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In this note, inequalities between the distance degrees of distance degree regular 
graphs and to characterize the graphs when one of the equalities holds are proved. 
Q 1984 Academic Press, Inc. 

In this note, we shall consider only finite undirected graphs without loops 
and multi-edges. 

A graph G with the vertex set V and the edge set E is denoted by 
G = (V, E). Then d(u, U) denotes the distance between two vertices u and U. 
The diameter of G is denoted by d(G). For every vertex u and nonnegative 
integer i, we define 

T,(u) = {u E v; d(u, u) = i} 
fi(i(u) = (u E V; d(u, u) Q i}. 

For any finite set A, 1 A 1 denotes the number of the elements of A. 
We call a graph G distance degree regular, if the relation 

I ri(“)l = Iri(v)l 
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holds for any vertices U, v and nonnegative integer i. In this case, the ith 
distance degree of a distance degree regular graph G is the number IT,(u)1 , 
which will be denoted by k,(G) or simply by ki. We remark that if G is 
distance degree regular, then 

Ifi = i kj. 
j=O 

(1) 

holds. 
We shall show 

THEOREM 1. Let G be a connected and distance degree regular graph 
and d(G) > 2. Then, for every integer r, 1 Q r < d(G), we have 

W.(G) > W,(G) + 1). 

THEOREM 2. Let G be a connected and distance degree regular graph 
and d(G) > 2. If 

3k,(G) = 2(k,(G) + 1) (2) 

holds for some integer r, 1 ,< r < d(G), we have 

where n = 2d(G) + 1 or 2d(G) and m = k,(G)/2. 

For the definition of the composition G1[G2] of two graphs G, and G,, see 
Harary [ 1 p. 221. To prove the above theorems, we shall use the following 
simple lemma. 

LEMMA 3. Let a, b, and c be vertices of G such that d(a, b) = n, 
d(b, c) = m and d(a, c) = n + m, then we have 

In particular 

The theorems are obvious for r = 1, so we assume that G = (V, E) is 
connected and distance degree regular and d(G) > 2 and 1 < r < d(G) in the 
rest of this note. 
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2. PROOF OF THEOREM 1 

For every (u, v) E E and positive integers i and j, the following hold: 

Since 

If Ii -jl > 2 then fi(u) nTj(v) = 0. (4) 

I’i+*(U)n’i(v)I + Iri(u)nTi(u)I + Iri-1(U>nTi(u)l=ki* (5) 

IKW-W~)l= IMWW)l= 1, 

it follows from (5) by induction on i that 

Iri+,(U>nTj(v>l=ITi(u)nTi+,(u>l. (6) 

By (1) and (3), we also get, if d(u, V) = r, then 

lLWnf,(v)l= lr,-,(u)n7,(u)I > 1 + k, -k,. (7) 

Now we choose two vertices u and z such that d(u, z) = r + 1. Let 
(u, o, w  ,..., z) be one of the shortest paths from u to z. By (7), 

ILdWWY a 1 + k, -k. 

Since 

we have 

We also have 

l~,+,(~)n~,(u)l+I~,(~)n~,(~)l~ 1 +k-k,. (10) 

To prove this inequality, we consider three cases. 

Case i. There exists a vertex x E r,(z) n r,+ 2(u) n I’,., 1(v). Since 
d(w, x) = r, (7), and 
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Case ii. There exists a vertex x E T,(z) n I’,., ,(u) n r,+ ,(v). Since 
d(w, x) = r, we have 

Irr-,(~>nr,(x)l> 1 +k, -k,, 

by (7). We also get 

for this case. Hence (10) holds again. 

Case iii. There exists no vertex in T,(z) belonging to (rr+z(~) u 

C+ d4) n c+ 44. Thus 

fl(z)= (icri(u)) n ( j:iIJJ, I;(o)) nf,(z) 

= (c.+ ,(4 n c.64 u wd. 
Hence 

1 +k, 4rr+,wwwl +b 

Theorem 1 follows from (5), (9), and (10). 

3. PROOF OF THEOREM 2 

Let u and x be any two vertices such that d(u, x) = r + 1 and (u, v, w,..., x) 
be one of the shortest paths from u to x. Condition (2) implies that 
1 + k, - k, = k,/2, and forces equality in (8) and (9), so we have 

~~-,(u)n8,(X)=r,(U)nr,-,(u) (11) 

Ifrwnrr-lwl = w. (12) 

Condition (2) also forces equality in (7). If we write Eq. (7) in the form of 
(3) (from which it was derived) for the triple u, w, and x, we get 

Fr- ,(v) ” f,(x) = &v>, (13) 

For any x, y E V, define x -y if and only if 

C(x) = C(Y). 

This is an equivalence relation. We show that each equivalence class spans a 
complete graph KkJ2, and that the quotient G/- is isomorphic to a cycle C, 
with n = 2d(G) or 24G) + 1. 
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Suppose u E V, u E F,(U), u 7L U, and x E T,(v) n r,+ 1(~). If y - x, then 
y E T,(U) n r,+ ,(u). Conversely, if y f T,(v) n r,+ ,(u), then (11) and (13) 
imply that y-x. Thus T,.(v) nr,, ,(a) is a single equivalence class. 
Moreover any equivalence class is of this form for some u and v (given 
x E V we can choose a vertex u E r,, i(x) and a path (u, v,..., x) of length 
r + 1 from u to x; then u A v and the equivalence class containing x is 
precisely r,(v) n r,, ,(u).) 

We now show that IT,(v) n r,, ,&)I = k,./2 or, equivalently, 
r,(v)n T,(u) = 0 (by (5) and (12)). Let (u, v, w  ,..., z, x) be one of the 
shortest path from u to x. For any a E r,-,(u) n T,.(v) (#g by (6)), we have 

d(w, a) = r + 1. (14) 

by (13) and d(w, a) < r + 1. Hence there exists a path of length r + 1 of 
form (w, 2), u ,..., a) from w  to a. By (13) we have 

Fr- ,(v) u F,(u) = Q4). 

This implies T,(u) nr,.(v) cf,(a). Interchanging the role of u and v, we 
have d(b, z) = 1 for any b E T,(u) n T,(v). Thus 

d(w, a) < d(a, b) + d(b, z) + d(z, w) < r. 

This contradicts (14). Hence T,(u) n T,(v) = 0, so each equivalence class 
has size k,/2 as claimed. Finally, since k, = 2(k,/2) + (k,/2 - I) the 
quotient graph has degree 2. 
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