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The Shannon lower bound approach to the evaluation of rate distortion func-
tions R(D) for countably infinite alphabet memoryless sources is considered.
Sufficient conditions based on the Contraction Mapping Theorem for the
existence of the Shannon lower bound Ry(D) to R(D) in a region of distortion
[0, D;}, Dy > 0 are obtained. Sufficient conditions based on the Schauder
Fixed Point Theorem for the existence of a D, > 0 such that R(D) = Ry(D)
for all D € [0, D,] are derived. Explicit evaluation of R(D) is considered for a
class of column balanced distortion measures. Other resuits for distortion
measures with no symmetry conditions are also discussed.

1. INTRODUCTION

The rate-distortion function R(D) of a source represents its equivalent rate
subject to a fidelity criterion. Recently many results have appeared on the
evaluation of R(D) for various sources and distortion measures (Jelinek,

1967; Gallager, 1968; Pinkston, 1969; Berger, 1970, 1971; Wyner-Ziv,
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1971; Gray, 1970, 1971a, 1971b, 1973a, 1973b; Rubin, 1973). Explicit
evaluation of R(D) for most sources and distortion measures remains a
formidable task although a general method for the numerical computation
of R(D) for finite-alphabet memoryless sources is available (Blahut, 1972).
A common approach to circumvent this difhiculty is to derive the Shannon
lower bound R;(D) to R(D) and then to find conditions on source statistics
and distortion measure for the existence of a D, > 0 such that R(D) = R, (D)
for all values of distortion D [0, D,]. Sufficient conditions for the existence
of such a D, > 0 have been derived for finite-alphabet discrete-time memory-
less sources by Jelinek (1967) and Pinkston (1969), for certain finite-alphabet
discrete-time sources with memory by Gray (1971a, 1971b, 1973a) and for
certain Gaussian sources with memory under square-error distortion criterion
by Berger (1970) and Gray (1970).

In this paper we consider the Shannon lower bound approach to the
evaluation of rate-distortion functions R(D) for countably infinite alphabet
discrete-time memoryless sources. Specifically, in Section 2 we derive
sufficient conditions for the existence of the Shannon lower bound R (D)
to R(D) in a region of distortion [0, D, ], where D, > 0. In Section 3, sufficient
conditions for the existence of a D, > 0 such that R(D) = R;(D) for all
distortion D in [0, D,] are derived. In Section 4, we consider in detail the
evaluation of rate-distortion functions under a class of column balanced
distortion measures for a range of distortion [0, D], D, > 0. In Section 5,
we discuss a possible application of the results in Sections 2 and 3 to distortion
measures with no symmetry conditions. Conclusions are given in Section 6.

2. Tue SuannoNn LowerR BouUND

We consider the source {X;:t =20,1,2,..} to be a sequence of ii.d.
random variables taking on values in the source alphabet 4. 4 will be taken
to be either I = {0, 1, 2,..} or J = {..., —1, 0, 1,...}. Let X, have probability
distribution p(j) = Pr[X,; = j], j € A. Let the reproduced source alphabet be
equal to the source alphabet 4 and the distortion measure p: 4 X A — [0, o)
satisfy

PG B) > p(if) =0 Vi hyj ke d (1)

As usual, the assumption p(7,7) = 0 involves no loss of generality (p. 26 of
Berger, 1971). Moreover, since for j = &, p(J, k) can be made arbitrarily
small, Eq. (1) allows a broad class of distortion measures. Let Q,, be the set
of all conditional probability distrituions ¢(% |j) = Pr[output reproduced
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& | source produced jl, j, k€ 4, such that 37, >4 p(7, ) p(j) g(k | j) < D
for each D 2= 0. Then the rate-distortion function R(D) of the source {X,}
with respect to the distortion measure p is defined by (Berger, 1971, p. 23)

R(D) = inf I(g), 2

where

M) = 3 Y atk Dp)log Ll and ) = T alk1)20)

ked jed jeAd
We note that if there exists a &* € 4 such that 3., p(5) p(7, £*) <C 0, then
appropriate source coding theorems exist to give R(D) as defined by Eq. (2)
the desired operational significance (p. 281 of Berger, 1971).
The following theorem is useful for the evaluation of R(D). This theorem
is equivalent to Theorem 9.4.1 of Gallager (1968) and Theorem 2.5.3 of
Berger (1971).

THEOREM 1. For each s < 0, let A be the set of all sequences {AJ(j): j € A}
of nonnegative numbers satisfying

> () p(7) explsn(, B) <1 Vke d 3)

jed

Then for each D = 0, we have

RD) = sup [0+ ¥ p(j)log A(i)]: O

§<0,{As(1)}ed, jed

Moreover, for each s < 0, a necessary and sufficient condition for {A(j)} to
achieve the supremum in Eq. (4) is the existence of a probability distribution

{O(k): k e A} such that

Y. Qu(k) explsp(js B) = (] Ve, )

ked

and such that equality holds in Eq. (3) for all k€ A such that Q (k) > 0.

Let py(§) = A{J) p(j) in Theorem 1 and suppose we require Eq. (3) to hold
with equality for all ke 4. If, for each s < 0, there exists a sequence
{ns(7): j € A} of nonnegative numbers satisfying

Y k() exp(sp(j, B)) = 1, Vked, (6)

jed
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then for each D = 0, R(D) > Ry(D), where R, (D) is called the Shannon
lower bound to R(D) and is given by

Ry(D) = sup [sD + 3, p(j) log ) + H(X)], ™
SN jed

where the entropy rate of the source H(X) = 3 ;.4 p(J) log p(j) is assumed to
be finite. For many probability distributions and distortion measures, the
quantity to be maximized in the right-hand side of Eq. (7) is a strictly concave
function of s (Berger, 1971, p. 92; and Jelinek, 1967). We will implicitly
assume that this is true. Thus the supremum in Eq. (7) can be solved by
differentiating the right-hand side of Eq. (7) with respect to s and setting it
equal to zero, yielding the following parametrically defined equations for
RL(D )’

RyD,) = sD, + H(X) + ¥, p(j)log (1) ®)
D= =5\ 0l og us(f)g- ©)

We note that R;(D) is well defined only for those values of distortion
D, in Eq. (9) with values of the parameter s for which there exist a sequence
of nonnegative numbers {u(j):j€ A} satisfying Eq. (6). Moreover, from
Theorem 1 we conclude that R(D) is equal to R;(D) for those values of
distortion D, in Eq. (9) with values of the parameter s for which there exist
a sequence of nonnegative numbers {Q(k): k € 4} satisfying Eq. (5). We note
that the only condition required on this sequence is that it be a sequence of
nonnegative numbers since any sequence {Q(k): k€ 4} satisfying Eq. (5)
will sum to one provided that A(f) = p7)/p(j) and {uj):j € A} satisfies
Eq. (6). Using Egs. (8) and (9) and an argument similar to the proof of
Theorem 2.5.1 of Berger (1971), it can be shown that the parameter s is the
derivative of R;(D) at D = D,. We note that by assumption, the quantity
to be maximized on the right-hand side of Eq. (7) is strictly concave in s,
which along with Eq. (9) implies that dD,/ds > 0 for all values of s. We also
note that for s = —oo, since the distortion function p satisfies Eq. (1), the
necessary and sufficient conditions given in Theorem 1 are satisfied by
A7) = 1/p(j) for all je 4, which implies that R(0) = R;(0) and D, =0
at s = —oc0. Thus an interval of the parameter s, (—o0, §*], where s* > —co,
corresponds to an interval of distortion D, (0, D*], where D* = D_, > 0.

In order to evaluate R(D) by the Shannon lower bound approach, conditions
must be derived for the existence of R;(D) and for the existence of a D, > 0
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such that R(D) = R;(D) for all D in [0, D). For finite-alphabet memoryless
sources, Pinkston (1969) and Jelinek (1967) have shown that a sufficient
condition for the existence of such a D, > 0 is that the distortion measure
satisfies Eq. (1) and that Pr[X; = j] > 0 for all letters j in the source alphabet.
Jelinek’s proof depends on the fact that under these assumptions, the finite
matrix {exp(sp(f, k))} ! exists and approaches the identity matrix [ in the
limit as s approaches —co. An elementary perturbation argument is then
successfully applied due to the finite dimensionality of the matrix
{exp(sp(j, k))}. However, for the countably infinite alphabet case, such an
argument fails due to the infinite dimensionality of the matrix {exp(sp(J, £))}-

In Theorem 2 below, we will give sufficient conditions on the distortion
measure p for the existence of a Dy > 0 such that R;(D) is well-defined for
all D in {0, D,]. The proof of this theorem based on the Contraction Mapping
Theorem (Luenberger, 1969, p. 272) is somewhat involved and is given in
Appendix 1.

THEOREM 2. Suppose the distortion measure p satisfies Eq. (1) and that
there exists a s* € (—o0, Q) such that

sup Y exp(s*p(j, K)) < co. (10)
jed )
For s < s*, define
ofs) = sup Y. exp(sp(js ))- (11)
je4
o

Then there exists a s;c(— o0, s*] such that ofs;) <1 and such that there exists
a unique sequence {uj): j € A} of nonnegative numbers satisfying Eq.(6) for
each s < s, . Moreover we have 1| — a(s) < py(§) < 1 forallje Aands s, .
Thus the Shannon lower bound R, (D) exists for all D [0, D,], where D; >0
is given by Eq. (9) with s = s, .

It is interesting to note that the hypothesis of Eq. (10) prohibits all bounded
distortion measures when 4 is not finite but allows all distortion measures
which grow as fast as In(| § — % |?) for some @ > 0.

In order to evaluate R(D) by the Shannon lower bound approach, conditions
must be obtained for R(D) to be equal to R, (D). In the next section we derive
sufficient conditions for the existence of a D, > 0 such that R(D) = Ry (D)
for all D e [0, D].
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3. ReGioN or EqQuarLiTy

From previous discussion in Section 2, R(D) = Ry (D) for those values of
distortion D, in Eq. (9) with values of the parameter s for which there exists
a probability distribution {Q(%): k& € A4} satisfying

;ZA exp(sp(Js &) Qslk) = p(Npsls), Ve d, (12)
=

where {u(f): j € A} is the sequence of nonnegative numbers satisfying Eq. (6).
In Theorem 3 we show the existence of a D, > 0 such that R(D) = R;(D)
for all De[0, D], by showing the existence of a s, € {—o0, §;] such that
Eq. (12) has a nonnegative solution {Qy(k): ke A} for each s <s,. The
Contraction Mapping Theorem was used in the proof of Theorem 2 to show
the existence of a nonnegative solution to Eq. (6). Here, we need to use the
Schauder Fixed Point Theorem (p. 96 of Schwartz, 1969). The proof of
Theorem 3 is somewhat involved and is given in Appendix 2.

THEOREM 3. Let the distortion measure p satisfy the hypothesis of Theorem 2,
let s; be defined as in Theorem 2 and for each s < sy, let {uj): j € A} be the
nonnegative solution of Eq. (6). Suppose there exists a s, € (—0, s{] such thai
forall s < s,

2. exp(sp(f, £)) p(R)/no(R) < p()jiss), Vi€ 4. (13)

keA

ks
Then for each s <s,, there exists a probability distribution {QJ(R): ke 4}
satisfying Eq. (12). Thus R(D) = R;(D) for all D [0, D], where D, > 0 is
given by Eq. (9) with s = s, .

Theorems 2 and 3 together have given sufficient conditions for the
evaluation of R(D) in a range of distortion [0, D], D, > 0, for countably
infinite alphabet sources without memory. In particular, for finite-alphabet
sources, hypotheses (10) and (13) of Theorems 2 and 3 are always satisfied,
and thus results of Theorems 2 and 3 include the known results of Jelinek
(1967). Of course, Theorems 2 and 3 are only existence theorems. In order
to explicitly evaluate R(D), the Shannon lower bound R;(D) must first be
evaluated. Thus the nonnegative solution {uy(j):j€ 4} to Eq. (6) must be
obtained. Unfortunately, explicit evaluation of the solution does not appear
to be possible in general due to the infinite dimensionality of the problem.
In the next section we indicate a class of distortion measures for which the
explicit nonnegative solution of Eq. (6) may be obtained.

643/27/3-6
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4. CoLvMN BaranNcep DisTortion MEASURES

We will define a class of distortion measures with symmetry conditions such
that the explicit nonnegative solution to Eq. (6) can be easily obtained. Then
sufficient conditions dependent only on source statistics and distortion
measure are given for the existence of a D, > 0 such that R(D) = Ry (D)
for all D e [0, D]

Derinttion 1. The distortion measure p is said to be column balanced
if the sets A, = {p(j, k):f € A} are identical for every k€ 4. For the case
A=J={.,—101,.}, the class of all column balanced distortion
measures contains the class of all difference distortion measures, that is,
the class of distortion measures of the form p(j, k) = p(j — k). Thus, for this
case, the class of column balanced distortion measures is sufficiently rich
for applications. For the case 4 = I = {0, 1, 2,...}, the condition of column
balanced appears to be fairly restrictive, yielding distortion measures which
are not necessarily realistic for applications. For 4 = I, we give two cases
of column balanced distortion measures below.

ExampLE 1 (Column Balanced Distortion Measures).

(@) PGBy =10 i =tk
pa i j>R

pr—g i § <k

0 i =k
po i j=k41
pra  if j>EA1.

(®) p(js k) =

The following lemma gives the solution to Eq. (6) when the distortion
measure p is column balanced.

Levmma 1. Let the distortion measure p be column balanced and suppose

there exists a s* € (—c0, 0) such that Y ;. exp(s*p(j, 0)) << 0. Then for each
s < 5%, the sequence {pj): j € A} of nonnegative numbers given by

meA

wl) = [T exploptm, 0)] ", Vi (14)

is a solution of Eq. (6).
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Proof. 1t suffices to show that >, exp(sp(], &) = 2 e exp(sp(j, 0))
for each s <C s* and & # 0. By the definition of column balanced, the series
$ea €xp(sp(f, k) is a rearrangement (Rudin, 1964, p. 66) of the series
Sica (sp(f, 0)) for each & 5= 0. Since 3 ;o4 exp(sp(, 0)) converges absolutely
for each s < s*, by a well-known theorem (Rudin, 1964, p. 68) on rearrange-
ments of series, every rearrangement of 3., exp(sp(f, 0)) converges to the
same sum. This completes the proof of the lemma. Q.E.D.

For the remainder of this section we assume that the hypothesis of Lemma 1
is always satisfied. In order that the Shannon lower bound R;(D) be given
by Eq. (8) and {9) we must determine if the quantity to be maximized in the
right-hand side of Eq. (7) is strictly concave in s, that is to show that

m(s) = sD + H(X) + ¥, p(j) log (L, exples )

jeA jeA

is strictly concave in s for all s € (—o0, s*]. This is established in the next
lemma.

Levma 2. Under hypothesis of Lemma 1, m(s) is sirictly concave for
s €{—o0, s*].

Proof. It suffices to prove that m"(s) << 0 for every s e {—o0, s*). Note
that the series Y ;.4 exp(sp(j, 0)) converges uniformly on (—co, s*], and
that ¥, 4 p(7, 0) exp(sp(J, 0)) converges whenever 3 ;. , exp(sp(j, 0)) converges
(Hardy and Riesz, 1915, p. 5) and thus by a well-known theorem on differen-
tiation (Rudin, 1964, p. 140), we have

% [2;4 exp(sp(J, 0))] = Z o(7, 0) exp(sp(j, 0))  for all s & (—oo, s*).
Similarly, we also have
7|5 00, 0) explsnG 0)] = % 470, 0) exp(sn(, 0)

for s € (—o0, s*). Thus we have

oo exp(sp(j, 0)
L P00 s e o, O)

— |z 05 T |

m'(s) = —
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or equivalently m'(s) = —Var(p(Z,, 0)), where Z, is a random variable
with distribution

Pe{z, exp(sp(, 0)) -
e =T = e cxploplm, )
Since p(7, 0) > 0 for all j 5 0 and Pr{Z, =] > O for all j € 4, we conclude

that m"(s) < O for all s € (—o0, s*). This completes the proof of the lemma.
Q.E.D.

Thus substitution of Eq. (14) into Egs. (8) and (9) yield the following
parametric equations for R,(D),

R;(Dy) = H(X) + sD; — In (Z exp(sp(J; 0)))’ )
B ] exp(sp(7, 0))
D, = ,:‘22 p(7: 0) Ymea €xp(sp(m, 0)) ’ o

where s < s*. We note the general forms of Eqgs. (15) and (16) are similar
to those in the finite-alphabet case. We can now use Theorem 3 to obtain
sufficient conditions for the existence of a D, > 0 such that R(D) = R, (D)
for all De[0,D.]. Note that the hypothesis of Theorem 3 contained also
the hypothesis of Theorem 2. However, in the casé¢ of column balanced
distortion measures, the hypothesis “of Theorem 2 can be replaced
by the hypothesis of Lemma 1 and Eq. (1) and s, replaced by s*.
The proof of Theorem 3 will still carry through replacing the role of

fs by [Ziea exp(sp(j, 0))] p, where p = {p(j):j € 4}. We state this special
case of Theorem 3 below as Theorem 4.

THEOREM 4. Let the distortion measure p be column balanced, satisfy Eq. (1)
and the hypothesis of Lemma 1. Suppose there exists a s, € (—0, s*] such that

sz explsop(f; ) pB) < 7). Vi€ A. (17)

Then R(D) = R, (D) for all De|0, D], where R;(D) is gwen by Egs. (15)
and (16) and D, > 0 by Eq. (16) with s = s,

In the finite-alphabet case necessary and .sufficient conditions for the
existence of a D, > 0 such that R(D) = R,(D), YD [0, D] is that p(j) > 0,
Vj. In the countably infinite alphabet case, the condition p(j) > 0, Viedis
a necessary condition but not a sufficient condition (Rubin, 1973). We now
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consider some examples using Theorem 4 to determine the existence of a
D, > 0 such that R(D) = Ry(D) for all De[0, D,].

ExampLe 2. Consider the case 4 = ], the distortion measure p given by
p(j, k) = |j — k|’, where » =1 and the source distribution {p(j):je J}
given by

. o(1 — )il .

This is the distribution of the difference of two i.i.d. Geometrically distri-
buted random variables. For this example, R,(D) is given by

Ry(D,) = —log (5 ‘ 5) — 2((21 - é’;) log(1 — 6)

45D, —tog (1 +2 Y exp(s). (18)

j=1

23 exp(st)
Dy =15 +23% exp(y”) (19

where 5 <C 0. It can be easily shown that Eq. (17) is satisfied if s, is given by

. 1—4a 1
5. = log [min 3 L@ =07 30 —0) I (20)
Thus R(D) = Ry(D) for all D €[0, D, ], where D, given by Eq. (19) with
s, given by Eq. (20).

ExampLE 3. Consider the case 4 = I, the distortion measure p given by

log[( +2)1], j <Ak,
P(jv k) = (0, ] =k,
log[(j + 1)1, Jj>4

and the source distribution be Poisson with parameter A. For this example,
R;(D) is given by
& A log(k!)

Ri(D,) = —A — Alog A + =2 A
b !

e}

+ sD, — log (;gl (k!)s), 1)
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1 (R1)? log(k!

where s < 0. It can be shown that Eq. (17) is satisfied if s, is given by

s, = —1 — Alog 2. (23)

Thus R(D) == Ry(D) for all De[0, D, ], where D, is given by Eq. (22)
with s, given by Eq. (23).

These two examples show that the conditions in the hypothesis of
Theorem 4 lead to nonvaccuous results. '

5. DistorRTION MEASURES WITH NO SYMMETRY CONDITIONS

In the last section, we demonstrated the applicability of Theorem 3 to
determine the existence of a D, > 0 such that R(D) = R, (D) for all
De{0,D,]. The primary constraint there was the assumption that the
distortion measure be column balanced which was seen to be quite restrictive
for the source alphabet A = I. This assumption was made in order to obtain
the explicit solution of Eq. (6). It may be possible to obtain the explicit
solution of Eq. (6) for some specific distortion measures which are not column
balanced. Then Theorem 3 can still be used to determine the existence of a
D, > 0 such that R(D) = Rj(D) for all De[0, D,]. An example of this
situation is given by the case when 4 =1 and p(j, k) = |j — k|. It can
be shown that the explicit solution of Eq. (6) for s < 0 is given by

1

- J=0
. 1+e
plf) =187 _ s ‘ (24)
Txe j>0,

substitution of which into Eqs. (8) and (9) given the following parametric
equations for Ry (D),

Ry(D,) = sD, + H(X) — log(l + ¢°) + (1 — p(0)) log(1 — ¢°), (25)

eS

Di=1re

+ (1= pO) T, (26)

where s < 0. Theorem 3 can now be used to determine the existence of a
D, > 0 such that R(D) = Ry(D) for all D€[0, D].
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Consider the case where the source distribution is Geometric, that is
p(j) =01 — 0y, 0 < 8 < 1, jel. Using Eq. (24), it can be shown for this
example that Eq. (13) 1s satisfied for all s <C 5, , where s, is given by

oo (1 =01 — (1 —0)/2)
241 —0+20 -6 —(1—0p2°

@n

which implies that R(D) = R, (D) for all De[0, D, ], where D;_is given
by Eq. (26) with s, by Eq. (27). This example demonstrates that the hypothesis
of Theorem 3 leads to nonvaccuous results even when the distortion measure
is not column balanced.

Thus far, we have considered only the problem of explicit evaluation of
R(D). If only numerical values of R(D) are required, Theorems 2 and 3 may be
used to obtain numerical values of R(D) for a region of small distortion (0, D ],
D, > 0. We note that numerical values of R;(D) can be obtained by finding
the numerical solution of Eq. (6). We also note Blahut’s algorithm is valid
for finite-alphabet case, but in the countably infinite case not much is known
about that algorithm.

The proof of existence of a nonnegative solution to Eq. (6) for values of
small distortion in Theorem 2 used the Contraction Mapping Theorem. It
is well known that the fixed point guaranteed by the Contraction Mapping
Theorem may be obtained by the method of successive approximations
starting from any initial vector in the invariant set (Luenberger, 1969, p. 272).
Thus for each s < s, , where s, is given by Eq. (11) in Theorem 2, the solution
of Eqg. (6) may be obtained by the following method of successive approxi-
mations. Starting from the initial vector x, = 1, we define the sequence
{%ntm C 1(4) by x, = T *(x,_1), where T.* was defined in the proof
of Theorem 2. Then from the Contraction Mapping Theorem, we have
| #, — Bsllo — 0 as »— c0. A numerical solution of Eq. (6) can thus be
obtained.

Theorem 3 can still be used to determine if R(D,) = R;(D,) even if the
explicit solution of Eq. (6) is not available. Since by Theorem 2 we know that
1 — ofs) << pe(f) < 1foralljin 4 and each s < s;, Eq. (13) in Theorem 3
is satisfied if we can show that

2 exp(sp(f, B) p(k) < (1 — o) p(j)  Vied, (28)
keA
where ofs) is given by Eq. (11). Thus if Eq. (28) is satisfied for a value of the
parameter s, R(D;) = Ry(D,) and so the numerical value of R(D,) can be
obtained by the method of successive approximations described above.



284 TAN AND YAO
6. CONCLUSIONS

In this paper we have considered the problem of explicit evaluation of
rate-distortion functions R(D) for countably infinite alphabet memoryless
sources by the Shannon lower bound approach. While the explicit evaluation
of R(D) by methods described in this paper is possible only for column
balanced distortion measures in general, we also indicated the applicability
of our methods to certain distortion measures with no symmetry conditions.
The condition of column balanced distortion measures was not critical for
the validity of the proved existence theorems, but was imposed to obtain
explicit evaluation of R;(D), and thus explicit evaluation of R(D). We have
also shown the usefulness of these theorems to the problem of numerical
calculation of R(D) for values of small distortion. Finally it is interesting to
investigate whether the functional analysis approach taken in this paper can
be applied to treat the Shannon lower bound approach for sources with
continuous alphabets.

AprpENDIX 1

Proof of Theorem 2. Let [ (A) denote the Banach space of bounded
sequences of real numbers x = {x(j): j € A} with sup norm | ¢ |, =
supjeq | %(f)|. For x = {x(j):j € 4}, y = {y(j):j € 4} in [o(A), we say ¥ < y
iff x(j) < 3(j) for all j € 4. We say x is nonnegative if x >> 0, where
0 is the sequence of zeroes. Let [ t(A4) = {x € I(4): ¥ = 0}. For
s < s*%, let B.* denote the linear operator on /.(A) defined by B j*x =
{Zseq explsp(], R)) x(j): ke A} for all xel(4). If p, ={plj):jed} and
1 ={l:je 4}, then Eq. (6) may be written as p, = ([ — B,*)p, + 1,
where I is the identity operator onL,(4). Define the mapping Ts*: [,(4)—I,,(4)
by T*(x) = (I — B*)x + 1 for all x e[ (4).

In order to show that there exists a s, € (—oo, s*] such that Eq. (6) has a
unique nonnegative solution {u(j): j € 4} for each s < s; , we will show the
existence of a s; € (—o0, s*] such that T * has a unique nonnegative fixed
point in [,(A); that is, there exists a unique x € [,;+(4) such that T, *(x) = x
for each s <C s; . This will prove the existence of a unique I,*(A4) solution to
Eq. (6) for each s <{s; . But since every nonnegative solution of Eq. (6)
must be bounded, we can conclude that this proves the existence of a unique
nopnegative solution to Eq. (6) for each s <5, .

Now, since the distortion measure p satisfies Eq. (1) and by assumption,
there exists a s* > —o0 such that sup; > ;.. exp(s*p(j, k)) < o0, we can
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find a s € (—o0,s*] such that ofs;) < 1. For each s <s; define
I ={xel(A): (1 —«s)1 < x < 1} Since ofs) < ofsy) for all s <5y,
it is clear that £, CI,*(4) for each s < s;. Moreover, for each s < s,
S, is a closed subset of I (4) and is therefore a complete metric space.
First we claim that all possible /,,7(4) solutions of Eq. (6) for each s <{ s; must
liein ., . Clearly from Egs. (1) and (6), u(k) << 1 for all & € 4 which together
with Eq. (11) implics that (k) + o) = (k) -+ Ty 1) exp(sp(, ) = 1
for each s < 5; . Then p,(k) > 1 — ofs), Vee 4, and s < sy . Thus for each
s < 5 , we can restrict our consideration to % in the search of a unique
1,7(4) solution of Eq. (6).

We claim that for each s <(s; , T,* is a contraction (p. 272 of Luenberger,
1969) on J; . If this is true, then by the Contraction Mapping Theorem
(p. 272 of Luenberger, 1969), T';* has a unique fixed point in % for each
§ < s, and thus Eq. (6) has a unique nonnegative solution {u,(5): j € A} such
that 1 — ofs) << pe(j) < 1 forallje 4 and s < s . To prove our claim, we
first show that for each s < s, , 7'*(%) C .4, . We note that since p(j, f} = 0
forallje 4, Ty*(x) = T *(y) whenever ¥ < y, %,y € Io(A4). Thus for s < 5;
and x e %, we have T.*(1) < T, *(x) < T,%(0) = 1. So in order to show
that T *(x) € 4, , it suffices to show that T, *(1) = (I — «(s)) 1 or equivalently
(Bs* — I) 1 < «fs) 1. But this follows directly from Eq. (11). Thus we have
shown that T %(F) C ;. For s <5 and g, y € [,(4), we also have
| To4@) — T (W) < )] 2 — | < o)t — e , Where afsy) < 1 by
assumption. This completes the proof of our claim. The proof of the theorem
is complete since by previous remarks, the interval (—oo, ;] of the parameter
s corresponds to the range of distortion (0, D] where Dy = D, > 0. Q.E.D.

APPENDIX 2

In order to prove Theorem 3, we need to use Schauder Fixed Point
Theorem (p. 96 of Schwartz, 1969) which is stated as Lemma A for reference.

LevMa A (Schauder Fixed Point Theorem). Let X be a Banach space,
K a compact convex subset of X. Let T: K — K be a continuous mapping, then
T has a fixed point x € K, that is, T(x) = x.

To apply Schauder’s Theorem we require conditions which identify the
compact subsets of Banach Spaces. The following result (p. 37 of Liusternik
and Sobolev, 1961) stated as Lemma B is sufficient for our purposes.

Lemma B. A4 closed subset M of a Banach space X is compact if and only
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if it is totally bounded, that is, for every ¢ > 0 there exists a finite set of points
in X, say {x, , %y ,..., X,} such that for each point x € M, there exists a point
%, 1 <i<nsothat||x— x| <e

Proof of Theorem 3. Let [,(4) denote the Banach space of absolutely
summable sequences of real numbers x = {x(j):je 4} with norm
2l = jea | %(j)l. Similar to the proof of Theorem 2, let the partial
ordering on /;(4) be defined by » <y iff x(j) < y(j) for all je 4. Let
L A4) = {xel(4): » = 0}. For s <, let B, denote the linear operator
on L(A) defined by By = {3 4. 1 exp(sp(j, k)) x(k): j € A} for all g € [;(A). Let
O, ={0yk): ke A}and f; = {p(j)/pn7): j € 4}. Q, € [,(A) since it is required
to be a probability distribution. f; is also in [,(4) since 3., | p(7)/ps(f)] <
(T — o)) > e p(j) < o0 by virtue of Theorem 2. We can rewrite Eq. (11)
as O, = (I —B)Q,+f,. Define the mapping T,:L(4)— L(4) by
Ty(x) = (I — By) & + f, for all z € I,(A4). For each s < s; , since by Eq. (11),
B, is a continuous operator on ;(A4), T is a continuous mapping on /;(4).
To prove the theorem, it suffices to show that for each s < s, , T has a fixed
point in [, +(A). By applying the Schauder Fixed Point Theorem, it suffices
to show that for each s <C 5, , there exists a convex compact subset K, C [;,(4)
such that K, C I;H(4) and T(K,;) C K, . For each s < s,, let K, = [0, f,] =
{#el(4):0 < 2 < f}. We claim that this choice of K, meets the above
requirements. We first show that for each s <s,, T([0, f;]) C [0, f;]. Note
that since p(j,f) =0 for all je 4, Tyx) > Ty) whenever x <y, x,
yel(4). Thus for s <s, and x€[0,f], T(f) < Tx) < T(0) =f,.
Thus to show that T'(x) € [0, f,] it suffices to show that T,( f,) = 0 or equiv-
alently (B, —I)f, <f, which follows from Eq. (13). This proves that
T,([0, £:) C [0, £] for cach s <s,

We will next show that for each s < s, , [0, f] is a compact subset of [,(4).
It can be easily shown that {0, f,] is closed in L(4). To show that [0, f,] is
compact in /,(4), by Lemma B it suffices to show that it is totally bounded.
For ic A, define I; = {I{": ke A}, where I{) = 0 if k 1, 1 if k = 4. Then
every x € ,(4) is uniquely representable in the form ¥, x(:) J; , where
%(¢) is a real number. For ¥ = Y ;.4 %(f) ; € [0, f,] and integer n > 1, we have

Y@ < Y «@OLh< Y [2@)/k0)]
fiizni1 1 i+l |2 >n+1
<A —of)™ 3 pl)
[é2n41

Fixan e >\ 0. Thus, since 3 ;4 p(f) = 1, there exists an integer Ny = 1 such
that [[Xji>n 01 x(@) I; I} < ¢/2 uniformly for every xe(0,f]. Now let
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S ={y ={3(j):j € 4}: 0 < y(7) < p()/ps(j) for |j| < Ny and y(j) =0
for|j| >N,--1}. Now S is a closed and bounded finite-dimensional subset
of I,(4) and thus by the Heine-Borel Theorem (p. 35 of Rudin, 1964) is
compact. By Lemma B, S is totally bounded, so there exist {I'y, Va ey Vi) C
I(A) such that for each ye S, there exists a I;, 1 <i<m, so that
ly — Vil < ef2. Now take a x € [0, f;]. We can write

X = Z %(@)l; + Z x(e)l; -

[tl<Ny [#>Ngtl

Since 3 jsi<n, %(5) £; € S, there exists a I';, 1 <j < m, such that

Z x(@); — V;

[Z]<Nyg

< €/2.
1

Since || Xjaizn i %) Ll < ¢/2, it follows that || # — V;|l; <<  which proves
that [0, f,] is totally bounded and therefore compact. Finally, the convexity
of [0, f.] is clear. This completes the proof of the theorem. Q.E.D.
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