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In this paper, we extend the probabilistic method for homogenization of semi-
linear parabolic PDEs, developed by Buckdahn, Hu, and Peng to the case of elliptic
PDEs. First, we give a stability result for BSDEs with random terminal time which
are related to elliptic PDEs as shown in Peng (Stochastics Stochastics Rep. 37 (1991),
61-74). In the one dimensional case, we also partially relax the monotonicity
assumption on the coefficient. Then, we use these stability results for BSDEs with
random terminal time to study homogenization of systems of semilinear elliptic PDEs.
© 1998 Academic Press

1. INTRODUCTION

In [3], Buckdahn, Hu, and Peng study some homogenization properties
of semilinear parabolic PDEs by a probabilistic method based upon the
nonlinear Feynman—Kac formula developed by Pardoux and Peng in [8].
The key point, in this approach, is to obtain a powerful stability result for
backward stochastic differential equations (BSDEs) with fixed terminal
time, say 7. The proof of the result mentioned above depends heavily on
the idea of subdividing the time interval [0, 7] into a finite number of
small time intervals.

On the other hand, Peng [9], and recently Darling and Pardoux [4],
have shown that semilinear elliptic PDEs are related to BSDEs with
random terminal time.
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456 BRIAND AND HU

The aim of this paper is to obtain stability results for BSDEs with random
terminal time in order to study homogenization of systems of semilinear
elliptic PDEs. However, the unboundedness of the terminal time does not
allow us to use the same method as in [3]. This is why our proof is based
upon an approximation procedure.

The paper is organized as follows. In Section 2, we study the stability of
BSDEs in a general framework. In Section 3, we prove some results for
BSDE:s in the one-dimensional case, for which we can partially relax the
monotonicity condition on the coefficient. The last section is devoted to the
application to elliptic PDEs.

2. STABILITY OF BSDES WITH RANDOM TERMINAL TIME

2.1. Preliminaries

Let (2, #, P) be a complete probability space carrying a standard d-dimen-
sional Brownian motion (Wt)teR+, and let (%, be the filtration generated
by W. We make the usual P-augmentation to % so that %, contains all
P-null sets. Then the filtration (%) satisfies the usual hypothesis.

Let © be an (%,)-stopping time and let « be some real number.
M**0, 7; E) denotes the Hilbert space consisting of all progressively
measurable processes X, with values in the Euclidean space E such that:

12—k | [ e, 12 as | < o
o

Suppose that 7 is a finite stopping time and let ¢ be an % -adapted
random variable and f: Q x R, x R x R**? - R¥ such that f(-,y,z) is a
progressively measurable process for each (y, z) e R* x R**“ Consider the
BSDE with random terminal time

—dY(1)=1,.(f(z, Y(2), Z(1)) dt = Z(1) dW,),  Y(1)=¢,

or equivalently,

Y(t/\r)zé—i—r 1, Y(s),Z(s))ds—jT Z(s) dW.. (1)

AT AT

BSDE (1) was first introduced by Peng in [9]. We recall the existence
and uniqueness result established by Darling and Pardoux in a more general
context [4].
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Suppose that (&, f) satisfy the following assumption:
(Al). There exist constants C>=0, y >0 and u such that, dP ® ds a.e.,
1. fis uniformly Lipschitz; i.e., ¥(py, z1), (Va, 2,) € RF x R¥*4,
|f(s, yi,20) =f(8, 2, 2| S Clyr = ol +y 21— 2205

2. fis monotone in y: Vze R**? V(y, y') e R,

<y_y,’ f(S, Vs Z) _f(S5 y,> Z)> < —u |y_y,|25

3. 3IpeR, such that p > y*—2u, and
e el <G E| [l 00R s <c
0

Set A= (y?/2) —p.

LemMma 2.1.  If (A1) holds, then the BSDE (1) has a unique solution (Y, Z)
in the Hilbert space .4*%(0, t; R* x R¥*). The solution belongs actually to
M*P(0, 1; RF x R¥*?) and satisfies

E[ sup e |Y(s)[*] < o0,

0<s<rt
and (M(t)),s ¢ is a uniformly integrable martingale, where

M(1) =r/\re’”Y(s).Z(s) AW,

0

We end this subsection by a proposition based upon the approximation
method introduced in [4].
First we fix some notations.
Let (Y,, Z,) be the unique solution in .#%(0, n; R* x R¥*?) of the classical
(the terminal time is deterministic) BSDE on [0, n] (see [5] for a survey)
Y,

n

(=B F)+ [ [ePfs, e T,(s), e Z,(s) — AT,(s)] ds

AT

- j Z(s)dW,.

Remark that we have

Y(trt)=Y,(t) and Z,(t)=0 on {r>t}.
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Indeed,

Tt A1) =EE 7, )+ [ [ (s e T (s), e P Z,(5)) — A, (s)] d

AT

—j Z.(s) dW
IANT
and then
V(nn0)=Ee | F, 0~ Zs)aw,.
It follows that |7 Z,(s) dW, belongs to 7, . ., and thus 1,- - Z,(s) =0

which gives the result
Since e**¢ belongs to L*(%) there exists a process (1) in .#3(0, r; R¥*¥)
such that

FE=E[eE + [ nls) W,
0

We define, for each ¢>n,
Y ()=Ee"¢|7)=n) and  Z,(6)=n(1),
and finally set
V()= MAIT (1), Z(1)=e M AOZ (1),

Then we have the following result:

ProrosiTION 2.2. Let (Al) hold and fix 6 such that p>Jd>2A. Then
there exists a constant K which depends only on C, y, u, and p, such that,
VieR

E| 2D | Tyt A7) |2+f T, ()12 + | Zy (5)]12) ds | < Ke@=o,

where

Y, ()=Y(t)=Y,(t) and  Z,(1)=Z(1)—Z,(1).
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Proof. First we remark that, according to Lemma 4.1 of [4], (Y,, Z,,)
belongs to the space .#%7(0, 7; R* x R¥*“) and solves the BSDE

VinD =+ fils Vo) Z) ds— [ Z(s)dw,,

tAT AT

Wherefn(sa s Z) = ﬂsSnf(S’ Vs Z) +'ﬂs>n;{y-
Using 1td’s formula to calculate E[e®“ "~ | Y, (¢ A 7)|?] and noting that

the expectation of the stochastic integral (7., e% Y,(s).Z,(s)dW,
vanishes in view of Lemma 2.1, we get

[E{ea<w>|’z(zm)|2+j e5S|Z,<s)|2ds}
t

AT

=E Ut e®(—0 | Y, ()2 +2 7, (). [ f(s., Y(s), Z(s))

(s, V(s Zos))]) ds} |

Writing now
f(ss s Z) _.fn(ss y,) Z,) :f(s’ Vs Z) _f(ss yla Z) +f(s’ yla Z) —f(S, y,’ Zl)
+f(S5 y,s Z,) _.fn(s5 y,) Z,)a

and using the fact that f is Lipschitz and monotone, we obtain

E{@“A”I?ﬂtArﬂz+f e | Z,(5)]? ds
tANT

<[E“T eéS((—é—zﬂ)|”E(s)|2+2y|?;(s)l-|Z,(s>l>dS}

tAT

+E[f

(tvn)az

267 | Y, (9)] - 1£(5, Yols), Zo(5)) = Y, (s)] dS} :

Since & > y* — 2u, there exist positive numbers « and f such that 1 —a>0
and, moreover, v=0 — (y%/a) + 2u — f>0. Thus, from 2ab < (a?/x?) + x*b?,
we have

E{eé(m\r) |?;z(t/\f)|2+(1—0() J‘T 0% HZ(S)”ZdS-I-VjT eés|?;(s)|2dS}

AT AT

3 T
<SE| [ P00 (CH AP o) +92 1Z,(5)1%) ds .
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Since E[1,., [F

[E“T

nAT

--]1=0, we obtain

n/\r

e* |£(s,0,0)]? ds} <el@—PnE {JT

e (5. 0.0) ds .
and the same is true for the other two terms. 3

Now coming back to the definition of Y, and Z,, we get, setting the
constant K’ equal to (3/8) max(1, (C+ |A])?, 7?),

e | Z,(5)|2ds+v |

tAT tANT

E{e(s“/\r)|fz,(l/\‘[)|2—|—(1—o()J‘T eés|ﬁ(s)|2ds}

<K'e@=PnE U

nAT

<K’e<5—ﬂ>"<[E “

nAT

(1 £(s, 0, 0)]2 + e 2(|L(s)> + [In(s)?)) dS}

e” | f(s,0,0)? dS} + N7 —0n + |f7|,2,_21>-

In view of Lemma 4.1 of [4], we have moreover

1
1403 0a+ Il - u\<1+p_2i> ELe”" 1¢]).

Finally, from the integrability assumption on (&, f), we obtain

[T a0+ [ 12,0071 T, 007 s | < Koo
t A

where K= K'C(2+1/(p —24))/min(1 —a, v), which is the desired result. ||

2.2. Stability of BSDEs

In this subsection, we prove our main result concerning the stability of
BSDEs with random terminal time. As was shown in [3] for standard
BSDEs, it is possible to obtain a stability property in L? even if the coef-
ficients do not converge themselves strongly in L2 We first recall this
result.

Consider the BSDEs depending on the parameter (¢ >0)

T T
Y0 =+ Ve Vit [ fo(s, Yos), Z5s) ds— | Z(s) AW,

where 1%: Q x [0, T] x R¥ x R¥*“ - R¥ is such that f*(-, y, z) is progressively
measurable for each (y, z) and &% e L*(Q, Z;, P; R¥). Assume that:
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(A2). There exists a constant C >0, such that Ve >0, dP ®ds a.e.,
Lo Y(yi,21), (P2, 22), |08, yis20) —f2(8, ¥2, 22)| S C(lyy —ya| +
lz1—221D;

2. (V%) is a continuous progressively measurable process with
values in R¥ and

T
[E“O /%(5,0,0)]2ds | + sup E[|V¢[*]<C.

0<t<T

(A3). Vre[0, T], we have
Lo ELIJT (f5(s, YOUs), Z%(5)) —f°(s, YO(s), Z%(s))) ds|*] — 0 as & — 0;

2. Vte[0,T], E[|[V:—=V?|?]1 >0 as ¢—>0 and E[|E°—E°12]1 -0
as ¢ — 0.

LemmA 2.3. Let (A2) and (A3) hold. Then, for each t in [0, T] we have
T
| Y¥(1) — Y°(z)|2+j 1Z5(s) — Z%s) |2 ds | — 0,  as e goes 1o 0.
0

Now we can state our main result of the section. Let (f®), , be a family
of functions defined on Q x R, x R* x R**? with values in R* such that
fé(-, y, z) is a progressively measurable process for each (y, z) and each e.
Let T be a finite (%,)-stopping time and (&%) a family of % -adapted random
variables. (7*) is a family of continuous semimartingales.

Suppose that we have

(A4). For each £¢>0, assumption (Al) holds for (&% f%) with con-
stant C, y, p and u not depending on ¢ and

E[e” V2121 <C, E“ e’”IVilzds} <c
0
Consider the solution ( Y*, Z*) of the BSDE

Ytno)=E+ Ve VE 4 j 15, Ye(s),Zs(s))ds—r Ze(s) dW,.

tAT tAT
(2)

In addition, we assume that

(AS). VneN, Vie[0,n],
Lo ELIf7 27 (f5(s, YOs), Z°(s)) — fO(s, YOs), Z%5))) ds|*)] =0 as

tAT
e—0;
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2. the random variables e*¢® and e* V% converge respectively
towards ¢*¢° and eV in LX(Q, Z,, P);

3. VieR,, Ve, —» VY _in L? and for each integer n there exists
C, such that

sup sup E[|V¢ _|?’1<C,.

tAT
0<r<n &=0

THEOREM 2.4. Let (A4) and (AS) hold, and fix 6 such that p>9
> 92 —2u. Then, for each t in R, , we have

lim E| | Y%t A7) — Yot A f)|2+f e% | Z5(s) — Z%s)|| 2 ds | = 0.
0

e—0

Proof. We split the proof into two steps.

Step 1. First, suppose that for each ¢=0, V*=0.

Remark that, in view of assumption (A4), Lemma 2.1 supplies a unique
solution to BSDE (2) in .#%* %40, t; R* x R**?) which belongs in fact to
M0, T, RF x RF*4),

We set Y?(s)= Y*(s)— Y%s) and Z*(s) = Z%(s) — Z°s). Thus, we have

~~ T

Vi(inn=at+| g T(s). ZHs) ds— |

AT

Z¢(s) dW,,

where of =¢&°— &% and g%(s, y, z) =f(s, y + Y°(s), z 4+ Z%s)) — s, Y°s),
Z%(s)).

Since (Y°, Z°) belongs to .#%*7(0, t; R x R¥*?) and f* satisfies assump-
tion (Al) uniformly with respect to &, we deduce that (Al) also hold for
(a%, g®) with the same p, u and y but for another constant C which does not
depend on e. o

According to Proposition 2.2, let us introduce (Y%, Z%) the solution of
the BSDE on [0, n],

Vo= e | Z)+ [ [ePg(s, e Vis), e P Zals) — 1 i(s)] ds

tANT

~[" Zits) aw.,

and, for > n, we set

Yi(1)=E(e¥ad| F,),  Z5(0)= n* (1),
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where (%) is given by
ot = [e*a®] +J ;7\‘; (s) dW,.
0
Now, we define, for each #in R,

Yi()=eMA0YH1)  and  Zi(1)=e MADZE0).

Hence, by Proposition 2.2, there exists a constant K, independent of ¢,
such that for each ¢ and each ¢,

E| e Ye(t A T)— Ye(t A f)|2+j % | ZF (s) — ZE ()| ds | < Ke®—Pm.
0
Thus, we get
L2~ [Y(1 A 7)|2] S2E[e20AD (Vi (1 A 1)|2] +2Ke@ =P (3)

Now, recall that as we see in the previous subsection )7?1( tAT)= ?ﬁ( t).
Moreover, (%,, fZ\;i) solves the BSDE on [0, n],

V2 (1) = e— 4 A O (P72 +j (s, T2 (), ﬁ(s))ds—j"%(s)dws.
tAT t

But, in view of (AS5), we have
d

e M AIE(eM 0t | F,) -0  in L2 as ¢—0.

j"”gS(s,o,O)ds

tANT

2
}—>O as ¢—0,

and

So, Lemma 2.3 implies that, for all integers n,
[E{|’ff,(r>|2+j |2i(s>|2ds} L0, as om0, (4)
0

For n larger than ¢, the inequality (3) yields

ELIY? (1 A 1)|2] <2e2PVEL [V (1)[2] + 2Ke? fe@—)m.
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Since J < p, the second term of the right hand side can be done arbitrary
small uniformly with respect to ¢ by choosing n large enough. Thus, from
Eq. (4), we derive

E[|Y?(t A 7)|?)]>0 as &—0. (5)

Moreover, we have

E[ [} e 1207 i <2ke o 2| [ e Zhco017 .

and
E UT &% | Z3 (s) I ds}
0

<ere| [T ZiRas| v [ izt as].
0

nATtT

It is worth noting that, for n fixed, Lemma 2.3 shows that, if ¢ - 0, then
e[z as| o
0
In addition, for n <t <1, we have Zi(t) =e M %(Z) and then

E [ e IZiNmds | = |y [ ete )12 |
0

nATtT

<E[ 1o [T F e

n
<e " |y H,zzfz,v

Moreover, by Lemma 4.1 in [4], we have, since the random variable e”"?a*
isin L2,

1° 117 2 < ELe”" Ja®]?].

Finally, we get, using the assumption (A4),

E { jo e | Z%(s)| ds | < K'e®= " 4 2¢InE [ jo \Z; <s)|2ds]
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By choosing n large enough, since p >4, the first term of the right hand
side of the previous inequality can be done arbitrary small, uniformly with
respect to ¢. Hence, taking into account Eq. (4), we deduce that

[EUT@’S |%(s)|2ds} S0 as e—0.
0
Coming back to the definition of Y* and 28, we get, from Eq. (5),
E [m(t AT)— Y1 A f)|2+fe55 |Z‘*(s)—Z°(s)|2ds] S0 as &—0,
0

which complete the proof of Step 1.

Step 2. First, we notice that (Y? Z?) solves the BSDE (2) if and only
if (Y?, Z?) solves the following BSDE

{ A1) =1, g0, Vi), Z5(0) di = Z¥(0) AW, (6)
Vi)=& 4V

where we have set, for 7in R, f’\g(t) =Y(t)+ V¢, ., Zg(t) = Z%(t) and, for
each (s, y,z) in R, x R¥x R¥>, g%s, y, z) =f%(s, y — V?, z).

Since (V?) is bounded in .4%7(0, T; R* x [R{kXd) and E[e”" |VE|2]<C.
Lemma 2.1 provides a unique solution (Y’c Z‘e) to (6) in #*>%X0, 1;
R* x R**9) which belongs to .#%*(0, t; R¥ x Rk*4),

It follows that the BSDE (2) has a unique solution (Y% Z%) in
M* (0, 7; RF x RF*4) which belongs to .4*7(0, 7; R x RF>*4),

Moreover, we can apply Step 1 to (Y% Z°). Recall that

gs(s’ Y, Z)_go(s’ Y, Z) =fs(s’ y— Vi» Z) _f()(s’ y— Vg’ Z)!

and, since f* is Lipschitz, from Holder’s inequality, we get

nAT —~ ~ —~ —~ 2
|7 (s, P Z) = 6. V0. P ||
<2E { |7 s Y 0s), 2% =1, YOUs), 20(5))) ds }

SAT

+2C2n[E“ e e |d}.
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By assumption (AS5), the first term tends to 0. But, on the other hand, in
view of assumption (AS5).3, Lebesgue’s dominated convergence theorem
ensures that

“ Vo~V |2 ds}—>0 as ¢— 0.

Thus, from Step 1, we obtain, for each 7z in R,
E[| Y41 A 1) — Yt A 1) ]+E“ 55 | Z¥(s) — é\o(s)lzds} -0

Since, for each ¢, V¢

¢ .tends to V9 _in L? we finally obtain, as Z°¢= Z¢,

lim <[E[|Y€(t AT)— Yt A T)2]+E Ure% |Z£(s)—Z°(s)|2ds} > -

which is the desired result.
The proof is complete. |

We end this section with another stability result.
Let (7%) be a family of (%,)-stopping times and assume that

(A4’). For each & assumption (Al) holds for (&% f% 7°) uniformly
with respect to ¢ and

E[e”™ |Vi£|2]} <C [EU ers |V§|2ds} <C
0

(AS). VneN, Vie[0,n],
Lo ELIf7 2% f%(5,0,0) ds|>] >0 as & — 0;

2. the random variables ¢**’¢® and e**'V*, converge to 0 in L?;

3. VieR,, V¢, .—0in L? and for each integer n there exists C,
such that

sup sup E[|V?

0<r<n &=0

1?1<C,.

tATE

Consider (Y?, Z¢%), the solution of the BSDE

{—dY‘g(t) =1,c.:(f%¢, Y1), Z%1)) dt + AV — Z°(t) dW ),
Yo(z%) =<

We can state
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PROPOSITION 2.5.  Under the assumptions (A4’) and (AS’), for each t in R _,
we have

E{|Y‘9(t/\r£)|2+f e | Z%(s)|2ds| =0 as &—0,
0

where 0 is some fixed number such that p >0 > 2A.

Proof. We adopt the same strategy as in the proof of the previous
result. So we just outline the proof.

Suppose, first, that V*=0; fix ¢ and pick » larger than ¢. From Prop031-
tion 2.2, there exists a constant K, which does not depend on ¢ since all
assumptions are fulfilled uniformly with respect to &, such that

E [e"(’“g) | Y*(t A T%)— Yi(t A ‘L'E)|2+f e | Z4(s) — Z5(s)||1* ds
0
<Ke(5*ﬂ)"‘

But, n being fixed, Lemma 2.3 gives
E [|Yfl(t A rf)|2+j |Zfl(s)|2ds} S0 as e—0,
0

from which we easily deduce the result.
For the general case, we do the change of variables Ys(t) = Ys(t) + Ve

t ATt
and Z‘E( )— ®(t). We can apply the previous step to (Y‘E Ze) Since,
E[|V? . ..|*] goes to 0, we easily obtain the result. ||

t AT

5. ONE-DIMENSIONAL CASE

As we have seen in the previous section, to solve BSDEs with random
terminal time requires a “structural” condition on the coefficient f* which
links the constant of monotonicity, i, and the Lipschitz constant of fin z,
y that is “p >9?—2u.” For applications we have in mind, homogenization
of PDEs, this condition is not natural. The aim of this section is to solve
BSDEs with random terminal time in dimension 1 without this assumption
and to obtain also some stability results.

3.1. Solutions of BSDEs

Let 7 be an (%,)-stopping time and ¢ an %,-adapted random variable. As
in the preceding section, we work with a function f defined on 2 xR, x
R x RY which takes values in R and such that f(-, y, z) is a progressively
measurable process for each (y, z) in R x R4
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We want to construct an adapted process (Y(¢), Z()),cwr, » Which solves
the BSDE

{dY(l) =1, <.(f(1, Y(1), Z(1)) dt — Z(1) dW,),

Y(r)=¢  on {r<o}. 7

We begin with a lemma. Assume that:

(A6). There exist two constants K>0 and x>0 such that, dP & dt
ae.,

1. fis uniformly Lipschitz, i.e., V(y1, z1), (¥, z,) in R x R?,

|/t y1,20) = (1, y2, 2) | S K(|y1 = Yol + 21— 221);

2. fis monotone in y, ie., ¥y;, y,€R, VzeR?,

2

(y1=y2) - (f(t, y1,2) = f(1, 2, 2)) < —u(y1 — ¥2)™s
3. |f(1,0,0)| <K.

Lemma 3.1.  Let assumption (A6) hold. Then, the BSDE (7) with £=0
has a solution (Y, Z) which belongs to #* ~2(0, 7; R x RY) and such that Y
is a bounded process. This solution is unique in the class of processes (Y, Z)
such that Y is continuous and bounded and Z belongs to .42 (0, t; R%).

loc

Proof. First we prove uniqueness. Suppose that (Y, Z') and (Y2 Z?)
are both solutions of the BSDE (7) such that (Y, Z!) (respectively ( Y2, Z?))
satisfies that Y (respectively Y?) is continuous and bounded and that Z!
(respectively Z2) belongs to .#2 (0, t; R?). Set, as usual, ¥=Y'— ¥? and

loc

Z=27"—272 Since both Y' and Y? are continuous and bounded, we can
assert that Y is continuous and for some M >0, we have

sup |Y(1)| <M, as.

teR

We introduce a notation. For (z, z') in R define, for k=1, .., d+1,

(Z’ Z’)k: (2,19 () Z}c—la Zhes wees Zd)7

and remark that (z,z'), =z, (z,2") 4.1 =2".
We define a new process («, ), with values in R x R? by setting
f(s, Y(s), Z(s)) = (s, Y*(s5), Z'(5))

ofs) = Y'(s)— Y?(s) ’

— LI, otherwise,

if Y'(s)— Y2(s) £0,
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and, for i=1, .., d,

S, Y2(s), Ui(s)) —f(s, Y2(s), Upy4(5))
Bils) = Zi(s) = Z3(s)

0, otherwise,

.0 Zi(s) = Z3s) #0,

where, for i=1, ... d, U,(s)=(Z%s), ZX(s)),.

Note that, since f'is Lipschitz, a and f are bounded processes. Moreover,
we have, in view of Eq. (7),

—d¥(1)=1,A[f(1, Y!(0), Z!(1)) = f(1, Y2(2), Z*(1)) ) dt — Z(1) dW,),
which can be rewritten in the following way,

—d¥(1) =1, A[a(r) ¥(1) + B(1) - Z(1)] dt — Z(1) AW ,).

Fix 0e R, and set, for 1 >0,

R(1) = exp <L: o) du>.

Pick ne N such that n> 0; 1t6’s formula yields

AT

Rinnt) ¥(nat)—RO A7) T(O A7) =f“ " R(s) Z(s)(dW,— B(s) ds).

OAnT

Since on the set {r<n} we have ¥(n A )= ¥(r)=0 P a.s., we deduce
from the previous inequality that

(O AT)=R(n A7) F(n A7) 1],>,,—j"”R(s) Z(s)dW,,  (8)
6

AT

where we have set W,= W, — [ B(s) ds.
Let @, be the probability medsure on (2, #,) whose density with respect
to Pz is

exp ([ ptoy aw,—4 [ 1515 ds ).

Since f is a bounded process, the probability measures Q,, and Pz are

mutually absolutely continuous and (W(¢))o<,<, is a Brownian motion
under Q,,.
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Taking the conditional expectation with respect to %, ,, of the
equation (8), we obtain

V(0 A DI SE(R) | Y ()| Vol Fp na)s Q, as, 9)

Since f satisfies the assumption (A6).2, we have o(t) < —u dP ® dt a.e.
and then we get R(7) < e #“~?P a.s. Moreover the variable R(n) | Y(n)| 1,-,
is Z, -measurable and, since the processes Y' and Y2 are bounded, we have

Rn) |F(n)| 1,0, <2Me™ =0 P as,
and, as Q,~P 5 , we get
R(n) |¥(n)| 1,5 ,<2Me™"=9  Q, as.
Coming back to inequality (9), we obtain

[Y(0 A 7)| <2Me#" =9 Q, a.s.

Using once again the fact that @, and the restriction of P to %, are
equivalent, we deduce that

Pas.VneNst.n>0, | Y(0 A 1) <2Me#=9),
Sending n to infinity, we deduce from the previous estimate
7(9 AT)=0 P a.s.

and then, by continuity, Y= Y2
Moreover, for te R, 1td’s formula yields

LI (1 A )7 +2E “ R, Yi(s). Zo() (s, Yals). Zo(s)) ds
—EITOP1+E| [ 12002 .
which gives
[EUO 1Z(s5)| ds}zo.

Now, we turn to existence. Denote by (Y,,, Z,) the unique solution of the
BSDE

V0= fls Ys), Zs)) ds— [ Z,(5) aw

s
tAT
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and recall that in fact Y, (¢) =Y, (t A7), Z,(t)=1,..Z,(¢), in other words,

Vian=["""fis V0. Z s ds— [ Z,(s)aw,.

AT AT

First we give an a priori estimate. Using the same notations as in the
proof of uniqueness, we have

nAT

Yt A0 =" () Y5) 4 Bul) Zo(s) 4105, 0.0 ds — [ Z,(s) aW.,

where
S(s, Yo(s), Z,(5)) = f(s, 0, Z,(s))
O('n(s) = Y'l(s) ’

— i, otherwise,

it Y,(s) 0,

and, fori=1, .., d,

(B)i(s)= (Z)i(s)

0, otherwise.

We define R,(1) =exp(|} . , a,(s) ds) and W,(t) = W(t) — [ B,(s) ds. Thus,
applying Itd’s formula, we obtain

Y0 nt)=R(n A1) Yy nt)+ | Rys)f(s,0,0)ds

OAnT

[R5 Z,(5) W s),

OnT

and taking into account that Y,(n A 7)=Y,(n)=0, we deduce from the
previous equality that

nAT nAa

R(5) f(5, 0,0 ds — [ R,(5) Z,(s) AW, ().

OnT

Y,,(em)zj

OAnT

We introduce the probability measure Q, on (€, %,) whose density with
respect to the restriction of P on %, is given by

exp ([ puts) amio) =4 1,17 50 ).
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From Girsanov’s theorem, Q, and P, are mutually absolutely continuous

and moreover the process (W, (f))o<;<» 1S @ Brownian motion under Q,.
Hence, we deduce that

nAT

Y,(0 A 7)) <E® < [ 115, 0.0)] Ryfs) ds | f) Q, as.
0

AT

Remark that |f(s, 0,0)] <K and R,(s) <e #*~9. Thus, we deduce from
the previous inequality that

1Y, (0 A 1)| < KetOE <J e ds
0

AT

‘9/70 A T> Qn a.s.,
and then

1Y,(0 A 7)| < Ke " E® <j e ds
6

Ty n ,> Q, a.s.
From the previous inequality, we easily derive that
K
VOe[0,n], Y, (0 A1) <— Q, a.s.
u

Since Y, is a continuous process and the measures P (in fact its restriction
to #,) and Q, are equivalent on %,, we get

K
P as. YneN, Yoe[0,n], | Y, (0 A T)| <—. (10)
u

Now, we study the convergence of the sequence of processes ((Y,,, Z,,))n
in the Hilbert space .#% ~24(0, 7; R x R?). We define Y, and Z, on the
whole time axis by setting

Y, (t)=0 and Z,(t)=0, if t>n
Fix 0<n<m and set Y=Y,—Y, Z=Z,—Z, and f(s, y,z)=

Te<n f(s, y, 2). We get, from Itd’s formula, since Y(m)=0,

Fune)=[" (05 Yol), Zos) =T(s. Yils). Z,(5))) ds

AT

—JmMZ(s)dW

s
tAT
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As in the proof of uniqueness, we use the same kind of linearization together
with Girsanov’s transformation. So we write

S, You(8), Z,(5)) — f(s, You(s), Z,(5))
=t l(8) Y(8) + B (8) Z(8) +1,~, f(5,0,0),

where
(s, Yo(8), Z,(5)) = f (s, Yul(), Z,(5))

O(n, m(s) = m(s) - Yn(s)

— I, otherwise,

Y, (5) = Y, () #0,

and, for i=1, ..., d,

(ﬂn,m)i (S)

_ (U5, Yols), Ui(s)) =f(5, Yl(s), Ui a(s))
(Zm)i (S)_(Zn)i (S) ’
0, otherwise,

it (Z,,—Z,);(s) #0,

where, for i=1, .., d, U,(s)=(Z,(s), Z,(5));.

We set R, (1) =exp([§ . %, m(s)ds) and W, .(1)=W,— {4 B, u(s) ds.
We define a new probability measure on (2, %,), say Q,, ,,, whose density
with respect to the restriction of P to %, is

e (7 D) .= [ 1201 s ).

The process (f, ,,) being bounded, Q
(W, m(t))o<:<m 1s @ Brownian motion under Q,, ,,,.
We use Ito’s formula to compute R, ,.(0 A7) Y(6 A7) and obtain,

noting that ¥(m A 7) =0,

is equivalent to P’z and

n,m

VO =] Ryns) f(5.0.0)ds— "R, () AW, ,(s)

nAT OnT

As f(s, 0, 0) is bounded by K, we get

70 A o) <K[E@»,m<j'"”zen,m(s> ds

nAT

g
Fg A ,>, Q,, m as.
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and, from «, ,(¢) < —pu, we finally obtain
K ., _ _
| Y, (0AT)— Y, (0AT)<—ell(e ™ —e™ M), Q,, . a.s.
u

Since Q,, ,, and P are equivalent, we deduce from the continuity of the
process Y that

K
P as YO<O<n<m, Y, (0 AT)=Y, (0 A1) <— el (e —eHm),
u

(11)

Taking into consideration that by construction Y, (0 A 7)=Y,(0), the
previous inequality implies that, for each >0, the sequence of random
variables ( Y,(0))y is a Cauchy sequence in L* and then converges to Y(6),
uniformly with respect to § on compact sets.

Moreover, Y(0)= Y(0 A 7) and letting m go to infinity in (11), it comes
that P a.s.,

K
VO<O<n, |Y(OAT)— Y, (0 A1) <—enn—0), (12)
u

Now, we show that the sequence (7,

)n 18 @ Cauchy sequence in the
space 4% ~%(0, 7; R). Indeed, we have

E Ufe—w | 7(s)|2ds}
0

nAT

_E “"”ezﬂs |)7(s)|2ds} +F “m”ezﬂs |)~’(s)|2ds},
0

and then, we derive, from the inequality (11) and the a priori estimate (10),
that
2

T - n/\‘i:I('2 mAz K-
E“ e‘z’”IY(s)lzds}SEU ﬂze_z“”ds}+[E“ 2e_2’”ds].

0 0 nat U

Finally, we have

T 2
[EU e‘z“s|Ym(s)—Yn(s)|2ds} <& o <n+l>, (13)
0 u 2u

which shows that (Y,)y is a Cauchy sequence in .#% ~%(0, ; R).
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We show that the same is true for the sequence (Z,)y. From Itd’s
formula, we get

| 1T+ [ e 20007 s
0
=F {L’”Afe—ZﬂS(Zlu |?(S)|2+2?(S) . [f(S, Y, (s), Zm(s))

—f(s, Y,(5), Z,(s)]) ds} +E UW

nAT

"2~y (5) f(s,0,0) ds} .

Taking into account that fis Lipschitz and satisfies the assumption (A6),
we have the estimate

2

mAT ~ mAT ~ ~ K
E| [ e 2P ds | <E| [ 2Ke | To)] | Z(s)] ds | + 5 e .
0 0 u

Using the fact that 2K | ¥(s)| | Z(s)| <2K?|Y(s)|* + 1| Z(s)|?, we obtain
finally

mAaT —2us |7 2 2 mAaT —2us | Yy 2 2 —2un
E J e |Z(s)|*ds | <4K°E j e | Y(s)[*ds| +2—e ,
0 0 Y2

from which we deduce, using the inequality (13),
’ —2, 1% 2 4 2 K2 -2, 2 1
E je () F(5))2+ | Z(5)|2) ds | <=5 =2 | (1+4K?) (n+— ) +2].
0 u 2u

As a byproduct of the previous inequality, the sequence of processes
((Y,,Z,)n is a Cauchy sequence in .#* ~%(0,7; RxR?) and thus
converges in this Hilbert space towards a process (Y, Z).

It remains to show that (Y, Z) satisfies the BSDE (7). First, remark that
in view of the a priori estimate (10), we have

K
VieR,, | Y(t A T)| <—.
u

Secondly, for 0 <0 <t<n, we have

AT INT

S0, Yls) Zofs) ds— [ Z,(s)aw

52
OnT

Y, (0 A7) — Y, (1 A z)zj

OnT
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and, then passing to the limit in L2, we obtain

YO AT)— Y1 A7) =Jtmf(s, Y(s), Z(s)) ds—fm Z(s)dW,,

Onc Onc
that is
—dY(t)=1,f(t, Y(2), Z(2)) dt — Z(t) dW,).
Moreover, obviously,
[Y(n A D) < |Y(nAT)—You(n A T)| 4+ | You(n A T)],

and we deduce from (12) that
K _
[Y(n AT)|<—e ™+ |Y,,(n AT
u

On the set {r<oo}, we have, for n large enough (n>1(w)), since
Yo (inAt)=Y,,(2n A 7)=0,

e "

K
| Y(1)|<—
U

>

and thus, sending #n to infinity, we get
Y(r)=0 on {r<o0}.
This completes the proof of Lemma 3.1. |

We prove the following estimate:

PropOSITION 3.2. Let (A6) hold and let £=0. Then there exists a
constant C depending only on K and u, such that for each 0 <t<n,

E[1Y(t AT) =Y, (t AD)IP]+E U 1 Z(s) = Z,(5)|2 ds | < Ce—2n=),
0

Proof. The key point in this proof is the inequality (12). Indeed, fix
0 <t<n, and, using 1td’s formula, we get
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ELIY( A7) = Yt A 7)[2] +2E [ |7 ) = v, Y. Zs)
—f (s, Y,(s), Z,.(5))) dS}
—ELYO0) - V0P +E| [ 120 - 2,0 ds .
0
from which we derive, using the fact that f'is Lipschitz and satisfies (A6).2.,
E “’ " Z0s) = Z,(5)2 ds}
0
SE[IY(t A7) = Yot A )I?]
+2KE U’” 1Y(s)— Y ()| - | Z(5) — Z,(s)] ds | .
0

Since 2K | Y(s) = Y,(s)] - |Z(s) — Z,(s)| <2K* | Y(s) — Y, (s)|* + 3| Z(s) —

Z,(s)|%, we finally obtain
tAT
| [ 1200 2o |
0
AT
<SE[|Y(t A7) — Y, (1 A z)|2] +2KE U 1Y (s) — Yn(s)|2ds} .
0
Thus, in view of (12),
taT K? K?
[E“ |Z(s)—Z,,(s)|2ds} <2262’”<1 +>62”".
0 It It

It remains only to choose C = (K*/u?)(3 +2(K*/u)). 1

We can state our main result concerning the existence and uniqueness of
solutions of BSDE (7).

THEOREM 3.3. Let (A6) hold and in addition suppose that & belongs to
L*(%,) and, moreover, dP ® dt a.e.,

VzeRY  |f(40,2) <K

Then there exists a solution (Y, Z) to BSDE (7), such that Y is a bounded
and continuous process and Z belongs to .#* ~2(0, v; R?). This solution is
unique in the class of processes (Y, Z) such that Y is continuous and uniformly
bounded and Z belongs to 2 (0, t; R?).

loc
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Proof. Since ¢ belongs to L*(%,), there exists a process (#) in
A0, ; RY) such that

E=ELE]+ | nis) .

It is worth noting that (Y, Z) solves the BSDE (7) if and only if the
process (y, z), defined by (y(2), z(7)) = (Y (1) — E(C| ), Z(1) —n(1)), solves
the BSDE

{0 =t S0, 20) i3t ) 14

)= on {r<oo},

where we have set g(¢, y, z) = f(t, y + (¢ | %), z + 5(t)). Moreover, we remark
that the function g satisfies | g(z, 0, 0)| < K ||¢ + K. So from Lemma 3.1, the
BSDE (14) has a unique solution ( y, z) such that y is continuous and bounded
and z belongs to .#2 (0, 7; R?). Since (E(¢|.4,)), is bounded and continuous
and (7) belongs to .#*(0, t; R?), we easily obtain the result. [|

Remark. When the random variable ¢ has a Malliavin derivative which
is uniformly bounded, the assumption that |f{(¢, 0, z)| < K can be weaken
to |f(£,0,0)| <K

3.2. Stability Results

In the context of the previous section, BSDEs with random terminal time
in dimension one, we can establish some stability results in the spirit of
Section 2.2.

Assume that

(A7). Assumption (A6) hold for a family of functions (f*),.,, with
constants K and u independent of ¢ and for each ¢, dP ® dt a.e.,

vz e R4, | (1,0, z)| <K,

(&%) is a family of #, -adapted random variables such that [|&%| , < K.
Introduce (Y% Z?), the solution of the BSDE depending on ¢,

{—dYg(l) =T, < (St Y1), Z5(1)) dt — Z5(1) dW,), (15)

Yo(r)=¢&  on {r<ow0}.
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Suppose that

d

and &€ tends to &0 in L3(%,) as ¢ — 0.

(A8). For each integer n, and for each 7 in [0, n],

[ s 70, 200 =% v 2 | [0 as o,

tAT

THEOREM 3.4. If (A7) and (A8) hold, then Vte R, we have
E[|Y¥(t A7) — YOt A 7)|2] +E “ ” |Z£(s)—Z°(s)|2ds} 50 as 0.
0

Proof. We split the proof into two parts.

Step 1. _Suppose, first, that fgr engch g, ¢8=0. Fix r<n, and set Ye =
Yt —Y° Z® =7°—Z° Then ( Y*, Z°) solves the BSDE

—d Y (1)=1,28"(s, Yo(s). Z'(5)) ds — Z*(s) dW.,
with the terminal condition Y?(r)=0 on {r<oo} and where we have set
g8, ¥, 2) =[5, y+ Y°s), 2+ Z%s)) =/ (s, Y°(s), Z°(s)).

Remark that g° is K-Lipschitz and g-monotone in y uniformly with
respect to &. Moreover, since | Y%(¢)| < K/u, we have

K
1g°(1,0,0)| <2K(1+|Y°(1)]) <2K<1 +>.
u
For cach integer , let us introduce (Y3, Z;), the solution on [0, 1] of

the BSDE

V=gt Vits), Zionds—[ " Zisyaw,.  (16)

tAT AT

Then, by Proposition 3.2, there exists a constant C which does not
depend on ¢ such that, for n>¢,

~ ~ t/\‘[ ~ ~
E[|V% (1 A7) — T2 (1 A 0)|2] + E U 7% (s) — Z¢ (s)|2ds} < Ce= 21,
0
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It follows that
~ AT O
E[IT? (1 A )21 +E U |Z£(s)|2ds}
0
~ TAT O
<2Ce_2"(”_”)+2[E{|Y§(t/\r)|2+J |Zf,(s)|2ds}.
0

Moreover, from assumption (A8), we have

d

Since (Yi, Z) solves the BSDE (16), Lemma 2.3 shows that Yne N, if ¢
tends to 0,

jnm £2%(5,0,0)ds

AT

2
]—»O as ¢—0.

CUHOS S R N AR B
0

from which we deduce the result of Step 1.

Step 2. As in the proof of existence, we do the change of variables y*(¢)
= Y%1t)— E(&%| Z,) and z%(t) = Z%(t) —n*(t) where, for each ¢, the process
(n°) is given by

&= ELE+ [ o) aw,

Remark that, setting g%(t, y, z) = (¢, y + E(E*| F), z +n%(1)), ()7, 2°)
solves the BSDE

—dy(1) =1, (&1, Y1), (1)) dt — z%(z) dW),

and satisfies y%(7) =0 on the set {T< c0}.
In order to apply Step 1, it remains to prove that, for ¢ going to 0,

nAT 2
[ Lo 39600 290~ %5 %00 2001 | | =0,

AT

(96;:[5{

for each 0 <r<n.
Coming back to the definition of g° and using the fact that f° is Lipschitz,
uniformly with respect to &, we get
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or<ake| ([ iEE - 1B e e ) |

AT

[77 7L, Y000, 220 %, YOUs). 2%(5)) ] ds

tAT

+2[E[

]
By assumption (A8), the second term tends to 0 as ¢ goes to 0, and using
Holder’s inequality we derive

nAT 2
| (7 qse— e 12+ o - ) |

<22 E[ |5 — E°|2] + 20k [f:m In%(s) — 7°(s)|? ds} .

To complete the proof, we remark that

E U I77(s) — n°(s)| %ds = EL |[E(&* — 0] 7,)|] — (E[ & — £°])?
<E[|& &),

Since, by assumption (A8), & — &% in L%(%,), ¢° tends to 0 as ¢ — 0.
Hence, applying Step 1 to ()%, z%), we easily conclude the proof, since we
have already seen that E(¢¢| %) — E(Z°| %) and E[ {5~ [n°(s) — n%(s)|* ds] — 0.

We end this subsection by the analogy of Proposition 2.5. Let (z°) be a
family of (%)-stopping times and (&%) be % .~adapted random variables.
Assume that:

(A8) [E[|£5]1?]—=0, and VO<1<n,

d

Consider (Y?, Z%) which is the solution of the BSDE

j" " (s, 0.0) ds

t ATt

2
}—»O, as &¢—0.

—dY(1) =1, (S, Y1), Z°(2)) dt — Z%(1) AW ),
{Ys(r‘s)zf'S on {t°<o0}.

We can state the following result:
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ProposiTION 3.5. If (A7) and (A8’) hold, then Vte R, if ¢ = 0, we have
t AT
E[| Y¥(1 A 79)|2] + [E“ |Zs(s)|2ds} 0.
0

Proof. The proof is similar to the proof of Theorem 3.4, since the upper
bound in Proposition 3.2 does not depend on 7 but only on K and u. |

4. HOMOGENIZATION OF ELLIPTIC PDES

4.1. Standing Assumptions

In Chapter 3 of [2], the authors proposed a probabilistic method for
studying homogenization properties of elliptic PDEs in the linear case. The
purpose of this section is to give a probabilistic method for studying the
homogenization properties of systems of semilinear elliptic PDEs. The approach
developed here is based upon the nonlinear Feynman—Kac formula (see
[8]) and the stability properties of BSDEs studied in the previous sections.
The case of parabolic PDEs is studied in [3].

Consider a system of semilinear elliptic PDEs of the following form, we
use convention of summation over repeated indices,

1 1 1
3o (2) 0 41,3 o0+ (5
2 "I\e) b/ & & & I3

+fm <x, E, u’(x), Du®(x) <x>> =0, in O, m=1, ..k,
e

&

(17)

& —
”|a@—h|a(9,

where @ is a bounded open subset of R” and b: R" - R”, ¢g: R" —» R"*¢,
2 R" > R, 2 R"x R" x R¥ x R¥*? - R* and h: R” —» R* are smooth func-
tions which are periodic in the variable x/¢ (we denote # this variable in the
following). We have also a =ago* where the superscript ¢ means transpose.

We are interested in the asymptotic behavior of (#°) which is the solution
of (17). We first recall the deep connection between solutions of PDEs and
BSDEs.

Let (Q, 7, P) be a complete probability space carrying a standard d-dimen-
sional Brownian motion (W,). (#,) denotes the usual right continuous and
complete filtration associated to (1¥,).

Assume that:

(A9). @ is a bounded open subset of R"” which is moreover of class
%° and the functions b, o, g, f, h are smooth and periodic; more precisely
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1. b, o, g, fare €3, h belongs to €;(R");
2. a=oac" is strictly elliptic, i.e., there exists >0 such that

VxeR",  a(x)=pl,;

3. all functions considered are [0, 1]" periodic in the variable #
(= x/e); in the following we denote [0, 1]” by Z.

(A10). fis monotone, i.e., there exists a constant u strictly positive
such that, for each (x, #, z) and for each (y, '),

<y_y/7 f(xa n, ¥y, Z)_f(xa 7, y,>Z)> < —H |y_y’|2
In addition, if k > 2, suppose also
(A11). 2u>y* where y =sup |D, f(x, 7, y, z)|.

We recall first some standard results from elliptic PDEs theory and
homogenization. We refer to [1, 2, and 7] for details and proofs.
Let L be the differential operator

Lz%ai,j(n)az +b(’7)a;79

;s> M : i
and let L* denote its formal adjoint.
According to [2, p. 431], we can state

ProrosITION 4.1.  Let (A9) hold. Then there exists a unique continuous

function m such that m is positive and Z-periodic and satisfies

L*m=0 and Lm(n) dnp=1.

Moreover, 0 <m <m(n) <M for each n in E.

Introduce, on the other hand, (X< ), the solution of the SDE depending
on >0,

dX* (1) %b <XXS(’)> dt+o <X’f(’)> aw,,

X(0)=2x,

(18)

and denote by 7° the hitting time for the closed set ¢° of the process (X?),
x e (. Since a is strictly elliptic, we have, for each ¢ >0 and each x in R”,
7% < o0 a.s. (see [6, p. 144]).
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Consider (Y, Z%) the solution of the BSDE with random terminal time,
writing X? in place of X% (¢),

—dYi () =1, <<i <X> +f< i" Yi(2), Z‘;(z)>> dt—Z°(t) dW,>,

(19)
Yo (75) = (X (7).

We now precise connections between (Y%, Z%) and u® solution of (17).

ProrosiTION 4.2. Let (A9) and (A10) hold and suppose also, if k=2,
that (A11) holds. Then the system of PDEs (17) has a unique classical
solution u®, which belongs to €*(©) and for each x in O, we have

YU =w(XaTh)  and - Zi(1)= ﬂ,<r<u8(X§(r))0<Xf;m>>’

where (Y?., Z%) is the solution of the BSDE (19).

Proof. Existence of classical solution for (17) may be found in [ 7, p. 387].
The probabilistic interpretation of u® from 1t&’s formula, see [9].

Moreover, since »° and its gradient are continuous and bounded, (Y%, Z¢)
is uniformly bounded, and then, if k >2, belongs to .#*%(0, t°; R* x R**4)
due to the fact that 21 =7?—2u <0. Thus, uniqueness of solutions for
BSDE:s (see Lemma 2.1 and Theorem 3.3) gives uniqueness of smooth solu-
tions for (17). Remark that in view of [ 1, p. 7871, for k=1, u® is the unique
solution in W22(0). |

We do a further assumption on the vector fields b and g; that is

(AL2). [ blpympydy =0 and | gln) m(y) dy=0.

The asymptotic properties of (#°) remains an open question without this
assumption even in the linear case.
We can state the result (see [1, p. 780] or [2, p. 432]).

LemMma 4.3.  Under assumptions (A9) and (A12), there exist two functions

%" and y?, called correctors, which belong to €*(R") and such that

1. ' and )(2 are E-periodic;
2. (=4 n)dn=0 and |z () m(n) dy =0,
3. L)(l—bl, l—l,...,n and L)(m—gm, m=1, ..,k

4.2. Homogenization

We start this subsection with a technical lemma, rather similar to Lemma
10.2 on p. 499 of [2].
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LEmMMA 4.4. Let (A9) hold. Let @: R, xR"xR" - R be a function of
class €% *2, such that, for each (t, x) in R, x R", n — ®(t, x, n) is E-periodic
and |z ®(t, x, n) m(n) dy =0.

Then, YneN, Yte [0, n],

E [ j"”ﬁ @ <s, X (s), Xx(s)) ds
&

tATh
Proof. We solve, for (¢, x) fixed, LY = —®. Following [2, p.499], ¥ is
F-periodic and belongs actually to %22
1t6’s formula yields

{ ' <s, X2 (s), Xie(s)ﬂ AT

=l2rmf‘ (LY) <s, X (s), Xx(s)) ds
& &

&
tATy

2
}—»0 as ¢—0.

| pnact X
+—j (D,,sv+,squ/)a<s, X5 (s), x(s)> aw,

ElraTl &

- j ga Wb, V+a, 0

i, j x;, ’7
t/\r

X£
+2 a; ,afc 5 ><s, X(s), x(s)> ds.

&

It follows, since LY = — @ that

f"”* @ <s, X (s), Xx(s)) ds
: e

X nAT natl X¢
=—¢ { (s, X°(s), x(s)ﬂ +¢ J o’ (s, X (s), x(s)> ds
tATe .

&

wof 7 (s o B aw,

&
NN

where we have set

leﬂ l]xx

(L, x, ) = (sa Y+b,0,V+a, ;03 &”—i— a, ;02 >(t,x,17),

p(t, x,n)=(D,¥Y+eD,¥)a(t, x,n).
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Since all functions are continuous and Z-periodic, «® and f° are bounded

on [0, 7] x O x R", uniformly with respect to e.
Taking square and letting ¢ tend to 0, we obtain easily the result. ||

Now, we can state our results. First, define the homogenized coefficients.
Set, for (x, y, z) in R" x R" x R*>",

a=| (1= Dy'(n)) atn)(L, — D))" m(n) d,

flx, p,2)= Lf(x, 1, v, [2(I, — Dy'(n)) — Dy*(n)1 a(n)) m(n) dy,

and consider the system of semilinear elliptic PDEs,

{éai’jaf,jum +7,.(x, u, Du)=0, in 0, m=1, ..k,

”|60:h|a@~

(20)
THEOREM 4.5. Under the assumptions (A9)—-(A12), the system (20) has a
unique solution ue €*(0) and moreover
Vx e, w(x)—u(x), as e—0.
Proof. The existence and uniqueness of u, the solution of (20), and its

regularity come from the smoothness of the data and the fact that a is
elliptic. Indeed,

az pm | (L= Dy'(n)(La— D))’ di

=ﬂr_n<1n+J

D7 0n) D7 (0
= fml,.
Fix m=1, .., k. We consider the asymptotic expansion of u?,
(%) = 1, (X) + &, (X, ) + 62,

and substituting it into (17) and comparing the terms of order ¢ ~!, we get,
taking into consideration the definition of y' and y?

ub(x, )= — (1) 01, (x) — x2(1).
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This is why we think to calculate

dy, <X(t)> and  d [x} <X§‘8(’)> 6,um(Xfc(t))} .

&

Using It6’s formula, we obtain
du(X5(1))
=dY'(1)

_ _{1g <X8<”> +f<X§(t), B0 ye, Zi(z)ﬂ di+ Z5,(1) dW.,,

&

and

du, (X' (1)) = Ba,,ﬁ,,u +=b,0,u sz(z),Xf;(”>dt

+Du,(X(1)) o <Xi(l)> aw,,

and taking into account (20), for <2,

2
+1p, <X§f(’)> a,.u,,,(X;(z))} di
& &

—ful X5(0), u(X5(1)), Du(X5,(1))) dt

1
dum<X;i<r>)=[( ,,)< ”)c’ﬂ?, SXE(0)

+Du (X (1) o <X€(l)> aw,.

&
In addition,

i (KE00) L 1 (X0 g Ly (Xl (X5A0) gy,

& & & &

and

d{x} <X(”> a,um(Xi(z))} ey <X “”) Buttn(X%(1)) di
& & &

1
+E dU: (1) +dA% (1),
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where we have set, for m=1, ..., k,

a0 =3 [ 2 () e, () 02, o as

+ [ () o o (22w,

&

and

X(s)

0= Lot 2,01 () 03 Xzt ds

+ L’ 0,1 X.(5)) Dy} <X§;(S)> (Xss( )> W

Taking into account Lemma 4.3, we get, for m=1, .., k,

X¢ 1 X 1 Xe Xe
o (0 (42 L (512 (512) v,

and

a| 2t () dunxscon |

_L
-

b, <X§;(l)> 01, (X%.(1)) dt‘f‘%den([) +ddA (1),

Finally, we set C? (1) = y2(X°(1)/e) + x;(X°(1)/¢) Ou,,(X°(t)), then
dluy (X5(1) —u,(X5.(1))]

__! {ai ) <Xx(f)> _a ]} 92 u(X“(1)) dt
5| c A L J x

| s = v, 2z

—ful X5(0), u(X5(1)), Du(Xi(l)))} dt

+[Z;(r>—[Dum<Xi<r>>—Dxi (Xi”)ﬂ . (Xi(”ﬂ aw,

& &

FdU® (1) +ed[ A%(1)— C2(1)].
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As a consequence, putting, in view of the definition of U?¢,
Y, (1) = V(1) —u(X5(1 A 7)), (21)

and

ZE () =2Z5(1) —ﬂzsfi{Du(Xi(t)) |:In — Dy <Xi8(f)ﬂ

o ()] 22

(’Ywi, fi) solves the BSDE

T 0 =1, P00 T, Zn
— 7 (1) dW,+sdB;(t)}, (22)

with the terminal condition 17‘; (%) =0, where we put B%(1) = — A%(¢) + C¥(¢),
and for m=1, ..., k, we set

Fo(x, 1, 9, 2) =[x, 1,y + u(x), 2+ [ Du(x)[ 1, — D' (1)1 = Dy*(n)] a(n))
—fonl%, u(x), Du(x)) + 3L a; () — s ;—2b,n) 1;(n)
=2y (1) 0,2 (1)] O j1t(X).

Remark that we have, see [2, p. 4164171,
| = byt +bh) = au 8,01 = an, 0,03 100 min) dp =, .
Thus, from the definition of £, for each x in R”,

LF(x, 7,0, 0) m(n) dy = 0. (23)

Moreover, in view of assumption (A9) and the smoothness of u, ' and y2,
F belongs to %5. o
We want to apply Proposition 2.5 to ( Y%, Z%) which solves the BSDE (22).
First, let us note that (y, z) - F(X%(¢), X2(¢)/e, y, z) is uniformly Lipschitz
with constants C=sup |D, f(x,#, y, z)| and y=sup |D,(x, 5, y, z)|, and also
u-monotone, where u is the constant appearing in assumption (A10). Hence,
assumption (All) says that 2u >y
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Consider p such that y> —2u < p <0. Since F is bounded, say by M, we
easily show that

&

E U ers F<X;(s), SO 0>
0 &
Recall that B%(1) = C%(1) — [ @%(s) ds— [ Wi(s) dW,, where

(Comn =23 (T2 (20

1, /X e
o (=52 (=) 02, xs(o (722

24 £ g

2 M2
ds} <—
p

> Byt X°(1)),

) Demxzm (=),

&

W (=2} (27

It is worth noting that in view of the smoothness of the coefficients, (¢°(7)),
(Wi(t)) and (C:(¢)) are bounded processes uniformly with respect to ¢. We
derive easily from this remark that, setting V%(¢) =¢eB(¢),
2
ds} >

2 o 2
ds} SJ e”S[E{ ] ds
0

<f°° o jA e ()% due | ds.
0 0

E fT”ePSIV*’(s)Izds <2C(1+E f’eﬂs
0 * 0

J, iy aw,

But, on the other hand,

e

[ v aw,

|, v aw,

(¥&(-)) being uniformly bounded, the previous inequality implies that
E “ Y ers |V§C(s)|2ds} < Ce
0

Moreover,

2

E[e”™ [V2(r%)?] < 362E [eﬂff{ CLI2+ <jo 955l ds>

1l

3

+] ") aw,
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and since 7 — t%e*" is a bounded function on R (since p <0), we get

1

Using It&’s formula and setting o%(¢) = [ y%(s) dW,, we obtain, for rin R ,

E[er™ | 1(x0)[?] < G2 <1 +E [ [ wics) aw,
0

&
tATs

A (AT [ e ) ) 1) ds

tatl
+[ 7 i) pis) aw,.
0 P P

Taking into account that p <0, Burkholder, Davis, and Gundy’s
inequality yields

E[sup e”“ ™ (1 A 72)|]

2

o 12
<=2 ce| ([T e o walras) |
P 0

e . 12
< 2rc(E| [Mem ol wieras| )
P 0

From the boundedness of (}%(-)), we get E[ |a%(#)|*] < M?¢ and thus
E[sup e’ ™ |o%(1 A 72)*]1 < C,
which implies that
E[e”™ | V(72)]2] < Ce2.
In particular, e(”/? % V(7% ) converges to 0 in L? and the same is true for
VY.
In the same way, we get
EL1Ve(t A T5)PT< C(1+22) 2

Finally, in view of (23), since F is smooth, Lemma 4.4 implies that
nA ri Xé

[E{ f F<X;(s), =(9) . 0> ds
t &

Thus, all assumptions of Proposition 2.5 are satisfied, and therefore

2
}—»O as ¢—0.

ATy

E[|Y% (1 A T%)]2] >0, as &—0.
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This is true, in particular for t =0. Coming back to (21), we obtain
u(x) - u(x), as ¢—0.
The proof is complete. |

4.3. The Case of Dimension One

We finish with a stronger result for the case of a single equation.

THEOREM 4.6. Suppose k=1 and let (A9), (A10), and (A12) hold. Then
Vx e, u®(x) — u(x), as &—0.

Proof. We keep the same notations as in the proof of the previous result.

Recall that (?ﬁc, ’Z\i) solves the BSDE (22) and we need to show that
Y2.(0) - 0.

Here, we cannot apply directly Proposition 3.5 because B:(7%) is not

bounded. Once again we overcome this difficulty by a change of variables.
Fix 0 <J <u and set

T = (Te+ectin - [ ptis) s

Z5(1) = e Z5(1) + (1)
1t6’s formula shows that (Y%, Z2) solves the BSDE
—dY(1) =1, [ G(t, Yi(1), Z%(0)) dt — Z°(1) dW, ],

with the final condition Y°(7%)=ee~2"(C%(t%) — [ p%(s) ds), where we
have set

G(t, y,z)

Xé
=0y+e %F <X‘;(Z), );(l), ety —eCi(t) +¢ Jz ®<(s) ds, e‘”z—etﬁi(l)).
0

Since F is bounded, G¥(t, 0, z) is uniformly bounded. Moreover, G* is
Lipschitz with constant K+ ¢ and monotone; the constant is ¢ —J > 0.

Remember that (C%(-)) and (¢%(-)) are bounded processes uniformly
with respect to e. Hence,

ce 9% <C§C(z‘;) —JTX () ds>
0
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and thus

-0 as ¢—0.
2

e (cxer [ ot )
0

The last point to establish is that for each 0 <t <n,

n/\‘l.'; 2
j G¥(s,0,0) ds }—»o, as &— 0,
t

We have

e[|

ATy

K "™ G(s. 0, 0) ds

|

n/\rfc XS 2
<2[E“ e5SF<X§(s), x(s),0,0>ds }
t ATt &
nAtl Xe 2
+2[E“ [GS(S, 0,0)—e5SF<X§(s), % 0, oﬂ ds }
tATL

The first term tends to 0 as ¢ > 0 by Lemma 4.4. Moreover, since

G%1,0,0)=¢°'F <X§(l), X0

L —eCin) +e [ pils) ds. —8tﬁ§(l)>
& 0

we get, using Holder’s inequality and the fact that F is Lipschitz,
nATs s Xi (S) 2
E j G¥(s,0,0) —e~PF( X (s), 0,0 ds
t &

; |¢i(s>|2} ds} .

2

< Ke’nf U r”e—‘”[ 1C5(5)|2 + UO 0% (u) du

&
tAT,

As the processes (C%(-)), (¢%(-)) and (Y%(-)) are uniformly bounded, we
finally get, for another constant K,

E { j e { G¥(s,0,0)—e—OF <X;(s), Xi(s), 0. oﬂ ds

From Proposition 3.5, we get lim,_, o E[ |?§(0)|2] =0. Since

2
2
} < Ke“n.

Y(0) =u(x) —u(x)+¢ {;{2 <:> + Du(x) z! <:>} ,
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we have, from the boundedness of y! and y2 that,
u’(x) - u(x), as ¢—0,

which is the desired result. ||
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