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1. Introduction
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Let n be a fixed integer� 2. Let R
2 be thexy-plane, and letPn = {p1, . . . , pn} be

a set ofn points onR
2. To make our argument explicit, we will assume that for e

k = 1, . . . , n, the pointpk is given by the following coordinates:

pk = (k,0).

An (i, j)-curveon (R2,Pn) is defined to be a continuous map

l : [0,1] → (
R

2 − Pn

) ∪ {pi,pj } (1)

satisfyingl(0) = pi, l(1) = pj , wherei, j ∈ {1, . . . , n} and i �= j . Moreover, we assum
that l(t) = pi if and only if t = 0 and thatl(t) = pj if and only if t = 1.

If an (i, j)-curvel is simple (i.e., without self-intersections), it will be called an(i, j)-
cord, or simply acord. Two cordsl andl′ areisotopicif they are ambiently isotopic to eac
other by an isotopy ofR2 which fixesPn pointwise.

For eachk ∈ {1, . . . , n}, let Lk be the half-line defined as follows:

Lk = {
(k, y) | y � 0

}
.

The half-line Lk is parallel to they-axis and has terminal pointpk. An (i, j)-curve
l is said to betransverseto

⋃
k Lk if in a neighborhood of each intersection po

p ∈ l([0,1]) ∩ ⋃
k Lk , the curvel is extended to a smooth curve whose velocity vec

are non-zero and transverse to
⋃

k Lk . An (i, j)-curve which is transverse to
⋃

k Lk will be
simply called atransverse(i, j)-curve. From the definition it follows that the intersecti
of a transverse(i, j)-curvel and

⋃
k Lk consists of a finite number of points.

Let Fn be a free group with preferred generators

x1, x2, . . . , xn. (2)

Traversing a transverse(i, j)-curvel from l(0) to l(1) and reading the intersection poin
with

⋃
k Lk successively, we can associate withl a wordW(l) in Fn. (We will sometimes

say thatW(l) is representedby l, or more simply, is thereadingof l.) To be precise, in
order to getW(l), we start froml(0) = pi but do not count the starting pointpi in W(l).
Each time we meet an intersection pointp ∈ l ∩ ⋃

k Lk we read it as the generatorxk if
at p the curvel crossesLk in the positive direction with respect to thex-coordinate, and
as the inversex−1

k if it crosses in the negative direction. Finally we arrive at the term
point l(1) = pj , but we do not count it toW(l). Thus if an(i, j)-curve does not intersec⋃

k Lk except at the end pointspi,pj , we associate with it the empty word 1.
For example, the reading of a(2,6)-cord shown in Fig. 1 is

W = x−1
1 x3x4x5x

−1
4 .

Any prescribed word inFn can be representable by an(i, j)-curve with self-
intersections, but not necessarily by an(i, j)-cord. We are interested in the problem
characterizing those words inFn that are representable by(i, j)-cords.

The following theorem is our main result, and gives a solution to this problem.

Theorem 1. There exists an explicitly computable map

Rij :Fn → Fn
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Fig. 1. A (2,6)-cord.

such that(i) Rij is a projection, namelyRij ◦ Rij = Rij and (ii) a word W in Fn is
representable by an(i, j)-cord if and only if

Rij (W) = W.

In other words,W is representable by an(i, j)-cord if and only ifW belongs to the imag
of Rij .

The mapRij is a crossed anti-homomorphism twisted by an explicitly computable ‘r
representation’

Dij :Fn → Aut(Fn).

The computations ofRij andDij are purely algebraic, and even a computer could de
the representable words. See Section 6, particularly Theorem 36, Propositions 38, and 3

In Section 7, we will apply Theorem 1 to obtain an algorithm to decide if a given wo
representable by a simple closed curve onR

2−Pn. Our algorithm is considerably differen
from those of Reinhart [12], Zieschang [13] or Chillingworth [2]. See Theorem 41.

In the course of proving Theorem 1, we will have to study the relationship betwee
isotopy classes of cords and various cosets of the free groupFn. This will be discussed in
Sections 2 and 3.

Theorem 1 will be proved in Sections 5 and 6. In fact, it is merely a statement pu
together Lemmas 17, 18 and Theorem 36 proved in these sections.

In this paper, we will confine our investigation to a punctured plane(R2,Pn) for
simplicity, but it could be carried out similarly on the punctured sphere(S2,Pn). We
notice that if it is actually done, then in the special case wheren = 6, we will have word
representation of simple closed curves on a closed surface of genus 2 by taking a
branched covering of(S2,P6). In this sense, potentially, our work is related to the stud
double torus knots by Hill [4], and Hill and Murasugi [5].

Finally, we remark that an independent treatment of(2,3)-cords on(R2,P3) (if said in
our terminology) is found in Section 2 of Jin and Kim [6] in a different formulation.
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2. Isotopy classes of (i,∞)-cords

g

ing
We take an auxiliary pointp∞ in R
2 − Pn. To fix our idea, we assume that

p∞ = (0,1).

A cord on (R2,Pn ∪ {p∞}) is defined just as in Section 1, and the meaning of an(i,∞)-
cord will be clear. The numberi ∈ {1, . . . , n} will be fixed throughout this section.

Let Ai denote the set of all (ambient) isotopy classes of(i,∞)-cords on(R2,Pn ∪
{p∞}). Then a map

fi :Fn → Ai (3)

is defined as follows.
First identifyFn with the fundamental groupπ1(R

2 − Pn,p∞).
By Theorem 1.4 of Birman’s book [1], there is an injective homomorphismj∗ of the

latter group to the pure braid group with the ‘base’Pn ∪ {p∞}, P(R2,Pn ∪ {p∞}):
j∗ :π1

(
R

2 − Pn,p∞
) → P

(
R

2,Pn ∪ {p∞}). (4)

Given an elementb of P(R2,Pn ∪ {p∞}), there exists an isotopy{ht }0�t�1 of R
2 onto

itself such thath0 = id and(ht (Pn ∪ {p∞}), t)0�t�1 represents the braidb in R
2 × [0,1].

(See [1].) Let

M
(
R

2,Pn ∪ {p∞})
denote the mapping class group of(R2,Pn ∪ {p∞}) which fixesPn ∪ {p∞} pointwise. By
sendingb to the final stageh1 of the isotopy{ht }0�t�1, we have a natural map

d∗ :P
(
R

2,Pn ∪ {p∞}) → M
(
R

2,Pn ∪ {p∞}). (5)

Lemma 2. The composite

d∗ ◦ j∗ :π1
(
R

2 − Pn,p∞
) → M

(
R

2,Pn ∪ {p∞})
is an injective homomorphism.

Proof. By Lemma 4.2.1 in [1], kerd∗ ⊂ Center(P (R2,Pn ∪ {p∞}). We are assumin
n � 2, and the free groupπ1(R

2 − Pn,p∞) is centerless. Sincej∗ is injective, this
centerlessness implies

j∗
(
π1

(
R

2 − Pn,p∞
)) ∩ kerd∗ = {1}. (6)

Now the injectivityd∗ ◦ j∗ follows from (6) and the injectivity ofj∗. �
By Lemma 2,Fn = π1(R

2 − Pn,p∞) is considered to be a subgroup of the mapp
class groupM(R2,Pn ∪ {p∞}), which turns out to be the subgroup of motions ofp∞ in
R

2 − Pn (Birman [1, p. 10]).
Now we are in a position to define the map

fi :Fn → Ai . (7)
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Take a wordV from Fn. By the above remark, we can regardV as an element o
M(R2,Pn ∪ {p∞}). Let li∞ be a special(i,∞)-cord which is a line segment joiningpi

andp∞:

li∞(t) = (1− t)(i,0) + t (1,0), 0 � t � 1.

For an(i,∞)-cord l we denote by[l] its isotopy class∈ Ai . Thenfi(V ) is defined to be
the isotopy class of the image ofli∞ under the action of the mapping classV :

fi(V ) := [
(li∞)V

]
. (8)

Here and in what follows, we will assume thatM(R2,Pn ∪{p∞}) acts on(R2,Pn ∪{p∞})
from theright.

Let Ck (k ∈ {1, . . . , n}) be a smooth simple closed curve onR
2 − Pn which starts

and ends atp∞, and crossesLk only once, transversely in the positive direction. W
also assume thatCk ∩ Lh = ∅ if k �= h. Then as an element of the mapping class gr
M(R2,Pn ∪ {p∞}), a generatorxk of Fn is the result of a motion whose support is with
a sufficiently thin neighborhood ofCk and which moves the pointp∞ along the curveCk .
Similarly, x−1

k is the result of a motion alongC−1
k , namely along the same curveCk but in

the opposite direction.
Whenk = i, the action ofxi has a special property. For example, see Fig. 2, where

(i,∞)-cords(li∞)xi and(li∞)x2
i are shown. Notice that these(i,∞)-cords are isotopic to

li∞ by isotopies which rotate a neighborhood ofpi round the pointpi .
More generally,[

(li∞)xm
i

] = [li∞] ∈ Ai , ∀m ∈ Z.

Since, forV,W ∈ Fn,[
(li∞)V W

] = [
(li∞)V

]
W, (9)

we have[
(li∞)xm

i W
] = [

(li∞)W
]
.

Thus we have the following:
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Lemma 3. fi :Fn →Ai induces a map(denoted byfi again)
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fi : 〈xi〉\Fn →Ai ,

where〈xi〉\Fn denotes the left cosets, in which[V ] = [W ] if and only if V = xm
i W for

somem ∈ Z.

Next, we will define a homotopy setHi . We define an(i,∞)-curveto be a continuou
map (which may have self-intersections)

l : [0,1] → (
R

2 − Pn

) ∪ {pi}
such thatl(t) = pi if and only if t = 0 and such thatl(t) = p∞ if t = 1. This definition
of an (i,∞)-curve differs slightly from that of an(i, j)-curve given in Section 1 in whic
j �= ∞.

Two (i,∞)-curvesl andl′ are said to bei-homotopicif there exists a homotopy

H : [0,1] × [0,1] → (
R

2 − Pn

) ∪ {pi}
satisfying

(i) H(0, t) = l(t) andH(1, t) = l′(t), ∀t ∈ [0,1],
(ii) H(s, t) = pi if and only if t = 0, and
(iii) H(s,1) = p∞, ∀s ∈ [0,1].

Notice the difference between the conditions (ii) and (iii); the “exit” of ani-homotopy is
“closed” atpi , while it is “open” atp∞, which means that during the homotopy the inter
of the curve is prohibited from going throughpi but is allowed throughp∞.

Let us defineHi to be the set of alli-homotopy classes of(i,∞)-curves. Clearly we
have a natural map

gi :Ai →Hi . (10)

Lemma 4. The mapgi is surjective.

Proof. Let l be an(i,∞)-curve. Deformingl via i-homotopy, if necessary, we may assu
that l is smooth and has a finite number of transverse self-intersections. Then we ca
out these self-intersections successively through the end pointp∞. See Fig. 3. The resultin
(i,∞)-curvel′ is an(i,∞)-cord and isi-homotopic tol. This proves the surjectivity o
gi :Ai →Hi . �

Finally we will define a map

hi :Hi → 〈xi〉\Fn. (11)

Let l : [0,1] → (R2 −Pn)∪{pi } be an(i,∞)-curve. We can deforml by ani-homotopy to
an(i,∞)-curvel′ which is transverse to

⋃
k Lk . Let W(l′) ∈ Fn be the reading ofl′. Then

the maphi :Hi → 〈xi〉\Fn is defined to be the map sending thei-homotopy class ofl to
the coset ofW(l′) ∈ 〈xi〉\Fn.
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Fig. 3. Pushing out the self-intersections throughp∞.

Lemma 5. The map

hi :Hi → 〈xi〉\Fn

is well-defined.

Proof. Supposel and l′ are transverse(i,∞)-curves which are mutuallyi-homotopic.
Then there exists ani-homotopy

H : [0,1] × [0,1] → (
R

2 − Pn

) ∪ {pi}
satisfying (i), (ii), (iii) above.

From these properties, ifε > 0 is sufficiently small, it follows that

(a) the readings of restricted curvesl|[ε,1] andl′|[ε,1] with respect to
⋃

k Lk are the same
asW(l) andW(l′), respectively, and

(b) the curveHε(s) := H(s, ε), 0 � s � 1, is contained in a small neighborhood N ofpi

such thatN ∩ Pn = {pi}. (The curveHε does not touch the pointpi .)

Perturbing a small part ofH within N , if necessary, we may assume that the curveHε

is transverse to
⋃

k Lk . Then the reading of the curveHε will be xm
i for somem ∈ Z.

Now define a loopL(τ), 0 � τ � 1, onR
2 − Pn based atp∞:

L(τ) :=


l(1− 3τ ) 0 � τ � 1

3 − 1
3ε,

Hε

(
(3τ + ε − 1)/(1+ 2ε)

) 1
3 − 1

3ε � τ � 2
3 + 1

3ε,

l′(3τ − 2) 2
3 + 1

3ε � τ � 1.

See Fig. 4.
It is obvious from (a) and (b) that the reading of the loopL(τ), 0 � τ � 1, is

W(l)−1xm
i W

(
l′
)
.

SinceH([0,1] × [ε,1]) ⊂ R
2 − Pn, the loopL(τ) shrinks inR

2 − Pn to the base poin
p∞. Therefore, in the groupFn = π1(R

2 − Pn,p∞), we have

W(l)−1xm
i W

(
l′
) = 1,
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Fig. 4. HomotopyH and loopL(τ).

in other words,[
W(l)

] = [
W

(
l′
)] ∈ 〈xi〉\Fn.

This proves Lemma 5. �
Lemma 6. The map

fi : 〈xi〉\Fn →Ai

is surjective.

Proof. Let l be any(i,∞)-cord from Ai , which may be assumed to be smooth a
transverse to

⋃
k Lk . We will prove Lemma 6 by induction on the numberN of the

intersection points betweenl and
⋃

k Lk . If N = 1, l does not meet
⋃

k Lk except at the
starting pointpi . It is easily seen that such a cordl is isotopic to the line segmentli∞. Thus
in this case

[l] = [li∞] = fi(1)

and[l] is in the image offi . See (8).
Suppose Lemma 6 has been proved if the intersection points are less than a givenN . We

will prove Lemma 6 when the number equalsN . Let p be the intersection point betweenl

and
⋃

k Lk that we meetlastwhen traversingl from l(0) to l(1). Suppose the pointp is on
the half-lineLk . We first assume that atp the cordl crossesLk in the positive direction.

Let Ck be the simple closed curve based atp∞, introduced before Lemma 3. Then w
may assume thatCk intersectsLk at the pointp and that the part ofCk betweenp andp∞
is the same as the part ofl betweenp andp∞. Then consider the motion whose supp
is within a thin neighborhood ofCk and which carriesp∞ round alongC−1

k . Apply this
motion to l. Thenp will be removed from the intersections, andl will be moved to an
(i,∞)-curvel′ having fewer intersection points with

⋃
k Lk thanl.

Note that inAi ,[
l′
] = [

(l)x−1
k

]
.

By induction hypothesis,[l′] is in the image offi , and we can find a wordV ∈ Fn such
that [

l′
] = [

(li∞)V
]
.
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Thus [
(l)x−1

k

] = [
(li∞)V

]
.

In other words,

[l] = [
(li∞)V xk

] = fi(V xk).

We have done in the casel crossesLk at p in the positive direction. If it crosses in th
negative direction, the argument is similar. This completes the proof of Lemma 6.�
Lemma 7. The composite

hi ◦ gi ◦ fi : 〈xi〉\Fn → 〈xi〉\Fn

is the identity.

Proof. We have only to prove that, for eachV ∈ Fn, the reading of(li∞)V is the same asV
in 〈xi〉\Fn. Choose an arbitrary wordV and fix it. By Lemma 5, the reading of an(i,∞)-
cord does not change if we deform it by(i,∞)-isotopy, or more generally byi-homotopy.
Thus we may assume that(li∞)V is transverse to

⋃
k Lk .

Write the wordV in a reduced formof lengthN :

V = x
ε(1)
ν(1)x

ε(2)
ν(2) · · ·xε(N)

ν(N).

That is to say, in this expression,ε(m) = ±1, ν(m) ∈ {1,2, . . . , n}, m = 1,2, . . . ,N , and
if ν(m) = ν(m + 1) for somem, thenε(m) �= −ε(m + 1). If a wordV has a reduced form
of lengthN , this numberN is called thereduced lengthof V . We will prove the lemma by
induction onN .

First supposeN = 1, and draw a transverse curve(li∞)xε
k . See Fig. 2 for the casek = i,

and Fig. 5 for the casek �= i. In the casek = i, we have seen that the reading of(li∞)xε
i

is 1 as an element of〈xi〉\Fn. (Lemma 3.) In the casek �= i, by Fig. 5, we see that th
reading of(li∞)xε

k is xε
k . Thus Lemma 7 is clear, ifN = 1.

To proceed further, let us make a definition. For a transverse(i,∞)-cord l, its
honest readingis defined to be the reading of the intersection pointsl ∩ ⋃

k Lk without
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Fig. 6.Ck intersects(li∞)U .

cancelingxk andx−1
k even if they appear successively in the course of traversingl. Thus a

honest reading is not necessarily a reduced word.
Now supposeN > 1 and that Lemma 6 has been proved for smaller length. Suppos

reduced wordV of lengthN is written as

V = Uxε
k (ε = ±1),

whereU is a reduced word of lengthN − 1 (� 1). To draw the curve(li∞)V , we apply the
mapping classxε

k to the curve(li∞)U . That is to say, we move(li∞)U by the motion ofp∞
round along the curveCε

k . If Ck does not intersect(li∞)U except atp∞, then the reading o
(li∞)Uxε

k is easily seen to beUxε
k . But some complication appears ifCk intersects(li∞)U

at other points than the base pointp∞.
To see this, supposeε = +1, and supposeCk intersects a part of(li∞)U once as

indicated by Fig. 6, left. Then by performing the motion ofp∞ alongCk , we have an
(i,∞)-cord(li∞)Uxk.

Let us compare the honest readings of the cords before and after this motion. By
right, we see that the honest reading of(li∞)Uxk is obtained from that of(li∞)U by
multiplying xk from the right and inserting a canceling pairxkx

−1
k somewhere in the

honest reading of(li∞)U . By induction hypothesis, the reading of(li∞)U is equal toU

in 〈xi〉\Fn. Thus from the above observation, the reading of(li∞)Uxk is equal toUxk in
〈xi〉\Fn.

The argument is the same ifε = −1 and/or ifCk intersects(li∞)U more than once.
This proves Lemma 7 for the wordV = Uxε

k of reduced lengthN , completing the proo
of Lemma 7. �

The following theorem is the main result of Section 2.

Theorem 8. The three maps

fi : 〈xi〉\Fn →Ai ,

gi :Ai →Hi , and

hi :Hi → 〈xi〉\Fn,

are bijective.
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Proof. The theorem is obvious from Lemmas 4, 6 and 7.�

a

d

3. Isotopy classes of (i, j)-cords

Take and fix anyi, j ∈ {1,2, . . . , n} (i �= j) throughout this section. LetAij be the set
of all isotopy classes of(i, j)-cords on(R2,Pn). First we will parameterizeAij by certain
double cosets ofFn.

Theorem 9. LetN(xj ) be the normal subgroup ofFn generated byxj . Then there exists
bijection

f̃ij : 〈xi〉\Fn/N(xj ) →Aij .

Proof. Let Qn−1 denote the set ofn − 1 points defined by

Qn−1 = Pn − {pj }. (12)

Then obviously there is a homeomorphism(
R

2,Qn−1 ∪ {p∞},p∞
) → (

R
2,Pn,pj

)
. (13)

We will explicitly construct a homeomorphism (13).
Let lj∞ be the line segment joiningpj andp∞ (caution: notli∞). Consider a motion

within a sufficiently small neighborhood oflj∞ which movesp∞ to pj alonglj∞. Let ϕj

(or simplyϕ, j being always understood) be the final stage of this motion. Thenϕ gives an
explicit homeomorphism (13). Note thatϕ(p∞) = pj andϕ fixesLk (k �= j) pointwise.

It is easy to see thatϕ maps an(i,∞)-cord on(R2,Qn−1 ∪ {p∞}) to an (i, j)-cord
on (R2,Pn). By letting Ai (Qn−1) denote the set of isotopy classes of(i,∞)-cords on
(R2,Qn−1 ∪ {p∞}), we have the bijection

ϕ∗ :Ai (Qn−1) →Aij . (14)

By Theorem 8, the map

fi : 〈xi〉\Gn−1 →Ai (Qn−1) (15)

is a bijection, whereGn−1 denotes the free group generated by{x1, x2, . . . , xn}−{xj }. This
groupGn−1 is canonically isomorphic toFn/N(xj ). Thus we have a bijection (denote
by fi again)

fi : 〈xi〉\Fn/N(xj ) →Ai (Qn−1). (16)

Combining (14) and (16), we have the required bijection

f̃ij := ϕ∗ ◦ fi : 〈xi〉\Fn/N(xj ) → Aij . (17)

This completes the proof of Theorem 9.�
Remark 10. We can likewise prove that there exists a bijection

f̃ ′
ij :N(xi)\Fn/〈xj 〉 →Aij

by exchanging the roles ofli∞ andlj∞ in the arguments.
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We will give here a geometric interpretation of the bijectionf̃ij . For this, recall the

.
ups:

n

e

ly
simple closed curveCk introduced before Lemma 3. LetC
j
k (k �= j) be the image ofCk

underϕ; C
j
k := ϕ(Ck). Sinceϕ(p∞) = pj , C

j
k is a simple closed curve onR2 − Qn−1

based atpj and which intersectsLk transversely in a point. Also letlij be the image
ϕ(li∞). Thenlij is an(i, j)-cord which does not intersect

⋃
k Lk except at the end points

The homeomorphismϕ induces a homomorphism between the mapping class gro

M
(
R

2,Qn−1 ∪ {p∞}) → M
(
R

2,Pn

)
. (18)

Denoting the image ofV under this homomorphism byV ϕ , we see thatxϕ
k (k �= j) acts

on (R2,Pn) as the result of the motion ofpj round along the simple closed curveC
j
k .

Proposition 11 (Geometric interpretation of̃fij ). Let V be a word(∈ Fn) representing a
coset[V ] ∈ 〈xi〉\Fn/N(xj ). We may assume thatV does not containxj . Thenf̃ij ([V ]) is
the isotopy class of the cord(lij )V ϕ .

Proof. This is clear by the definition offi in Section 2 and the construction of̃fij given
above. �

There is another geometric interpretation off̃ij which follows from Lemma 7 and
Theorem 8. In fact, by Lemma 7 and Theorem 8, we have

fi = g−1
i ◦ h−1

i : 〈xi〉\Fn → Ai . (19)

Thus,

f̃ij = ϕ∗ ◦ fi = ϕ∗ ◦ g−1
i ◦ h−1

i . (20)

This gives the second interpretation off̃ij :

Proposition 12 (Second geometric interpretation of̃fij ). Let V (∈ Fn) be a word
representing a coset[V ] ∈ 〈xi〉\Fn/N(xj ). (This timeV may containxj .) Draw a smooth
(i, j)-curvel, with self-intersections in general, which is transverse to

⋃
k Lk and whose

reading is V . We assume that the self-intersections ofl are transverse and finite i
number. By homotopy, push out all the self-intersections ofl through the terminal pointpj

successively. Letl′ be the resulting(i, j)-cord. Thenf̃ij ([V ]) is the isotopy class of th
cord l′.

The meaning of “homotopy” in Proposition 12 might be a little vague. Precise
speaking, it is the image of thei-homotopy in Section 2 underϕ.

Proof of Proposition 12. From the proof of the surjectivity ofgi :Ai → Hi (Lemma 4),
and the definition ofhi :Hi → 〈xi〉\Fn, Proposition 12 follows immediately.�

Fig. 7 illustrates Proposition 12, which shows how to obtain a(1,3)-cord in the isotopy
classf̃13([x2

2x4]), starting from a(1,3)-curve whose reading isx2
2x4.
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Fig. 7.(1,3)-cord f̃13([x2
2x4]).

In Fig. 7, the first(1,3)-curve reads asx2
2x4. Pushing out the intersection nearest top3,

throughp3, we obtain the second curve. Its reading isx2
2x3x4. Then pushing out the secon

intersection throughp3, we obtain a(1,3)-cord representingf̃13([x2
2x4]). The reading

of the (1,3)-cord is x2x3x4x3x
−1
4 x−1

3 x2x3x4. (Note that neglecting the generatorx3 in
this final word, we recover the wordx2

2x4.) In this way, the process of pushing out t
intersections may be regarded as a process of successively rewriting the words. T
process will sometimes be referred to as therewriting process.

Remark 13. By (20), it follows that

f̃ −1
ij = hi ◦ gi ◦ ϕ−1∗ .

Thusf̃ −1
ij is explicitly described as follows: Letl be an(i, j)-cord on(R2,Pn). Make it

transverse to
⋃

k Lk . Let W(l) be the reading ofl from l(0) = pi to l(1) = pj . Then

f̃ −1
ij

([l]) = [
W(l)

] ∈ 〈xi〉\Fn/N(xj ). (21)

An implication of this equality is this: to determine the isotopy class of an(i, j)-cordl, we
have only to know the reading ofl moduloxj .

4. Rewriting function Rij

In this section, we will introduce a mappingRij :Fn → Fn which plays an importan
role in our investigation. We begin by defining the notion of(i, j)-homotopy of(i, j)-
curves. Two(i, j)-curvesl andl′ are said to be(i, j)-homotopicif there exits a homotopy

H : [0,1] × [0,1] → (
R

2 − Pn

) ∪ {pi,pj }
satisfying

(i) H(0, t) = l(t) andH(1, t) = l′(t), ∀t ∈ [0,1],
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(ii) H(s, t) = pi if and only if t = 0, and

”

g

f

th

to
f

,
ps

ed
(iii) H(s, t) = pj if and only if t = 1.

The conditions (ii) and (iii) say that both the “exits” of an(i, j)-homotopy are “closed
atpi andpj . (Cf. Section 2.)

Let Hij be the set of all(i, j)-homotopy classes of(i, j)-curves on(R2,Pn).
Given an(i, j)-curvel, we make it transverse to

⋃
k Lk . Let W(l) be the reading ofl

from pi to pj .

Lemma 14. The map

h̃ij :Hij → 〈xi〉\Fn/〈xj 〉
sending the(i, j)-homotopy class of an(i, j)-curve[l] to the double coset of its readin
[W(l)] is well-defined and is bijective.

Caution: In this lemma,〈xi〉\Fn/〈xj 〉 is not 〈xi〉\Fn/N(xj ); V andW belong to the
same double coset in〈xi〉\Fn/〈xj 〉 if and only if V = x

p

i Wx
q

j for somep,q ∈ Z.

Proof of Lemma 14. The well-definedness is proved by the(i, j)-homotopy version o
the proof of Lemma 5.

The surjectivity ofh̃ij is easy, because given a wordV one can draw an(i, j)-curve
whose reading is the wordV if the curve is allowed to have self-intersections.

We will prove the injectivity. Letl be an(i, j)-curve. We may assume that it is smoo
and transverse to

⋃
k Lk . Observe that by giving rotations tol roundpi , we can multiply

any power ofxi from the left of the readingW(l) without changing the(i, j)-homotopy
class ofl. Similarly, we can multiply any power ofxj from the right ofW(l).

Now suppose that we are given(i, j)-curvesl andl′ and that their readings belong
the same double coset∈ 〈xi〉\Fn/〈xj 〉. By the above observation, adjusting the power oxi

from the left and that ofxj from the right, we may assume that the readingsW(l) andW(l′)
are exactly the same:W(l) = W(l′) ∈ Fn.

Also we may assume that the tangent vectors ofl andl′ atpi (and atpj ) are the same
or more strongly, that there exists a small numberε > 0 such that as continuous ma
[0,1] → R

2, l andl′ coincide if restricted to[0, ε] and[1− ε,1]:
l|[0, ε] = l′|[0, ε], l|[1− ε,1] = l′|[1− ε,1].

Consider a loopL which starts atl(ε), traversesl, arrives atl(1 − ε) = l′(1 − ε), and
returns tol′(ε) = l(ε) along l′−1. The loopL is completely contained in the punctur
planeR

2 − Pn, and its reading isW(l)W(l′)−1 = 1. Sinceπ1(R
2 − Pn, l(ε)) ∼= Fn, L

shrinks to a point inR2 − Pn. Making use of this homotopy, one can construct an(i, j)-
homotopy betweenl andl′. This proves the injectivity of̃hij . �

Since an(i, j)-cord is an(i, j)-curve, and isotopic(i, j)-cords are(i, j)-homotopic,
there is a natural map

g̃ij :Aij → Hij (22)
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Lemma 15 (Homotopy implies isotopy).̃gij is injective.

t
le

t the
g of

the
Proof. Suppose that(i, j)-cordsl andl′ are mutually(i, j)-homotopic. We will prove tha
they are isotopic. By Lemma 14, the readingsW(l) andW(l′) belong to the same doub
coset in〈xi〉\Fn/〈xj 〉, thus evidently to the same double coset in〈xi〉\Fn/N(xj ). Then by
Theorem 9 and Remark 13,l andl′ are isotopic. �

Composing the three maps̃fij , g̃ij andh̃ij , we have an injection denoted by

rij : 〈xi〉\Fn/N(xj ) → 〈xi〉\Fn/〈xj 〉. (23)

The valuerij ([V ]) is the reading of the(i, j)-cordf̃ij ([V ]).
The mappingrij is computed geometrically by the rewriting process (pushing ou

intersections throughpj ) as explained in Section 3. For example, by Fig. 7, the readin
the(1,3)-cordf̃13([x2

2x4]) is x2x3x4x3x
−1
4 x−1

3 x2x3x4. Thus we have

r13
([

x2
2x4

]) = [
x2x3x4x3x

−1
4 x−1

3 x2x3x4
] ∈ 〈xi〉\Fn/〈xj 〉. (24)

This maprij can be lifted to a map

Rij :Fn → Fn (25)

as follows: Take a wordV ∈ Fn, consider its double coset[V ] ∈ 〈xi〉\Fn/N(xj ) and map it
to rij ([V ]). Being an element of〈xi〉\Fn/〈xj 〉, rij ([V ]) has ambiguities of the left factorx

p
i

and the right factorxq
j . Adjust the exponentsp (or q) to get a wordW in Fn so that the

total exponents ofxi (or xj ) in V and inW are equal. Here thetotal exponentof xi in V

means the sum of the exponents ofxi appearing in the wordV . Similarly for xj .
Then we define

Rij (V ) = W. (26)

For example, if we want to get theR13-image of the wordx2
2x4, in which the total

exponent ofx1 (andx3) is 0, we have to adjust the right-hand side of (24) so that
resulting word has also the total exponent 0 w.r.t.x1 andx3. Thus we have

R13
(
x2

2x4
) = x2x3x4x3x

−1
4 x−1

3 x2x3x4x
−2
3 . (27)

We would like to call the mapRij therewriting function.
Obviously the following diagram commutes:

Fn
Rij

Fn

〈xi〉\Fn/N(xj )
rij 〈xi〉\Fn/〈xj 〉

(28)

The vertical arrows are natural projections.
In Section 6, we will give a formula to compute the rewriting functionRij purely

algebraically.
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5. Some properties of Rij

ition

13,

ft

e

In this section, we give important properties of the rewriting functionRij .

Lemma 16. LetV andW be words inFn. Then

Rij (V ) = W,

if and only if they satisfy the following conditions:

(i) [V ] = [W ] ∈ 〈xi〉\Fn/N(xj ),
(ii) Ei(V ) = Ei(W), Ej(V ) = Ej(W), whereEk(U) denotes the total exponent ofxk in

the wordU , and
(iii) W is the reading of an(i, j)-cord.

Proof. SupposeRij (V ) = W . Since by definitionRij (V ) is a lifted reading of the(i, j)-
cord f̃ij ([V ]), Rij (V ) and V belong to the same double coset∈ 〈xi〉\Fn/N(xj ) by
Remark 13. Thus (i) is satisfied. The conditions (ii) and (iii) are satisfied by the defin
of Rij . This proves theonly if-part.

Conversely, suppose thatV andW satisfy (i), (ii) and (iii). Letl be an(i, j)-cord such
that W = W(l). Such a cordl exists by condition (iii). Just as above, by Remark
Rij (V ) and V belong to the same double coset∈ 〈xi〉\Fn/N(xj ). By condition (i),
V and W belong to the same double coset. Thus[Rij (V )] = [W ] ∈ 〈xi〉\Fn/N(xj ).
By Theorem 9 and Remark 13 again, the(i, j)-cords f̃ij ([V ]) and l are isotopic. By
Lemma 14, the readingsRij (V ) and W of these isotopic cords coincide modulo le
factor x

p
i and right factorxq

j . But by the definition ofRij and condition (ii), we have
Ei(Rij (V )) = Ei(V ) = Ei(W) andEj(Rij (V )) = Ej(V ) = Ej(W). ThusRij (V ) = W .
The if -part is proved. �
Lemma 17. A wordV is the reading of an(i, j)-cord if and only if

Rij (V ) = V. (29)

Proof. SupposeV satisfies (29). Thenrij ([V ]) = [V ], and by the definition ofrij , [V ] is
the reading of the(i, j)-cord f̃ij ([V ]). By giving rotations to this cord roundpi andpj ,
we may adjust that the actual reading of the cord isV . This proves theif -part.

Conversely, supposeV is the reading of an(i, j)-cord l, then applying Lemma 16, w
have

Rij (V ) = V.

This proves theonly if-part. �
Lemma 18. Rij is a projection, that is, it satisfies

Rij ◦ Rij = Rij .
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Proof. For any wordW , Rij (W) is a lifted reading of the isotopy class of(i, j)-cords

rst

e

s

ts

f

f̃ij ([W ]). Thus applying Lemma 17 to the wordV = Rij (W), we haveRij (Rij (W)) =
Rij (W). �
Lemma 19. For anym ∈ Z, we have{

Rij

(
V1x

m
j V2

) = Rij (V1V2)x
m
j ,

Rij

(
xm
i V

) = xm
i Rij (V ).

Proof. Since the wordsV1x
m
j V2 andV1V2 belong to the same double coset∈ 〈xi〉\Fn/

N(xj ), the commutative diagram (28) implies that the imagesRij (V1x
m
j V2) andRij (V1V2)

differ only in the leftxi - and the rightxj -powers. However,{
Ei

(
V1x

m
j V2

) = Ei(V1V2), and

Ej

(
V1x

m
j V2

) = Ej(V1V2) + m,

and we know thatRij (·) preserves the totali- and j -exponents. Thus we have the fi
equality.

The second equality is proved similarly.�

6. Algebraic formula for Rij

In this section, we will give a formula to computeRij :Fn → Fn purely algebraically.
As we remarked just before Proposition 11,Fn/N(xj ) acts on(R2,Pn) from the right.

More precisely, an elementxk ∈ Fn(k �= j), acts on(R2,Pn) asx
ϕ
k , which is the mapping

class of the motion ofpj along the curveCj
k = ϕ(Ck). Incidentally, we also consider th

casek = j , where taking Proposition 11 intoaccount, we define the action ofx
ϕ
j to be

the trivial action on(R2,Pn). Then the action ofFn/N(xj ) lifts to the action ofFn on
(R2,Pn). We call this action thej -actionof Fn to distinguish it from the action ofFn on
(R2,Pn ∪ {p∞}) introduced in Section 2.

Via thej -action,Fn acts on the(i, j)-homotopy setHij . We would like to describe thi
action algebraically.

Recall thatlkj is the(k, j)-cord which does not intersect
⋃

h Lh except at the end poin
pk,pj .

Lemma 20. The action ofxϕ
k (k �= j) is nothing but the “360◦-twist” along lkj , namely,

the mapping class whose support is contained in a disk neighborhood of the cordlkj and
which rotates the cord through360◦ counterclockwise.

This lemma is easily seen by figures. (Cf. the proof of Lemma 4.1 of [9].)
The j -action of Fn is generated byxϕ

k , k = 1, . . . , n. By Lemma 20, the action o
x

ϕ
k (k �= j) is the “360◦-twist” along the(k, j)-cordlkj , and the action ofxϕ

j is the identity.
Thus if we assume that all the(k, j)-cord lkj are contained in the domainy < 1 − ε (or
more safely iny < 1

2) of the xy-plane, then we may assume that thej -action ofFn is
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es

l

Fig. 8. The loopxk .

trivial on the complementary regiony � 1 − ε (or y � 1
2) in which p∞ = (0,1) is. In the

following arguments, we will always assume thisoptimal conditionon thej -action ofFn.
Let us introduce some notations. Letαi denote the line segmentli∞ considered to be

an oriented simple curve frompi to p∞. Similarly let βj denote the line segmentlj∞
regarded as an oriented simple curve fromp∞ to pj . Thus the composition of these curv
αi · βj is isotopic to the cordlij .

The generatorxk of π1(R
2 − Pn,p∞) is represented by the simple loopCk . However,

in studying the effect of thej -action ofFn, we prefer toCk the following loop as the
representative ofxk, namely, the loop which starts atp∞, going down along the line
segmentlk∞, arrives at a point near topk , then makes a small circle roundpk , and finally
comes back top∞ along lk∞. (See Fig. 8.) We will also denote byxk such a loop. Of
course, the inversex−1

k is represented by the loop traversingxk in the opposite direction.
Let V be a word (∈ Fn), and define an(i, j)-curveLij (V ) as follows:

Lij (V ) := αi · xε(1)
k(1) · · ·xε(N)

k(N) · βj , (30)

whereV = x
ε(1)
k(1) · · ·xε(N)

k(N) , ε(m) ∈ {+1,−1} andk(m) ∈ {1,2, . . . , n} for m = 1, . . . ,N .
Every (i, j)-homotopy class hasLij (V ) as its representative for someV . Note that the
reading of this(i, j)-curve isV , and that by Lemma 14Lij (V ) andLij (W) belong to the
same(i, j)-homotopy class if and only if[V ] = [W ] ∈ 〈xi〉\Fn/〈xj 〉.

We are now in a position to study the effect of thej -action of Fn on Lij (V ). For
notational convenience, we will denote the (right)j -action Wϕ of a word W ∈ Fn on
(R2,Pn) by (·)T j

W , or understandingj being always fixed, simply by(·)TW .
Let us apply thej -action(·)TW on the(i, j)-curveLij (V ) of (30). Then by the optima

condition on thej -action, we have(
Lij (V )

)
TW = (αi)TW · (xε(1)

k(1)

)
TW · · · (xε(N)

k(N)

)
TW · (βj )TW

= (αi)TW · (V )TW · (βj )TW . (31)

Thus we can study the action(·)TW onαi , V , andβj , separately.



S. Kamada, Y. Matsumoto / Topology and its Applications 146–147 (2005) 21–50 39

First consider(αi)TW . This is an(i,∞)-cord, and itsi-homotopy class is represented

tion

n of

t

by an(i,∞)-curve of the form

αi · W ′ (32)

whereW ′ is a certain product of the loopsxε
k ∈ Fn. By Theorem 8, the wordW ′ is well-

defined up to left multiplication ofxp
i , that is, only its coset[W ′] ∈ 〈xi〉\Fn is well-defined.

To fix this ambiguity, we impose the condition that the total exponent ofxi in W ′ should
be 0:

Ei

(
W ′) = 0. (33)

Then the ambiguity is removed andW ′ is well-defined as an element ofFn. Let us
denote thisW ′ by Ai(W). The following equalities are considered to be the defini
of Ai(W) ∈ Fn:{

(αi)TW = αi · Ai(W),

Ei

(
Ai(W)

) = 0.
(34)

Similarly, the (∞, j)-cord (βj )TW is j -homotopic to the(∞, j)-curve W ′′ · βj , and
W ′′ ∈ Fn is proved to be well-defined up to right multiplication ofx

q
j . Imposing the

conditionEj(W
′′) = 0, we can eliminate this ambiguity. Denoting the well-definedW ′′

by Bj (W), we have the following equalities, which are considered to be the definitio
Bj (W) ∈ Fn:{

(βj )TW = Bj(W) · βj ,

Ej

(
Bj (W)

) = 0.
(35)

The part(V )TW is easily understood, becauseTW acts onFn(= π1(R
2 − Pn,p∞)) as a

group automorphism. Thus denoting this automorphism byHj,W :Fn → Fn, we have

(V )TW = Hj,W (V ). (36)

In these notations, (31) is rewritten as follows:(
Lij (V )

)
TW = αi · Ai(W) · Hj,W (V ) · Bj (W) · βj . (37)

To further analyze these mappingsAi,Bj ,Hj,W :Fn → Fn, we check the simples
cases.

Lemma 21. If i < j , then

Ai(xk) =


xjxkx

−1
j x−1

k k < i,

xix
−1
j x−1

i k = i,

1 k > i,

(38)

Ai

(
x−1
k

) =
x−1

k x−1
j xkxj k < i,

xj k = i,

1 k > i.

(39)

If i > j , then
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ections
38),
Fig. 9. The cords(αi )x
ϕ
k = αi · Ai(xk), k < i < j .

Ai(xk) =


1 k < i,

x−1
j k = i,

xkxjx
−1
k x−1

j k > i,

(40)

Ai

(
x−1
k

) =


1 k < i,

x−1
i xjxi k = i,

x−1
j x−1

k xjxk k > i.

(41)

Proof. To prove (38), we apply thej -actionx
ϕ
k to the(i,∞)-cordαi . By Lemma 20, the

resulting cords are as shown in Fig. 9. We can easily prove (38) by reading the inters
of the cords and

⋃
h Lh. Notice that in the right hand side of the second equality of (

we multiply xi artificially to meet the requirement (34) on the total exponent ofxi . Other
equalities (39), (40) and (41) are proved similarly.�

By the same method, we can prove the following lemma (x−1
j in the third equality

of (42) andxj in the first of (43) are “artificially” multiplied to meet the condition (35)).

Lemma 22.

Bj (xk) =


xk k < j,

1 k = j,

xjxkx
−1
j k > j,

(42)

Bj

(
x−1
k

) =


x−1
j x−1

k xj k < j,

1 k = j,

x−1
k k > j.

(43)

Proof. Fig. 10 shows, in the casek < j , howβj changes when it is acted on byx
ϕ
k . This

proves the first equality of (42). Other cases are obtained by similar figures.�
Lemma 23. Let ε denote+1 or −1.

If k < j , then
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d
ved
Fig. 10. The cord(βj )x
ϕ
k = Bj (xk) · βj , k < j .

Hj,xk

(
xε
l

) =


xε
l l < k or l > j,

xkxjx
ε
kx

−1
j x−1

k l = k,

xkxjx
−1
k x−1

j xε
l xj xkx

−1
j x−1

k k < l < j,

xkx
ε
j x−1

k l = j,

(44)

H
j,x−1

k

(
xε
l

) =


xε
l l < k or l > j,

x−1
j xε

kxj l = k,

x−1
j x−1

k xjxkx
ε
l x

−1
k x−1

j xkxj k < l < j,

x−1
j x−1

k xε
j xkxj l = j.

(45)

If k > j , then

Hj,xk

(
xε
l

) =


xε
l l < j or l > k,

xjxkx
ε
j x

−1
k x−1

j l = j,

xjxkx
−1
j x−1

k xε
l xkxjx

−1
k x−1

j j < l < k,

xjx
ε
kx−1

j l = k,

(46)

H
j,x−1

k

(
xε
l

) =


xε
l l < j or l > k,

x−1
k xε

j xk l = j,

x−1
k x−1

j xkxjx
ε
l x

−1
j x−1

k xjxk j < l < k,

x−1
k x−1

j xε
kxjxk l = k.

(47)

If k = j , then

Hj,xj (xl) = H
j,x−1

j
(xl) = xl. (48)

Proof. Fig. 11 shows, in the casek < l < j , how the loopxε
l changes when it is acte

on by x
ϕ
k . The third equality of (44) follows from this figure. Other cases are pro

similarly. �
Lemma 24. We have{

Hj,W1W2(V ) = Hj,W2

(
Hj,W1(V )

)
,

Hj,W (V1V2) = Hj,W (V1)Hj,W (V2)
(49)
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t
that,
l

Fig. 11. The loop(xε
l )x

ϕ
k , k < l < j .

and {
Ei

(
Hj,W (V )

) = Ei(V ),

Ej

(
Hj,W (V )

) = Ej(V ).
(50)

Proof. The equalities (49) follow from the definition ofHj,W in (36) and the fact tha
TW acts onFn (from the right) as a group automorphism. By Lemma 23, we see
for W = x±1

k , Hj,xk andH
j,x−1

k
preserve the total exponentsEi(·) andEj(·). The genera

statement (50) follows from this special case and (49).�
We express (49) by saying thatHj :Fn → Aut(Fn) (W �→ Hj,W (·)) is a right

representationof Fn to Aut(Fn).

Lemma 25.

Ai(W1W2) = Ai(W2)Hj,W2

(
Ai(W1)

)
. (51)

Proof. By (34) and (36),

αi · Ai(W1W2) = (αi)TW1W2 = (
(αi)TW1

)
TW2

= (
αi · Ai(W1)

)
TW2

= (αi)TW2 · (Ai(W1)
)
TW2

= αi · Ai(W2)Hj,W2

(
Ai(W1)

)
.

On the other hand, by (50) and (34),

Ei

(
Ai(W2)Hj,W2

(
Ai(W1)

)) = Ei

(
Ai(W2)

) + Ei

(
Ai(W1)

) = 0.

Thus by the definition (34) ofAi(·), we have the lemma.�
We express (51) by saying thatAi :Fn → Fn is acrossed anti-homomorphismtwisted

by the right representationHj :Fn → Aut(Fn).

Lemma 26.

Ej

(
Ai(W)

) = −Ei(W).
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Proof. ForW = x±1, this follows from Lemma 21. General cases are proved by induction

tion

ved
k

on the word length ofW and Lemmas 24 (50) and 25.�
Lemma 27.

Bj (W1W2) = Hj,W2

(
Bj (W1)

)
Bj(W2). (52)

Proof. By (35) and (36),

Bj (W1W2) · βj = (βj )TW1W2 = (
(βj )TW1

)
TW2

= (
Bj (W1) · βj

)
TW2

= (
Bj (W1)

)
TW2 · (βj )TW2

= Hj,W2

(
Bj (W1)

)
Bj (W2) · βj .

On the other hand, by (50) and (35),

Ej

(
Hj,W2

(
Bj(W1)

)
Bj (W2)

) = Ej

(
Bj (W1)

) + Ej

(
Bj(W2)

) = 0.

Thus by the definition (35) ofBj(·), we have the lemma.�
We express (52) by saying thatBj :Fn → Fn is acrossed homomorphismtwisted by the

right representationHj :Fn → Aut(Fn).

Lemma 28.

Ei

(
Bj(W)

) = Ei(W).

Proof. ForW = x±1
k , this follows from Lemma 22. General cases are proved by induc

on the word length ofW and Lemmas 24 (50) and 27.�
Lemma 29. For any wordsV andW , we have[

Hj,W (V )
] = [V ] ∈ Fn/N(xj ). (53)

Proof. For W = x±1
k , V = x±1

l , this holds by Lemma 23. General cases are pro
using (49). �
Lemma 30. For any wordW , we have[

Ai(W)
] = 1 ∈ Fn/N(xj ). (54)

Proof. For W = x±1
k , this holds by Lemma 21. For a generalW , (54) is proved by

induction on the word length ofW , using Lemmas 25 and 29.�
Lemma 31. For any wordW , we have[

Bj (W)
] = [W ] ∈ Fn/N(xj ). (55)
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Proof. For W = x±1, this holds by Lemma 22. For a generalW , (55) is proved by

ting

(59).
k

induction on the word length ofW , using Lemmas 27 and 29.�
The following lemma is rather technical, but it will be useful in calculating the rewri

functionRij .

Lemma 32. For any wordsV , W , and for any integerm, we have

Ai(W)Hj,W

(
xm
i V

) = xm
i Ai(W)Hj,W (V ), (56)

Hj,W

(
V xm

j

)
Bj (W) = Hj,W (V )Bj (W)xm

j . (57)

Proof. By (34) and (36), we have the following equality (in the sense ofi-homotopy) of
(i,∞)-curves:

αi · Ai(W) · Hj,W

(
xm
i V

) = (αi)TW · (xm
i V

)
TW

= (
αi · xm

i V
)
TW . (58)

Rotating the(i,∞)-curve roundpi , we have

αi · xm
i V = αi · V.

Substituting this into (58), we have

αi · Ai(W) · Hj,W

(
xm
i V

) = (αi · V )TW

= αi · Ai(W) · Hj,W (V ).

Thus by Theorem 8 the wordsAi(W)Hj,W (xm
i V ) andAi(W)Hj,W (V ) coincide up to the

left multiplication ofxp

i for somep.
By (34) and (50) ,

Ei

(
Ai(W)Hj,W

(
xm
i V

)) = m + Ei(V )

= Ei

(
xm
i Ai(W)Hj,W (V )

)
.

Therefore,Ai(W)Hj,W (xm
i V ) = xm

i Ai(W)Hj,W (V ). This proves (56).
The equality (57) is proved similarly using(∞, j)-curves. �
Now we are ready to study the rewriting functionRij :Fn → Fn.

Proposition 33. For any wordV , we have

Rij (V ) = Ai(V )Bj (V )x
φ(V )
j , (59)

whereφ(V ) is defined byφ(V ) = Ei(V ) + Ej(V ).

Proof. We will check the three conditions in Lemma 16 on the right-hand side of
First, condition (i). In fact, as equality in the quotient groupFn/N(xj ), we have[

Ai(V )Bj (V )x
φ(V )
j

] = [
Ai(V )

][
Bj (V )

] = [V ].
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Here we used Lemmas 30 and 31.

,

f

Next we will check condition (ii):

Ei

(
Ai(V )Bj (V )x

φ(V )
j

) = Ei(V ) by (34) and Lemma 28

and

Ej

(
Ai(V )Bj (V )x

φ(V )
j

)
= −Ei(V ) + φ(V ) = Ej(V ) by (35) and Lemma 26.

Finally we will prove thatAi(V )Bj (V )x
φ(V )
j is the reading of an(i, j)-cord (condi-

tion (iii)). As a special case of (37) we have(
Lij (1)

)
TV = αi · Ai(V ) · Bj (V ) · βj .

The left-hand sideLij (1)TV is nothing but(lij )V ϕ , and this is an(i, j)-cord. Therefore

Ai(V )Bj (V ) is the reading of an(i, j)-cord. HenceAi(V )Bj (V )x
φ(V )
j is also.

Now the three conditions on the wordAi(V )Bj (V )x
φ(V )
j are verified. Thus by

Lemma 16 we have the proposition.�
Remark 34. Recall thatRij (V ) is a lifted reading of the(i, j)-cord f̃ij ([V ]). By
Proposition 11,f̃ij ([V ]) is the isotopy class of(lij )V ϕ . In view of this, the result o
Proposition 33 is quite natural.

We want an inductive formula to computeRij :

Rij (V1V2) = Ai(V1V2)Bj (V1V2)x
φ(V1V2)
j

= Ai(V2)Hj,V2

(
Ai(V1)

)
Hj,V2

(
Bj (V1)

)
Bj(V2)x

φ(V1)+φ(V2)
j

= Ai(V2)Hj,V2

(
Ai(V1)Bj (V1)x

φ(V1)
j

)
Bj (V2)x

φ(V2)
j

= Ai(V2)Hj,V2

(
Rij (V1)

)
Bj (V2)x

φ(V2)
j . (60)

Note that we applied Lemma 32 to get the third equality.
By (60), we have

Rij (V2)
−1Rij (V1V2) = x

−φ(V2)
j Bj (V2)

−1Ai(V2)
−1

× Ai(V2)Hj,V2

(
Rij (V1)

)
Bj (V2)x

φ(V2)
j

= x
−φ(V2)
j Bj (V2)

−1Hj,V2

(
Rij (V1)

)
Bj (V2)x

φ(V2)
j . (61)

For any wordW , define a mappingDij,W :Fn → Fn by setting

Dij,W (V ) = x
−φ(W)
j Bj (W)−1Hj,W (V )Bj (W)x

φ(W)
j . (62)

Then (61) is rewritten as

Rij (V1V2) = Rij (V2)Dij,V2

(
Rij (V1)

)
. (63)
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Proposition 35.

-

m

if
{
Dij,W (V1V2) = Dij,W (V1)Dij,W (V2),

Dij,W1W2(V ) = Dij,W2

(
Dij,W1(V )

)
.

(64)

Proof. The first equality is easily seen by the definition (62) ofDij,W (·). The second
equality is proved as follows:

Dij,W1W2(V ) = x
−φ(W1W2)
j Bj (W1W2)

−1Hj,W1W2(V )Bj (W1W2)x
φ(W1W2)
j

= x
−φ(W1)−φ(W2)
j Bj (W2)

−1Hj,W2

(
Bj(W1)

)−1
Hj,W2

(
Hj,W1(V )

)
× Hj,W2

(
Bj (W1)

)
Bj (W2)x

φ(W1)+φ(W2)
j

= x
−φ(W2)
j Bj (W2)

−1

× Hj,W2

(
x

−φ(W1)
j Bj (W1)

−1Hj,W1(V )Bj (W1)x
φ(W1)
j

)
× Bj (W2)x

φ(W2)
j

= Dij,W2

(
Dij,W1(V )

)
. �

This proposition claims thatDij :Fn → Aut(Fn) (W �→ Dij,W (·)) is a right representa
tion of Fn to Aut(Fn).

Now we have arrived at our main theorem of this section:

Theorem 36. The rewriting functionRij :Fn → Fn is a crossed anti-homomorphis
twisted by the right representationDij :Fn → Aut(Fn);

Rij (V1V2) = Rij (V2)Dij,V2

(
Rij (V1)

)
.

This theorem is obvious from (63) and Proposition 35.

Remark 37. For Theorem 36,Rij very much resembles in algebraic nature theq-inverse
I :Fn → Fn studied in [3].

Using Theorem 36 together with the followinginitial formulae, we can computeRij

purely algebraically. To state the initial formulae, we introduce the notation

sgn(i, j, k) (65)

which takes the value+1 or −1 according as the permutation of(i, j, k) into its natural
order is of even type or of odd type, wherei, j, k are distinct integers. For example,
i < j < k, then sgn(i, j, k) = 1, and ifj < i < k, then sgn(i, j, k) = −1.

Proposition 38 (Initial formula, I).Let ε be+1 or −1. Then we have

Rij

(
xε
k

) =


xε
k k = i or j,

xε
k sgn(i, j, k) = −ε,

xε
j x

ε
kx−ε

j sgn(i, j, k) = ε.

(66)
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Proof. By Proposition 33, we have
Rij

(
xε
k

) = Ai

(
xε
k

)
Bj

(
xε
k

)
x

φ(xε
k )

j .

Supposeε = 1 andi < j < k. Then
Ai(xk) = 1 by Lemma 21 (38),

Bj (xk) = xjxkx
−1
j by Lemma 22 (42),

φ(xk) = 0.

The formula holds in this case. Other cases are proved similarly.�
Proposition 39 (Initial formulae, II).Let ε be+1 or −1.

Dij,xε
i
(xs) =


xi s = i,

xj s = j,

x−ε
i x−ε

j xsx
ε
j xε

i sgn(i, j, s) = −ε,

x−ε
j x−ε

i xsx
ε
i xε

j sgn(i, j, s) = ε,

(67)

Dij,xε
j
(xs) = x−ε

j xsx
ε
j . (68)

If i, j, k are distinct, then

Dij,xε
k
(xs) =


xj s = j,

xε
j xkx

−ε
j s = k,

x−ε
k xsx

ε
k sgn(j, k, s) = −ε,(

xε
j x−ε

k x−ε
j

)
xs

(
xε
j x

ε
kx−ε

j

)
sgn(j, k, s) = ε.

(69)

Proof. By the definition (62) ofDij (·), we have

Dij,xε
k
(xs) = x

−φ(xε
k )

j Bj

(
xε
k

)−1
Hj,xε

k
(xs)Bj

(
xε
k

)
x

φ(xε
k )

j .

Supposeε = +1 and consider the casei < j < k < s. Then we have
φ(xk) = 0,

Bj (xk) = xjxkx
−1
j by Lemma 22 (42),

Hj,xk (xs) = xs by Lemma 23 (44).

Thus

Dij,xk (xs) = xjx
−1
k x−1

j xsxjxkx
−1
j .

This proves the fourth equality of (69). Other cases are proved similarly.�
For example, let us calculateRij (x

2
s ) under the assumptioni < s < j . By (66),

Rij (xs) = xs.

By (63) and (69),
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Rij

(
x2
s

) = Rij (xs)Dij,xs

(
Rij (xs)

)

he

om

ly,

red
= xsDij,xs (xs)

= xsxjxsx
−1
j .

We obtainRij (x2
s ) = xsxjxsx

−1
j in the casei < s < j .

Another concrete example is this (use the above result withi = 1, j = 3, s = 2):

R13
(
x2

2x4
) = R13(x4)D13,x4

(
R13

(
x2

2

))
= (

x3x4x
−1
3

)
D13,x4

(
x2x3x2x

−1
3

)
= (

x3x4x
−1
3

)(
x3x

−1
4 x−1

3

)
x2

(
x3x4x

−1
3

)
x3

(
x3x

−1
4 x−1

3

)
x2

(
x3x4x

−1
3

)
x−1

3

= x2x3x4x3x
−1
4 x−1

3 x2x3x4x
−2
3 .

The final result coincides with (27) which was obtained diagrammatically.

Remark 40. For any wordW , define a mapping̃Dij,W :Fn → Fn by setting

D̃ij,W (V ) = Ai(W)Hj,W (V )Ai(W)−1. (70)

ThenD̃ij :Fn → Aut(Fn) (W �→ D̃ij,W (·)) is a right representation ofFn to Aut(Fn). By
a similar argument to the proof of (63), we can prove

Rij (V1V2) = D̃ij,V2

(
Rij (V1)

)
Rij (V2). (71)

ThusRij is not only a crossed anti-homomorphism twisted byDij , but also acrossed
homomorphismtwisted byD̃ij . We do not know which is the natural formulation, but t
initial formulae forD̃ij are a bit more complicated than those forDij .

7. Application to simple closed curves

Let C be an oriented simple closed curve on the punctured planeR
2 − Pn. Deforming

C by homotopy, we may assume that it is smooth and transverse to
⋃

k Lk . By taking and
fixing a starting points0 onC, thereadingof (C, s0) is well-defined as an element ofFn.
We denote this reading byW(C, s0). (Note that the staring point should be taken fr
C − ⋃

k Lk .) The readingW(C, s0) depends only on the homotopy class ofC fixing s0.
If we take different starting points1 onC, the readingW(C, s1) is a cyclic conjugation

of W(C, s0). Here two wordW andW ′ arecyclically conjugateto each other, ifW is a
productV1V2 in a certain way, andW ′ is written asW ′ = V2V1.

Let C−1 denote the same curveC but with the opposite orientation. Obvious
W(C−1, s0) = W(C, s0)

−1.

Theorem 41. A word V ∈ Fn is the reading of a simple closed curve on the punctu
planeR

2 − Pn if and only ifV or V −1 is cyclically conjugate to a wordV ′ which satisfies

R0,n+1(V
′) = V ′. (72)
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p

n

e

ting
Fig. 12. Simple closed curveC = l ∪ l0,n+1.

Fig. 13. Cutting open the loopC to a(0, n + 1)-cord.

The free groupFn was generated by{x1, . . . , xn}. If we defineFn+2 to be the free
group generated by{x0, x1, . . . , xn, xn+1}, thenFn is naturally identified with a subgrou
of Fn+2. In (72), the wordV ′ ∈ Fn is acted on by the rewriting functionR0,n+1 :Fn+2 →
Fn+2 under this natural identification.

Proof of Theorem 41. In the argument below, we may assume that the pointsp0 andpn+1
are given by the coordinates

(−N,0) and(N,0) ∈ R
2

respectively with sufficiently large numberN > 0.
Suppose thatV or V −1 is cyclically conjugate to a wordV ′ which satisfies (72). The

by Lemma 17,V ′ is the reading of a(0, n + 1)-cord l on (R2,Pn ∪ {p0,pn+1}). The
reading of this(0, n+ 1)-cord (i.e.,V ′) does not containx0 norxn+1. Thus the cordl does
not intersectL0 or Ln+1 except at the end points. Then these pointsp0 andpn+1 can be
connected by a “large semi-circle”l0,n+1 so thatC := l ∪ l0,n+1 is a simple closed curv
in R

2 − Pn. (See Fig. 12.) The wordV ′ is the reading of(C,p0), andV is the reading of
(C, s0) or (C−1, s0) with some starting points0 onC. This proves theif -part.

Conversely, supposeV is the reading of an oriented simple closed curve with a star
point (C, s0). Let s1 be the highest point (or one of the highest points) ofC with respect
to the y-coordinate. Then we can “cut open” the loopC at this points1 to obtain a
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(0, n + 1)-cord l. (See Fig. 13.) The readingW(l) coincides with the reading of(C, s1)

ations

ty

,

los.

rican

of the
8–

oc.
or of (C−1, s1), and is cyclically conjugate toV or V −1. By Lemma 17,W(l) satisfies

R0,n+1(W(l)) = W(l).

This proves theonly if-part, completing the proof of Theorem 41.�
This research was motivated by monodromy problems appearing in Lefschetz fibr

and surface braids. See [7–11].
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