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This part of study is devoted to the numerical simulation of axisymmetric notched spec-

imens in order to study the phenomenon of nucleation by Gurson–Tvergaard–Needleman

model (GTN). The numerical simulations were performed to describe the damage of the

materials using GTN model, which involves the stress triaxiality. The specimens chosen are

somewhat axisymmetric notched (AN): hence, this choice was motivated by the symmetry

of  these specimens, and also by the existence of notches that make them interesting in the

case  of fracture mechanics.
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two parameters. The values of the other parameters were fixed
.  Introduction

uctile tearing is the failure mode that particularly concerns
s in this work. It occurs when a structure is subjected to an

ncreasing monotonic loading, wherein the constituent mate-
ial can endure important plastic deformations.
A48-AP steel was chosen for this study because of our
orks [1] that has already been made on this steel; there-

ore, its behavior and mechanical properties are well known,
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such as the yield strength, Young’s modulus and Poisson’s
ratio. These data allow to reproduce the real behavior of this
material.

A parametric analysis was performed to elucidate the
influence of the nucleation parameters and evolution of the
responses of axisymmetric notched specimens based on these
according to the most used values in the literature for this steel
such q1 to 1.5 and q2 to 1. The notch locates the deformations
in the middle of the specimen during the loading and allows

tion. Published by Elsevier Editora Ltda. All rights reserved.
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Nomenclature

�0 yield strength of the material∑
m =

∑
kk/3 the hydrostatic stress (mean stress)∑

eq equivalent stress of Von Mises
q1, q2, q3 material parameters
f* function f defined as following
f ∗
u ultimate value of f = 1/q1

fF void volume fraction at the final fracture
fc threshold value which indicates the onset of

coalescence
 ̊ current diameter of the minimum section of the

specimen
�  ̊ reduction of the diameter
Le mesh size
fn void volume fraction nucleated at the level of

inclusions
E Young’s modulus
� Poisson’s ratio
�e yield strength of the material
f0 initial void volume fraction
εn average strain at onset of nucleation cavities

Sn corresponding standard deviation

practically to evaluate the mechanical quantities in this level,
such as the displacement at the bottom of the notch.

2.  Gurson–Tvergaard–Needleman  model
(GTN)

2.1.  Gurson  criterion

Gurson [2] considers a hollow sphere with a spherical cavity
shown in Fig. 1, the matrix of rigid-perfectly plastic behavior
obeying the plasticity criterion of Von Mises yield strength �0,
subjected to conditions of uniform and homogeneous strain

rate, applied to the outer edge.

The approached macroscopic criterion represents the plas-
tic potential  ̊ with the function of the flow surface depending

X3

X1

X2

Spherical
cavity

Matrix

Fig. 1 – Model of the hollow sphere under conditions of
uniform deformation rate at the edge [3].
. 2 0 1 5;4(2):217–223

on the macroscopic stress and the void volume fraction ran-
domly distributed [4]:

˚(˙, f, �0) =
˙2

eq

�2
0

+ 2f · coh
(

3
2

˙m

�0

)
− 1 − f 2 = 0 (1)

with �0, yield strength of the material; ˙m = ˙kk/3, hydrostatic
stress (mean stress);

∑
eq, equivalent stress of Von Mises.

2.2.  Gurson–Tvergaard  criterion  (G–T)

Gurson model gives satisfactory approximations for high of
stress triaxiality, but in the case of low rates of stress triax-
iality, the model overestimates the failure strain (ductility).
Tvergaard [5] proposes to introduce three parameters (q1, q2

and q3) to address this problem by taking into account the
interaction between cavities.

Then Tvergaard proposes the following threshold function:

˚(˙, �, f ) =
˙2

eq

�2
+ 2q1f · cosh

(
3
2

q2
˙m

�

)
− 1 − q3f 2 = 0 (2)

Several values of the parameters q1, q2 and q3 have been
proposed by the authors and experiments are carried out to
approximate the real behavior of structures. The values most
encountered in the literature are: q1 = 1.5, q2 = 1, q3 = q1

2

2.3.  Gurson–Tvergaard–Needleman  criterion  (GTN)

According to experiments, it turns out that the
Gurson–Tvergaard (GT) model [5] does not account for
the rapid loss of material stiffness and does not adequately
describe the effects of voids coalescence, because it does
not constitute a failure criterion. From the experimental
observations, the coalescence can be supposed effective
when the void volume fraction reaches a critical value fc,
which indicates the onset of coalescence.

Needleman has modified the previous criterion (GT model)
to take into account the sharp drop in stiffness of the material
by the following threshold function (GTN model) [6,7]:

˚(˙, �, f ) =
˙2

eq

�2
+ 2q1f ∗ · cosh

(
3
2

q2
˙m

�

)
− 1 − (q1f ∗)2 = 0 (3)

where f* is a function of f defined as following:

f ∗ =
{

f pour f ≤ fc

f + ı(f − fc) pour f > fc

(4)

with:
ı = f ∗
u − fc

fF − fc
(5)

f ∗
u is the ultimate value of f = 1/q1, fF is the volume fraction

of the void at the final fracture, fc is a threshold value, which
indicates the onset of coalescence.
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Fig. 2 – Specimen geometry (a) AN2, (b) AN4 and (c) AN10 [8].
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the perpendicular sense to the symmetry planes.
This axisymmetric modeling saves computing time com-

pared to 3D modeling, which requires a longer calculation

7 mm

I 0
=

 3
0 

m
m

.  Choice  of  specimens

he choice of axisymmetric notched specimens (AN) was
otivated by several advantages. First of all, unlike the case

f smooth tensile specimens where the phenomenon of neck-
ng does not occur necessarily in the middle of the specimens,
ecking of axisymmetric notched specimens (AN) develops at
he notch. By varying on the radius of the notch (therefore the
ate of stress triaxiality).

In addition, the axisymmetric geometry of the speci-
en  allows a two-dimensional modeling into axisymmetric
ode by a finite elements calculation for an isotropic mate-

ial.
It should be noted that the modeling in axisymmetric mode

s under assumption of isotropy of the material, without this
ssumption, the modeling will be done in three-dimensional
lements.

.1.  Geometry  of  specimens

he specimen geometry is given in Fig. 2 with dimensions
xpressed in millimeters. These specimens are AN2, AN4 and
N10 with notch radius of 2, 4 and 10 mm,  respectively, and

hey have a diameter of 6 mm in the bottom of notch. We  note
hat  ̊ is the current diameter of the minimum section of the
pecimen and �  ̊ = ˚0 −  ̊ is the diameter reduction.
The specimens AN2, AN4 and AN10 are respectively called
trongly, moderately and weakly notched, they allow to
evelop in the center of each specimen a relatively stable tri-
xiality from an average strain.
4.  Mesh  and  boundary  conditions

By symmetry, only a quarter of the meridian plane is modeled
in axisymmetric mode (Fig. 3). It is seen that the specimen has
two planes of symmetry, and then the sides of the symmetry
planes of the specimen will be blocked (by displacement) in
Fig. 3 – Dimensions and mesh of the selected specimen.
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h M

case of mesh for an elastoplastic behavior, and this figure
shows that the damage affects the material as soon as the
yield strength is exceeded; this is resulted in degradation of

Le=0.4
Le=0.2
Le=0.1
Le=0.05

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
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N
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Fig. 4 – Different meshes used. (a) Mesh M1 (Le = 0.4), (b) Mes

time, but the axisymmetric modeling assumes that the
mechanical parameters remain constant in the direction of �

relative to the axis of the specimen; this is not inevitably cor-
rect in a 3D modeling, which is more  representative of reality.

The mesh is composed of quadratic axisymmetric ele-
ments with 8 nodes, the first mesh is used to perform the first
calculation and visualize the first results, which will not be
necessarily accurate, but can give us indications on the com-
putation time, the progress of the calculation program and
zones of high gradient to refine a little more  the mesh in these
zones.

For the choice of the mesh (the mesh size), it must be done
according to the nature of the simulated material, the size of
its grains, its defects, its imperfections and also the evolution
of these imperfections during loading.

We shall proceed to the mesh refining near the notch
because in this zone the gradient of strain and stress is intense,
unlike the upper part of the specimen, The refining of the
meshing will not be important as long as we  are interested
in the zone near the notch, which saves a little more  of com-
puting time.

The boundary conditions and loading are the same what-
ever the specimen:

- Blocking the displacement along the x-axis for adjacent
nodes to the Y-axis.

- Blocking the displacements along the Y-axis for the adjacent
nodes to the x-axis.

- Loading imposed on the Y-axis for the nodes located at the
upper part of the specimen.
5.  Mesh  sensitivity

Fig. 4 shows the four meshes used from the coarsest M1 to
the finest M4, the size of the elements at the notched zone
2 (Le = 0.2), (c) Mesh M3 (Le = 0.1), (d) Mesh M4 (Le = 0.05).

is divided by 2 by passing from the mesh M1 to M2, from M2

to M3 and from M3 to M4. The mesh of the upper part of the
specimen is not refined, because this part is not subject to
strong variations on the one hand and on the other hand, our
study concerns the port near the notch.

This mesh allows us to avoid making a longer calculation
time, compared with a refined mesh over the whole surface
of the specimen; even if the difference of the elements size
between the upper part and the lower part of the specimen is
important, it does not affect the precision of our calculations,
seen that the mechanical fields, which we  are particularly
interested, are located in the lower part of the specimen.

The following figures show the simulation results obtained
on the four meshes used:

Fig. 5 represents the load-diameter reduction curve for each
Diameter reduction (mm)

Fig. 5 – Influence of the mesh on the load-diameter
reduction curve.
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For higher values of q the stronger softening of
j m a t e r r e s t e c h n 

he load just after the elastic phase and before the crack initi-
tion. It is noted that this degradation is progressive and linear
p to the point of crack initiation.

Also, this figure shows that the elastoplastic part is very
nsensitive to the mesh because the curves are practically
dentical in both cases; contrary to the fracture part, the curves
re not identical because of the difference of initiation point
or every mesh. A finer mesh than another precipitates the
oids initiation.

The speed of degradation of the load remains relatively the
ame for the four cases of meshes.

.  Effect  of  fn

he fn parameter represents the void volume fraction nucle-
ted at the level of inclusions, we conducted many  models
ith the mesh M3 and by varying the fn parameter from 0.001

o 0.006 (Table 1), all other parameters of this case are kept
xed.

Several values are assigned to fn parameter to see its influ-
nce on the system response. The responses obtained are
iven in the presented figure, which represents the evolution
f the equivalent stress according to the nominal strain of the
pecimen.

The figure shows that the elastic–plastic part is completely
nsensitive to variations of fn; the curves at this level are totally
onfused. The difference lies in the fraction part at the point
f void initiation and the falling speed of the load.

It is found that the increase of the value of fn precipi-
ates the voids initiation and increases the falling speed of
he load (in the fracture part).fn parameter is representative of
he volume fraction when new void initiation happens during
eformation [9], as well as the increase of its value is reflected

n the increase of the number of cavities presented in the
atrix. As can be found from Fig. 6, the fn value influences

he fracture position of the equivalent stress–nominal strain
urve of notched specimens. Higher fn values can lead to ear-
ier failure of the specimen while the slope of all the curves
fter fracture initiation is constant; therefore, its mechanical

roperties are affected and weakened, that is resulted in the
apid degradation of the load and voids initiation for low loads.
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ig. 6 – Influence of fn on the behavior of the specimen.
Fig. 7 – Influence of q1.

7.  Effect  of  qi

The effect of the void volume fraction of the Gurson model
depends on the definition of three parameters qi (i = 1, 2 and 3)
introduced by Tvergaard [10].

Figs. 7 and 8 show the effect of qi using an axisymmetric
notched specimen. The growth of qi increases the effect of the
void volume fraction, which results in more  severe decreases
in tensile strength.

Relatively important values of qi up to 2 are also included
for comparison where the influence of q2 is more  important
than the effect of q1 in the fracture part, especially on the point
of void initiation and the falling speed of the load.

The plastic limit is encountered for reduced stress con-
ditions when q1 > 1. Higher values of parameter q1 decrease
the strength of the GTN material [11]. The equivalent
stress–nominal strain curve is influenced by parameter q1

modifying the stress carrying capacity, which reveal the
softening due to void growth dominating over hardening prop-
erties of the matrix material.
1

the material is observed (Fig. 7). The value of q1 = 1.5
was proposed by Tvergaard [12,13] as optimal to model
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Fig. 8 – Influence of q2.
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Table 1 – Parameters of the GTN damage model.

E (GPa) � �e (MPa) q1 q2 q3 f0 fn εn Sn

q1)2 =

r

183 0.3 325 1.5 1 (

numerically the localization of plastic deformations effect and
fracture phenomena for many  porous solids, including met-
als.

The second Tvergaard’s parameter q2 modifies first invari-
ant of the stress state ˙kk being a function of the hydro-static
component ˙m = ˙kk/3. For high values of q2 the yield limit is
strongly reduced. According to Tvergaard’s results [14] the sug-
gested value was determined as q2 = 1. High values of q2 lead
to the strong softening due to the void growth, revealing the
annihilation of the strain hardening properties of the matrix
material (Fig. 8). Then overall strength properties of the porous
GTN material are reduced.

As concluded, typical and suggested values of Tvergaard’s
parameters for steel grades were established as q1 = 1.5, q2 = 1
and q3 = q1

2 = 2.25. The values of q1 and q2 parameters are
related to the elastic–plastic properties of the material [15],
defined by strain hardening exponent and yield stress to mod-
ulus of elasticity E ratio.

8.  Conclusion

The choice of a finite element model with axisymmetric ele-
ments was motivated both by the necking produced in the
middle of specimens and the short computing time compared
to the three-dimensional modeling.

The choice of the mesh was justified by the nature of its
material, its properties, as well as by the results obtained,
and the size of the element should be sufficiently large rel-
ative to the material heterogeneities to have a homogeneous
distribution of these defects on the elements.

On the other hand, the size of the elements must not
exceed certain dimensions that distort the results and give
bad distributions of fields of mechanical quantities.

The parametric study showed the influence of the mesh
and qi and fn parameters on the load-diameter reduction and
equivalent stress–nominal strain curves. It has been found
that refining of the mesh has a very little influence on the
elastoplastic part; contrariwise, it affects in a significant way
on the point of void initiation.

The variation in the fn parameter has no influence on the
elastoplastic part of the material, but plays a more  impor-
tant role in the fracture part especially on the point of void
initiation and the falling speed of the load.

Tvergaard’s parameters affected significantly the void
growth, which corresponds to the response of A48-AP steel
[1] and the failure moment was observed visible earlier due to
the much rapid and intensive void growth.
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