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1. Introduction

The generalized hypergeometric function ,F;(x) may be defined by the series
) io: (al)k(a2)k e (ap)k ﬁ

F <a1,a2,...,ap x| =
PROA by, by, ..., by = (b1)(bo)k - . . ()i k!

where for nonnegative integers k the Pochhammer symbol or the ascending factorial (a) is defined by (a)o = 1 and for
k > 1by

(@r=aa+1)...(a+k—-1).

More succinctly (a), = I'(a + k)/T"(a), but some authors [1] employ a rising factorial power @ and falling factorial power
ak respectively defined by

=@ d==D—ak (1.1)

When p = q + 1and argument x = 1, the series ,F;(1) converges provided that Re(b; + - - - 4+ bg) > Re(a; + - - - 4 ap).
However, when only one of the numerator parameters g; is a negative integer or zero, then ,F;(x) converges for all x since
it is merely a polynomial in x of degree —a;.

In what follows we will denote the sequence (ay, . .., a,) simply by (a,). We also define the product of p Pochhammer
symbols by

(@) = (a)k .- - @i,

where an empty product (p = 0) reduces to unity.
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Let (m,) be a nonempty sequence of r positive integers my, ..., m,.In 1970 Minton deduced the summation formula for
a generalized hypergeometric series of unit argument

—n,a, (f, +m,) n (i —Om (= O,
r+2Fr+1 1

a+1, () @+, (fm m, ' 12

where n is an integer such that n > m; + --- + m,. The importance of this result derives from the observation that
it often appears as a solution to problems in mathematical physics [2]. Minton’s summation formula has subsequently
been deduced by Karlsson [3] who gave a derivation of a modified form of Eq. (1.2) (with n!/(a + 1), replaced by
I'(14+a)T' (1 —b)/T'(1+ a— b)) under the less restrictive condition that —n may be replaced by the complex parameter
b such that Re(—b) > m; + --- + m, — 1 which guarantees the convergence of ,,F.,1(1). We mention here that many
summation formulas for other specializations of ,,1F,(1) are recorded in [4, Section 7.10.2].

Itis the purpose of the present investigation to provide other generalizations of Eq. (1.2), one of which upon specialization
reduces to Minton's theorem. To this end in the next section we shall derive several preliminary lemmas some of which
depend on the nonnegative integers known as Stirling numbers of the second kind. Although various definitions and
notations for Stirling numbers of the second kind are used in the literature, the properties of these integers are well known

(see e.g. [5, Section 24], [6, pp. 100-102]). In what follows we shall adopt the elegant notation [Z} for Stirling numbers of
the second kind employed by Graham et al. [1, Section 6].

2. Preliminary results

We recall that Stirling numbers of the second kind {Z] represent the number of ways to partition n objects into k
nonempty subsets. Thus {g} = 1and [3] = 0 when integer n > 0. Moreover, for nonnegative integers n a generating
relation for the {Z] is given by

=) {Z}Xk (2.1a)

k=0

which is readily proved by induction (see [1, p. 262, Eq. 6.10]). However, noting Eqgs. (1.1), Eq. (2.1a) may be written as

n
n__ _1\k n
(=) —kzoj( ) M(x)k. (2.1b)
Moreover, when x = —m for nonnegative integers m, since
—m)e = (— Dkt (™
(=m) = (=1) k-(k>
we see that

m =Y k! ('IZ’) m (2.1¢)
k=0

Lemma 1. For nonnegative integers m define

SN Ak o Ak
m=y k" o= (2.2a)
k=0

where the sequence (Ay) is such that S, converges for all m. Then
S [m] o= Ak
_ j
Sm—Z{j}Zk, : (2.2b)
j=0 k=0
where the [T} are Stirling numbers of the second kind.

Proof. By using Eq. (2.1¢)

e=21510)
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and so we have

But (f) = 0 for k < jso that

=2 ()

j=0 k=j

o [m] k4+j\ Ay
LR
255U G

which yields Eq. (2.2b) since (kﬂ) =k+jI/ky. O

Lemma 2. Suppose j, m, n are nonnegative integers such that n > j, m > j. Then

g et ) 2 B Ot W (B);
2\ b+ b Wm

) (2.3)

whereA =b —a—m.

Proof. Because j — n < 0 the series terminates and therefore converges. Thus employing Gauss’ summation theorem we
have

o (_n+j’q+j’ 1) _PO+ILO+n+m—j)
b+j b+ n)I (A +m)
() A+ (A +n)
S Wm ro)
which yields Eq. (2.3) since '(A +n)/T'(A) = (A),. O

Lemma 3. For nonnegative integers j we have

L@ Dn xS
k;kf Bk = B ;{g} @ (=1 + M-, (2.4)

where A = b — a — m and m is an integer such that m > j.
Proof. Employing Lemma 1 with A, = (—n)y(a),/(b), gives
Z o CR@k XJ: { é} i (Mt @k

bk~ =& bk

Since (—n), = 0 when k > n and (a)y+¢ = (a)¢(a + £), the latter may be written as

(=mi(@« ! (=)e(@)e N (—n+ Op(a+ Oy
ZI (b)k! Z{ } (b). 2 b+ Okl (2.5)

k= =0 k=0

where the infinite k-summation is just a Gaussian series of unit argument. We can always assume that £ — n < 0 for if
£ —n > 0 the right side of Eq. (2.5) vanishes since (—n), = 0. Thus employing Lemma 2 we have

g (—ntGate] ) _ (n Ot Wb
2 b+¢ T n Mm

where A =b—a—mandm > {¢for{ =0, 1,...,j. Eq.(2.4) then follows from Egs. (2.5) and (2.6). O

: (2.6)
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Lemma 4. Consider the polynomial in n of degree . > 1 given by apn* + ajn*~! + ... + a,—1n+a,, whereag # 0,a, # 0

and n is a nonnegative integer. Then we may write

A+&)  (A+&n

an* +an* '+ 4a,_ n+a,=a , (2.7)
' . TR G &0n
where &1, ..., &, are nonvanishing zeros of the polynomial Q, (t) defined by
Q) = ap(—D"* + ay(—=D)* "+ -+ a,_1 (=) +a,. (2.8)
Proof. Factor the polynomial in n into a unique product of u linear terms so that
apn* +an* '+ ta, n+a, =am+E)...(n+E,),
where a, = ap§;...§,.Sinceforj=1,...,u
ra+¢+n 1+&)
n+é& = ! =§ il
L +n) (épn
we immediately obtain Eq. (2.7). Moreover, it is evident that &5, ..., &, must be nonvanishing zeros of Q,(t) defined
by Eq.(2.8). O
3. Summation theorems
Suppose m is a positive integer and f # 0. Since (f + k), is a polynomial in k of degree m we may write
m
+Kkm =Y sm ik,
j=0
where s = 1and s,; = (f)n. Accordingly, we define for the nonempty sequence of positive integers my, ..., m;
(i + lom, = ngl) =i 3
j1=0
(3.1)
(fr + k)mr ngz—h }7
where each f; # 0. Thus defining
TG d) =SS (3.22)
and
j=h+- 4 (3.2b)
we may write
mp mr )
(A Romy - e+ RO =D Y 0y K. (3.20)
j1=0  j=0
Now consider the generalized hypergeometric series of unit argument
n
-n,a (ff+m (—m(@)x ((fr + M)
r+2Fr+1 ( b ({:}) r) 1) = Z | - - - ) (333)
s T k=0 (b)ik! ()
where ((i-)k = (k- - . (fi)k. Since
m k
(f+ )k — (f+ )m (3.3b)
(f)k (f)m
upon using Eq. (3.2c) we have for the right side of Eq. (3.3a)
1 ( n)i(a)k
_ oGty --sdr) . (3.30)
Fmy -+ Gy Z Z b Z (b)k!

j1=0  jr=0
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In Lemma 3 letm = my + - - - + m, so that m > j; + - - - + j, = j. Thus we have finally the following Lemma 5.

Lemma 5. For nonnegative integer n and positive integers (m,) the generalized hypergeometric series of unit argument

—n, a, (fy + m;) _ (Mn Py (n)
2t ( b, (fr) 1) = O Wy - EImy -
The polynomial in n of degree m is defined by
my mr ] .
Pam =) ..y o)) {;} @ (=m) (M + Ve, (3.4b)
j1=0  jr=0 =0

wherem=my+---+m,A=b—a—m,j=j+---+j-and o (ji, ..., Jj,) is given by Eq. (3.2a).

It is easy to see that the constant term in Py, (n) is given by P, (0). Since the only contributions to this constant come from
the indices ¢ = 0 and j; = ... = j, = 0 upon noting that ¢ (0, ..., 0) = 5,(,}1) . sfﬁf (f)my - - - (fr)m, we see that

Pm(o) = ()L)m(f])rm cee (fr)mr-

Furthermore, the coefficient of n™ in the polynomial P, (n) is readily seen to be given by

my mr . mq mp

(1) (r) J _ (1 V1 ) —_a)r
> By s v i = St o 3o
j1=0  jr=0 j1=0 jr=0

= (fi _a)ml-n(fr_a)mr»

where we have used Eq. (2.1b) and Egs. (3.1) with k replaced by —a.
Thus

Pn(n) = (fi — a)m1 (- a)mrnm +---+ ()L)m(fl)rm cen (fr)m,-’ (3.40)

where the remaining intermediate coefficients of powers of n in P,;(n) (when m > 1) are determined by the expression on
the right of Eq. (3.4b). We shall neither need nor be concerned with these coefficients. Now assuming a # f; (1 < i <r) and
(AM)m # 0 we may invoke Lemma 4 thus obtaining

(1+El)n (1 +Em)n

Pn(m) = Mm(f)my -+ - F)m, , (3.5)
; T ), Enn
where the &1, . . ., &, are nonvanishing zeros of the polynomial in t of degree m = m; + - - - 4+ m, defined by
J .
Qn(t) = Z Zs,&}f_“ s {é} @ ()¢ = O (3.6)
1=0 Jr=0 =0

The s“) , 1 <1i < raredetermined by Eqgs. (3.1) where the index k may be replaced by the variable x. Thus the s(') _j are
generated by the relations

i+ 0m =D _ s ¥, (3.7)

Jji=0

where 1 < i < r.Since Q,;(t) ultimately depends on the parameters of ,;,F.;1(1) we shall call it the associated parametric
polynomial.

Egs. (3.4a) and (3.5)—(3.7) and the above discussion may now be combined in the following summation theorem for the
generalized hypergeometric series 5 Fr11(1).

Theorem 1. For nonnegative integer n and positive integers (m,)

F (—n, a, (fy + my) 1) _ M (1 + &) (1 + &mnn
i b, (f) e EDn T G

’

where

m=my+---+m,, A=b—a-m, (Mn#0, a#fi 1<i<r).
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The &4, ..., &, are nonvanishing zeros of the associated parametric polynomial of degree m given by

Jj .
omm—Z Zsf,lf_“-. 223_,,2{@}(a»(tw-r)m_z,

j1=0 Jr= =0
where
j =j1 +ee

and the s _ (1 < i <r) are determined by the generating relations

mj
1
G Omy = D_ S5,

j1=0

(4 Xy = ngg_]r :

In Section 4 we shall employ a modified form of Theorem 1 (recorded as Corollary 1 below) with the specialization
m; = -.- = m, = 1 to obtain a Kummer-type transformation formula for the generalized hypergeometric function ,F, (x).
To this end we note that in deriving Lemma 5 and Theorem 1 we used Egs. (3.2)

(i + By - + K)m, = Z Zsﬁ,}f“.. sk,

=0 jr=0

wherej =j; + -+ +j;. Form; = --- = m, = 1 this becomes
1 1
1
Gtk Gtl=> .Y s s
1=0  jr=0

However, the left side of the latter is a polynomial in k of degree r and so we may write
r
fi+k...( +k = Zsr,jk’,
j=0

where sp = 1and the s; (1 < i < r) are sums of all possible products of i distinct elements from the set {fi, ..., f;}. Thus
in Eqs. (3.3a) and (3.3c) letting m; = - - - = m, = 1, replacing the multiple j;-summations by the latter j-summation and in
Lemma 3 letting m = r so that m > j we have mutatis mutandis the following corollary of Theorem 1.

Corollary 1. For nonnegative integer n

F (—n, a, (fr+1)‘ > _ ()h)n (1+$1)n (]+§:r)n
i b. (f) b EDn T En

)

where
A=b—a—-r, (W)r#0, a#fi (1<i=<n).

The &4, ..., & are nonvanishing zeros of the associated parametric polynomial of degree r given by

r j .
Q=) sy {é} @ (O = O,
j=0 £=0

where the s,_j (0 < j < r) are determined by the generating relation
r .
+0. 0= s ¥
j=0

Note that when all of the f; = f, then's,_j = (Jr) fr.
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Settingr = 1,f; = f, & = & in Corollary 1 we have . = b —a — 1,sp = 1,s; = f and so the associated parametric
polynomial is
QW) =@—-HNt+fb—a-1), (3.8a)
where a # f and b — a — 1 # 0. Thus we deduce the summation formula for Clausen’s series of unit argument
—n,a,f+1 b—a—-1), 1+8),
3k, b f 1) =
g (b)n ()n

5

where

1 —b
£ = f(_l_ia) (3.8b)
a—f
is the nonvanishing zero of Q; (t). This result has previously been obtained [7] by other methods.
It is evident from Eq. (3.4c) that Q, (t) will always have the form
QMO =CED"h—a)...(F —at +Ra(® +fi.. )y,

where A = b — a — r and R,_(t) is some polynomial of degree r — 1 such that R,_;(0) = 0 for all r > 1. Thus when
r = 1, Rp(t) = 0 and we immediately have Eq. (3.8a) where f; = f. Whenr = 2 and f; = f, f, = g, then employing the
representation for Q; (t) in Corollary 1 yields

Q) = at® — (& + )i + B)t + fgr(h + 1),
where

A=b—a-2

a=(f-aE-a

B=fg—a@+1.
Moreover, it is apparent that the intermediate coefficients of Q, (t) as functions of the parameters of ., ;F;1(1) become ever
more complex as r increases.

We conclude this section by proving that Minton’s summation theorem given by Eq. (1.2) is a consequence of Lemma 5.
To this end we write Egs. (3.4a) and (3.4b) for nonnegative integer n and positive integers (m,) as

5 —n,a, (fr +m)f
r+20r4+1 b, (fr)

) -+t
B (b)n (f])m1 .. (fr)mr

nooN i 2+ D
S Sy, M @ B )

1=0  jr=0 =0
whereA =b—a—m, m=m1+---+mr,]=]1+~--+]r.However,wehave
(AMn(n+ AM)m—e FrA+n in+r+m-—12)

M T +m) I'(A+n)
_I'b—a+n—-4¢) T(b—-a+n) _
= T To-a = Th_a CT4FtM-
PPLY (b —a)n
_(1)U+a—b—m[

Thus Eq. (3.9) yields the following lemma upon recalling the generating Eq. (3.7).

Lemma 6. For nonnegative integer n and positive integers (m,)

P (—n,a,(fr+mr) 1)_(13 ) 1
e b, () T B ey G

W i) @eme
xZ: 2:%rh“ W*E:(l){}(l+a—b—m¢ (3.10a)

= Jjr=0

wherej = j; + --- +j, and s are generated by the relations

j

(i + Xm; = }:ﬁhr <i<n. (3.10b)

Ji=0



A.R. Miller / Journal of Computational and Applied Mathematics 231 (2009) 964-972 971

Now suppose n > my + - - - + m,. Thus
n>mz>j>¢
and so (—n)y # 0. Furthermore if b = a + 1, Eq. (3.10a) reduces to

n, a, (f, +m;) > n! 1 O L) «® {J}
r2Fr 1 Y D s - E (=D {51 @e.
+2Fr 11 ( a+1, () @+ Dn (my - Iy 72 I Y, ¢

But by Eq. (2.1b)

J .
Y =D {é} (@ = (0, (3.11)

=0
where j = j; + - - - +j; and by Eq. (3.10b)

mq mr
| ) )
E sfﬂl)_jl(—a)“ E sgz_jr(—a)“ =i —Dmy ... — D,
Jr=0

j1=0

and so we have finally Minton’s result given by Eq. (1.2).
In [8] we provide a simpler more direct derivation of Minton’s summation formula which essentially utilizes elementary
properties of Stirling numbers of the second kind, Eq. (3.11) and a hypergeometric identity that may be proved by induction.

4. Reduction and transformation formulas

The Kampé de Fériet function is a generalized hypergeometric function in two variables that may be defined by double
infinite series (see e.g. [9])

((@p))mn ((€))m ((u)n L JL
) Z Z ((bq))m+n ((ds))m ((gy))n m! n!’

m=0 n=0

g ((ap) Do) (fu
function in one variable
(ap), (cr)
y) ) p+rFq+s ((bZ)’ (ds) X) .
In [7] we showed that

asiv (bq) Dodg)

(@), ()
pretio (@) 1 (Gry1) 5 —| e (@) —n, (Cr11)
Fistiio ((bZ) © () _‘ Y J’> = Z 7((bq))nr+2Fs+1 (dss1)

When one of the independent variables x = 0 or y = 0, the latter reduces respectively to a generalized hypergeometric
p+qu+v
(bp), (&)
n=0

n
1) v
n!

where the horizontal line indicates an empty parameter sequence. In the above result settings = r, ¢,11 = a,d;+1 = b,
(¢;) = (f, + 1), (d;) = (f;) we obtain

0 (@) 1 oa, 4+ 1 — o (@) —na (f + 1|\ Y
FZ ril 0 ((bz) . b, (f.) : _‘ —y,Y> = ; ((b’jr+2Fr+1 < b, () ‘ 1) i

which we use together with Corollary 1 to obtain the following.

Theorem 2. Supposea # f; (1 <i <r)and (b — a —r), # 0. Then we have the reduction formula for the Kampé de Fériet
function

r DA+ s — b—a- r+1
Fzri}(?(gz; . ¢ [E{-(Pr_) ) ; _‘ —y,y) :P+r+1Fq+r+1< ‘ b r(bt(J()lp)(é;—r(E )‘ ) (4-1)

The (&) are nonvanishing zeros of the associated parametric polynomial of degree r given by

r j .
QO =) 5 M @e()eb—a—r— )y,
j=0

=0

where the s,_j (0 < j < r) are determined by the generating relation

fi+%...(fi +%) =Zsr,jx’
j=0
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In addition upon letting y +— —y in Eq. (4.1), the specialization p = q = 0 of the latter reduces to the transformation formula
a, (ff +1 b—a-r, +1
r+1Fr+l ( lg{‘r(fr) )‘J’> = eyr-HFr-H ( b, (%_r()Sr )‘ _y) . (42)

Eq. (4.2) provides the generalized analogue of Kummer’s first transformation formula for the confluent hypergeometric

function
a b—a
1F1 (b )’) :eV1F1< b —J’>-
The specialization r = 1 of Eq. (4.2) with f; = f, &; = & given by Eq. (3.8b) has previously been obtained by Miller [7] and
Paris [10].
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