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Linear spaces are investigated using the general theory of “Rings of Geometries
1.” By defining geometries and ring structures in several different ways, formulae for
linear spaces embedded in finite projective and affine planes are obtained. Several
“fundamental theorems”™ of counting in finite projective planes are proved which
show why configurations with at least three points per line and at least three lines
through every point are important. These theorems are illustrated by finding the
formulae for the number of k-arcs in a projective plane of order g for all k<8 and
also by finding a formula for the number of blocking sets. A quick proof that a
projective plane of order 6 does not exist follows from the formula for the number
of 7-arcs in such a plane. © 1988 Academic Press, Inc.

INTRODUCTION

This paper is a continuation of “Rings of Geometries I” and needs to be
read with a knowledge of the theory and notation introduced in that paper
[10]. Section numbers starting with 1 or 2 refer to that paper. We are
interested here in the combinatorial theory of finite projective and affine
planes. This involves setting up various closed sets of “geometries” (see
Definitions 1.4 and 2.1) and investigating the inclusion numbers associated
with these. We noted after Theorem 2.6 that the investigation of inclusion
numbers is equivalent to the investigation of the coefficients of the natural
ring of the set of geometries. While following this course of action, we shali
also see that in the case of subconfigurations of projective planes there is at
least one other “geometrically defined” ring which is of use in the
calculations—the coefficients of this ring are easier to calculate than those
of the natural ring and are related by formulae to the latter. Closely related
to the definition of these new rings is the idea of imposing partial orders
other than the “natural one” (see Notation 1.7). Of course, these new
partial orders are “geometrically defined.”

In Section 3 we define the relevant classes of geometries associated with
the types of subconfigurations of projective planes that we intend to
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consider and then we prove the basic theorems about calculating the
coefficients of the rings. Several of these theorems are given the title
“fundamental” because they appear to be a fairly substantial advance in the
understanding of the combinatorics of finite planes. We give two versions
of the “fundamental theorem” which correspond to two different definitions
of configuration—one is based on points as elements and the other has
both points and lines as elements. Section 4 contains explicit calculations
based on the results of Section 3.

3. LINEAR SPACES AND GEOMETRIES

3.1 DeFINITION (Projective planes). A projective plane may be thought
of as a combinatorial structure (S, «) (see Example 1.8), where S is a set of
points, and o is a mapping from 2° to {0, 1} such that

(a) A<S,|A|<2=>A°=1;A<B, B*=1=A4%=1,

(by AcS,BcS, A*=B"=1,|[AnB|22=(4uB)* =1,

(c) A= S, Bs S, A>=B"=1=there exist C=S, D<S, such that
C2A4, D2B, C*=D*=1and |CnDj|>=1, and

(d) there exists a subset Q of 4 points of S such that 4*=0 for ali
A< Q with [4]>2.

If we call a subset of S that is mapped to 1 by a collinear, then it is easy
to see that the above structure is equivalent to the standard. (See, e.g.,
[4], [11] or [12].) The lines of the projective plane are the maximal
subsets that are mapped to 1. If S is finite, then it is standard theory that
there is a unique integer ¢, called the order of the plane, such that
| S| =¢*+q+ 1, each line has size ¢ + 1, and there are precisely g+ 1 lines
containing each point. Now if we construct the natural geometry (see
Example 1.8) from (S, «) then in general it has the following:

(i) One kind of subgeometry of size 1: L, = {-}.
(ii) One kind of subgeometry of size 2: L,={--}.
(ii) Two kinds of subgeometry of size 3: Ly={."., —}.
(iv) Three kinds of subgeometry of size 4: L, = {::, —, ——}.

The investigation of the above types of subgeometries of projective
planes leads us to the following class of geometries.

3.2 DerFINITION (Linear geometries). Let L =Ext(L,), where L, is the
set of three geometries of size 4 above that can be embedded in projective
planes. (See Definition 2.7 for the extension process Ext.) L is called the
class of linear geometries.
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Note that L can be identified with the class of linear spaces which are
ordered triples (P, G, I), where P is a set of points, G is a set of lines, and /
is an incidence relation between points and lines satisfying two conditions:

(a) Each line contains at least three points.
(b) Each subset of two points is incident with at most one line.

{Sometimes it is more convenient to admit the subsets of 2 non-collinear
points also as lines. Then axiom (b) above becomes: every subset of 2
points is incident with a unique line. However, we shall clearly state when
we assume this.)

A major part of this paper is directed towards finding formulae for the
inclusion numbers of linear geometries in finite projective planes. Let the
number of linear geometries on { points be /,. Then J. Doyen [5] calculated
(by hand) that the first 10 terms of the sequence /y, /,, ..., [y, .., are 1, 1, 1,
2, 3, 5, 10, 24, 69, 384, ..,—the author has wriften a computer program
which verified Doyen’s calculations except for a few minor mistakes in the
automorphism groups. The sequence for linear geometries with at most
3 points per line was found to be 1, 1, 1, 2, 2, 3, 5, 11, 32, 163, 1680, ..., and
a consideration of the 1680 ten-point linear geometries having 0, 1, 2, ..., 13
lines of 3 points each gave the sequence 1, 1, 2, 5, 14, 32, 90, 209, 386, 460,
332, 119, 28, 2. (13 is the maximum number of 3-point-lines for a 10-point
linear geometry.) Of the 332 linear geometries with 10 points and 10
lines of 3 points each, there are precisely 10 which have 3 lines through
each point. These are called the 10, configurations—the “Desargues”
configuration is one of them. There are also three 9,, one 85, and one 7,
configurations. Note that the 10, configurations are associated with regular
graphs of valence 3 on 10 vertices as follows. Given a 105, define a graph
with vertices as the points of the configuration and two vertices adjacent if
the corresponding points of the 10, are not joined by a 3-point line. Then
it is interesting that Desargues’ 10, configuration is associated with the
Petersen graph. Further information on 10, configurations can be found in
[37] and [137, which are separated by more than a hundred years, but still
present similar ideas!

The above paragraph should give the reader some idea of the complexity
of the problem as the number of points approaches 10. See [6] for a
discussion of the number of linear geometries on » points and see [18] for
a good book on sequences. Questions involving linear spaces and their
embeddability in finite projective planes are considered in [7].

3.3 DEerINITION (Partial orderings). Apart from the natural partial
ordering < induced by the subgeometry structure of linear geometries, we
shall find it useful to also have various “finer” partial orderings
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defined—these will be denoted by a Greek letter preceding the <. The
ordering is first defined on models—two geometries are partially ordered if
there are models for them that are partially ordered. If a and b are two
linear geometries with models 4 and B, respectively, define

(1) Aa< B if the set of elements S of 4 is a subset of the set of
elements of B and every line of A4 is a (complete) line of B,;

(i) A B< B if the set of elements of 4 is a subset of the set of
elements of B and every triple of collinear points of 4 is also collinear in B.

Note that if @ and b are linear geometries, then a <b=>aa<b=>a f<b.
A similar relationship holds for models of linear geometries. Thus f is
“finer” than « which is “finer” than the natural partial ordering.

3.4 DerFINITION (Inclusion and extension numbers for partial orderings).
If a and b are linear geometries then the inclusion number of a in b, with
respect to the partial order v, is

ya, b]=|{M|My<N, M=a}|,

where N is a fixed model of 5.
Also, the extension number of a to b, with respect to the partial order y,
is

[a,b)y=|{NzIMy<N,Ny=b}|,

where M is a fixed model of 4, on a fixed subset of a fixed set B of size |b]|.

Recall from Definition 1.6 that M is the geometry corresponding to the
model M. Thus N, denotes the geometry corresponding to the model N 8
which is induced by the set B of elements. (The present notation of this
paper has been slightly modified from that of Definition 1.6 to change B to
a suffix.)

Of course, when y 1s the “natural” partial order <, the definitions above
reduce to those of Definition 1.9. It is also an easy exercise, similar to
Theorem 1.10, to show that these numbers satisfy

[aly(a, 6] n'=[a, b)y [b], where n={b| —|a].
Recall from Notation 1.7 that [a] denotes the size of the group of
automorphisms of a. Thus it is the number of permutations of the element

set of a that preserve the geometrical substructure.
Also,

ay<b<y(a,b]l>0<«[q, b)y>0.



30 DAVID G. GLYNN

3.5 DerINITION (Closed sets). A set of linear geometries D is called
y-closed (where y is a partial order) if, for every pair of geometries a and b
in D, we have

ay<cysb=ceD.

3.6 THEOREM (Converting between partial orderings). Let a and b be
linear geometries in L. If y is a partial order finer than the natural one (e.g.,

o or ),

(a) yla, bl=3.v(a,c](c, b], where the sum is over all ¢ with
ay<csb, and with |c| =|a].

(b) (aa b] = Z (_l)m )’(am al] Y(ala az] y(am~1’ am] ‘))(C, b]’
where the sum is over all sequences a=a, y<a, y<a,---y<a,=c, and
la;| =|a|, for all i. (Thus ¢ satisfies ay<cy<b, and |c|=]al.)

Proof. (a) Let N be a model of . Then each model M of ay< N
corresponds to a subset 4 of points of N, and there holds M y< N, <N.
The number of models of a y< N4 is y(a, c], where ¢ = N, and the number
of models of ¢ < b is (¢, b]. Hence the result follows.

(b) This formula is the inverse of (a) above. It is the “Mobius inver-
sion formula” of the partial order. For completeness we shall use matrices
to get the result. Assume that @ y< b as otherwise (a, 5] =0 and the right-
hand side is an empty sum. Let D, ,={ceL|ay<cy<bh, |c|=lal}=
{d,, .., d,}, where |D, ,|=nand d,y<d;=i<j.

Define a matrix C=(c;), nxn over Z, by c;=y(d;, d;], for all i, j<n.
Also define vectors e and f, both nx 1 over Z, by ¢;=y(d;, b] and f;=
(d;, b], for all 1 <i<n. Then, applying (a) above, there holds ¢ = Cf. Now,
C is an upper triangular matrix with its main diagonal consisting of all 1’s.
Hence (C—I)" =0. Since f= C~'e, the inversion formula follows from the
equation

n—1
c'=3 (I-0).
i=0

3.7 DeFNITION ({M, N>). Let M and N be models of linear geometries
on sets A and B, respectively. Then (M, N is defined to be the model P of
a linear geometry on element set 4 u B, that is minimal with respect to
B<, such that M f< P and N f< P. We call (M, N) the model generated
by M and N. This definition is used to construct a new ring based on the
set of linear geometries.

3.8 DerINITION (The ring D(I')). Let I be a f-closed set of linear
geometries. Define a ring D(I") in a way similar to that of C(I') in
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Definition 2.3. That is, let the basis elements of the ring be (g);, where
ge I Let the addition be the natural one and let the multiplication of basis
elements be given by

(g)ﬂ (h)ﬂ= Z th(d)ﬁ,
del”
where B8 = |{(M, N)\M =g, N=h, (M, N)=F}|, and F is a fixed model
of d.

3.9 THrOREM (The structure of D(I")). The rings C(I") and D(I") are
isomorphic (for I" any B-closed set of geometries).

Proof. First, it is possible to show that D(I") is in fact a commutative
ring by showing that for all 4,, ..., d, e T,

(d)g---(d,)g= Z ﬁ}ll ) 'd"(f)ﬁ’
fero
where Bfd=|{(My,.., M,){M,,.,M,>=F}|: the number of
M,, .., M, that are models of d,, ..., d,, respectively, and generate a fixed
model F of f. (The proof is similar to that of Theorem 2.4 and so only this
outline is given.)

Now consider the map pu: D(I') - C(I") given by

Z ad(d);;_' Z a, Z B(d, x1(x).

del del xel,|x|=|d|

It is straightforward to show that this is an isomorphism with inverse
generated by

(Cl)-* Z Z(_l)mﬂ(a01 al]"'ﬂ(amflsam](b)ﬂa

bel. |b|=|al
where the second sum is as in Theorem 3.6b.

3.10 Note {The identification of C(I) and D(I')). Since these two
rings are isomorphic, we can mix the symbols (x) and (y); using the
equations (d)s=>.cr xj=ja B(d, x](x) and (@)=3,cr 15=1a) 2 (—1)7
Blag, ] Bla,, 1, a,1(b)g.

The homomorphism y, of Theorem 2.5, generated by (d) — (4, g], is also
generated by (d); — (d, g] and so (d)s =2 B(d, g] 1, for all de I', where
I, is the principal idempotent of both the rings corresponding to ge I

3.11 ExaMpLE (Small linear geometries—their rings and multiplication
tables). Let I' be the set of 8 linear geometries on <4 points. (See

582a/49/1-3
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Definition 3.2.) Thus the geometries are a=®, b= a single point,
¢ =2 points, d=3 non-collinear points, e =3 collinear points, f=4 non-
collinear points, g=3 points on a line plus a point off that line, A=4
collinear points. As a check that the previous theory has been correctly
understood, we present the multiplication tables for the rings C(I') and
D(I'). In these two tables q, ..., # are short-hand for (a), ..., (#), and 4, .., H
stand for (a)g, ..., (h)s.

Cn| « b ¢ d e f g h
a a b c d e f g A
b b b+2c 2¢+3d+3e 3d+4f+3g  3et+g+4dh Af 4g 4h
¢ ¢ 2c+3d+3e c+6d+6e+6f+6g+6h 3d+12f+9g 3e+3g+12h 6f 6g 6h
d d 3d+4f+3g 3d+12/+9¢ d+12f+6g 3g 4 3¢ O
e e 3e+g+4h 3e+3g+ 12k 3g e+ 12h 0 g 4h
s 4f 6f 4f 0 f 00
g |& 4g bg 3 g 0 g0
h h 4h 6h 0 4h 00 A

DIy | A B C D E F G H
A A B C D E F G H
B B B+2C 2C+3D 3D +4F 3JE+G  4F 4G 4H
c |C 2C+3D C+6D+6F 3D+12F 3E+3G 6F 6G 6H
D | D 3D+4F 3D+ 12F D+ 12F E+3G 4F 4G 4H
E | E 3JE+G 3E43G E+3G E+12H G G+12H 4H
F | F 4F 6F 4F G F G H
G |G 4G 6G 4G G+12H G G+12H 4H
H |H 4H 6H 4H 4H H 4H H

The isomorphism between C(I') and D(I') is given by
A=a;B=b;C=c;D=d+e;E=e;F=f+g+h;G=g+4h; H=h.

The principal idempotents of the rings are:

s I,=a—b+c—d—e+f+g+h=A—-B+C—-D+F

e I,=b—2c+3d+3e—4f—4g—4h=B—-2C+3D—4F
o I.=c—3d—3e+6f+6g+6h=C—3D+6F

e I;=d—4f—-3g=D—-E—4F+G

e I,=e—~g—4h=E—-G

e I;=f=F-G+3H

« I,=g=G-4H

« [,=h=H.

Note that the multiplicative coefficients for D(I") are often somewhat
simpler and more easily calculated than for C(I").
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3.12 DeFINITION (The projective plane ring I1(g)). The projective plane
ring I1(q), (g€ Z, g =2), is defined to be the ring C(L)/Id(q), where 1d(q) is
the set of all identities of C(L) that are satisfied for all linear subgeometries
of projective planes of order g.

Thus Id(q) is the ideal of all identities

Y. dula)=0,

ae L
where §, is a polynomial in ¢ over the rationals, such that for all projective
planes 7 of order g,

Y d,(a,n]=0.
ae L
The problem of combinatorics in finite projective planes is to find the
above identities. For example, in I1(q) the following hold:

+ (point)=(line of g+ 1 points)=(g>+qg+ 1)1, where I is the
identity ring element.

« (k points, no three collinear), = (#*¢*1) I.

Sometimes we present identities holding in II(c), where ¢ is an integer.
This just means that we take the special case of identities holding for all
projective planes of order c.

3.13 DerINITION (Preliminaries before a proof of the fundamental
theorem). If M is a model of a linear geometry g on point set 4, then
every extension of M to a model of a linear geometry having one more
point can be defined as follows. Let S be a set of disjoint lines and/or sub-
sets of size 2 in 4 not on a line. Let P be an element not in A. Now define
the model M(P, S) to be the model having the same lines as M not in S,
and also having the lines in {/U {P}|/e S}.

g(S) is defined to be the linear geometry M(P, S). From now on, unless
otherwise stated, a “line” of a linear geometry denotes an “ordinary” line of
=3 points or else a set of two points not on an ordinary line.

3.14 LemMMa (Preliminaries before a proof of the fundamental
theorem). Let g be a finite linear geometry. Let | be a line of g. Let m be a
line of g skew to I (if m exists). Then in II(q) the following hold-

(@) (g(#))s=(2.8(8)] " (@®+q+1—]gl)g)y,
(6) (8({}))p=0(8 8({I1)] ™" Zhpsgin =19 2k (g +1—1K')(h),

where the second sum is over all lines k of models G of g B< a fixed model H



34 DAVID G. GLYNN

of h, such that g({1})=G(P, {k}) and k < a line k' of H, where P is a fixed
point not in H,

(c) (g({l, m})ﬂ= (& g({l, m})] -t Zhﬁ;g, k=gl z{u,v} Hiy, u}(h)’
where the second sum is over all sets of two skew lines {u, v} of models G of
g B< H (a fixed model of h), such that g({l, m})=G(P, {u,v}), P is a fixed
point not in H, and where

_ { 1 if u and v are not on the same line in H
Hiuo) g+1—|k|  ifuandvare on the same line k in H.

Proof. (a) In the ring D(L),

(g ) ()p=1(88#)1(g())s+]2l(8)s
(@) {(-)s—1 gl T} = (g, &(#)1(2($))s
= (g(#))s=1(g.88)]1 ' (g)s {()p— 18I I}.

Since (-);=(g*+4g+ 1)1 in I1(g), the result follows.

(b) Let P be a model of a projective plane n of order g. Let
n=1{(G, X) G=g X=g({l}), G<XP<P}|. Then n=(g g({l})]x
B(g({l}), =]. Now, given G < P with G=g, G induces a unique model H
of a subgeometry A< n. (Thus G B<H<P, and | g|=|h|.) Given such a
model H, the number of ways of extending G < H to a model X of g({/})
p< P is given by the second sum. Hence

n= Y Y (g+1—=K'|)h, n].

hBzg |hl=|gl k

Dividing the two values for n above by (g, g({/})] gives the result.

(c) Let P be a model of a projective plane n of order g. Let
r=1{(G, Y)|G=g F=g({l,m}). G< Y B<P}|. Then r=(g.g({}, m})]
B(g({l,m}), n]. Now given G f< P with G =g, there is a unique H with G
B<H<P and |G|=|H|, and there are ¥ u, ., extensions from G to a
model Y of g({/, m}). Thus

r= Z Z u{u,v}(h’ TE].

hBzg. |hl=1g| {u v}

Dividing the two values of r obtained above by (g, g({/, m})] gives us
the required result.

3.15 DEeFINITION (Variables of TT(g)). A variable of II(g) is an element
(c), where ce L is a linear geometry, such that ¢ has at least three lines
of at least three points each through every point, and ¢ is connected.
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(“Connected” means that if M is a model of ¢, it is not the union of two
disjoint models 4 # @ and B # @ such that M = (A4, B).)

3.16 THEOREM (The fundamental theorem). Let g be a finite linear
geometry. Then there is a formula for (g) in II(q) which is a polynomial in
the variables (v) of II(q) with |v]| < | g|, and also in q (with coefficients over
the rational numbers). For | g| <6, the formula has no variables, whereas for
| g1 <13, the formula is linear in the variables.

Proof. We now describe an algorithm which will calculate the formulae
for all finite linear geometries. Let L, be the set of linear geometries on <n
points. Suppose we have already calculated the formulae for (g), for all
ge L,. Note that this is equivalent to the calculation of the formulae for
(g)s by using the equation (and its inverse) from Theorem 3.6:

(g)p=Y. B(g c]lc) in H(g), where g < c, and |c| =n.

We calculate the formula for (&), he L, \\L,, as follows. If & is a variable
then the formula is the trivial (k)= (h), and so we assume that & is
generated by a collection of m disjoint variables v,, .., v,,, or there is a
point P of 4 on only 0, 1, or 2 lines of >3 points each.

In the former case we have the equation

ms

(v)g(U)p=k(h) g+ Y 1Ad)g, for some k, [ € Z.

de L,

From this we have a formula for (h),.

In the latter case we use Lemma 3.14 to obtain a formula for (h), in
terms of geometries which are 2 A\ P and have n points. Using the inver-
sion formula of Theorem 3.6, as applied to f and 7(q), gives us the result.

The smallest variable linear geometry is the projective plane of order 2,
which has 7 points. (See Theorem 3.18.) Hence the formula for a geometry
on <6 points is a “constant”—that is, it is a polynomial in ¢, the order of
the projective plane. The only way to get non-linear terms in the variables
in the formulae for r-point geometries is for disjoint variables on <n
points to exist. Thus we see that the smallest pair of disjoint variables is
made up of two disjoint projective planes of order 2, which have a union of
14 points. Hence, the formula for geometries on <13 points is linear in the
variables.

3.17 CoNIJECTURE (About the fundamental theorem). If g is a finite non-
variable linear geometry with p points, m lines and f flags (point/line inciden-
ces), we conjecture that the constant term for (g) in I1{q), (i.e., a polynomial
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in q over the rationals), is of degree 2(p +m)—f in q. Also, the coefficient of
g??+™ =1 is 1/[ g], and the constant term multiplied by [ g] is a polynomial
in q over the integers. ([ g] is the size of the group of automorphisms of g.)

3.18 THEOREM (The variable linear geometries on 9 points or
less). Here we present a list of all the variable linear geometries v; on
<9 points and the sizes [v;] of their groups of automorphisms. The list
of J. Doyen [5] can be consulted for this. It has been checked by computer
with a program written by the author using the techniques summarized in
Example 1.17. There is one variable on 7 points, one on 8 points, and ten on
9 points. Of the 500 linear geometries on <9 points, only 12 are variables:

1. [v,]=168, & =7,

2. [v,]=48, % =8,

3. [v5]=108, % = “Pappus”
4 [0]=5. &

5. [vs]=12, ﬁg

6. [ve]=12, &

7. [v,]=6, éé

8. [ve] =236, ‘Eg

9. [e]=36, @X

10. [v,0]1=432, @% =AG(2, 3)
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1. [o,]=4, &
12. [vp]=12, %

Note that the above configurations give the amount of “variability” in
the linear subgeometries of finite projective planes with <9 points.

3.19 DermniTioN (Point/line geometries). The previous “linear geome-
tries” were based on element sets that were possible subsets of points of
projective planes. Now we consider element sets based on subsets of the
union of the points and the lines. Thus we define the set of point/line
geometries (P/L-geometries) to be the set of those geometries g in
Ext(I"(0— 1)), (see Example 2.15), such that the 2 x 2 matrix of all I’s is
not a subgeometry of g. In terms of generators, P/L = Ext(P/L,), where
P/L, is the set of 16 (0 — 1)-geometries:

+ the 4 x 0 matrix consisting of just 4 rows,

* the four 3 x 1 matrices with zero, one, two and three 1I's,

e the zero 2 x 2 matrix,

+ the 2 x2 matrix with a single 1,

» the 2 x 2 identity matrix,

» the 2 x2 matrix with two 1’s in a row and two 0’s in the other,

* the 2 x 2 matrix with two 1’s in a column and two 0’s in the other,
« the 2 x 2 matrix with three 1I’s,

+ the four 1 x 3 matrices with zero, one, two, and three 1’s,

* the 0 x4 matrix consisting of just 4 columns.

(We saw in Example 2.15 that Ext(7(0— 1)) is essentially the class of
geometries induced by the matrices containing only 0’s and 1’s. An element
set of such a geometry is the union of the sets of rows and columns of the
matrix. Two geometries are considered to be equivalent if there is a bijec-
tion from rows to rows and columns to columns preserving the matrix
structure.)

Note that we consider the rows to be points and the columns to be lines.
In a P/L-geometry, a point is “incident” with a line if the corresponding
P/L-subgeometry on 2 elements corresponding to the point and line is the
1 x 1 identity matrix. Then we see that the P/L-geometry of a projective
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plane of order g is the geometry of the g*+4g+1xg°+ ¢+ 1 incidence
matrix of the plane—it has 2 (¢°> + ¢+ 1) elements.

3.20 OBSERVATION (The relationship between P/L and linear geometries).
We observe that an nx g> + ¢ + 1 P/L-subgeometry of the P/L-geometry of
a projective plane of order g is equivalent to an n point subgeometry of the
linear geometry of the projective plane, and a ¢®4q¢+1xnP/L-
subgeometry is equivalent to an » eclement subgeometry of the linear
geometry of the dual projective plane. This shows how a knowledge of one
type of geometry can be used to get information about the other. However,
in some sense it is clear that the P/L-geometries involve “finer” substruc-
tures than do the linear geometries.

Perhaps a more important observation is that the partial order o is
closely associated with the concept of P/L-geometry. Thus, if g and 4 are
linear geometries, g having / points and j lines, # having & points and m
lines, then g and A correspond to (i xj) and (k x m) P/L-geometries g’ and
', respectively. (Note that these P/L-geometries do not have lines incident
with less than 3 points.) Then a(g, A1 =(g’, #'], and so, from Theorem 3.6
we have that

(g W= 3 (g x'1xh]
lxl=1¢gl

and conversely
(& h1=Y (=) (g X J(x', '],

where the second sum is over P/L-geometries x’ with the same number of
points as g’ but having possibly more lines (of necessarily >3 points each).

Thus a simplification of Theorem 3.6b (in the case of the partial order «)
is possible, because of the geometrical nature of the coefficients a(g, /].

321 TueoreM (A more powerful version of the fundamental
theorem). For any finite mxn P/L-geometry g, there is a formula for the
number (g, n] of subgeomerries g in a projective plane © of order q. This
formula has variables of the following type: these have at least 3 points on
each line, at least 3 lines through each point, at most m points and at most n
lines, (cf. Definition 3.15 and Theorem 3.16).)

Proof. The proof is very similar to that of Theorem 3.16 which uses
Lemma 3.14. The main part of the proof is to find formulae for the
P/L-geometries having an element on only 0, 1, or 2 elements of the
opposite type, and having at most an equal number of points and lines.

Let x be a P/L-geometry. If S is a set of skew lines of x (which may be
incident with only 0, 1, or 2 points in x), then define x(S) to be the
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P/L-geometry obtained by adding a point to x on the intersection of the
lines of S. Suppose x is of type i xj. That is, it has i points and j lines. Also
suppose that m is a line of x and that n is a line of x skew to m (if it exists).
Let = be a general projective plane of order ¢. Then

(a) (x’ﬂ](q2+q+1'—i):Z_vlype{i+l)xj(xﬂy](y’Tc];
(b) (x,mlg+1—ImDlx, x({m}) =%, (y,n] Zp s},

where the first sum is over all P/L-geometries y which have one more point
than x and contain x, the second sum is over all points P of y with
x=y\P, and p} is equal to the number of lines r of x on P such that
x({r})=x({m}). |m| is the number of points on m in x; and

() (x,nllx x({mn}))=3%,(y,n] Lo vp,
where the first sum is over all P/L-geometries y such that y has one more
point than x and contains x, the second sum is over all points Q of y with
x=p\Q, and v} is equal to the number of pairs of lines {u, v} of x on Q
such that x({u, v})=x({m, n}).

Using (a), (b), and (c) above, if there is a point X of a P/L-geometry y of
type {(i+1)xj on 0, 1, or 2 lines of y, then there is a formula for (y, ]
in terms of y\X and geometries with more flags than y but also of
type (i+1)xj. Hence, continually using the three equations above (and
their duals) we obtain a formula for y in terms of “variables” with at
least 3 points on each line and at least 3 lines through each point. These
P/L-geometries also have at most the same number of points and lines
as y.

Coupled with Observation 3.20, this theorem can be used to obtain an
alternative proof of Theorem 3.16. Since it also deals with finer sub-
geometries we consider it to be a “more powerful” version of the fundamen-
tal theorem.

3.22 THeoreM (The variables for the point/line geometries). Here we
present a list of all the variable P/L-geometries on <18 elements, because
these represent, by Theorem 321, the amount of “variability” for small
P/L-geometries in finite projective planes:

(i) 14 elements: the projective plane of order 2, which is 7x 7 (see
3.18, vy).

(ii) 16 elements: the affine plane of order 3 minus a point, which is
8 x 8 (see 3.18, v,).

(iii) 18 elements: five 9 x 9 P/L-geometries corresponding to the linear
geometries of Theorem 3.18 which have 9 points and 9 lines (see 3.18, vs, vy,
Us, Uyy, and UIZ)‘
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Note that all the above P/L-geometries are self-dual. the smallest non-self-
dual variables are of size 9 x 10 and 10 x 9.

3.23 DerFINITION (The complete-line geometries). Now we define a new
class of geometry that is useful for various problems concerning finite pro-
jective and affine planes. It is called the class of complete line geometries of
order q, C/L(q), where g€ Z, and ¢ > 2. The idea comes from taking linear
subgeometries of a projective plane of order ¢, but only considering the
“complete” lines to be important—these are the lines with the full ¢ +1
points. Thus there is a unique geometry in C/L(g) of size n, for all
0<n<q If g+ 1 <m<2q, there are two C/L{g)-geometries on m points—
those containing a complete line and those not. For 2g+1<p<3¢g—1,
there are three types of C/L(g)-geometry—those containing 0, 1, or 2
complete lines of g+ 1 points. Clearly, it is the dual configuration of
complete lines contained in the linear geometry that is important. Hence,
every C/L(q)-geometry can be written as A=k. g, where g is a linear
geometry representing the dual linear geometry of complete lines, and &
is a non-negative integer giving the number of “free” points of 4 not on
any of the complete lines of g. Naturally, the total number of points of 4 is
¢+ k, where ¢, is the number of points on the lines of g. By counting the
number f, of (point, line of >2 points) flags of g in two ways we can
calculate that ¢, = (g + 1)| g| —f, + the number of lines of >2 points of g.
Naturally, in an investigation of C/L(g), only those linear geometries g
having ¢, <¢°+ ¢+ 1 are important, as otherwise k. £ cannot be embedded
in a projective plane of order q.

3.24 THeoReM (Formulae for the C/L-geometries in finite projective
planes). Let © be a projective plane of order q, considered to be both a dual
linear geometry T and a complete line geometry. “Dual’ denotes the treating
of the lines instead of the points as the elements of geometries. Then there are
the following relationships between the inclusion numbers of the respective
types of geometry. Let g be a finite linear geometry and let k be an integer
satisfying k= c,. Then

(a) (“z*ﬂic.‘g“'g)(g, T]=Yhsg (8 h)k—cy-h, m];
(b) (k—cy g n]=Ths, (=1 181 (g hY(7+* L %)(h, ].
Proof. (a) This formula comes from counting in two ways the number
of ordered pairs (M, S) of a model M of g as a submodel of a fixed model

of 7 which is contained in a subset S of size k which is contained in the
point set of 7.

(b) This is just the inverse of the formula in (a)—one can use the
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properties of the idempotents of the natural ring of linear geometries (see
Theorem 2.5). Thus the inverse of the matrix with (i, j)th element (g,, g;] is
the matrix with (i, j)th element (—1)'&' '8l (g, ¢.7.

4. CONSEQUENCES OF THE FUNDAMENTAL THEOREM

We shall now illustrate the theory of the previous chapter by giving
various concrete calculations of the numbers of k-arcs and blocking sets in
finite projective (and also affine planes). Note that a k-arc is a set of k
points of a projective plane, no 3 collinear. A blocking set of a finite projec-
tive or affine plane is a set of points that contains no line and intersects
every line of the plane. Both types of substructure have been investigated in
depth before—see, for example, [11]. However, the methods we use and
many of the results that we obtain here are quite new (except for the
“elementary” theorem which follows).

4.1 TueoreM (Formulae for k-arcs in [1(q), k <6). Let A, denote the
linear geometry consisting of k points, no3 collinear. Then the number
of k-arcs (k<6) in a general projective plane of order q is given by the
following formulae, which hold in I1(q):

(i) (4)=(g*+q+ 1)1

1
(i) (42)=3 (@+g+1)(g*+q) I

) (4) =5 @ +g+ (g +) 4.

V) (A= (¢ +a+ g +q) g~ P

() (A9)=5 @+ g+ DG +9) g =1V (7~ S +6) .

(48) (A)=g (g +a+Dig’ +9)
xq*(g—1)" (¢’ = 5¢+6)(q" —9g +21) L.

Proof. Since the smallest variable for 71(g) is the Fano plane, which has
7 points, from the “fundamental” Theorem 3.16 the value of any con-
figuration with <6 points is a constant in 77(g). The above formulae follow
from the fact that the number b, of (n + 1)-arcs containing a fixed n-arc in
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any projective plane of order ¢ is an easily calculated constant for all n <6.
In fact, by=g>+q+1, hy=q*+q, by=¢°% by=(q—1)% by=q"—5¢+6,
and bs=¢q>—9q +21. (See [11] for a proof of this well-known fact.)

4.2 THEOREM (Formula for 7-arcs in I1(q)). In Il(q):
1
(A7) == (¢ +g+ g+ 1) a’(g—1)* (4= 3)(g —5)

x (g* — 20> + 1487 — 468q + 498) I — (7,).

Proof. From Theorems 3.16 and 3.18 we know that there is a formula
for the number (A,) of 7-arcs in a projective plane of order g, which is
equal to a constant + a linear term in the number of Fano subplanes (7;).
We could use the algorithm of the proof of Theorem 3.16 to obtain this
formula. Instead, we present here a somewhat shorter method which
uses fewer configurations to obtain the result. This method uses the fact
that the constants associated with the partial order «, introduced in
Definition 3.3(i), are easier to calculate. (Note also the important connec-
tion with the P/L-geometries considered in Observation 3.20.) Once these
constants are calculated, it is quite straightforward to convert to the
natural partial order. Of course, in II{q), (g),, where g is a linear
geometry, represents the value of a(g, n], for all projective planes n of
order q.

Consider a 6-arc K of a projective plane n of order ¢. It has 15 chords
(lines intersecting it in 2 points). Let there be N, points of 7\ K on i chords
of K. Then the following hold (see [11] for example):

© No+ N +N,+N;=¢>+¢-5,
e N;+2N,+3N;=15(¢—1), and
. N2+3N3——-45

These equations imply that N,=g’—14g+55— N;. Let there be
k; 6-arcs of mn such that N,=i, (where 0<i<15holds). Then, counting
ordered pairs of 6-arcs contained in 7-arcs gives in /1(g):

15
T(A7)= Y kiq*—14g+55—i) L

i=0

But

15
(4e)= 2 ki,
i=0

i=

and
15

(Cl) = Z ikils

i=1
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where ¢, is the linear geometry on 7 points with 3 lines of 3 points each
through one of its points.
Thus, we have shown that in 71(q):

7(A;)=(q° — 14g + 55)(44) — (c)).

Since (Aq) is known from Theorem 4.1(vi), we still have to calculate (c,).
We do this using the following complete list of 6 linear geometries g such

that ga>c, and | g| =
“T A\“"Z‘ A\"’}: /43\
"7 éﬁ‘ $= ﬁz

The values of (c,), are very easily calculated. We do it for ¢; and leave
the proofs of the rest to the reader. There are (¢3') ways of choosing three
lines of n through each of the g2 + g+ 1 points of 7. On each of these lines
one can choose (4) pairs of points. Hence

1 3
(c,)a=(q2+q+1)<q§ )(g) I

Let n=(q>+q+1)(g+1)q*(g—1)> Then
c1)a = (nq(qg—1)%/48) 1,

(
© (c2)a=(nlg—1)*/6) L
* (e3)a=(n(g—2)12) I,
* (ca)u=(n(g— 1)),
s (c5),=1(n/24) I and
o (ce)ua=(T3) L

To convert the above formulae to the natural ring, we must first
calculate the coefficients x,j—oc(c,,c] for all 1<(i,/)<6. As this is
straightforward, we merely give the matrix X = (x,):

1 112 4 7
01 2 4 12 28
0010 0 O

X'0001621
0000 1 7
00 00 0 1
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Then the inverse of X gives the coefficients needed to transfer the values
of (c;), to those of (¢;). (Note Theorem 3.6b and Observation 3.20.)

1 -1 1 2 -4 7
0 1 -2 —4 12 —28
o o 1 0o o o
o o o 1 -6 2
0 0 0 0 1 -7
0 0 0 0 0 1

We can use the first row of X ! above to calculate (¢,). Thus

(e1)=(c1)x—(c2)a+ (€3)at 2(cs)s — 4es)s + T(cs).
=n((q(qg—1)’/48)— (¢ —1)*/6 + (¢ —2)/12+ 2(q — 1)/8 — (4/24)) I+ 7(75)
= (n/48)(q—3)* (g—4) +7(75).
And so,
(A7) =14(q* — 14g + 55)(A¢) — ¥(c,).

This is the formula that we wanted to show, when we substitute the
value of (4¢), given in Theorem 4.1(vi), and the value of (c,) above.

4.3 CoroLLARY (Non-Existence of n(6)). It has been well known for a
long time that there is no projective plane of order 6. For example, this result
follows from the non-existence of two orthogonal Latin squares of order 6, or
from the Bruck—Ryser Theorem [2], that no projective plane of order g
exists, if g=1 or 2 (mod 4) and q is not the sum of two integral squares.

However, we can attain a very short proof of this fact by noting that the
value of ¢*—20q> + 148¢° — 4684 + 498 is —6 when ¢ equals 6. Hence the
number of 7-arcs plus the number of Fano subplanes in a possible plane of
order 6 is negative. This is a contradiction to the fact that the number of
subgeometries of a particular type in a geometry is always non-negative.

Note that it has been shown by computer-aided methods that there is no
12-arc in a putative plane of order 10 [14]. However, this result has not
been used to obtain the non-existence of such a plane as yet.

4.4 TueoreM (Formula for 8-arcs in I1(q)). In II(g):

1
(As) =55 (@ +q+1)g+1)g*(g—1)*(g—5)q’ —43¢°+788¢° — 7937¢*

+470974° — 1628349 + 299280g — 222960) I + (85)
— (g% —20g + 78)(75).
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Proof. From Theorems 3.16 and 3.18 we know that there is a formula
for the number (A4) of 8-arcs in a projective plane of order g, which is
equal to a constant+a linear term in the number (7;) of Fano sub-
planes + a linear term in the number (8;) of affine planes of order 3 minus
a point. We shall use a method very similar to that of the previous theorem
to obtain the result.

Consider a 7-arc L of a projective plane 7 of order ¢. It has 21 chords.
Let there be M, points of n\ L on i chords of L. The following hold:

. M0+M1+M2+M3:q2+q_6,
. M1+2M2+3M;=21(q—1),and
e M,+3M,=105.

These equations imply that Mg=g>—20g+ 120 — M. Let there be
p; 7-arcs of n such that M,=/i (where 0<i<35holds). Then, counting
ordered pairs of 7-arcs contained in 8-arcs gives in I1(q):

35
8(Ag)= Y pAg®—20g+120—i) I

i=0

But

35
(47)= Z pil,
i=0

i=

and

(dl)= Z ipil’

where 4, is the linear geometry on 8 points with 3 lines of 3 points each
through one of its points.
Thus we have shown that in 77(q) there holds

8(A4g)= (qz_ 20g +120)(4,) — (d,).

Since (4,) is known from Theorem 4.2, we still have to calculate (d, ).
Let k, and c; be defined as in the proof of Theorem 4.2. Let

d1=/I\,dz=A<’d3=é%{'
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Then we have
15
(d)= Z i(qz— 14g+55—i) k.1

i=0

15 15
=(q*—14q+55) Y ik,JJ— Y, i*k,1

i=0 i=0

15 15 i
=(q°—14q9+54) Y ik I-2Y <2> kil

i=0 i=0

=(g* — 149 + 54)(c,) — 2(d;) — 2(d;).

(By counting 6-arcs extended by two points, each on three chords, there
holds 3°/2 , (5) k, /= (d,) + (d;).)

Hence in I1(q) we have: (d,) = (¢°> — 14q + 54)(c,) — 2(d,) — 2(d,). Since
(¢y) was calculated in the proof of Theorem 4.2, all we need is to calculate
(d,) and (d,).

The complete list of linear geometries ¢ with |e| =8 and ea>d, is

(== SR o= LR o= 2R o= BN

If we define the 4 x 4 matrix Y= (y;) by y,=a(e;, e;], then it is easily
calculated that

1113 1 -1 1 3
012 6 Lo 1 -2 6
Voot of ™ Y =to o 1 o
000 1 0o 0 0 1

As in the proof of Theorem 4.2, the first row of Y ! above gives the
formula:

(d2)=(e1).— (€2)s + (€3), + 3(e4).
=(¢*+q+ D)3 (3N 1= (*+q+ D3N8’ g - D) ]
+ (g + g+ )59 T-21(75)] +3[7(g - 2)(75)]
=Hg* +q+ D3N’ [g—1)g—2)~4g—2)+2]1+21(g—3)(75)
= (n/16)(g —3) (g —4) I+ 21(q — 3)(75),

where n is as in the proof of Theorem 4.2.
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The complete list of linear geometries f with | f| =8 and fa>d, is

et 2K 1 AR e 2D~

If we define the 3 x 3 matrix Z=(z;) by z;=a(f}, f;], then it is easily
calculated that

1 1 4 T -1 4
Z=(0 1 8), and Z'={0 1 —8).
0 0 1 0 0 1

As above the first row of Z ! gives the formula:
(d3) = (fl):x - (f2)at + 4(f3)oc

=(7H4 (D61 — Mg+ g+ 1)(g* +q) qlg— 1)(g—2)(g* — q) I+ 4(83)
=(n/12}(q —2){g —4) 1+ 4(8,).

Putting all the above calculations together we have
(As)=3(g* —20g + 120)(4,) — §(d)
= #(g” — 20 + 120)(4,) — §[ (g — 14 + 54)(c;) — 2(d,) — 2(d3)]
= k(q” — 20g + 120)[(#/7")(q — 3)(g — 5)(g* — 20¢°
+ 1484% —468g +498) I —(74)]
—§(q° — 14g + 54)[(n/48)(g — 3)* (g —4) [+ 7(75)]
+1[(n/16)(g —3) (g —4) I+ 21(g —3)(73)]
+3l(r/12)(g —2)(g —4) I+ 4(8;)]
= (n/8)[(g* — 20 + 120)(g — 3)(g — 5)
x (g* — 20q* + 148q% — 468q + 498)
—105(q* — 14 + 54)(9—3)* (9 —4)
+630(g —3)(g—4) + 840(¢g —2)(q — 4)] I + 4[ — (¢° — 20g + 120)
—T(q* — 14 + 54) + 42(g — 3)1(75) + (8;).

It can be checked that this formula simplifies to that of the theorem.

An idea of the complexity of arcs in finite Desarguesian planes can be
gauged from the difficulty of the problem of (¢ + 2)-arcs (or “ovals”) in
PG(2, q), g even. (See [8]. Also see [9] for a generalization to higher-
dimensional space.) However, it was shown by B.Segre [16], using a
simple algebraic coordinate technique, that every (q+ 1)-arc of PG(2, q)

582a/49/1-4
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(¢ odd) is a conic, and so the number of (¢ + 1)-arcs in such a projective
plane is ¢°> — g%

4.5 THEOREM (Counting configurations in Desarguesian planes). A
finite Desarguesian projective plane is one coordinatized by a finite field
GF(q), where q is a prime power. (q is the order of the plane. See, for
example, [11].) The plane is denoted by PG(2, q)

Here we give the formulae for the number of variables of size <8—this
gives the reader the possibility of calculating the number of times any
configuration with less than 9 points occurs in PG(2, q).

The following hold for mn=PG(2,q). Note that n=(q*+q+1)x
(g+1)¢*(g—1)? as before:

) _ {0 if q is odd,
® (73’n1—{n/168 if q is even.

n/48 if ¢=0(mod 3),
(i) (85, m]=( n/24 if q=1(mod3),
0 if g=2(mod 3).

Proof. (i) It 1s standard theory of PG(2, q) that every 4-arc is contained
in a unique subplane of order p, where p is the characteristic of the plane
(that is, g = p”, p prime, h a positive integer). When ¢ is odd, it is also well
known that PG(2, q) contains no subplane of order 2. (In fact, PG(2, q)
contains precisely the subplanes PG(2, r), where r =p* and s divides A. See
[11].) Suppose g is even (that is, p =2 above). The number m of ordered
pairs (4,4, f), where 4, is a model of a 4-arc contained in a model fof a 7,
contained in 7, is

m=n/24=7(75, n}.

This gives the stated value of (75, n].

(ii) Let the points of PG(2, g) be represented by homogeneous triples
(x,y,2z) over GF(q). A general 4-arc 4, may be assumed to have coor-
dinates (1, 0, 0), (0, 1,0), (0,0, 1), and (1, 1, 1).

We find the number of configurations 8, that contain 4, and also a
general point (1, 4, 0) on the line z=0, such that (0,0, 1) and (1, 1, 1) are
not on a line of 8;. First, one of two possibilities holds: (1, 4, 1)e 8, or
(0, 1 -4, 1)e8,. These are symmetrical cases, so assume that the former
holds. Then it is clear that (0,1, 1) and (1,0, 1 — 1) are also in 8;. Since
(1,1,1), (1,0,1—4), and (1, 4, 0) are collinear, the corresponding 3 x 3
determinant is zero. This gives

AP—A+1=0
=(—4)’=1 and Ai#-—L
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This last equation has 0, 1, or 2 solutions for ¢g=2, 0 or ! (mod 3),
respectively.

The number of configurations, an 4, with another point on one of its
lines contained in an 8., is 24. Hence, by counting these configurations
contained in 8;’s contained in 7 in two ways we obtain

24.(8,, m] = (A4, n]. (no. of lines of 4,).2.(0, 1 or 2).
Thus,
(85, m] = (n/24).6.2.(0, 1 or 2)/24.

This is the value stated by the Theorem.

The reader is referred to [1] for a calculation of the number of
Pappus 9, configurations in AG(2, g), and to [15] for the number of
Desargues 10, configurations in PG(2, g), for ¢ of characteristic 2 or 3.

4.6 DEFINITION (Blocking sets in projective or affine planes). An affine
plane is the structure of points and lines obtained by deleting a line and all
its points off a projective plane. Its order is just the order of the projective
plane and so is the number of points on each line. A blocking set of a finite
projective or affine plane is a set of points that contains no line and is skew
to no line. (See for example, [11], for some of the theory of blocking sets.)

4.7 THEOREM (Formula for blocking sets). The number of blocking sets
of size k in a projective plane of order q is given by the formula

"“Z":*‘A {(q2+q+l—x>+( FHq+1-x \|_[(¢*+q+]1
e k—x F+g+1—k—x k ’

"Vhere /‘{‘XI=Z('g=x (_l)lgl(g_) in H(q)

Note that ¢, is the number of points of a projective plane of order ¢ on
the lines of g—see 3.23. Also, (g) in 71(g) essentially means the number of
dual configurations g in a plane of order q.

Proof. A blocking set of a projective plane is a set of points which is of
type k.@, such that its complementary set of points is of type
g*+q+1—k.®@. (See 323 for the definition of k.g.) There are three
possible types of sets of points of size k of a projective plane:

(a) a blocking set,
(b) a k.b, whose complement is not a g+ ¢+ 1 — k. P, and

(c) a set of k points containing a line.
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Since the number of sets of type (a), (b), and (c) above satisfy in 71(g):

g +qg+t
k b
q2+q+1>
P .

a+b=(k.(5),a+c=(q2+q+1——k.(5),a+b+c=(

thena=(k.d—5)+(q2+q+1—k.@)—(

The formula now follows directly from Theorem 3.24b.

4.8 TaBLE (The number of points covered by small dual linear
geometries). Here we list all the 47 linear geometries g with | g| <7,
together with

* the number of points | g|,
s the size of the group of automorphisms [ g],

» d,=the number of flags of g— the number of lines of at least 2
points of g, and

* ¢, =(q+1)| g|—d,=the number of points on the lines of g, for
qg=2,3,4, and 5.

Note that “— denotes that the configuration is not a subgeometry of the
projective plane of that order.

i g=g lgl (gl 4 2 3 4 5
1 b o 1 0 0 0 0 0
2 . 1 {1 0 3 4 S5 6
3 oo 2 2 1 s 71 9 1
4 e 3 6 3 6 9 12 15
5 — 3 6 2 7 10 13 16
6 .- 4 24 6 6 10 14 18
7 — 4 6 5 7 11 15 19
8 ——— 4 24 03— 13 17 2
9 e 5 120 10 — — 15 20

10 —— 5 12 9 — 11 16 21
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1 g=8; lgl [g] 4, 3 4 5
11 \V4 s 8 8 2 17 2
12 ——— 5 24 7 13 18 23
13 ———— 5 120 4 — 2 2
14 - 6 720 15 — 15 21
5 6 36 14 - - 2
16 \/ 6 8 13 — 17 273
17 oo 6 72 13 117 23
18 A 6 6 12 12 18 24
19 V 6 24 11 13 19 25
20 — 6 48 12 — 18 24
21 P 6 12 11 13 19 25
2 ———e 6 120 9 — 2 27
24 - 712 - - =
25 R 7 144 20 -
26 N/ 7 16 19 -y
27 e 736 19 -
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i g=g; lgl [g] 4, 3 4 5

28 'R 7 8 18 . x
29 NV 7 48 18 — 1
30 AN 7 6 18 -
31 AN 7 6 17 — — 25
32 A 7 4 17 18 25
33 Avd 7 24 17 25
34 A 712 16 2 19 26
35 2 7 8 16 . — 2
36 A 7 24 15 13 — 27
37 & 7 168 14~ o
38 oo 7 144 18 - -
39 AR 7 144 17 — 18 25
40 - 7 12 17 25
41 pra-N 7 4 16 — 19 26
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i g=g; lgl [g] 4, 2 3 4 5
42 A 7 6 15 — 13 20 2
83 N 7072 15 — 13 20 27
44 — 7 240 15 9 — —  — 27
45 S 748 14— - 2 2%
46 ——eee 7 720 11—  —  — 31
L 77 6 - - - —

4.9 ExaMPLE (Blocking sets in small projective planes). Here we use the
previous table and the formula of Theorem 4.7 to find the number of block-
ing sets of size k in the projective planes of orders < S. The percentage in
parentheses given after the number of blocking sets b, below, refers to the
percentage of blocking sets of size k out of the total number, (¥*g+1!), of
subsets of size k in the plane. This gives a measure of how common these
blocking sets are.

Note that all the projective planes of small orders (g <9) are self-dual
and isomorphic to PG(2, gq). Hence (g)=(g) in II(q), for these small 4.
Also, as a short-hand notation we usually leave out the 7 in the constants
below. We shall not give all the details of calculating (g;), as this is quite
easy given the small sizes of the configurations. Also, various terms are not
necessary because there are no blocking sets of size k£ for k< g+ \/E +1
(see, for example, [11]), and also ("2+,;'j_x"~‘)+(qz"j;iﬂ;fx) is zero for
all x> max(k, ¢ + ¢+ 1 — k). Thus it is only necessary know the values of
i, for x <max(k, g> + g+ 1 —k) in order to calculate the value of b,.

(i) g=2. In this case it can be checked that the number b, of block-
ing sets of size k in PG(2, 2) is

el Q165+ (20
BRI R N

It follows then that b, =0, for all 0<k <7. This is a verification of the
well-known fact that there are no blocking sets in PG(2, 2).
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(ii) g=3. Wefirst calculate A I=3
x from 0 to 11. From the table:

h=(g)=(?)=1

(—1)'#1 (g) in I1(3), for all

g=Xx

h=1(gs5)=13.12/2=78.

Ag =0,

Ao= —(g4)= —13.129/3! = —234.
Ao=—(8s)+(g¢) = —13.4+13.12.9.4/4! = 182.
An=1(g7)—(810) +(g17,)=1349-13433+13.6=78.

The only non-zero value of b, in fact is for k=6 or 7. Then
bs=b;=[()+ (- 131D+ (DT +78(5) — (1) =234 (13.6%).

In fact, one can check that every blocking set of PG(2,3) is a sub-
geometry g4, which has a complementary g,¢. Thus, (g,) = (g:) = 234 in
I1(3) (see [11], Theorem 13.4.3).

(ili) g=4. We know that a blocking set of size & of PG(2,4)
satisfies 7 < k < 14, (because 7=4 + \/Z + 1). Hence, to calculate b, for all
k we need to know the values of (g) for ¢, < 14. Thus

lo=(g)=(P)=1.
ll=/lz=i3=i4=0.
As=—(g))=—2L

1’6:}’7:18:0'
Ao = (g5)=21.20/2 =210.
Ao =421, =0.

A= —(gs) = —21.20.16/3! = —1120.
Aiy=—(gs)= —21.10 = —210.
Are=(g¢) =21.20.16.9/4! = 2520.
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o) GGl 2]
] (2 ) (][ )+ 0]
+2520 [(k_714> + (Z)] - <2k1>

* by;=5b,,=360(0.3%). Every blocking set of size 7 is a 7;.
* byg=b,3=15120 (7.4%). There are two types of blocking sets

with 8 points:
A (5040),
& (10,080).

o by=by,=60,760 (20.7%).
o b= by, = 109,200 (31.0%).

(iv) ¢g=S5. It is known that a blocking set of size k of PG(2,5)
satisfies 9 <k <22. Hence, to calculate b, for all k, we need to know
the values of (g) for c,<22. We shall also calculate the value of the
configurations with ¢, =23 in order to check that by =0. Thus

Ao=(81)=(P)=1.
hy=Ay=Ay=Adg=As=0.

Ae= —(g;)=—3L
dy=Ag=Ag=1A,=0.

Ay = (g5)=31.30/2=465.
Ap= Ay = Ay, =0.

dis=—(gq)= —31.30.25/31 = —3875.
Ae=—(gs)= —31.6.54/31 = —620.
2, =0.



56 DAVID G. GLYNN

A1s=(g6)=31.30.25.16/4! = 15,500.
Ao =(g7)=131.20.25 = 15,500.
A= —(go)= —31.30.25.16.6/5! = — 18,600.
Aar =(8s) — (g10) + (g14) = 465 — 93,000 + 3100 = — 89,435.
A= —(g11) + (g15) = — 46,500 + 62,000 = 15,500.
Ayy=—(812) +(&16) + (g17) — (826)
= —31.15.25+4 31.15.100 + 31.30.25.16.6.10.3/5!/2 — 3100.15
= — 11,625 + 46,500 4 279,000 — 46,500
=267,375.

eGP L[ Bl 2]
=975 5+ ()= [ B + ()

+ 15,500

—_

[/ 13
15,500
#1550

)+ (%)
-tssoo[( )+ ()
)+()]

[/ 9
15,500
#1500 (,

Thus,
o by=b,=0(0%).
«  by=b,yy=15,500 (.077%).
s byo=b,y =809,100 (1.8%).
o by =byy=6,551,850 (7.7%).
o b,=b,,=25888,875(18.3%).
o biy=b3=64,057,625 (31.1%).
e by=by,=111,553,500 (42.1%).
o bys=b,s= 145272200 (48.3%).

4.10 ExaMmpLE (Blocking sets in small affine planes). Here we show how
the previous table is used to find the number B, of blocking sets of size k in
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all the affine planes of orders < 5. The problem of blocking sets in affine
planes is complicated by the fact that two lines may be parallel in such a
plane. However, this is compensated by the fact that there are less points to
consider than in the corresponding projective plane.

Every affine plane of order ¢<5 is isomorphic to AG(2, ¢), which is
obtained from PG(2, q) by deleting a line and all of its points. The method
we use is first to calculate the number r, of sets of size & in the affine plane
which intersect each line. That is, the complement of one of these sets in the
projective plane is of type ¢> —k.g,, where g, is the linear geometry with
just a single point-—see Table 4.8. Then we subtract the number s, of sets of
size k containing at least one line of AG(2, g) and intersecting each line.
Thus B, =r,— s,. Since every line of PG(2, q) is equivalent to any other
line, we may use the following formula for r,. We are using the fact that
PG(2, q) is self-dual and applying Theorem 3.24b. Thus (g)=(g) in II{q),
for these small g.

=@ +q+1) ' (¢*—k.g,)

2 1_ |
=(¢’+q+1)"" 2 (—1)"""‘|g,-|<q +q: c’)(gj).

g, z2g1.¢<qgt+q+1—k

Hence we first calculate {, =(g*+q+ 1) X _cyyer (=171 2l(g)
in Il{q), for all x from O to a large enough size: the size of the largest
possible blocking set. We really need to calculate only one of B, and B,
as they are equal. We then use the formula

2
=z (T)

We shall not give all the details for calculating (g,), as it is quite easy,
given the small sizes of the configurations. s, will be calculated directly by
simple standard methods. Note that it is easier to calculate s, for smaller
values of k, but it is easier to calculate r, for larger values. Hence we may
choose k or g2 —k as is convenient.

(i) g=2. This case is so small that we note only that there are no
blocking sets of AG(2, 2).
(ii) ¢=3. From Table 4.8:
{o=13""(g))=1.
¢, =0.
{,=0.
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{3=—13"Yg;).2=—13"11362= —12.
{4=0.
(s=13""(g4).3=13"113.129/31.3 = 54.

9 6
rk=<k>~12<k>+54<z>, for 4<k<9.

Thus rg= l, r8=9, r7=36, r6=72’ r5=54’ r4=0_
In each case, it is easy to check that r, =s,. Hence there are no blocking
sets in AG(2, 3).

(iii) g=4. From Table 4.8:

{o=21""(g)=1.

{,=0.

£,=0.

{3=0.

(4= —21""(g3).2=—21"121.102 = —20.

C5=0~

{6=0.

{;=21""(g4).3=21""21.20.16/3!.3 = 160.
(g=21"'(gs).3=21"121.10.3 =30.
{o=—21""(g¢)d=—21"121.20.16.9/41.4 = —480.
(i0=21""[—(g7)4+ (g9)-5—~(g14).6]1= —640 + 240 — 48 = — 448,

() 0(2)e(2) o)

—480 (Z>—448 (2), for 6<k<16.

Hence

Hence

Thus rig=1, r;5s=16, rg=4440, r,= 1120, r¢=0.

Since r¢ =54, then s,=0 and B, =r;—s5,=0. We do not have to con-
sider any k < 5 because from Table 4.8, | g| <5 and ¢, >20=g=g,;. This
line of S points certainly does not correspond to a blocking set of AG(2, 4).
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Consider the sets of 7 points of AG(2, 4) which contain a line and inter-
sect every line. There are then two possibilities, containing either 1 or 2
lines: let @ be the number of sets of type 3.g,, and let 5 be the number of
sets of type 0.g;. We then have b=16.10= 160, and a + 2b = 204> = 1280.
Hence s;=a+ b=1120. Thus B,=r,—s,=0.

Consider the sets of 8 points of 4G(2, 4) that contain a line and intersect
every line. There are then two possibilities, containing either 1 or 2 lines:
let a be the number of sets of type 4.¢,, and let 4 be the number of sets of
type 1.g;. We now have b=16.109 = 1440, and a + 2b =20.3.6.4.4 = 5760.
Hence sy =a+b=>5760—1440=4320. Thus Bg=rg;—s,=4440—4320=120.
It is quite easy to check that each of these blocking sets is a configuration
85, which must therefore have a complementary configuration of the same

type.

There is no need to consider the sets of size 9 because they are com-
plementary to subsets of size 7. Hence we have just shown that there are
exactly 120 blocking sets of AG(2, 4), and these all give an 8, subgeometry.

(iv) g=35. From Table 4.8:

0=31"Y(g)=1
{,=0.
{,=0.
{;=0.
{,=0.
{s=—31""(g;)2=—31"'31.152= -30.
{e=0.
¢, =0.
{s=0.
Lo=31"1(g,).3=31-"31.30.25/31.3 = 375.
{10=31""(g5).3=31"131.20.3 =60.
{n=0.
(o= —=31""(ge)4= —31"131.30.25.16/4!.4 = —2000.
{i3=—31"Yg;)4=—31"131.20254= —2000.
{1a=31""(g,).5 =31~ 131.30.25.16.6/5!.5 = 3000.
(is=317"[—(gs) 4+ (g10)-5— (g14).6]= — 60 + 15,000 — 600 = 14,340.
Ci6=31""[(g11)-5—(g15).6]= 7500 — 12,000 = —4500.
(i7=31""[—(812)-5+ (81606 — (817)-6 + (83).7]

= 1875 — 54,000 — 9000 + 10,500 = — 50,625.
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Hence for 8 <k <25,

) 2 (2)0(3) 02 ()

k
11 10 9 8
0 - -
+ 300 ( i > + 14,340 < X ) 4500 <k> 50,625 (k)

Thus,

ras=1,

Faq =25,

rsy = 300,

sy = 2300,

Fy = 12,650,

ry= 153,100,

rio= 176,500,

ry5 = 475,000,

ry; = 1,047,375,

ri6= 1,898,000,

ris = 2,809,700,

s = 3,340,500,

ry3= 3,089,000,

ri> = 2,103,000,

ri = 961,500,

710 = 252,600,
ro=28375.

rg=0.

We do not have to consider any k <7 because, from Table 4.8, there is
no linear geometry g with | g/ <7 and c, = 30.

Since rg =0 we have By =0.

Consider the sets of 9 points of 4G(2,5) that contain a line and intersect
every line. There are then two possibilities, containing either 1 or 2 lines:
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let a be the number of sets of type 4.2,, and let b be the number of sets of
type 0.g; (see the following diagram).

We have b5=2515=375, and a+2b=305% Hence so=a+b=
53(150 — 3) = 125.147 = 18,375. Thus By = ry—s, = 28,375 18,375 =
10,000. (This is 0.49 % of the total number of subsets of size 9 of AG(2,5).)

Consider the sets of 10 points of AG(2,5) that contain a line and intersect
every line. There are then two possibilities, containing either 1 or 2 lines: let
a be the number of sets of type 5.2,, and let b be the number of sets of type
1.2, (see the following diagram).

Y AN

We have that b=25.15.16 = 6000, and a + 26 = 30.4.10.5° = 150,000. Hence
§10=a+b=150,000 — 6000 = 144,000. Thus B,g=r;y—s,,=252,600—
144,000 = 108,600. (This is 3.32% of the total number of subsets of size 10
of AG(2, 5).)

Consider the sets of 11 points of 4G(2,5) that contain a line and intersect
every line. There are then three possibilities, containing either 1 or 2 lines:
let a be the number of sets of type 6.2,, and let b be the number of sets of
type 2.¢; (see the following diagram).

29 oo fo

We have b=25.15.16.15/2 = 45,000, and a + 2b = 30.4.10.5> 4+ 30.6.102.5%> =
600,000. Hence s,; =a+ b=0600,000-—45,000=555,000. Thus B, =
ri— S =961,500 — 555,000 = 406,500. (This is 9.12% of the total number
of subsets of size 11 of AG(2,5).)

Consider the sets of 12 points of AG(2,5) that contain a line and intersect
every line. There are then five possibilities, containing 1, 2, or 3 lines: let a
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be the number of sets of type 7.2,, let b be the number of sets of type 3.2,
and let ¢ be the number of sets of type 0.g, (see the following diagram).

fo loo loo

b foo

We have ¢=20.5.54=2000, and b+ 3¢=25.15.16.15.14/3! = 210,000, and
a+2b+3c=30(4.5.5°+4.10.3.10.5.5+4.10.5) = 30(2500 + 30,000 + 20,000)

= 1,575,000. Hence s, = a+ b+ ¢ = 1575000 — 210,000 + 2000 =
1,367,000. Thus B,,=r;, — 5, =2,103,000 — 1,367,000 = 736,000. (This is
14.16 % of the total number of subsets of size 12 of 4G(2,5).)

Consider the sets of 13 points of AG(2,5) that contain a line and intersect
every line. There are then nine possibilities, containing 1, 2, or 3 lines: let a
be the number of sets containing 1 line, let b be the number of sets contain-
ing 2 lines, and let ¢ be the number containing 3 lines (see the following
diagram).

VNN
AN A LN

We have ¢ =2000.13 + 25.20 + 6.10.25 = 26,000 + 500 + 1500 = 28,000. Also
b+ 3c=6.10.5+25.15.16.15.14.13/4! = 7500 + 682,500 = 690,000. And a+
2b+3c = 30(4.5°+4.3.5.10.55+6.10257 + 4.3.103.5+ 10*) = 30(500 +
15,000 + 15,000 + 60,000 + 10,000) = 3,015,000. Hence s;=a+b+c=
3,015,000 — 690,000 + 28,000 = 2,353,000. Thus B, =r; — 5,5 = 3,089,000 —
2,353,000 = 736,000. (This checks with the value of B,, attained above.)
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Summarizing, we have found the number B, of blocking sets of 4G(2,5)
to be

By=B,=---=By=0,
By = B, = 10,000 (0.49%),
By = B, = 108,600 (3.32%),
By, = B,,=406,500 (9.12%),
B, =B,,=736,000 (14.16%).

4.11 ExamprLE (Blocking sets in n{10)). Suppose we wish to calculate
the number b4 of blocking sets of size 55 in a projective plane of order 10.
Using the formula of Theorem 4.7, we have

i 111 —x 111 —x 111
pom 2 (s )+ (s )
where 4, 1=3%, _. (—1)'¥' (g) in I1(10).

Since the coefficient with A, above is zero when x> 56, we need to
calculate only the value of 4, for 0 < x < 56. That is, we need only to know
the number of configurations in a plane of order 10 having c, < 56. We
have shown how to calculate the formula for any configuration with
<6 points—it is a constant. For the configurations g with > 7 points it is
easy to show that ¢, is < 56 if and only if g is a 7-arc 4, of the plane. (The
k-arcs in general have the least “covering” numbers.) From Theorem 3.16,
A, is an easily calculated constant for x < 56 and for x = 56 it is equal to a
constant — (A4,) in [1(10). From Theorem 4.2, it follows that A is equal to
a constant + the number (7;) of Fano subplanes of the plane. (Note that
these calculations are actually for the dual plane, but this does not matter
since the 7, is self-dual. In fact, since 8, is also self-dual, the number
of linear subgeometries of a certain type with <8 points in any finite
projective plane is equal to the number in its dual.)

From the above formula it follows that b is equal to a constant K + the
number (7,) of subplanes of order 2 in the plane of order 10. We leave it to
the interested reader to calculate the constant K.

4.12 THEOREM (An indirect construction of blocking sets). Here we
present an indirect construction of blocking sets in finite projective planes.
Let M be a set of g+ 1 lines of a projective plane © of order q. Let S be the
set of points of m on at least 2 lines of M. Then S is “usually” a blocking set.
(This result is in the spirit of “asymptotic” geometry as expounded in the
introduction to the paper by B. Segre [17].)

582a/49/1-5
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Proof. First it is clear that S contains no complete line—each line in M
contains at most ¢ points of S, and each line not in M contains at most
{(g + 1) points of S. There remains to show that every line of 7 contains at
least one point of S—that is, no line intersects the ¢+ 1 lines of M such
that each of its ¢+ 1 points is on a unique line of M. The number of the
latter diagrams in m is d= (g’ +¢g+1)¢**"'. If we can show that d is less
than the number e of sets of lines of size ¢ + 1 in =, it follows that there are
sets of lines giving blocking sets. In particular, if we can show that d <e,
for ¢ large enough, then it follows that “most” sets of g+ 1 lines of a
projective plane of order ¢ give a blocking set.

We must show that d=(g°+q+1)g'" ' <e=("1¢7"), for ¢ large
enough. Now

e=((¢°+q+1)/(g+ 1) (¢ +q)q) - ((g°+3)/3) ((¢*+2)/2)- (¢° + 1).

Thus e>q‘ %+ (¢%/3)-(¢°/2)- > =€ >q***/6.
Hence dje <6 (¢> +q+ 1)/q°.

This holds if ¢ > 7; in fact the ratio d/e — 0 as ¢ = 0. We can also check
that if g=5 or 6 then d<e.

CONCLUSIONS

In “Rings of Geometries I,” the reader was shown a way of creating well-
defined “geometrical structures” on different kinds of combinatorial objects.
The reason was to create a kind of “black box” that could be used to solve
various kinds of combinatorial problems involving substructures of these
objects. This paper shows how to use the black box to solve problems in
finite plane theory. However, as with any new technique, ad hoc methods
still have to be used to achieve results with sufficient simplicity.

The main emphasis of the paper is to count configurations in finite pro-
jective planes, but behind this superficiality is the hope that a better
understanding of these methods will lead to powerful proofs for the
existence or non-existence of various kinds of geometrical structures. One
way to show the non-existence would be to find collections of sub-
geometries and positive coefficients for each of them such that the number
of times they occur in the putative geometry is negative. The example given
in this paper is that the projective plane of order 6 does not exist because
the sum of the 7-arcs plus the Fano subplanes is negative in the ring of
such a plane. A problem with this approach is the following. The investi-
gation of larger planes (for example, of order 10) must deal with larger
configurations. It is proposed to deal with this problem by considering
more expansive definitions of subgeometry. This is why the general theory
of “Rings of Geometries I” is useful—it is possible to vary the definition of
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subgeometry to suit the precise problem, but also to remain within the
same general framework. This allows the development of formulae that
relate the numbers involving the different definitions and allows us to
produce results unattainable by other means.

The example in this paper of counting blocking sets is of significance.
The logic of the author in attacking this problem was as follows. First, the
methods to date were either to construct blocking sets directly using well-
known configurations or to calculate them directly in the small planes.
Second, since the number of configurations increases exponentially with
size, the “direct” methods soon run into difficulty. The main idea was to
use a definition of subgeometries in projective planes that “brought out”
the numbers involved with blocking sets. Since complete lines are impor-
tant for blocking sets, the type of geometry to define was obviously the
“complete-line geometry” (see Definition 3.23). This led directly to the for-
mulae (3.24) that convert them to the standard linear geometries. Then it
was straightforward to derive the formula for blocking sets, which is
obviously a much more efficient way to calculate the numbers of larger-
sized blocking sets than the direct method. Once the number of blocking
sets of a certain size is known, it makes the direct classification of the
actual blocking sets much easier.

Finally, it is observed that the connection between a projective plane and
its dual has still not been fully exploited. Perhaps there are deeper formulae
relating the plane and its dual and perhaps these will lead to improvements
on the “fundamental theorems” of 3.16 and 3.21. (Obviously Theorem 3.21
deals with both points and lines simultaneously, but we have still not used
this connection to obtain some substantial results. Also, the formulae of
3.24 relate the plane and its dual) It is clear that there are many more
basic results to be found. Also of interest would be an extension of these
methods to types of combinatorial structures other than finite projective
and affine planes.
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