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A b s t r a c t - - I n  this paper, we consider the nonexistence of eventually positive solutions of the 
difference inequality 

m 

Xn+l -- Xn ~- Z p i ( n ) x n - k ~ ( n )  ~_ O. 
i= l  

Let m be a positive integer. Then for each positive integer i: 1 < i < m, {ki(n)}n~=o and {pi(n)}nC~=o 
are a sequence of positive integers and a sequence of nonnegative real numbers, respectively. A 
sufficient condition guaranteeing the nonexistence of eventually positive solutions is obtained with 
the help of a new method. As an application of the main result, a conjecture is proved. (~) 2000 
Elsevier Science Ltd. All rights reserved. 

K e y w o r d s - - D i f f e r e n c e  equation, Inequality, Positive solution, Oscillation. 

1. I N T R O D U C T I O N  

Consider the difference inequality 
m 

x~+l - xn + Zp~(~)xo_~, (n)  <_ o, 
i = l  

and the  difference equa t ion  corresponding to (1.1) 

m 

x n + l  - x n  + ~ p i ( n ) x , ~ - k ~ ( n )  = O, 

i = l  
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oo where m is a positive integer, for each i : 1 < i < m, {ki(n)}~= o and {pi(n)}n=O are sequences 
of positive integers and nonnegative real numbers, respectively. By a solution of (1.1) (respec- 

+oo tively, (1.2)), we mean a sequence {x~}n=_ q, where the positive integer q is sufficiently large so 
that  Ix  l+oo satisfies (1.1) (respectively, (1.2)) for n > 0. For the existence and general theory [ n J n = - - q  

of solutions of inequality (1.1) and equation (1.2), we refer to [1,2]. 
A solution {Xn} of equation (1.2) is called oscillatory if for any L (positive integer) there exist 

n(L) ,~(L)  > L such that  x,~ .x~ < 0. Otherwise, it is nonoscillatory. Equation (1.2) is said to be 
oscillatory if every solution of (1.2) is oscillatory. A solution {x~} of (1.1) is called an eventually 
positive solution (EPS, for short) if there is a positive integer N such that  n _> N implies x~ > 0. 
Note that  if {x~} is a solution of equation (1.2), then so is {-xn}.  From this, it is clear that  the 
nonexistence of EPS of (1.1) implies that  every solution of equation (1.2) is oscillatory. 

Let m = 1 and set kl(n) = kn, pl(n) = p~. Then equation (1.2) becomes 

X n +  1 - -  X n -[- p n X n _ k , , .  ~ O. (1.3) 

The oscillation of equation (1.3) has been studied in [3,4]. 
In [3], Philos proved the following results: if Pn >- 0 and limn--,oo(n - k,,) = oc, then 

n - 1  

lim inf E 
n---+ O0 

i = n -  k .  

kn ~ k,,+l 
Pi > limsup \ k - ~  ] (1.4) 

implies equation (1.3) is oscillatory. 
In [4], Yu proved that  if 

(i) p~ _> 0; 
(ii) {n - kn}n~_-0 is a monotone nondecreasing sequence and limn--,oo(n - kn) = oo; 

(iii) 
//kn Jr 1"~ k '+l  

1 inm--*in f k , - - - ~  ,] 

then (1.3) is oscillatory. 

n - 1  

E Pi > 1, (1.5) 
i = n - - k .  

Based on the above result, there arises a natural conjecture for (1.1) and (1.2). 

CONJECTURE A. h c 

(i) pi(n) >_ O; 
(ii) limn-~oo(n - ks(n)) = oo, for each i : 1 < i < m; 

(iii) 
m 

lim__)nf E p d n  ) (ks(n) + 1) k~(n)+l 
i = 1  ki(n)k,(,~ ) > 1, (1.6) 

then (1.1) has no EPS, thus equation (1.2) is oscillatory. 

The purpose of this paper is to prove Conjecture A. Indeed, we will first establish a weaker 
sufficient condition for the nonexistence of EPS of (1.1) which is analogous to (1.6), that  is, 
Theorem 1 in Section 2. Then, employing this weaker condition, we prove Conjecture A. 

THEOREM 1. 

(i) 

(ii) 

2. M A I N  R E S U L T  A N D  P R O O F  

pi(n) _> 0, n = 0, 1 ,2 , . . . ;  (2.1) 

lim ( n -  ki(n)) = oo, i :  1 < i < m; (2.2) 
n- -*OO 
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(iii) 

l imin f  inf E P i ( n ) [ ( 1 -  ~))~ki(n)] -1 > 1, 
n---*c~ t O<A<I i=1 

then (1.1) has no EPS and equation (1.2) is oscillatory. 

PROOF. Set kn = m a x l < / < m  k/(n) for n = 0, 1, 2 , . . . .  We know from (2.2) t ha t  

(2.3) 

} i r a ( .  - k . )  = (2.4)  

We note  t h a t  (2.3) implies t h a t  there  exist Co > 1 and ~ such t ha t  for n > ~ and A E (0, 1) 

~-~p/ (n)  [ ( 1 -  .~)/~k~(n)] -1 ~ C O. (2.5) 

/=1 

Assume,  for the  sake of contradict ion,  t h a t  (1.1) has an EPS,  say {Xn}. Then  there  exists  ~00 k 

so t h a t  Xn > 0 for n _> n0. 

So for n > n0, we can rewri te  (1.1) as 

m 
r ~Xn-k~(n) Zn+'------! - 1 + .~..,pvn) ~ < O. (2.6) 

Xn /=1 

Fur the rmore ,  we m a y  assume by (2.4) t h a t  there  exists n l  > n0 so t h a t  n - kn _> ~0 for n _> ~1, 
t h a t  is, for each i : 1 < i < m and n > n l ,  we have xn-k~(n) > 0. Combin ing  this result  wi th  (1.1), 

one ob ta ins  Xn+l - xn <_ 0, i.e., (xn+l)/Xn < 1 for n > ~1. In a similar  way, f rom (2.4) we can 
find ~2 > n l  so t h a t  n - kn _> ~1 for n > ~2. Thus,  for all n > ~2 and each i : 1 < i < m,  

kdn) 
Xn-ki(n) -- n X n - j  

Xn Xn- j+l  j=l 
- - > 1 .  

This  resul t  and (2.6) lead to 
m 

Xn+i 1 + E P / ( n )  < O. (2.7) 
Xn 

We m a y  assume from (2.3) t ha t  for n > g2, Eim=l p/(n) > 0. Combin ing  this and (2.7), we get 

(xn+l)/Xn < 1 for n > n2. In  a similar  fashion, we find n3 > n2 SO t h a t  n - k,~ > n2 for n _> n3. 
So we have 

Xn-j+l • 1, for n >_ ~j ,  j : 0 < j <_ k n. (2.8) 
Xn--j 

Dividing (2.6) by ( 1 -  (Xn+l)/Zn) yields 

[( ]1 
E pi(n) 1 x,j_+l x,~ _< 1. (2.9) 
i=1 Xn "] Xn--k~(n) 

For each n > n3, we define a(n) : 1 <_ a(n) such tha t  

Xn-a(n)+ l Xn-j-t-1 
- -  m a x  (2.10) 

Xn_a(n) l<_j<kn Xn_ j 

By (2.8), we ob ta in  
Xn--a(n)+ l 

< 1, for n >_ n3- (2.11) 
Xn--a(n) 
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At the same time, for n > ~3 and each i :<  i < m, we have 

xn - H Xn-l+l  ~_ ( x n - a ( n ) + i )  

Xn-k~(n) 1=1 X n - l  \ Xn-a(n)  

k~(n) 

(2.12) 

From (2.9), (2.11), and (2.12), it is easily obtained tha t  

E p i ( n  ) 1 Xn-a(n)+l Xn--a(n)___ +l ~ kk(n) --1 1 -- (X,~--a(n)+l/Xn--a(n)) 

i=1 Xn--a(n) Xn--a(n) / J ~--  ~ <_ 1. 
( 2 . 1 3 )  

Now, combining (2.11) with (2.13) and (2.5), one obtains 

1 - < 1 .  
C o  1 - J - 

From this, for n _> ~3, we have 
Xn+l Xn-a (n )+l  - - (  

X,n Xn'.-a(n) 

To complete  the proof  of Theorem 1, we need the following lemma. 

LEMMA 1. 1[(2 .1 ) - (2 .3 )ho ld ,  then 

(2.14) 

l imsup  Xn-a(n)+l _ l imsup Xn+l = O/ < 1. ( 2 . 1 5 )  
n---*oo Xn--a(n) n.--~oo Xn 

PROOF OF LEMMA 1. Let a = l imsup ,~oo(x ,~+l /xn  ). Then  we know from (2.4) and (2.14) t ha t  

limsup,~_.o~(Xn_,~(n)+l/X,~_a(n)) = a. I t  is sufficient to prove a < 1. To.do so, we let 

u ~  = max  Xm+l ( 2 . 1 6 )  
"H2~_m~_n--1 Xm 

I t  is easy to  see tha t  un+l >_ Un and un < 1 for n _> ~3. On the  other  hand,  (2.16) gives 

Xm+l 
UnT 1 ~ m a x  

~2 <_rn<_n X m 

{Xn+l Xrn+l } 
= max , max  

Xn n2<_m<_n -1  Xm 

= max  , Un • 
Xn 

But  for n _> n3, we have n2 <_ n - kn <_ n - a(n) < n - 1. We then derive, from (2.10) and (2.14), 

t ha t  
Xn+ l Xm+ l 
- -  < max = un. 

Xn "n2 <_m<_n -1 Xm 

Thus,  Un+l = un for n > n3, tha t  is, for all n >_ n3, un -- un~. Moreover, we actual ly  obta in  tha t ,  

for all n > n3, 
Xn+l ~ Un+l ~- U ~  "< 1. 

Xn 

So we have c~ = limsup,~__.oo(x,~+l/xn ) < un~ < 1. This complete the proof  of  L e m m a  1. 

Let us re turn to proof  of  Theorem 1. Let {Xnj } be a subsequence of {Xn} so tha t  

lim Xnj+l  - -  - ( 2 . 1 7 )  
nj--.-*c~ X,Zj 
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Then we obtain from (2.15) and (2.17) that 

l iminf ( 1 -  Xnj-~(,,j)+,)/xnj-a(,.~) 
n~--,~ 1 - -  Xnj+l/Xn3 

= l i m i n f  (1--Xn:i-a(%D+x)/Xnj-a(%i) 
nj-*~ lim (1 - x,~j+l/x~j) 

1 lim Xnj -a(,,~ )+ ~ / Xnj-a(,,j ) sup ~,j ----~ oo 

I--o~ > - -  
- - l - a  
=1.  

In summary, we have established the following: 

l - a  

1 - (Xnj_a(nj)w1/Xn:i_a(n:i)) > 1. lim inf 
n j ~  l --(Xnj+l/Xn~) 

Putt ing {xnj } into (2.13) and employing (2.18), we have 

1 >_ liminf pi(nj)  1 Xnj-~(nD+l xnj-a(nD+l k~(n) -1 
nj--*c~ ~, i---I Xnj--a(nj) \ Xnj-a(nj)  / J 

[ 1--(Xn~-a(n~)+l/Xn~-a(nj)) 

/ m [( ) ) I -1 } _> liminf E p i ( n j )  1 xn~-a(n~)+l (x~j-a(nj)+l aj(~) 
nj---*c~ ( i=1 Xnj-a(ni)  \ Xnj--a(ni) 

l iminf { l -  (xnj-a(nj)+l/xn~-a(nD) ~ - - ~  " 

1'} > liminf i ~ f  1 - nj-,oo 0 pi(nj) (1 - A)A k~(n~) . 

Putt ing these inequalities together, we get 

liminf inf E p i ( n )  (1 - A)A k~(n) < 1. 
nj-.-.*oo 0<A<I i=1 

Then, using (2.3), we obtain a contradiction. The proof of Theorem 1 is completed. 
We are now in the position to prove Conjecture A by virtue of Theorem 1. 

THEOREM 2. If 

(i) p~(n) > O, i : l < i < m, n = O ,  1 ,2 , . . . ;  
(ii) limn--.~(n - ki(n)) = co, for each i : 1 < i < m; 

(iii) m 
Z.~ ~ JK-~PJn~ (ki(n) + l) k*(n)+l l i m ~ f  
i=1 k'(n)k'(n) 

then (1.1) has no EPS, that is, Conjecture A is true. 

PROOF. The proof is merely a verification for 
m 

min E p i ( n )  [ ( 1 -  A)Ak'(n)] -1 
0<A<I 

/=1 

which is easily obtained by noting that 

min [(1-/~)~k'(n)] -1--  
0<)~<1 

This completes the proof of Theorem 2. 

> 1 ,  

m pi(n) (ki(n) + 1) k~(n)+l 
-> 

i=1 

(ki(n)  --b 1) k~(n)+l 
k~ (n) k, (n) 

(2.18) 

(2.19) 
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3. A C O M P A R I S O N  B E T W E E N  
T H E O R E M  1 A N D  C O N J E C T U R E  A 

From the proof  of Theorem 2, we see tha t  Condit ion (iii) in Theorem 1 is no s t ronger  than  
Condit ion (iii) in Conjecture  A. In this section, we give an example to show tha t  Condi t ion (iii) 

in Theorem 1 is indeed weaker than  Condit ion (iii) in Conjecture  A. 
Consider the  nonexistence of EPS of the difference inequality 

X n + l  -- X n  + p n X n - j , ,  -[- qnx~-k, ,  <_ O. (3.1) 

We have the  following theorem. 

THEOREM 3. I [pn  _~ 0, q~ _> 0, n ---- 0, 1, 2 , . . . ,  and 

(i) there  exists  a posi t ive  integer k so tha t  

1 <_ Jn <- k, for n = 0, 1, 2 , . . .  ; (3.2) 

(ii) 

(iii) 

lim k~ = oc and lim (n - kn) -- oo; (3.3) 
n--*oo n--*oo 

(k~ + 1) k''+l 
linm_.inf pn .  lim_ inf qn" kkn,, ¢ O, (3.4) 

then (3.1) has no EPS.  

PROOF. We first show tha t  limsuPn_~oopn > 1 implies tha t  (3.1) has no EPS.  Indeed, if this 
were false, le t /3  = limsupn_~oopn > 1 and {xn} be an EPS  of (3.1). Then  

X n + l  --  X n  -~- P n  x n  jn  ~-- O. ( 3 . 5 )  

Let  {Pn~} be a subsequence of {pn} so tha t  lim~,-~oopnz = /3 .  Choosing/30 : 1 </30 < /3, then  
there  exists N such tha t  n > N implies Pn~ >/30. From this and (3.5), we have 

x,~+l - x,~ +/3oxn~-j,~ <_ O. (3.6) 

But  on the other  hand, we know from (2.8) t ha t  for sufficient large nt, Xnz < Xnz-j .~,  i.e. 
- - x ~  +/30x~- j , ,~  > 0. So xn~+l < 0 for sufficient large nt, which is a contradict ion.  Thus,  we 

assume wi thout  loss of generality, 

u = l imsuppn  < 1, (3.7) 
n--+OO 

v = l i m i n f p ,  > 0, (3.8) 
n--~oo 

w = l iminf  qn (k ,  + 1) k '+ l  
n - - ~  k~ .... > 0. (3.9) 

Using the  fact t ha t  limn--+oo((n 4- 1) /n)  n = e, we obtain from (3.3) and (3.9) t ha t  l iminfn~oo 
q,~(kn + 1) = w / e .  Combining the  previous estimates,  we can find No such tha t  for n > No 

v0 <_ p~ _< u0, (3.10) 

qn(kn + 1) _> w__£o, k~ > k, (3.11) 
e 

where vo is such tha t  (1/2)v < v0 < v and uo is such tha t  u < uo < 2 and w0 satisfies 
(1/2)w < w0 < w. Let  f~ : (0, 1) --+ R be defined as follows: 

In(A) = Pn [(1 -- A)A j'~] -1 + qn [(1 - A)A k'~] - 1 ,  0 < A < 1. (3.12) 

Noting tha t  lim~-~0+ fn(A) = limx-~l fn(A)  = 0o, we may assume tha t  exists rn : 0 < r~ < 1 such 
tha t  

f~(r~)  = inf f~(A), (3.13) 
O<A<I 

J~n(rn) = O. (3.14) 
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LEMMA 2. The rn defined by (3.13) and (3.14) satisfies 

lim rn = 1. 
n - - + O O  

I r PROOF OF LEMMA 2. B y  (3.12), it is easy to  verify t ha t  f ¼ ( n )  = 0 is equivalent  to  

( l + j ~ )  rn j ~ + l  Pn=[qn(l+k~)] k n - ~ l  7"n 

t h a t  is, 

So we get 

(k-kn ~ - 1 rn) : (l + jn) (rn jn ~-Jn 1) Pn[qn(l + kn)]-lr(k.-j..). 

jn kn - -  < r n < - -  for 7~ > N0. 
jn  + 1 k~ + 1'  

j ~ l  Pn< ( l + j n )  1 

From (3.10), we have 

(1 + j~) (rn 
\ 

Jn) 
Jn + 1 P~ = p~ <- Uo. 

(3.15) 

(3.16) 

(j~ + 1) j ' ' + l  (k~ + 1) k ' '+l  1 1 ( __1__1 )[~/~1 
Pn jj,, +qn kkn. ' - - 4 + ~ e e  \ l + [ v / - ~ ]  ] 

1 1 1 
a s  

Thus ,  (1.6) is not  satisfied, and hence, T h e o r e m  2 does not  app ly  to (3.1). 

g rea tes t  integer function,  then  

This  toge the r  wi th  (3.11),(3.16) gives 

kn u°ek" - k  (3.17) rn < r n . 
kn + 1 w0 

If  there  exists  a subsequence of { V n }  , s a y  {rn~ } so t ha t  

lim r~  = s < l ,  
n l  ---* o o  

we choose so : s < so < 1. T h e n  there  exists N1 _> No such tha t  for nl ~ N1, r ~  < so. 

On the  o ther  hand,  f rom limn~-~o~ (k~/(kn~ + 1) - rn~) = 1 - s, we can find N2 > N1 such 

t h a t  for nl _> N2, 
knl 

r ~  > 1 -- so. (3.18) 
kn~ + 1 

By (3.3), we assume kn~ > k for nz _> N2. Combining  (3.17) wi th  (3.18), it is easy to deduce  t h a t  

UOI k,~l-k 
1 - So < - - s  o , for nz _> N2. (3.19) 

W 0  

Let  nl --~ oo. T h e n  knt - k --+ oo, and (3.19) gives: 1 - So _< 0, t h a t  is, so _> 1. As this cont radic ts  

the  fact  t ha t  so < 1, the  proof  of L e m m a  2 is complete.  
Let  us re tu rn  to the  proof  of T h e o r e m  3. Now from (3.2), (3.8), and (3.12), it is easy  to  ob ta in  

linm_ inf f~(rn) = lirn ~ f  {Pn [(1 - rn)r j'' ] -1  + q~ [(1 - r~)r~"]-l} 

_> lim infp~ • l im inf [(1 - r n ) r n ] - I  
n - - * o o  n - - + o o  

= v .  l imin f  (1 - rn) -1 
n---+O(3 

= v -  lira (1 - rn) -1 
n - - -+oo  

t h a t  is, l im inf~-.o~ {inf0<~< 1 fn (~) } = oo. 
Now, T h e o r e m  1 implies the  assert ion of T h e o r e m  3. T h e  proof  of T h e o r e m  3 is comple ted .  
Finally, if we specify p~ = 1/8, jn  = 1, kn = [x/~,  and q~ = 1 / (4 ( [x /~  + 1)e), where  [.] is the  
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