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For all values of p, many solutions of the determining partial differential equation are
constructed algorithmically using routines of Lie symmetry analysis. As such the present
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1. Introduction

An important constituent in the valuation of options and other derivatives is the stock price. In the classical Black-Scholes
model [ 1] the stock price S; is assumed to follow an It6 process described by the stochastic differential equation

de = Mstdt + O'Stth, (1.1)

where u and o are two parameters representing the drift and volatility of the stock, respectively, and W, is a standard
Wiener process. The Black-Scholes stock price model (1.1) belongs to a class of solvable arbitrage-free models, i.e. models
for which the expected value of S; at any time t is precisely the future value at time ¢ of a risk-free bond with present value S,.
As a result of this feature (1.1) leads to the well-known Black-Scholes formula for determining the value of a European call
option [1]. In fact “arbitrage-freeness” is an essential feature in stock price models. Unfortunately, it is not always inherent
in alternative models of the stock price.

Bell and Stelljes [2] describe a method for constructing explicitly solvable arbitrage-free models for stock prices. The
method is based on the following solvable stochastic Bernoulli equation of Stratonovich type

dS; = uS; + oS? 0 dW,, (12)

where p denotes a rational number in the interval [%, 1]. The solution of (1.2) (see [2] and the references therein) is

N ¢ . va-p
S=e"l(1—po | P Vaw, +5)7P . (1.3)
0
0
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The process §t does not generally satisfy the arbitrage-free condition and hence is not a feasible model for stock price.
However, S; = G(S;, t) does satisfy the arbitrage-free condition provided that G solves the second-order partial differential
equation

p02 2p—1 0252;1
G + rs—l—f Gs—l—TGss:rG (1.4)
and that there exists n such that for every T > 0
sup |Gs(s, t)| < Cls|" (1.5)
0<t<T

where C is a constant depending only on T.
In [2] two values of p, namely p = % and p = 1, are identified in which cases Eq. (1.4) is tractable. The former case gives
rise to a solvable version of the Cox-Ross model [3] and the latter to the Black-Scholes model [1]. In the case p = 1,

G(s, t) = se o t/2 (1.6)

is found to solve (1.4) and to satisfy the regularity condition (1.5). Therefore S, = G(Et, t), with §[ defined in (1.3), furnishes

an arbitrage-free stock price model for p = 1. Similarly forp =

N

N =

2
G(s, t) s+ (1.7)
4r

solves (1.4) and satisfies the regularity condition (1.5). Accordingly, the resulting arbitrage-free stock price model S; =
G(S¢, t) is obtained from (1.7) and (1.3).

The aim of this paper is to investigate Eq. (1.4) for all values of p for which the equation is tractable. From the point
of view of Lie symmetry analysis this coincides with values of p for which the equation admits a nontrivial symmetry Lie
algebra. We have determined that for each value of p Eq. (1.4) admits a rich symmetry group akin to the group admitted by
the Black-Scholes equation or the heat equation [4]. Furthermore, we have exploited the admitted one-parameter Lie point
symmetries and routines of Lie symmetry analysis to construct solutions of (1.4) as invariant solutions and by transformation
of known solutions.

The paper is organised as follows. In Section 2, we introduce elements of Lie symmetry analysis of differential equations.
Determination of Lie point symmetries admitted by Eq. (1.4) is done in Section 3. In Section 4 we use the admitted
symmetries to construct several exact solutions of (1.4) for all rational values of p. We present concluding remarks in
Section 5.

2. Preliminaries of Lie symmetry analysis

Lie symmetry analysis is one of the most powerful methods for finding analytical solutions of differential equations.
It has its origins in studies by the Norwegian mathematician Sophus Lie who began to investigate continuous groups
of transformations that leave differential equations invariant. Accounts of the subject and its application to differential
equations are covered in many books [5-12].

Central to methods of Lie symmetry analysis is invariance of a differential equation under a continuous group of
transformations. Consider a one-parameter Lie group of point transformations in infinitesimal form

X=x+e&(x t,u)+0(e?)
ft=t+etx, t,u)+0(> (2.1)
i=u+en,t u + 0@

depending on a continuous parameter ¢. This transformation is characterised by its infinitesimal generator,

X =&KX, t,u)oy + t(x, t,u)d + n(x, t, u)dy. (2.2)
The corresponding finite transformations are obtained by exponentiating or by solving the Lie equations
dx -~ dt .~ du ~~
—=E(X LY, ——=t®tuW), — =nX¢t) (2.3)
de de de
subject to the initial conditions
X1 Wm0 = (. L, 0). (24)

A general (1 + 1)-partial differential equation with one dependent variable u and two independent variables (x, t),

A(X, £, U, Uy, Up, Ugg, Uxe, Uy) =0 (2.5)
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is invariant under (2.1) if and only if

XPA =0 whenA =0, (2.6)
where X® is the second prolongation of X given by

X® =X+ 0"y + 00y, . i =1.2, (2.7)
with

n" =D — (D) w, i =Dy’ = (Do) uyys i =1.2, (28)
where u; = % Uiy = ax,al Pl Lij=1,2, (!, x%) = (x, t), (', £2) = (&, 7) and D; denotes the total differential operator

with respect to x':

D; = i+ a—i—ua—i-u a+ (2.9)
L T P ' '

The Einstein summation convention is adopted in (2.7)-(2.9). The invariance condition (2.6) yields an overdetermined
system of linear partial differential equations (called determining equations) for the symmetry group of Eq. (2.5). The
infinitesimals &, T and 7 are then determined as a general solution to the determining equations. If the infinitesimals contain
more than one arbitrary constant, we normally ‘split’ the multi-parameter infinitesimal generator into single parameter
generators, which constitute a Lie algebra of (2.5) under the operations of addition and taking the Lie Bracket, namely

[Xi, X1 = XiX; — XiX;.
There are various methods based on infinitesimal generators of the admitted symmetry groups for constructing solutions of

partial differential equations. The specific methods used in this paper are introduced in the relevant sections of the paper.

3. Lie point symmetries of (1.4)

With respect to Eq. (1.4), we shall use the less cumbersome variables x and u in place of s and G, respectively. Suppose
X =& t,u) o+ t(x,t,u) & + n(x, t, u) dy, (3.1)

where &, t and 7 are arbitrary functions, is an infinitesimal generator of a symmetry group of (1.4). Then the invariance
condition dictates the following:

pO.ZXZp—l O.2X2p
x® :u[ + (rx—i— #> e+~ U — ru}

where X@ is the second-prolongation of X given in (2.7). With the help of YaLie [13] and Mathematica [14], this leads to
the following system of determining equations:

=0, (3.2)
(14)

&u=0 (3.3)
7, =0 (3.4)
=0 (3.5)
Nuu = 0 (3.6)
26p+x (. —2&)=0 (3.7)

1 1 1
£ (r+5p 2p—1)0o° *Z“P) (rx+2p02 - 1)<sx—rt)+x2paznw—sf—2x2P025xx=0 (3.8)

1
m+runu+<rx+ po’x 2) Tlx+§’<2p’7xx—r(n+urr)=0. (3.9)
From the first four equations, (3.3)-(3.6), we easily determine that
§=§&x1) (3.10)
T =1(t) (3.11)
n=a¢k1t) +upk,t), (3.12)

where ¢ and ¢ are arbitrary functions. Egs. (3.7)-(3.9) remain unsolved, with (3.7) reducing to

2pE+x (v —2&) =0 (3.13)
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Table 3.1
Commutator table for (X;, ..., Xg) in the case p # 1.
[Xi, X1 X4 X2 X3 X4 Xs X
X 0 —2DX, 0 —2Do?%X, —DX; 0
X, 2DX, 0 -2x 0 DX, 0
X3 0 22X 0 4DXs —2DX3 0
X4 2Do2 X, 0 —4DXs 0 2DX4 0
Xs DX, —DX, 2DX;3 —2DX4 0 0
Xs 0 0 0 0 0 0
for which the solution is
Ex,t) =x"y + X #1 (3.14)
X=Xy """, D ) .
2(1-p)
where y is an arbitrary function of t. Next, solving Eq. (3.8) for ¢, we obtain
Xl—Zp
px, ) =8+ [2rx(p— Dt —4rx* (p— 1)’y +4x"y —4px*y’ +xr”]W, p#1, (3.15)

where § is another arbitrary function of t. The linear superposition principle for Eq. (1.4) dictates that the equation admits
the infinite group. This is the case only if ¢ solves (1.4), in which case Eq. (3.9) simplifies to the equation

[up—1%0? 2 (=3+p) rv’+48 +7")]¥ +[u (rP —4r’ p-1*7)]¥*7?
+[au@-1 (P E-D*y —y")]x=0, p#1. (3.16)
Eq. (3.16) holds identically if and only if

2Dt —apt
g 2Pl — g0
T=¢ _ 3.17
1+ 2D ( )
y =e46°" + 5070t (3.18)
r3— !
azsﬁ+%r—%, (3.19)

where ¢&; are arbitrary constants. This completes the solution of the determining Eqgs. (3.3)-(3.9), and leads to the following
basis of the infinite dimensional vector space of infinitesimal symmetries of Eq. (1.4) for p # 1:

Xp =P X (o2 — 21 ud,),  Xo=e P'xP o,

2Dt 2r2x207P
X3 =¢e rxoy — o + D-r———— u oy,
o

(3.20)
Xoe=e 2P rxdy+ 9 +rud,]

X5 =0+ (r —D/2) ua,, X = U0y, Xp = Pp(x, t) 0y

where D = (p — 1) r and ¢(x, t) is any solution of (1.4)

For p = 1 the admitted infinite dimensional vector space of infinitesimal symmetries of Eq. (1.4) is spanned by the
following operators:

Xy =x0%0,—rud,
X, =txo?d +u (Inx —rt) o,
X3=0+Mruoa,

1 r
X4:x1nx8x+2t8[+u<2Mrt—5—ﬁlnx)3u (321)

1 1 r
Xs =txInxd+t29 + |Mrt?+ — (Inx)?— t( =+ — Inx| |ud,
202 2 o2

X6 =u aua X¢ = ¢(X9 t) au

whereM = 1+ ﬁ and ¢ (x, t) is any solution of (1.4) when p = 1. The first six operators in (3.20) and (3.2 1) generate finite
dimensional symmetry Lie algebras for Eq. (1.4), whenp # 1and when p = 1, respectively. The corresponding commutators
are given in Tables 3.1 and 3.2, respectively.
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Table 3.2

Commutator table for (Xi, ..., Xs) inthe casep = 1.
[Xi, X;] X1 Xz X3 Xy Xs Xs
X 0 0% Xs 0 X X 0
X, —0%Xs 0 —Xi —X, 0 0
X3 0 X1 0 2 X3 Xy 0
X4 X1 Xy —2X3 0 2Xs 0
XS Xz 0 7X4 -2 XS 0 0
Xs 0 0 0 0 0 0

The finite symmetry transformations of Eq. (1.4) corresponding to the infinitesimal generators are obtained by solving
the Lie equations (2.3)—(2.4). The results corresponding to the infinitesimal generators (3.20) and (3.21) are presented in
(3.22) and (3.23), respectively.

D
-~ D DeDtsloz T ~ ~ pr. D
X : x:(x’T—i , t=t, U=e2¢ ™ Ty
r
_r
~ _D DE_D[€2 b ~ ~
X 1 Xx=|xT1T— —— R t=t, u=u
r
—2Dt
~ 2D ~ In (e +2De¢3
X3 : X=e Ty t=— ( ),
2D
2D 2D
2 (e‘we t53—1) P (3.22)
U=exp{e?P'(D—r1)es+
Do?
2Dt
X : ;{,=eefzmrg4x’ T In(e +2D84), T et ey
2D
Xs : X=x  t=t+es, u:e( 2)Ssu
Xs 1 X=x, T=t, U=¢e%u
Xp: X=x, ft=t, U=u+e¢®xt)
~ 2 ~ ~ —
X; 1 x=1¢€17 g, t=t, u=ue '
- ~ - 29 452)[
X, : X=xe2°", t=t, u:ue< 2 €2
Xs: X=x,  t=t+e, U=ue’s
(—eg)r
Dr 842—1 t o2
Coml e w2~ _uerlliy (323)
X4. X=X, t = ¢&4°t, u= s 84#0
V€4
1 - t Dr£5[2 &5 (2rt=Inx)
X5 1 X=xT76 t= , U=ue ot x2Cst-Do? /1 —got
1—f85
Xs : X=x, t=t, U =esu
Xy : X=x, T=x, U=u+ ¢, t).

4. Exact solutions of Eq. (1.4)

We shall now use the admitted symmetries to construct exact solutions of Eq. (1.4). We will do this in two ways, via
group transformations of known solutions and by construction of invariant solutions.

4.1. Group invariant solutions

Let X be an infinitesimal generator of a symmetry group admitted by (1.4). A functionu = © (x, t) is an invariant solution
of (1.4) arising from X if it is a solution of (1.4) and remains unchanged under the action of every transformation of the
symmetry group generated by X. Such solutions are easily found. They are characterised by a necessary condition known as

the invariant surface condition:

XUu—0Okxt)) =0 whenu=0O(,t).

(4.1)
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Construction of invariant solutions proceeds in a very algorithmic fashion. We determine two independent invariants
r(x, t,u) and v(x, t, u) (with v, # 0) of the group from solutions of the associated characteristic system

dx dt du

—=—=—. (4.2)

& T
The general solution of the invariant surface condition (4.1) is now written as v = F(r) or u = @ (x, t), in terms of u, x, t.
Upon substitution of the general solution in (1.4) we obtain an ODE that defines ®. The solution of this ODE completes the
process.

The infinitesimal generators of symmetry groups of Eq. (1.4) can each (except “u d,” and “¢ 9,” [4]) be used to generate
invariant solutions of (1.4). In the examples that follow we use the basis infinitesimal generators in (3.20) and (3.21),
corresponding to p # 1and p = 1, respectively, to do so. In each case we reduce Eq. (1.4) to an ODE and solve the ODE
if it admits a “simple” solution. In the interest of brevity of the exposition, we shall only report essential elements of the
solution process. In each of the solutions provided below «; are arbitrary constants.

Example 4.1 (Invariant Solutions of (1.4) in the Case p # 1).
(@) X1 = ePtx1P (2% 719, — 21U dy)

e =t v=1uexp {—”‘NH) } u = exp { r 0 } y(t)

(=102 (p—-Do?
oY+ (-2 ry=0,y(t) =e® P
2(1-p)
r|@-pt—* ]
o u(x, t) =«kre [ (-p)o?

(b) X, = e PtxP 9,
P-Drt y(1-p) (@-Drty(1-p)
er=tv=u exp{%},u:exp{—%} y(t)

rie o2e2(—Drt

02y — (2r—e2®P Vo2) y=0,y(t) = kg€ 4G-Dr
e(—Drt y(1-p) _ eZ(p—l)rzo_z}
p—1 4(p-Dr
(c) X3 = 2Pt [rxax — o + (D —r = zrz’f#) uau]
209 12 (15p)
er=clxv=e 002 yx> P u=ew-0o xP2y (), ¢ =e"'x
cay+¢ [Bp-4y +y]=0
wherea =6 — 7p + 2p?
e Y =1 PP i 7P
e u(x,t) = exp {r (2 (1—p)t— 22 )} (k2 eP" +kq et x1P)

(1-p)o?
(d) Xg = e 2P [rx 0y + 0y +rudy,]
er=e"'xv=u/x,u=xy(),=e"tx
epy+¢[@+p Y +y']=0
s y)=2+%
o u(X, t) = k1€t +iyeP ExIP
(e) Xs =0+ (r —D/2) ua,

(p=3)rt GB—prt
er=xv=e 2 uu=e 2 yXx)

er(1—p y+ (2rx+px*?1o?)y +x*? o2y’ =0.

o u(x, t) =k exp{rt—

Example 4.2 (Invariant Solutions of (1.4) in the Case p = 1).
(@) X; = 0%x0 —rud,

er=tv=uxol,u=x o2 y(t)
ey —MRy=0,y(t) = ke’ Mt

o ux, t) =K Mrtx o7
(b) X, = 02txdy+u (Inx —rt)d,
r Inx Inx

er=1=tv=1uUX0? 202, U :xmiﬁy(t)
e 2to?y +[o?— (P +2ro?) t]y=0y(t) =

,qeth

NG
In r

_nx 1
o u(x,t) =1 eMtx2r02 " o2
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(c)X3=0 +Mrua,

er=xv=ue Mt y=e""tyx)

o y+x [vy’+ ‘r’—;xy”] =0,y(x) =x o2 (k1 + iy Inx)
PR 2 2

° u(x,t):eM”x o2 (K]+K2 lnx),v:g(zr%ﬂr)

(d) Xg =xInxd+2td +u (ZMrt—%—ﬁ lnx)au

-
Mrt, 52

Inx X
t1/4

.
Mrt,, 23 11/4 e
or="Ttv=e rtyxo? tV4 u=

ey+2¢y —20%y' =0
(e) Xs :txlnxax—l—tzat—i—[Mrtz—t—zéz (lnx)z—t(%—i-aL2 lnx)]uau

$ =7

2rt—Inx —2rt+inx
- Mrt 2t02
o= —'“[", v=ux 2002 Jfu= X200 YO e Inx

Jt t
0y ' =0,y() =K1 +i2¢

Mrt —2rt+21nx « o Inx
o u(x,t)y=e""'x 2o (f + 55 )

4.2. Group transformation of known solutions

The basis of this method is the fact that a symmetry group of an equation transforms any solution of the equation into
a solution of the same equation. Let X be an infinitesimal generator of a group admitted by Eq. (2.5) and u = f (x, t) be any
solution of the equation. Then U = f (%, t), where X, t, U are associated with x, t, u through the symmetry transformations,

X=fxte), T=gxte), U=hxte) (43)
generated by X, defines a family of solutions of (2.5). Replacing X, T and u and solving for u results in a one-parameter family
of (typically new) solutions of (2.5), u = f, (x, t). Each of the symmetry groups admitted by the equation can thus be used to
transform any known solution of the equation into other solution of the same equation. Let us apply this to generate new
solutions of (1.4) from the simple solutions (1.6) and (1.7).

Example4.3. (a) p= 1, f(x,0) =x+ %

~ 72
(i) X : (RT.1) = ([ﬁ+ se?/z] ot u)

2

fie ) = (VR+5e? g o (4.4)

(i) Xs (37,?, ) = (x, t+e, ue5¥>
5re 0'2
fex,t) =" 7 <X + E) (4.5)
(b) p=1.f(x.t) =xeo"t/2
(i) X : (X7.7) = (e”z X, t, ue*“)
2 to?

fo(x,t) = exp (s (r+o°)— T) X (4.6)

(i) X3 : (X, 6,°%) = (x, t + &, €M u)

to? o?
fe(x, t) = exp (_T —¢ <Mr + 7)) X. (4.7)

4.3. New solutions from known solutions via Xy

The infinite set of operators represented by “X,” in (3.20) and (3.21) can be used to generate new solutions of (1.4) from
known solutions [4]. Let u = w(x, t) be a known solution of Eq. (1.4) so that the operator X,, is admitted by Eq. (1.4). Then,
if X is any other operator admitted by Eq. (1.4), by taking the Lie bracket, one obtains

X, X0l = Xz (4.8)

where w is also a solution of Eq. (1.4), typically different from w(x, t). The infinite set L,, of operators of the form X, can
therefore be used to generate a whole range of solutions of (1.4) via the relation (4.8). We will illustrate this by transforming
the simple solutions (1.6) and (1.7) into new solutions of (1.4) in the casesp = 1and p = % respectively.
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Example 4.4. (a) p w(x t)=x+%
(i) Xy = e~ %f(o s —Zrua)
30 2
[X1, X,] = @ 3y, wx, t)=¢e -7 X <2rx+ —) (4.9)
(i) Xs = e [prX—E)t— Lru ( 4—2) ]
. . - 2r2x* 30?2
X3, X,] = w0y, wx,t)=¢e 3rx+ T+ e (4.10)
o
() p=1,w(x,t) = xe /2
(i) Xo =txo? 0 +u (Inx —rt)d,
0.2
X, X,] = @8y, @) =e 7 x [t (r+0°) — Inx] (4.11)
(ii) X4 =x Inxdy + 2t 0 +u <2Mrt— % -5 lnx)au
[X’Xa)]ZEau
2 x (r+o?) Inx
DX, ) =e T x1//(t)+¥ (4.12)
o
where X
1 t(r+o?
H=—-——
Y (t) > -2

5. Concluding remarks

This paper complements the work by Bell and Stelljes [2] who proposed a method for constructing explicitly solvable
arbitrage-free models for the stock price. At the centre of their method is a second-order partial differential equation that
contains, as a parameter, a rational number p drawn from the interval [%, 1]. Solutions of this equation that satisfy a
prescribed regularity requirement define solvable arbitrage-free models for the stock price. Bell and Stelljes reported the
challenge of finding such solutions for a general parameter p; they only found two simple solutions forp = 1and p = %
In this connection, the present paper augments the work by Bell and Stelljes through the use of Lie symmetry analysis. We
have determined Lie point symmetries admitted by the determining PDE for all values of p and established that in each
case the equation admits a rich symmetry group. As a result we have been able to construct several families of solutions of
the equation via routines of Lie symmetry analysis. Those solutions that satisfy the necessary regularity condition provide
models for arbitrage-free stock prices.

Acknowledgement

The author would like to thank the Directorate of Research Development of Walter Sisulu University for continued
financial support.

References

[1] F.Black, M. Scholes, The pricing of options and corporate liabilities, ]. Polit. Econ. 81 (1973) 637-659.
[2] D. Bell, S. Stelljes, Arbitrage-free option pricing models, J. Aust. Math. Soc. 87 (2009) 145-152.
[3] J.C. Cox, S.A. Ross, The valuation of options for alternative stochastic processes, J. Financ. Econ. 3 (1976) 145-166.
[4] RK. Gazizov, N.H. Ibragimov, Lie symmetry analysis of differential equations in finance, Nonlinear Dynam. 17 (1998) 387-407.
[5] G.W.Bluman, S. Kumei, Symmetries and Differential Equations, Springer-Verlag, New York, 1989.
[6] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New York, 1982.
[7] G.W.Bluman, A.F. Cheviakov, S.C. Anco, Applications of Symmetry Methods to Partial Differential Equations, Springer, New York, 2010.
[8] B.J. Cantwell, Introduction to Symmetry Analysis, Cambridge University Press, Cambridge, 2002.
[9] N.H. Ibragimov (Ed.), CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 1, CRC Press, Boca Raton, 1994, Vol. 2 1995; Vol. 3 1996.
[10] PJ. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag, New York, 1993.
[11] P.E. Hydon, Symmetry Methods for Differential Equations: A Beginner’s Guide, Cambridge University Press, New York, 2000.
[12] G.Baumann, Symmetry Analysis of Differential Equations with Mathematica, Springer, New York, 2000.
[13] J.M. Diaz, A short guide to Yalie: Yet another Lie Mathematica package for Lie symmetries. http://www.mathsource.com/MathSource/Applications/
Mathematics/0211-778/YaLie.ps (accessed 5.01.16).
[14] Wolfram Research, Inc., Mathematica, Version 8.0, Wolfram Research, Inc., Champaign, Illinois, 2010.


http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref1
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref2
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref3
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref4
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref5
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref6
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref7
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref8
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref9
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref10
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref11
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref12
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://www.mathsource.com/MathSource/Applications/Mathematics/0211-778/YaLie.ps
http://refhub.elsevier.com/S0898-1221(16)30380-7/sbref14

	On the generation of arbitrage-free stock price models using Lie symmetry analysis
	Introduction
	Preliminaries of Lie symmetry analysis
	Lie point symmetries of (1.4)
	Exact solutions of Eq. (1.4)
	Group invariant solutions
	Group transformation of known solutions
	New solutions from known solutions via  Xφ 

	Concluding remarks
	Acknowledgment Acknowledgement
	References


