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1. Introduction

In the seminal paper [1], Hald, motivated by the inverse problem for the torsional modes of the earth, investigated
Sturm-Liouville problems with a discontinuity at an interior point. Hald proved a Hochstadt-Liebermann result in the
case of one transmission condition which was later on extended to two transmission conditions by Willis [2]. Moreover,
Kobayashi [3] proved a similar result in the case for problems with a reflection symmetry. More recently, Mukhtarov et al. [4]
and two of us [5] have investigated the case with one transmission condition and eigenparameter dependent boundary
conditions, and derived asymptotic formulas for the eigenvalues and eigenfunctions. Even more recently, these results were
extended to two and three transmission conditions in [6,7], respectively. The purpose of the present paper is to show how to
handle an arbitrary finite number of transmission conditions and to use the asymptotic formulas to prove several uniqueness
results. In particular, we will introduce a Weyl m-function which uniquely determines the parameters of the problem. We
also show that this Weyl function is a meromorphic Herglotz-Nevanlinna function which is uniquely determined by its poles
and residues, as well as by its poles and zeros. In particular, we also obtain a two spectra result. This generalizes the results
of Amirov [8] in the case of one transmission condition to the case of a finite number of transmission and eigenparameter
dependent boundary conditions. Moreover, we will also generalize the Hochstadt-Liebermann type result from Hald to the
present situation.

To the best of our knowledge, this is the first result concerning more than three transmission conditions. In particular, it
was necessary to modify the usual arguments at several places in order to make up for some key estimates which cannot be
easily shown in the present situation (cf. the intricate nature of the high energy asymptotics of solutions in Theorem 3.1).
For related results, we refer to [9-14].
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Sturm-Liouville problems with transmission conditions at interior points arise in a variety of applications in engineering
and we refers to [8] for a nice discussion and further information. Here we only want to mention that they also appear in
the description of delta interactions (which play an important role in quantum mechanics [15]) and of radially symmetric
quantum trees (cf. the discussion in Section 4 of [16] and the references therein). For general background on inverse
Sturm-Liouville problems we refer (e.g.) to the monographs [17-19].

We will first start with the usual Robin boundary conditions and then briefly show how to extend the present approach
to the more general case of eigenparameter dependent boundary conditions in our last section.

2. The Hilbert space formulation and properties of the spectrum

In the first part of our paper we consider the boundary value problem

by==y"+qy=2y (2.1)
subject to the Robin boundary conditions

Liy) =y () +h y©0) =0,

L) =y (@ +H y@)=0 (2.2)
with transmission (discontinuous) conditions

Ui(y) = y(di + 0) — a;y(d; — 0) = 0,

Vi(y) :=y'(di + 0) — biy'(d; — 0) — c;iy(d; — 0) = 0, (2.3)
where q(x) is real-valued function in L'[0, 7r]. We also assume that h, H and a;, b;, ¢id;, i = 1,2, ..., m — 1 (withm > 2)
are real numbers, satisfying a;b; > 0,dg = 0 < dy < dy < --- < dy_1 < d = 7. For simplicity we use the notation

L = L(q(x); h; H; d;), for the problem (2.1)-(2.3).
To obtain a self-adjoint operator we introduce the following weight function
1, 0 <x< dl,
1

=,
w(x) = :al ! (2.4)

d1<X<d2,

1

——, dp_1<x<m.
aiby -+ - am_1bpn_y

Now our Hilbert space will be # := L,((0, w); w) associated with the weighted inner product

b
f, 8w 12/ fgw. 05)
0
The corresponding norm will be denoted by ||f || = (f.f)>. In this Hilbert space we construct the operator
A H — FH (2.6)
with domain
f.f e AC(Ug'(d;, divy)), }
dom (A) = c J 0 .
A) {f ‘Ef el}0,7), Uf)=Vi(f)=0 2.7)

by
Af = ¢f withf € dom (A).

Throughout this paper AC(U{)"’](di, di+1)) denotes the set of all functions whose restriction to (d;, di+1) is absolutely
continuous foralli = 0, ..., m — 1.In particular, those functions will have limits at the boundary points d;.

Lemma 2.1. The operator A is self-adjoint.

In particular, the eigenvalues of A, and hence of L, are real and simple. To see that they are simple it suffices to observe that
the associated Cauchy problem (2.1), (2.3) subject to the initial conditions f (xo = 0) = fo, f'(xo & 0) = f; (with xg € [0, 1])
has a unique solution.

For any function f € dom (A) we will denote by f;, 1 < j < m, the restriction of f to the subinterval (d;_1, d;). Moreover,
we will set f;(dj—1) = f(dj—1 + 0) and fj(d;) = f(d; — 0).

Suppose that the functions ¢ (x, A) and ¥ (x, A) are solutions of (2.1) under the initial conditions
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and
Y, M) =1, Y'(r,\)=-H (2.9)
as well as the jump conditions (2.3), respectively. It is easy to see that Eq. (2.1) under the initial conditions (2.8) or (2.9) has

a unique solution ¢ (x, A) or ¥, (%, A), which is an entire function of A € C for each fixed point x € [0, d;) orx € (dp_1, 7].
From the linear differential equations we obtain that the modified Wronskian

W(u, v) = wx) (uE)v' ) — u'®)v(x)) (2.10)

is constant on x € [0, dq) U’ln’z(di, di + 1) U (dyy_1, 7] for two solutions fu = Au, fv = Mv satisfying the transmission
conditions (2.3). Moreover, we set

AQ) = W), ¥y (W) = Ly (D) = —w(@)La(eR)). (2.11)

Then A(A) is an entire function whose roots A, coincide with the eigenvalues of L. Moreover, the eigenfunctions ¢;(x, A,)
and ¥;(x, A,) associated with a certain eigenvalue 1, satisfy the relation v;(x, 1) = Bn@i(X, A,,), where, by (2.8),

Bn = ¥ (0, An). (2.12)
We also define the norming constant by
Yn = ||(ﬂ(X, }‘-n) ”;(2

Then it is straightforward to verify:

Lemma 2.2. All zeros A, of A(A) are simple and the derivative is given by

Aw) =~y 'Ba- (2.13)
Finally, we point out a simple unitary transformation for our eigenvalue problem which is easy to check:

Lemma 2.3. The map

U:#—> H=0L071), [f&fx=J/wXfkx

A

maps A unitarily to A associated with & = (a;/b;)V/2, by = (b;j/ap)V/2, & = ci(a;b))~'/? and all remaining items unchanged. In
particular, G;b; = 1 and hence W(x) = 1.

Remark 2.4. After a similar transformation as above we can assume that ¢; = 1 without loss of generality and then our
operator is a special case of a measure-valued Sturm-Liouville operator [20]

1 d X
by(x) = ——— <—w(X)y/(X) +/ y(t)dx(t)>
w(x) dx 0

associated with the measure-valued potential

m—1
dx (0 = qdx + ) w(di)cidg, (%),

i=1

where §, is the Dirac delta measure located at d.

3. Asymptotic form of solutions and eigenvalues

Theorem 3.1. Let A = p? and T := Imp. For Eq. (2.1) with boundary conditions (2.2) and jump conditions (2.3) as |»| — oo,
the following asymptotic formulas hold:
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exp(|t|x
COS,OX"’O(M), O§X<d],
o
, exp(|7]x)
a1Cos pX+oajcosp(x —2d) +0| ——— ), di <X <dy,
P

®10 COS PX + atjorp €OS p(x — 2d7) + g0 €os p(x — 2d3)

ex X
+ ) cos p(x + 2d; — 2d5) + O (p(lt|)> Ly <x <ds,
o

P, A) = Q103 . . . 1 COS PX+ 3.1
+ajon ... omo1COS p(x — 2d7) + - - -
+oray. .. cos p(x — 2dpm_1)+
+ajoas. . om_1 COS p(x + 2dy — 2dy) + - -
+ o1 Oli/...OlJ{...Olm,]COSp(X-f-Zdl‘—Zdj)
‘o0 Oy €OS P(X — 2d; + 2d; — 2dy) + - -
+ajay ..ol cosp(x+2(=1)" My +2(=1)"2dy + - - - — 2dp_1)
exp(|z|
+0| ———), dpn1<x=m,
0
and
pl—sin px] + O(exp(|7|x)), 0 =<x <dy,
pl—aqsin px — o sin p(x — 2dq)] + O(exp(|t]x)), di <x < da,
pl—aay sin px — ooy sin p(x — 2dq)—
—aq0 sin p(x — 2dy) — aja) sin p(x + 2d; — 2d,)]
+0(exp(|T|x)), dr <x <ds,
@' (%) = : ) , . , (32)
pl—oioty .. o1 Sinpx —ojoty .. oy Sinp(x — 2dy) — - — g0ty ... 0y
X Sin p(X — 2dm_1) — &joy03 . .. 0oy Sin p(x + 2dy — 2dy) — - - -
—ot1...a{...a]{...otm,lsinp(x—}—Zdi —2d))
— Q. QO Qg SIN (X — 2d; + 2d — 2d)) + - -
—adhal ..l sinp(x 4 2(=1)" 'y +2(=1)"2dy + - - - — 2di_1)]
+0(exp(|t|x)), dn_1 <x=m,
where
a; + b a; — b
= i nd o = ——, (33)
2 2
fori=1,2,..., m— 1. The characteristic function satisfies
A = pw(m)[o1dy ... Oy SINPT + )y .. Ao Sinp(T —2d1) + -+ o1z .. )
x sinp(w — 2dm_1) + ¢j50s . . . o1 sin p(r + 2d7 — 2dy) + - - -
‘o0 ). o sin p( + 2d; — 2dj)
+oz1...a{...a}...a,@...am,l sinp(mw — 2d; + 2d; — 2dy) + - - -
+aial .. al sinp(r +2(=1)""dy +2(=1)"2dy + - — 2dp_1)]
+ O(exp(|t|m)). (3.4)

Proof. Suppose C(x, 1) and S(x, 1) are the cosine and sine-type solutions of (2.1) with jump conditions (2.3) corresponding
to the initial conditions

cCO,A) =1, €0, =0 and S(O,A) =0, S(0,1)=1.
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First of all observe

cos px + 0 (Eprlﬂx) , 0=<x<d,
a;Cy(dy, A) cos p(x — dq) + JC{ (dq, M) sin p(x — d7)
+O<w>, di <x<dy,
o
4,Cy(d3, 1) cos p(x — dy) + —C}(da, 1) sin p(x — dy)
Cx, 1) = +O<exp|r|(x—d2)>’ i, <x<dy.
0

Am—1Cn—1(dm—1, A) cos p(x — dy—_1)+
+ Gy Ay, A) sin p(x — d_1)+
exp|t|(x — dpm—
4o ( pli( m—1)
P
Next we substitute the i'th statement into the (i + 1)’th statement to obtain

>, dn_1 <x<m.

exp |T|x
cospx+0( p|t|>, 0<x<dy,
0
exp |t|x
a1 €os p(x) + o cos p(x — 2d;) + O pi7l , di <x<dy,
p
@10, €0s p(x) + ajay cos p(x — 2d1) + aja, €os p(x — 2d;)
exp |t|x
+a§a§cosp(x+2d1—2d2)+0< plel ), dy < x < ds,

Cx,\) =

010 ... Oy—1 COS PX 4+ 07 ... Q] ... 0ty_1 COS p(x — 2d;)
tar..of. ). agg c0S p(x + 2d; — 2d))
Lo g €08 p(X — 2d; + 2dj — 2dy) + -+
+ohay ..ol cos p(x+2(=1)" "y +2(=1)"2dy + - - — 2dp_1)

+oq...0; ..
exp |t|x
+O< pl7l ) dp1 <x<m,
o

where o; and «] is defined in (3.3)and i < j < k,i,j,k = 1,2,..., m — 1. Similar calculations establish the asymptotic
form of C'(x, A), S(x, 1), and S’ (x, A). This proves the theorem upon observing ¢(x, A) = C(x, A) + hS(x, A). O

It follows from the above theorem that

9 (x, M) = O(lpl" exp(zx)), O <x <7, v=0,1. (35)
By changing x to w — x one can obtain the asymptotic form of ¥ (x, A) and v’ (x, A). In particular,
[y (x, M| = 0(|p|” exp(|T|(r —x))), 0<x=<m,v=0,1 (3.6)

As a consequence of Valiron’s theorem [21, Theorem. 13.4] we obtain:

Theorem 3.2. The eigenvalues A, = ,o,f of the boundary value problem L satisfy
on =n+o(n)

asn — oQ.
4. Uniqueness results for Robin boundary conditions

In this section we investigate the inverse problem of the reconstruction of a boundary value problem L from its spectral
characteristics. We consider three statements of the inverse problem of the reconstruction of the boundary-value problem
L: from the Weyl function, from the spectral data {A,, ¥, }n>0, and from two spectra {A,, s }n>o0.

The Weyl m-function is defined by

¥ (0, 1)
AL

m) = — (4.1)
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By (2.8) and (3.6) we obtain the asymptotic expansion
1
m() = — + 07" (42)
v —=A

along any ray except the positive real axis.
Let x (x, A) be a solution of (2.1) subject to the initial conditions

x(0,2) =0, x'(0,1)=1
and the jump conditions (2.3). It is clear that W (¢, x) = 1 # 0 and the function ¥ (x, A) can be represented as
Y(x, A)
A

The functions 6 (x, A) and m()) are called the Weyl solution and the Weyl function, respectively for the boundary value
problem L. Clearly

W(px, 1), 0, 1)) =1. (44)

O(x,A) =

= x(x,A) —m)ex, L). (4.3)

Lemma 4.1. The Wey! function m() is a meromorphic Herglotz-Nevanlinna function,

Im(m(1)) = Mm@ 10115, (4.5)

and can be represented as

my =y (46)
= An— A
where
o0
1
ZL <00, Vy>—-. (4.7)
= 1+ [Anl” 2
n=0
Proof. The first relation follows after a straightforward calculation using
b
Im(@ (s, 1)0’(;r, A)) — Im(8(0, 1)6'(0, 1)) = Im(A)/ 16(x, 1) 2w (x)dx. (4.8)
0

Hence m(z) is a Herglotz-Nevanlinna function (i.e. it maps the upper half plane to the upper half plane) and by the
asymptotics (4.2) it has a representation of the form [19, Lemma 9.20]

dp(t
moy = / p(t) ’
where p is a Borel measure satisfying

/ dp(t) 1
—, Vy > -.
g 14 |A]Y 2

Since by (4.1) the Weyl function is meromorphic it follows that p is a pure point measure supported at the poles with masses
given by the negative residues. Hence the result follows from Lemma 2.2. O

Now we are ready to prove our main uniqueness theorem for the solthions of the problems (2.1)-(2.3). For this purpose
we agree that together with L we consider a boundary value problem L of the same form but with different coefficients

q(x), h, H, a;, b;, ¢, d;. If a certain symbol 1 denotes an object related to L, then 7 will denote the analogous object related
to L.

Theorem 4.2. If m(1) = m(\) and w(x) = w(x) thenL = L. Thus, the specification of the Weyl function and the weight function
w(x) uniquely determines the operator.

Proof. It follows from (3.6) and (4.3) that
6%, M| < Clo" exp(~|zlx), v =01, (4.9)

as A — oo along any ray except the positive real axis. Define the matrix P(x, 1) = [Pjx(X, 1)]j k=1,2 by the formula

P, A)  O(x, A)
' A) 0(xA)

_ (e A O, A)

P(x, 1) ( = (q,/(x, A0, A)) '
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Taking (4.4) into account we calculate

P, 2) Pr(x,A)) _ 90@, -¢'0 90— ‘Pé (4.10)
Py1(x,A)  Pxp(x, 1) 00" —@'0" @0’ — ¢'0 ’

and

(cp(x, x>) _ (Pno«, P, 1) + Prax, M@ (x, A)) (411)

0(x, A) Py1(x, MO (x, 1) + Pia(x, M)’ (x, )

It is easy to see that the functions Py (x, 1), j, k = 1, 2, are meromorphic in A with simple poles in the points A, and A
Moreover, if m(A) = m(A), then from (4.3) and (4.10), Py1(x, 1) and Py, (x, ) are entire functions of growth order 1/2 in A.
From (4.9)

C
[P1(x, M| = C, [Pr2(x, 2)| < ol (4.12)
along any ray except the positive real axis. Moreover, by our hypothesis this function has an order of growth s and thus we
can apply the Phragmén-Lindel6f theorem (e.g., [21, Section 6.1]) the two half-planes bounded by the imaginary axis. This
shows that the functions P;; and Py, are bounded on all of C and thus constant by Liouville’s theorem. Since Py, vanishes
along a ray it must be zero and we obtain Pq;(x, A) = A(x) and P1»(x, A) = 0. Using (4.11), we get

o, L) =AX)@(x, L), O, ) = A(x)é(x, A). (4.13)
It follows from (2.11), W(p(x, 1), 0(x, 1)) = W(p(x, ), 6(x,2)) = 1 and so we deduce A(x) = % = 1, that is,
(X, A) =@, A),0(x, 1) = é(~x, 2),and ¥ (x, &) = ¥ (x, 1). Therefore from (2.1), ,(2.3),(2.11) and (2.9) we get q(x) = q(x),
ae.on[0, 7] anda; = G, b; = b, ¢; = &,and d; = d; fori = 1, 2, . —1,h=handH = H forj = 1, 2, 3. Consequently
L=L 0O

Note that this theorem is optimal in the sense that the weight function cannot be determined from m(X) since a
unitary transformation as in Lemma 2.3 can be used to change the weight without changing m(A) Note that the condition
w(x) = w(x) will hold if we have for example a;b; = alb = 1foralliorab, = a,b,, and d; = dl, forl=1,2,. — 1.

By virtue of Lemma 4.1 we also get:

Corollary 4.3. If A, = A, and Vo= P forn=0,1,2,..., and w(x) = w(x) then L = L

Finally, let us consider the boundary value problem L* which is the problem where the boundary condition L;(y) is
replaced by

ron _ Y0 +ky0) =0, keR,
L) = {y(O) 0, k= oo

Let {14n}n>0 be the eigenvalues of the problem Lk,

Corollary 4.4. Suppose k # h. If A, = An and Un = fnforn=0,1,2,...,and w(x) = w(x), then L = L

Proof. We begin with the case k = co. The numbers A, i, are the poles and zeros of m(A) and hence determine it uniquely
up to a constant by Krein’s theorem [21, Theorem 27.2.1]. This unknown constant can be determined from (4.2). The case
k # h follows in the same manner using m(A) + (k —h)~'. O

Finally, we are also able to extend Hald’s theorem to the case of finitely many transmission conditions.
Theorem 4.5. If 1, = Ay, w(X) = W(x), L; = L1, q(x) = §(x) fora.e. x < Fand U; = U, V; = V; for all i with d; < Z, then
L=L

Proof. By the Hadamard factorization theorem W (¢, 1/7) =C W(w, yr) for some constant C which can be determined from
the asymptotic as A — oo:
o
c= ] —’ > 0.
i:d,-zn/z

Furthermore, our assumptions imply

T, A =Cyrx, )+ FOg(LA), x < %
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for some entire function F (1) of growth order at most % Solving for F and taking the limit x 1 7 we obtain

PE-1) - (G-) _ v (G- (GG

(5= v (5= 1) \Cv (5-2)
Now the expression in parenthesis vanishes along every ray different from the positive real axis while the expression in
front remains bounded by the asymptotics (3.1) for ¢ and the analogous result for i, 1. Thus it must be identically zero by

the Phragmén-Lindel6f theorem. Finally, x (x, A) = x (x, A) forx < % implies that the associated Weyl functions are equal
and the claim follows from Theorem 4.2. 0O

F(A) =

5. Uniqueness results for eigenparameter dependent boundary conditions
In this last section we will replace the Robin boundary condition (2.2) by the following eigenparameter dependent
boundary conditions
Li(y) == A(y'(0) + h1y(0)) — hyy'(0) — h3y(0) = 0,
Ly(y) = A(Y () + Hiy (7)) — Hay' () — H3y () =0, (5.1)
where we assume that h;, H;, j = 1, 2, 3, are real numbers, satisfying
ri:=hs —hth >0 and r, :=H;H, —Hs > 0. (5.2)

In order to obtain a self-adjoint problem we will use the following Hilbert space # := L,((0, ); w) @ C? with inner product
defined by

. ) £(0)
(F.G)w = / frw+ P Qg+ Y e p ( i ) G= ( M ) . (5.3)
0 " "2 L J2p)

Again the associated norm will be denoted by ||F||; = (F, F )%2. Next we introduce

Ri(y) ==y (0) + hiy(0),  Rj(¥) = hay'(0) + h3y(0),
Ry(y) :=y'(m) + Hiy(w),  Ry(y) == Hpy' () + H3y().
In this Hilbert space we construct the operator
A:H — H (5.4)

with domain

f (%) ’ m—1 2
_ _ f.f eAC(U (d;, d; )), Uf € L°(0, )
e {F B ( 7 ) GO =V =0 R=R(®. =R &)
by
of fx)
AF = (R’l(f)) withF = (Rl(f)) € dom (A) .
Ry () Ry (f)
By construction, the eigenvalue problem for A,
(y(x)>
AY =AY, Y:=(Ri(y) ] € dom@A), (5.6)
Ry (y)

is equivalent to the eigenvalue problem (2.1), (2.3) and (5.1) for L. A straightforward calculation shows:

Lemma 5.1. The operator A is symmetric.

In particular, the eigenvalues of A, and hence of L, are real and simple. To see that they are simple it suffices to observe that
the associated Cauchy problem (2.1), (2.3) subject to the initial conditions f (xo & 0) = fo, f'(xo &= 0) = f; (with xy € [0, 1])
has a unique solution.

Suppose that the functions ¢ (x, A) and ¥ (x, A) are solutions of (2.1) under the initial conditions

®(0,1) = A — hy, ¢'(0,A) = hs — Ahy, (5.7)
and
Y(mw, A) =Hy — A, Y'(m,A) = AH; —Hs (5.8)
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as well as the jump conditions (2.3), respectively. Moreover, we set
AQ) = W(p), ¥(A) = —w(@)L(pR)). (5.9)

Then A(A) is an entire function whose roots A, coincide with the eigenvalues of L. Moreover, the eigenfunctions ¢;(x, A,)
and v;(x, A,) associated with a certain eigenvalue A, satisfy the relation ¥;(x, A,,) = Bh¢i(x, A,), where, by (5.7),

_ VO A) +hy (0. )

Bn (5.10)
r
We also define the norming constant by
, P(x, 1)
Yo = 1P& Al @& A) =| Ri(e) |.
Ra ()
Then it is straightforward to verify:
Lemma 5.2. All zeros A, of A(A) are simple and the derivative is given by
An) = =¥y ' Ba. (5.11)

The same argument as for Theorem 3.1 shows:

Theorem 5.3. Let A = p? and T := Imp. For Eq. (2.1) with boundary conditions (5.1) and jump conditions (2.3) as |A| — oo,
the following asymptotic formulas hold:

p* cos px + O(p exp(|t]x)), 0 <x <d;,
p2[aq cos px + o} cos p(x — 2d1)] + O(p exp(||x)), di <x < da,
P>l cos px + e cos p(x — 2dy) + ayay cos p(x — 2d3)

+ ajay cos p(x + 2dy — 2d2)] + O(p exp(|z|x)), dy < x < ds,

2
P loqo ... oep_q COS px+

px. 1) = +aiay. .. am_qcos p(x —2dy) + - - - (5.12)
+aq0 ... a1 €0S p(x — 2dm_1)+
+ajoas ... o1 COS p(x + 2d; — 2d3) + - - -
tar...0. ) o c0s p(x + 2d; — 2d))
tar.a) g g €OS p(X — 2d; + 2d) — 2d) + - -
+ahay ..ol i cosp(x+2(—=1)" My +2(=1)"2dy + - - — 2dp_1)]
+0(pexp(|T|x)), dn_1 <x =,
and
p’[—sin px] + 0(p* exp(|t]x)), 0 <x <d;,
0°[—ay sin px — &} sin p(x — 2d1)] + 0(p? exp(|t|x)), di < x < da,
0>[—aqa, sin px — oy sin p(x — 2d;)—
— a0 sin p(x — 2dy) — ajo sin p(x + 2dy — 2d,)]
+0(p* exp(ltlx)), dy <x < ds,
Sy =1 (5.13)
P10y ... oy SiN pX — @0y ... Sinp(x — 2d1) — -+ — a1 ... Al
X sinp(x — 2dm_1) — 0j@y03 . .. oty—1 SIN p(X + 2dy — 2dy) — - -
—a1...a{...aj’...ocm_lsin,o(x+2di—Zdj)
—041...015...05]7...04,/ co.OporSinp(x — 2d; + 2d; — 2dy) + - - -
—adial .. al sinp(x+2(=1)"dy +2(=1)"%dy + - - - — 2dy1)]
+0(p* exp(|T|x)), dm_y <x <,
where
= 8 g o= E (5.14)
2 2
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fori=1,2,..., m— 1. The characteristic function satisfies
AA) = psw(n)[alaz ...Qp_1Sin pmT + agaz o QporSinp(r —2dy) + - oy,

X sinp(w — 2dm—1) + dja503 . . . o1 sin p(r + 2d; — 2dy) + - - -

+ ...oz,f...ajf...ocm_1 sin p(rr + 2d; — 2d;)

‘o0 g Sinp( — 2d; 4 2d; — 2dy) + - - -

+ajay ..ol sinp(r +2(=1)™ dy +2(=1)""2dy + - — 2dy1)]

+0(p* exp(|z|m)). (5.15)

It follows from the above theorem that
o™ (x, M) = 0(lp"? exp(zlx), 0<x<m V=01 (5.16)
and so by substituting x with 7 — x we get the asymptotic form of ¥ (x, A) and v’ (x, A). In particular,
W (2 = 0(p"exp(t|(r —=x)), 0<x<7m,v=01 (5.17)
As a consequence of Valiron’s theorem [21, Theorem. 13.4] we obtain:
Theorem 5.4. The eigenvalues A, = p,f of the boundary value problem L satisfy
Pn =n+o(n)
asn — oo.

The Weyl m-function is defined by
CRIWG) 0,0 + (0, )

m(A) = = 5.18
@ rAR) riA) 18)
By (2.8) and (5.17) we obtain the asymptotic expansion
1
mk) = —— + 0L 3/?) (5.19)
T])\,
along any ray except the positive real axis.
Let x (x, A) be a solution of (2.1) subject to the initial conditions
1 , hq
xO0,0)=——,  x'0,1)=—
r r
and the jump conditions (2.3). It is clear that W (¢, x) = 1 # 0 and the function ¥ (x, 1) can be represented as
002 = L&Y e h) — mG)ee 4, (5.20)
A(A)

The functions 0 (x, A) and m()) are called the Weyl solution and the Weyl function, respectively for the boundary value
problem L. Clearly

Wi(p(x, 1), 0(x, ) = 1. (5.21)

Lemma 5.5. The Wey! function m(A) is a meromorphic Herglotz—Nevanlinna function,

6(x, 1)
Im(m(x)) = ImQ)[|OMW)[5, O 1) = <R1(9(?»))> ; (5.22)
R2(6(2))
and can be represented as
N
m(A) = 25— (5.23)
where

3 1
D ov=—. (5.24)
n=0

r
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Proof. The first relation follows after a straightforward calculation using
T
Im(0 (v, 1)’ (T, 1)) — Im(6(0, A)6'(0, 1)) = lm(k)/ 16 (x, M) [2w(x)dx. (5.25)
0

The first part follows as in the proof of Lemma 4.1. Computing the asymptotic of (5.23) and comparing with (5.19) shows
(5.24). O

Now we are ready to prove our main uniqueness theorem for the solutions of tt~1e problems (2.1), (2.3) and (5.1). For
this purpose we agree that together with L we consider a boundary value problem L of the same form but with different
coefficients q(x), h;, H;j, @;, b;, G;, di.

Theorem 5.6. If m(1) = m(A) and w(x) = W (x) then L = L. Thus, the specification of the Weyl function and the weight function
w(x) uniquely determines the operator.

Corollary 5.7. If A, = A and Vo =P forn=0,1,2,...,and w(x) = w(x) then L = L

Finally, let us consider the boundary value problem L¥, where we take the condition y’(0) + h;y(0) = 0 instead of the
condition (5.1) in L. Let {14, }n=0 be the eigenvalues of the problem L.

Corollary 5.8. If A, = Anand jun = finforn=0,1,2, ..., and wx) = W(x), 1, =71 thenL = L.

Theorem 5.9. If A, = dom, wx) = W(x), L = Ly, q(x) = q(x) forae. x < 3 and U; = U, Vi = \7,-for all i with d; < 7, then
L=L
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