0 0 0 0 0 �NpðsÞ
aR

h iT
; P2ðsÞ ¼ ½0�6�1;

F2ðsÞ ¼

0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 1 0

�q
A s2 0 0 0 0 B

A

0 0 0 0 0 1
0 � �q

a s2 0 B�q
aA s2 0 0

2
666666664

3
777777775
;

a ¼ D� B2

A
;

gkðx; sÞ ¼ u w @w
@x

@u
@x

@2w
@x2

@3w
@x3

h iT
:

The boundary conditions, Eqs. (2.23) and (2.25), can also be
written in terms of fgkðx; sÞg:

½Mk�fgkð0; sÞg þ ½Nk�fgkðLc; sÞg ¼ fckðsÞg; ð3:2Þ

½Mk� and ½Nk� are 6 � 6 matrices and fckðsÞg is a vector of boundary
control piezoelectric induced strain force and moment

M1¼

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775
; N1¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 A

R 0 A �B 0
B
Aqs2 0 0 0 0 B2

A �D

0 B
R 0 B �D 0

2
6666666664

3
7777777775
; c1¼

0
0
0

�NpðsÞ
0

�MpðsÞ

2
666666664

3
777777775
;

M2¼

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775
; N2¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 A �B 0

B
Aqs2 0 0 0 0 B2

A �D

0 0 0 B �D 0

2
666666664

3
777777775
; c2¼

0
0
0

�NpðsÞ
0

�MpðsÞ

2
666666664

3
777777775
:

Here, NpðsÞ and MpðsÞ are the Laplace transforms of NpðtÞ and
MpðtÞ, respectively.

Write the solution of Eq. (3.1) by assuming no external or inter-
nal input of piezoelectric induced strain force or moment as

gkðx; sÞ ¼ e½FkðsÞ�xgkð0; sÞ; ð3:3Þ

where eFkðsÞx is the fundamental matrix. Substituting Eq. (3.3) into
the boundary conditions, Eq. (3.2), gives the homogeneous equation
(assuming no piezoelectric induced strain force or moment)

½Mk� þ ½Nk�e½FkðsÞ�Lc
� 

gkð0; sÞ ¼ 0: ð3:4Þ

The characteristic equations of the PLSCB and PLSB, Eq. (3.4), are

DðxÞ � det ½Mk� þ ½Nk�e½FkðsÞ�Lc
� 

¼ 0; ð3:5Þ

where D(x) is a transcendental function with an infinite number of
roots. The characteristic equation can be accurately and easily
solved by standard root-searching techniques. Its roots are of the
form

s ¼ jxn; j ¼
ffiffiffiffiffiffiffi
�1
p

; n ¼ 1;2; . . . ; ð3:6Þ
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where xn are the nth natural frequencies of the system. The mode
shapes corresponding to xn can be obtained by solving Eq. (3.4) for
a non-zero gkð0; sÞ at s ¼ jxn and substituting the result into Eq. (3.3).

The solution of the state-space equations (3.1) and (3.2) is in exact
and closed form (Yang and Tan, 1992) can be formulated as follows:

gkðx; sÞ ¼
Z Lc

0
Gkðx; f; sÞPkðf; sÞdfþ Hkðx; sÞckðsÞ; x 2 ð0; LcÞ;

ð3:7Þ

where

k ¼
1 for PLSCB;

2 for PLSB;

�

Gkðx; f; sÞ ¼
eFkðsÞxðMk þ NkeFkðsÞLc Þ�1Mke�FkðsÞf; f 6 x;

�eFkðsÞxðMk þ NkeFkðsÞLc Þ�1NkeFkðsÞðLc�fÞ; f P x;

(

¼

gk11ðx; f; sÞ . . . gk1rðx; f; sÞ
..
. ..

.

gkr1ðx; f; sÞ . . . gkrrðx; f; sÞ

2
664

3
775

r�r

; ð3:8aÞ

Hkðx; sÞ ¼ eFkðsÞxðMk þ NkeFkðsÞLc Þ�1

¼

hk11ðx; sÞ . . . hk1rðx; sÞ
..
. ..

.

hkr1ðx; sÞ . . . hkrrðx; sÞ

2
664

3
775

r�r

: ð3:8bÞ

The matrices Gkðx; f; sÞ and Hkðx; sÞ are called the distributed
transfer functions of the PLSCB or PLSB.

The Rayleigh–Ritz (Meirovitch, 2003) method requires minimi-
zation of the Lagrangian energy functionals, namely, the potential
and kinetic energies of the continuous beams, in order to compute
for approximate natural frequencies. The Lagrangian, L ¼ T �P, is
then minimized by taking its derivatives with respect to the unde-
termined coefficients of the displacement fields and making them
equal to zero, shown as follows:

@L
@ai
¼ @ðT �P1 �P2 �P3Þ

@ai
¼ 0; i ¼ 1;2; . . . ;N;

@L
@bi
¼ @ðT �P1 �P2 �P3Þ

@bi
¼ 0; i ¼ 1;2; . . . ;N:

ð3:9Þ
Table 2
Material properties of the PLSCB and PLSB.

Material property PZT 3195 HD

Young’s modulii (N/m2), Y 6.7 � 1010

Piezoelectric strain constant (C/N), d31 �l90 � 10�12

Width (m), b 5.97 � 10�3

Length (m), LC 3.26 � 10�2

Thickness (m) 2.03 � 10�4

Number of layers 1

Table 3
Natural frequencies of the PLSCB and PLSB.

Mode no. DTFM Rayl

PLSCB PLSB PLSC

R = 0.01 R = 1 R =1 R = 0

N = 6

1 0.45 0.85 0.85 0.
2 3.15 5.39 5.40 3.
3 11.3 15.09 15.10 22.
4 25.1 29.59 29.60 129.
5 43.9 48.80 48.90 573.
This yields equations that can be written in a matrix form and
give the natural frequencies as follows:

ð½K� �x2½M�ÞðcÞ ¼
kua kub

kwa kwb

� �
�x2 mua mub

mwa mwb

� �� �
aN

bN

� �
¼ 0:

ð3:10Þ

Further details of the Rayleigh–Ritz method and its definitions used
for computing the approximate natural frequencies of the PLSCB
and PLSB models are shown in Appendix A.
4. Numerical examples and discussion

The physical parameters of the PLSCB and PLSB are tabulated in
Table 2. In free vibration analysis, the first five natural frequencies
of the cantilevered PLSCB and PLSB, as listed in Table 3, are com-
puted with the DTFM and the Rayleigh–Ritz approximation (N = 6
and N = 10). The convergence is good for the first two modes ex-
cept for higher modes of all cases using the Rayleigh–Ritz method
(N = 6). For the first four modes of the PLSCB with large radii of cur-
vature, R = 1 and R =1, respectively, both the DTFM prediction and
Rayleigh–Ritz method with higher order, N = 10 have yielded the
exact same values. However, for the 5th mode, the DTFM predic-
tion has a deviation of 10% from the Rayleigh–Ritz method with
higher order, N = 10.

As for the first four modes of the PLSB with small radius of cur-
vature, R = 0.01, both the DTFM prediction and Rayleigh–Ritz
approximation with higher order, N = 10 have yielded exact same
values except for the 4th mode, which the DTFM prediction has a
deviation of 8.7% from the Rayleigh–Ritz method with higher or-
der, N = 10.

From the above analysis, one can observe that by increasing the
order of the Rayleigh–Ritz approximation, the lowest newly com-
puted natural frequencies decrease relative to the corresponding
previously computed natural frequencies, or at least they do not
increase.

The most important observation made about these results is
the strong effect of the bending–stretching coupling due to
unsymmetrical lamination. The stretching–bending coupling
due to curvature has a considerable effect on the frequency
parameters. Increasing the radius of curvature of the PLSCB
has its largest effect on the natural frequencies. The Rayleigh–
LaRC-SI 302 Stainless steel

4.0 � 109 2.62 � 109

– –
5.97 � 10�3 5.97 � 10�3

3.26 � 10�2 3.26 � 10�2

2.54 � 10�5 1.52 � 10�4

1 1

eigh–Ritz

B PLSB

.01 R = 1 R =1

N = 10 N = 6 N = 10 N = 10

46 0.46 0.86 0.86 0.86
22 3.16 5.39 5.40 5.40
90 11.4 15.52 15.10 15.10
7 27.5 31.49 29.65 29.65
4 65.1 137.7 54.4 54.4



Fig. 3. The receptance jW0ðLc ; Lc ; ixÞj of the PLSCB; R = 1.

Fig. 4. Effect of the inhomogeneous boundary conditions on PLSCB; R = 1.
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Ritz method requires appropriate and higher degrees of the
polynomial displacement functions, which has been done by
Qatu (1992) and Qatu and Elsharkawy (1993) to improve the
convergence in obtaining the natural frequencies of the non-
piezoelectric/piezoelectric laminated curved beams with the
compensation of computation memory and time. According to
Rayleigh–Ritz principle (Meirovitch, 2003), the approximate nat-
ural frequencies represented upper bounds for the actual natu-
ral frequencies. Thus, one can observe that the computation of
the natural frequencies by the DTFM is more accurate than
the Rayleigh–Ritz method, since the natural frequencies calcu-
lated by the DTFM are less than those by the Rayleigh–Ritz
method.

Consider the first term of Eq. (3.7) for the formulation of
receptance transfer function of the PLSCB, �wðLc; jxÞ=NpðjxÞ ¼
aR� jg126ðx ¼ Lc; f ¼ Lc; jxÞj, which defines the colocated piezo-
electric induced force control acted at f ¼ Lc of the beam to the
outputbeam vibrationobserved atx ¼ Lc , is showninFig.3. Tenres-
onance peaks of the cantilevered PLSCB are shown. It is observed
that the frequency shift becomes larger for higher modes.



Fig. 5. Effect of the inhomogeneous boundary conditions with varies of radius of curvature, R.

Fig. 6. First four mode shapes of clamped-free PLSCB; R = 1.
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Consider the second term of Eq. (3.7) for the formulation of
boundary control transfer functions of the PLSCB,
�wðLc; jxÞ=NpðjxÞ ¼ jh124j and �wðLc; jxÞ=MpðjxÞ ¼ jh126j, which de-
fine piezoelectric induced force and moment acted at the right
end of the beam to the beam vibration, respectively, are shown
in Fig. 4. As one can notice that the inhomogeneity of the boundary
conditions does not have any effects on the natural frequencies or
system spectrum due to the both receptance of the system,
Gkðx; f; sÞ and boundary transfer function, Hkðx; sÞ have the same
characteristic equations, as shown in Eq. (3.8).

Fig. 5 shows the effects of increasing the radius of curvature on
the resonant frequencies of the cantilevered PLSCB and PLSB. As



Fig. 7. Mode shapes of clamped-elastically constrained PLSCB; k = 100 N/m; R = 1.
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the radius of curvature of the PLSCB increases, its resonant fre-
quencies tend to shift to the same values as those of the PLSB.

Fig. 6 shows four vibration modes of the cantilevered PLSCB.
These vibration modes are obtained by solving Eq. (3.3), in which
its non-zero g1ð0; sÞ at s ¼ jxn; n ¼ 1;2;3;4 can be found from
Eq. (3.4). This demonstrates the DTFM method is very convenient
to compute the vibration modes of the PLSCB that does not require
any eigensolutions.

Fig. 7 shows four vibration modes of a clamped-elastically con-
strained ðkspring ¼ 100 N=mÞ PLSCB. These vibration modes can be
obtained by simply adding the spring constant term, kspring to the
(5,2) element of matrix N1 of Eq. (3.2). The modified boundary ma-
trix N1 of the clamped-elastically constrained PLSCB can be formu-
lated as follows:

N1 ¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 A

R 0 A �B 0
B
A qs2 kspring 0 0 0 B2

A � D

0 B
R 0 B �D 0

2
6666666664

3
7777777775
:

This example demonstrates that the DTFM method is also very
convenient to compute the mode shapes of the composite curved
beams with arbitrary inhomogeneity boundary conditions.
5. Conclusions

The generic model of PLSCB has been derived, including the
computation of the natural frequencies, mode shapes and the
transfer functions using the DTFM. By setting the radius of curva-
ture of the proposed model to infinity, the PLSB model can be
obtained. The DTFM is extended to solve for the natural frequen-
cies and mode shapes of the cantilevered PLSCB and PLSB models
in exact and closed-form solution without using truncated series
of particular comparison or admissible functions, and therefore is
capable of precisely modeling of abrupt changes in system proper-
ties with arbitrary inhomogeneity boundary conditions. Further-
more, this method does not require knowledge of the system
eigensolutions. Compared to Rayleigh–Ritz method, the DTFM
has the capability of providing exact and closed-form solution for
vibration analysis of the composite beams with arbitrary boundary
conditions and physical insight behavior of the continuous struc-
ture. The proposed model and the solution method can also be gen-
eralized to the vibration analysis of non-piezoelectric composite
beams with arbitrary boundary conditions.
Appendix A

Define v ¼ 1 for PLSCB;
0 for PLSB;

�

P1 ¼
1
2

Z L

0
A

@u
@x

� �2

þ 2
R
vw

@u
@x
þ 1

R2 vw2

 !" #
dx;

P2 ¼
1
2

Z L

0
D

@2w
@x2

 !2
2
4

3
5dx; ðA:1Þ

P3 ¼
1
2

Z L

0
�2B

@u
@x
þ vw

R

� �
@2w
@x2

" #
dx;

uðxÞ ¼
XN

j¼1

ajuj; wðxÞ ¼
XN

j¼1

bj/j;

c ¼ ½a1; a2; . . . ; aN ; b1; b2; . . . ; bN�; ðA:2Þ
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0 ¼ @T
@ai
¼ x2 �q

Z L

0
ui

XN

j¼1

ajuj

 !" #
dx;

0 ¼ @T
@bi
¼ x2 �q

Z L

0
/i

XN

j¼1

bj/j

 !" #
dx;

ðA:3Þ

0 ¼ @P1

@ai
¼
Z L

0
A

dui

dx

XN

j¼1

aj
duj

dx

 !
þ A

R
vdui

dx

XN

j¼1

bj
d/j

dx

 !" #
dx;

0 ¼ @P1

@bi
¼
Z L

0

A
R
v/i

XN

j¼1

aj
duj

dx

 !
þ A

R2 v/i

XN

j¼1

bj/j

 !" #
dx;

0 ¼ @P2

@ai
;

0 ¼ @P2

@bi
¼
Z L

0
D

d2/i

dx2

XN

j¼1

bj
d2/j

dx2

 !" #
dx;

0 ¼ @P3

@ai
¼ �

Z L

0
B

dui

dx

XN

j¼1

bj
d2/j

dx2

 !" #
dx;

0 ¼ @P3

@bi
¼ �

Z L

0
B

d2/i

dx2

XN

j¼1

aj
duj

dx

 !
þ B

R
v/i

XN

j¼1

bj
d2/j

dx2

 !" #
dx;

ðA:4Þ

mua ¼ �q
Z L

0
½uiuj�dx; mwb ¼ �q

Z L

0
½/i/j�dx;

mub ¼
0 � � � 0
..
. . .

. ..
.

0 � � � 0

2
64

3
75

N�N

; mwa ¼
0 � � � 0
..
. . .

. ..
.

0 � � � 0

2
64

3
75

N�N

;

ðA:5Þ

kua ¼ A
Z L

0

dui

dx
duj

dx

� �
dx;

kwb ¼
Z L

0

A

R2 v/i/j þ D
d2/i

dx2

d2/j

dx2 �
B
R
v /i

d2/j

dx2

 !" #
dx;

kub ¼
Z L

0

A
R
v dui

dx
/j � B

dui

dx
d2/j

dx2

" #
dx;

kwa ¼
Z L

0

A
R
v/i

duj

dx
� B

d2/i

dx2

duj

dx

" #
dx;

ðA:6Þ

where uj and /j are the chosen polynomial shape functions that sat-
isfy only the essential boundary conditions.
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