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Abstract

The mod 2 cohomology of real projective space RP™ has a simple, but rich structure as a
module over the Steenrod algebra. In this paper we determine the annihilator ideal of H*(RP),
and some other spaces of interest.
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1. Introduction and statement of results

The operation of the mod 2 Steenrod algebra on H*(P1?), the cohomology of a product
of q copies of RP°, has been studied for about 40 years. Many results have been proven
and many applications have been given. One problem that has not been solved is the
following: what Steenrod operations annihilate every element in H*(P?). This question
is open even for g = 1 (see [3]).

Let K(X) C A, the mod 2 Steenrod algebra, be the ideal of elements which annihilate
every element in H*(X), that is the kernel of the map A — £ = End{H*(X)), a two
sided ideal in A of elements which annihilate every element of H*(X). Our first theorem
computes K(P').

Theorem 1. There exists elements ¢, s € A, in dimension 2°(2" + 277! +5), s > 0,
T > 4, such that K(P") is the two sided ideal generated by Sq* Sq*", r > 1, and Dr,s-
Furthermore these form a minimal set of generators for K(P').
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It is easy to see that Sg2" Sq?” is in K(P'), but the other elements are more mysterious.
¢r s+1 1s the double of ¢, s, so the important elements are ¢ o, and they will be described
in detail in Section 5. The lowest dimensional new element is ¢4 in dimension 29,

Although a closed form or generating function for the size of A/K(P') remains
elusive, the following theorem provides an efficient algorithm for determining p,, =
rankz/,(A/K(P')),. We denote as usual by a(k) the number of 1’s in the dyadic
expansion of k.

Theorem 2. For every integer k, 0 < k < n, there is an equation with positive integer
unknowns, r1,72,...,7s, where { = a(k) given as follows: Let k = Y 2% be the dyadic
expansion of k. The equation is Y. 2%%"s = n + k. Then py is the number of k’s for
which the corresponding equation has at least one solution.

We believe that a determination of a set of minimal generators for X(P?) is hard. The
following gives an algebraic “description” of (X x Y').

Theorem 3. K(X xY)={ac A|¢Y(a) e K(X)@A+ARK(Y)}

The lowest dimensional element in K(P9) is quq+‘_15qzq_1 - 8¢*Sq!, or in the
Milnor basis Sq(1,1,...,1), with ¢ + 1 ones. The dimension of this element increases
rapidly as g increases. Thus this may yield a method for verifying identities in 4.

We note the following easy theorem.

Theorem 4. K(BO,) = K(P1?).
This, together with Theorem 3 has the following consequence.
Corollary 5. X(BO) = 0.

Our last main theorem is the determination of K(K(Z/2,n)), n > 1. The result is
somewhat surprising.

Theorem 6. K(K(Z/2,n)) =0 forn > 1.

The proofs will be given in Sections 2—-6. A main technical tool will be a new additive
basis for the Steenrod algebra discovered by Arnon [1]. This will be described in Sec-
tion 2. Section 3 contains the proofs of Theorem 3 and Theorem 4. Section 4 contains
the proof of Theorem 6. The final two sections are devoted to the proof of Theorems 1
and 2.

2. The Arnon basis for A

We collect in this section a description of, and some facts about, a basis for the
Steenrod algebra that was recently discovered by Arnon [1].
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This basis consists of monomials in the indecomposable elements in the Steenrod
algebra, i.e., Sq¥, i > 0. For any two integers 4,7, j > ¢, we define a “string” sf
to be the product Sq¥ S¢¥ ~!... Sq*. The basis elements consist of all finite products
s{l‘ sfzz - sf;’, where j; € Js41, and if j; = js41, then 45 < i541. We call the sequence
of j’s the “tops” of the basis element, and the sequence of 4’s the “bottoms”. We also
write s; for s¢ = Sq%.

In order to prove Theorem 6 we will need to order the elements of this basis in
a particular way. We construct this ordering on the set of all basis elements in the

following manner: Let R = (rd,r},71,73,73,72,...) be a sequence of 0’s and 1’s, with
. « . 0 1
finitely many 1’s. Then a basis element is just the product (s3)™(s})™ - - . We order the

sequences lexicographically from the left. This gives an ordering on the basis elements.

Denote by Z; the two-sided ideal in A generated by {qul qui, i > 0}, Lemma 5.1
gives an alternate description of this ideal as the ideal generated by all elements of the
form s;([ ], >, Sk, )si. So an Arnon basis element for which the bottoms are not strictly
increasing is in Zy, but Zp is larger than the span of these. Let V be the vector subspace
of A spanned by the Arnon basis elements with strictly increasing bottoms. We will refer
to elements of this subspace as “not obviously in Zy”. The element of least dimension
which is in Zy and also in V is s}sls3 + shsisls] + sisis3. We will call this element
¢3,0, for reasons which will be apparent later.

3. The product theorem

In this section we will prove Theorems 3 and 4. We first consider Theorem 3. For
fixed spaces X and Y, let Ky = {a € A | ¢(a) e K(X)® A+ A® K(Y)}. Theorem
3 says that (X x Y) = K. Consider the composition

AL ARAD A/K(X)® A/K(Y) S End H*(X) x End H*(Y)
2 End (H*(X) @ H*(Y)) = End (H*(X x Y)).

The kernel of this composite is (X x Y') by definition. & and 3 are monomorphisms,
hence K(X x Y) = Ker(wy). But Ker(m)) = K. This proves Theorem 3.

Theorem 4 says that if a Steenrod operation vanishes on all symmetric polynomials
in the one dimensional generators {z,zs,...,z,} of H*(P?), then it vanishes on all
polynomials, or conversely if it is nonzero on some polynomial, then it is nonzero on a
symmetric polynomial. So let a € A, and w = a¥' - - -z € H*(P?) be a monomial such
that a(w) # 0. Let ky,...,kq be the largest exponents of z;,...,z, which appear in
any monomial in a{w). Choose an integer k such that 2% > max(|al, k1, ..., k,) and let

k k . . .
w' = wz? . Then a{w’) = a(w)z2 and the largest exponent in any monomial in a(w’)

is ko + 2. Choose an integer j such that 27 > i, + 2%, and define u = 27 - - 3"*"
Then a(uw') = ua(w’) # 0. Also all exponents in uw’ are different, so the symmetric
polynomial containing uw’ is qu uw’. The highest exponent of a (3" uw’) is kg + 2% +

2774, and it cannot be canceled by another term. Thus a ¢ K(BO(q)).
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4. K(K(Z/2,n))=0,n>1

This section contains the proof of Theorem 6. We first prove the theorem in the case
n = 2, since this case provides the ideas, methods, and motivation for the general case.

We choose, for each basis element a € A, a class u, € H*(K(Z/2,2)) such that if
{ak} is the basis for A in a given dimension, then the matrix {ax(u,,)} is nonsingular.
The basis for .A which we will use is the Arnon basis together with the order described
in Section 2.

Recall that H*(K(Z/2,2)) is a polynomial algebra with generators ¢, sJ¢, st, s3¢, . . ..
If R=sk letug = (s10)% If R= (7,74, 72,...), we let

- 2t rk
ur =[] ((s57+'9)7)"™.

Define (R',ug) to be the coefficient of (Sq'(¢))™ which appears in R'(ur), where
n = (|R'| + |ug|)/3. We order the Arnon basis elements by ordering R = (r3,...)
lexicographically from the left. Consider all R of a given dimension and form the matrix
(R',uR). The theorem follows from the following proposition.

Proposition 4.1. This matrix is lower triangular with ones on the diagonal, i.e., if R’ >
R and R and R’ have the same dimension, then (R ,ug) = 0, and (R,ug) = 1.

We first study how the Steenrod operations operate on the ug’s.
Lemma 4.2.
(sh=ty?™, iri=2

et A2 (Sg—HzL)z" if i = 28+
sei((sstgy = O
(sk™H102™, ifi = 2k 4 2L

0, otherwise.

\

This lemma is straightforward to prove. We note that the ug are sent to other ug’s or
0. We also note that in the first case of this lemma k remains constant and [ increases
by 1, while in the other 2 cases k increases by 1, so Sgi((sE~"+1)?') is either O or u/y,
with R’ < r¥, as long as i > 0.

2k+1

Corollary 4.3. Let Sq’ be an Adem basis element. Then Sq’ ((sE™1+10)%') = (s90)2""' +

other terms in the monomial basis for H*(K(Z/2,2)) if and only if Sq' = s}.

Proof. The k for (sgb)z'c+l has not increased and thus by the remark above, the only

Adem basis element that can do this is Sqf =sf. O

Hold R fixed and consider all R’ with |R’| = |R|. Note that

lur| = Z (2"+2 +24.

r:‘ #£0
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To get (Sq'(¢))™ = (sJt)™, where n = (|[R'|+|ug|)/3, in R'(ug), each term (sf~'*! )2
which appears in ug must be sent to (s3)? ¥ ora higher power of sJ:. By Corollary 4.3,
an sf must appear in the diagonal of R’ and act on (s§ k- l“) Thus, if s < k, then
Sq* (auy, 1,) cannot have the correct power of 3 if k; > k. Here auk, 1) comes from
a previous sf.

Let (k,1) be the first term where R’ # R, i.e., 7'} k=, rF =0as R > R and for
smaller (kz,[2), r’ﬁz = rlz When sf acts on the pamally formed R'(ug). the terms
U(ky,1;) With k1 > k must have already been sent to the appropriate power of s9¢. Hence
s¥ acts on terms of the form aw,,), i.e., ki = k. Then l; > 1, s0 augy,) = »2" and
thus Sq¢* (v2") = 0. For dimensional reasons, s¥ must act on such a term as the rest of
the terms in ug match up with R’. When R’ = R, this argument gives (R,ug) = 1.
This proves Proposition 4.1, and hence Theorem 6 for n = 2.

To complete the proof we now give the modifications needed for n > 2. Let (a(t2))?
be a 27th power of a polynomial generator in H*(Z/2,2). There is an Adem basis
element acting on ¢, which gives (a(t;))?". Denote this basis element by 8(a,r). For
example (12)* = Sq*Sq?1, s0 8(S¢°,2) = Sq*S¢* = 2.

We modify ur as follows: Let n = Y_ 27 be the dyadic expansion of n. Then

(S¢' ()" =[] (8¢'(w))? H9 (Sq',7)(wa)-
J

So we replacc (Sq'(2))™ by T[], 6(Sq", 7)(tn).
IfR= 51 let ug = 0(so*~ l+f7 ,Dtrn, and for an arbitrary basis element R, we let

ur = [ (0(s0*~", 1) (ta)) ™

In the definition of (R’, ug), replace (Sq'(t2))" as follows: (Sq'(¢;))™ = a product of
terms of the form (Sq'(2))?” = 0(Sq',7)w2, corresponding to the dyadic expansion of
n. Replace (Sg'(t2))™ by the corresponding product of 8(Sq',r)en.

With these changes the above argument for n = 2 generalizes to prove Proposition
4.1 for n > 2, and hence Theorem 6.

5. Factoring the map

In this section we construct an algebra S and factor the map
A — £ =End (H*(RP™, Z/2))

through S, so that the map S — & is a monomorphism. We construct some useful
elements in the Steenrod algebra, and the ideal, which we call Z; C K that we are
looking for and show that the set of generators described in Theorem 1 is minimal. The
proof that Z; is the desired ideal requires some different techniques, and is completed in
the last section, along with the proof of Theorem 2.

Let Zo be the ideal in the mod 2 Steenrod algebra A generated by {S¢% S’qu, j =0}

Then Zy C K since for any j, n, either (2';) or (";}2 ) must be zero mod 2. There is
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another description of Zy that will be useful. Let s; = qui € A. Then for the same
reason as above, si(ij>z' skj)si must be in K. From Wall [2] one sees easily:

Lemma 5.1. The ideal generated by all products of the form s;([ ]y, ., sk, )s: is equal to
Ty and furthermore ALy is the free graded algebra over Z[2 on generators {s;, 1 > 0}
with degree s; = 2%, and relations

(1) s2=0,

(2) si8415: =0,

(3) si8; + 855+ 8;-15;8i1 =01 j <i-1

‘We now construct an algebra S, modeled on .4/Z; with an additional generator ¢ corre-
sponding to the endomorphism which is multiplication by the generator z € H!(RP™).

Definition 5.2. Let S be the quotient of the free graded Z/2 algebra with generators s;,
i >0, and t, |s;| = 2%, |t| = 1, with the relations:

1) st =0,
(2) sisiy18: =0,
(3) s;8; + 858; + 8i—1858i—1 = 0,7 <i-1,

(4) [Sj, Sj_l] = tZJ Sj~1,

) [Sj,t] = 25081 -+ s;-1, J >0,

(6) [s0,1] = t*

Some simple computations from these give the more familiar relations:
(D) [, =8,

®) [t¥,s0] =0, k <3,

@) [t7,s6) = 2" 88500 sk_1, k> 4.

Before we proceed, we collect here a few additional relations in S that will be useful
later.

Lemma 5.3. The following relations hold in ATy, and consequently in S.

(i) Si(ij>i skj)si =0
(1i) $c8q8pSq =0ifb<a, c<a, andb< c
(iil) s§28,5081 = 82580818y for r = 3.

Proof. Relation (i) follows easily from relation (2) with the help of (3) and (1).
Relation (ii) follows from (i) if b = ¢, and if b < ¢, then b < a — 1 and (3) gives
ScSaShSa = Schsg + 5¢Sa-15b5a—15a = ScSa—15bSa—15a-
Ifc=a—~1thisis0,and if notc < a—1,s0b < a — 2, and we can proceed with
S$c8qa—-15b8q—1 as before.
Relation (iii) is obtained from (ii) as follows:
82878081 = 82808r51 + $28-—1508r—151 = 8250581,

by (ii), and continuing, = 8750S15r + $2508r—1515r—1. Using s28¢ = S0S2 + S180S]
followed by (ii) and (i) gives the desired result. O
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Theorem 5.4. The map A — & factors through S,
A ATy -85 = €&

and the last map in the sequence is a monomorphism.

Proof. The map S — & just sends s; to the endomorphism given by qui and t to the
map which is multiplication by the generator in H!(RP>). We need to check of course
that the relations go to 0, but that is a simple computation.

To show that the map S — £ is a monomorphism, we will show that there is a Z/2
basis for S consisting of monomials of the form tksilsiz <o+ 8.,where iy < iy < - <.
This is sufficient since the image in £ of this monomial takes z™ to (™)z"t™** where
m=3y. j 2%, So the images of these monomials are independent.

Now we need to show that any element of S can be written as a sum of such monomials.
We show this in two steps.

The first step is to show that any monomial can be written as a sum of monomials
in which a power of ¢ appears only once, at the front (or left edge). Relations (5)—(8)
allow this to be done. If M is a monomial in S, we write M = At" B, where B contains
no powers of ¢, and A does not end with a power of ¢. If A is not 1, then one of
the relations (5)—(8) allows M to be written as a sum of two monomials (one term if
using relation (8)), such that for each monomial the degree of that part of the monomial
preceding the rightmost power of t is less than the degree of A. So we can continue until
we get a sum of monomials, each of which has nothing before the rightmost power of ¢,
as desired.

The second step is to order the s;’s, while keeping the powers of ¢ in the front. For
any monomial M = t¥s; s;, - - - s;. and any positive integer k let g, (M) be the number
of si’s in M which are followed in M by at least one s, with £ < k, 1.e., the number
of s’s which are out of order. Let g(M) denote the sequence {go(M), q1 (M), ...}, and
order the sequences lexicographically from the right. If g, (M) = 0 for all g, then M is
in the desired form. If not, let k be the largest integer for which g (M) is not zero. We
use downward induction on (g, p) (lexicographically ordered from the left), where p(M)
is the number of s’s between the leftmost s; and the nearest element on the right with
a larger subscript, or to the end of the monomial if there is none with a larger subscript.
Now this leftmost sj, is followed by one or more s; with j < k. Since k is the largest
integer with gx (M) # 0, the element following s must have subscript less than or equal
to k. If equal, then relation (1) shows that the monomial is zero in S. If the subscript is
one less, apply relation (4). This gives M = M| + M, where M) has the sj, replaced
by a 2" which by relation (8) can be pulled to the front, (relation (8) applies since &
was maximal) and hence ¢(M)) < g(M). We also have p(M;) = p(M) — 1. Finally if
the element following the leftmost s has subscript at least two smaller than k, relation
(3) applies, giving two terms, one with smaller ¢ and the other with smaller p. So in any
case we can write M as a sum of two monomials one with smaller ¢, the other with
smaller p. O
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The reduction algorithm in the proof above gives a fast method for determining when
an element of A is in K. In fact it does quite a bit more, as the following two lemmas
show.

For any s € S, expand s in terms of the basis above and define the “leading term” of
s to be the basis element with the highest power of t. Since a basis element in a given
dimension is determined by its power of ¢, we will sometimes write w, ,—x for the basis
element t"“ksil -+ -8, where 28 4 ... 4 2% =k, and if no confusion can occur, even
Upn—k-

Lemma 5.5. Let b = sfl‘ sfj sf: be an Arnon basis element with strictly increasing
bottoms, and let b be its image in S. Consider the expansion of b in the basis for S that
is given by Theorem 5.4.

(1) The leading term in this expansion is Uy, n_k, Where n is of course the degree of
b, and k = 2% + --. 4+ 2% is the “sum of the bottoms of b”.

(i1) The basis elements in the expansion of b involve only those s, for which p < j,.
Proof. First look at s?e = Si+¢--- 8. In S we have sz: Site
by relation (4) followed by repeated applications of (3) and Lemma 5.3. This shows that

it g iy g
T 2 gl i

261

i+£

Sz"' = E Upite+l 28 foitl.
=0

Note that every possible multiple of 2¢*! occurs as a power of ¢, that each basis element

contains s;, and that each basis element contains no s, for p < ¢. Hence the leading term
Pl - it _gitl

of ;7" is t

Next note that part (i) of the lemma is obvious from the commutation relations in
S and the fact that j,. is at least as large as any of the other j’s, since we started with
an Arnon basis element. Part (ii) will be used explicitly in the inductive argument to be
used below.

To proceed with the proof we consider only those with strictly increasing bottoms
as the others are in Zp and therefore are zero in S. Let b = s{: sﬁ sf: We need to
show that the leading term of b is un,,—x Where n is of course the degree of b and
k = 2% 4+ ... 4+ 2% which we call “the sum of the bottoms” of b. The proof is by
induction on r. For 7 = 1 it was proved above. Let b = csf:, and let b and & be the
images in S of b and ¢, and expand ¢ . Each term in the expansion of ¢ which will give
a nonzero product when multiplied by sf: must contain only sp’s, with p < i,. To see
this note that such a term can be written as (t’s, - - - sp,)$;, 5j,_, - - 8i,., where the part
in parentheses comes from the expansion of ¢, and p; < p; < --+ < pg. From part
(i) we know that p, < j,, so if p, = i, for some a, we have i, < p, < jr, and by
Lemma 5.3(i) the term must be zero. Thus the powers of ¢ introduced in the expansion
of s, namely multiples of 2~+! will commute with ¢, and we get the leading term as

claimed. O

8;.
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Lemma 5.6. Let b be any Arnon basis element, and a any element from the basis for S
occurring in b the expansion of b. Then there is an Arnon basis element c such that the
leading term of ¢ is a.

Proof. The key fact is that when expanding an Arnon basis element in S according to
the method in the proof of Theorem 3.4, the only way that powers of ¢ are introduced is
from relation (4). '

Start with si“. From above, we know that all powers of t21+1 will occur. Fix a basis
element @ in the expansion of si*¢. Let n be the dimension of a, and choose k so that
t"~kg; -+ s;.. We need an Arnon basis element in degree n with bottoms
S5, .-,5;.. Such a basis element is given by ¢ = sk‘s -s;-“:,
kr=4d3—1, ... ke 1=4r— 1,k =1+ L

For the general Arnon basis element the techniques are essentially the same. Let
b= sj}“‘ ~--sf:+£’, and let a = t"*s; ..., be a term in the expansion of b. Let n

a = Unn—k =

S where k| = jp — 1,

be the degree of a and of b. From the arguments above, the set {s;,, ... s;, } is contained
in the set {s;,,...s;,}. We need to construct an Arnon basis element in degree n with
bottoms {s;,...s;,}. But all we are doing is adding additional bottoms. So for each

new bottom, say s;,, find the first occurrence of it in b, and move it, and the numbers
in the same decreasing sequence which lie above it as a new sequence in its proper
position among the bottoms. This will give s;-’,“ ---32", decreasing sequences with the
correct bottoms, but the tops may no longer be nondecreasing, as required for an Arnon
basis element. If this occurs, let o be the smallest integer such that my > Mg+, Then
replace s~ ]Q‘:‘ y sm“+‘ s;.> - Repeat this process, if needed, until the tops are
nondecreasing. No new bottoms are created in this process, so we have constructed an
Arnon basis element with the desired properties. O

Since this process is more complicated to describe than to do, we offer the following
example in degree 59.
Let b = s3s3si. Then b expands in S to

t38805254 + ¢3¢ 850518284 + t303()82$334 + t288081328334.

We illustrate the procedure for a = 1285051 525384. We are adding the bottoms s; and s3,
and these can both be taken from the 33. So we obtain s¢s,818453825384. Note that the
s3 from the front has moved to near the end, since we must have the bottoms increasing.
Now this is not an Arnon basis element, since the tops are not nondecreasing, in fact it
is that last s3 that is causing the problem. But by moving the previous s4 over, we get
50828518352548384 = 383%533334, which has the correct bottoms.

The two lemmas above show that there is a basis for the image of A in S which is
a subset of the basis for S constructed in Theorem 5.4. Except in some special degrees,
we do not know the size of this subset.

Now we consider the kernel of the map .A4/Zy — 5. Note that the map D: A/Zy —
A/Iy given on generators by D(s;) = s;41 is an algebra homomorphism, since adding

2n

one to the subscripts in each relation still gives a relation. Since (2) = (5;) mod 2, we

have that if a € A is in the kernel, then so is D(a). We call D the doubling map.
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Denote by 4, the subalgebra of A generated by s;,, 0 <i < 7.

Lemma 5.7. For r > 4 there are elements ¢, of dimension 2" +2""' +5 in A,_, such
that ¢r0 = [s2, Sol[Sr—1, 8] + ¢r is in the kernel. Note that the first term is not in A,_,,
but in A,. Define ¢, s, for s >0 by ¢, s = D{¢, s_1).

Proof. We construct c,, and show that has the desired properties. Let w(i, ) be the
iterated commutator [s;, [$;+1, - - -, [$r—3, (Sr—15r—28r_1)] . ..]}. Note that w(i,7) lies in
Ap_1. Let ¢, = s1508281w(2,7) + s381w(2,7)80s1. We need to show that the image of
®r0 = [82,50][8r, Sr—1] + ¢ is zero in S.

First we show that the image of w(z,r) in S is ¢ s;8r—1 by downward induction
on 4. To start the induction note that w(r — 2,7) = $,_1Sr-25,—1, and computing in S
this is t2p‘s,-_zs,_, by relation (4) followed by relation (1). Then we have, inductively,

2 -7t
§iSr—1+1 8j8r—185-1-

2r_2i+1

w(i —1,7) = [sj-1, w0, )] = 55487 ¥

Relation (8) puts the first term in the correct order, and the second term becomes

or 27+l
t (Sij—1Sr—1 + Sjsr—25j—lsr—2)

g _9i+1 27
=1 (sj_ls]-sr_l +i Sj-18r—1+ S]'ST_z.Sj_ls,-_z).

Adding the two pieces,.the first terms cancel, the powers of ¢t combine and we obtain
2= $j—18p—1 + 27 -2 $j8r—28j—18r—2. But since j < r — 2 the last term is 0 in S
by repeated application of relation (3). For if j = r — 2 the term is clearly zero, and if
j<r—2itis equal to 5;8,_35;-15,_35-—2, Which is zero if j =r — 3, etc.

Now ¢, then goes to

81808231t “Bsasr_1 + s281t° Bs28,_15081

$1805281528r—1 + 52315237'—1305])

— -

= t2 ( $18081528r—1 + $281528081Sr—1 + terms which reduce to zero)
4
8 (t8s0818287—1 + t*s152805157-1)

=¥ (tGS()S]Ser._] + tsslsoslsr_l + t4518081828T_1)

2" -8
=1t thS()slsr_l.

Therefore the image of ¢, in S is t¥ *2sys;5,_1, which is the same as the image of
[s2, 80][8r—1, 8¢). Thus ¢ro = [s2, S0}[sr=1,8r] + ¢ is in K. The remark preceding this
theorem then shows that ¢, s is in KC for all 5. O

Without proof, we give a formula for a representative of ¢, mod Zy in the Arnon basis.
Let e, be the sum of all Arnon basis elements in degree 2" — 4 which are made up of
exactly one s, s3, ..., S,—] with the condition that s,_;s,_, always is in that order. Let
fr be the sum of all Arnon basis elements in degree 2" — 2 which are made up of exactly
one s, $2,..-,S-_1 with the condition that s;s; and s,_s,_ always are in that order.
Then

Cr = 51505251€rSr—1 + 525150fr5r—1-
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For example es = $25483 + 545382, f5 = 52515453 + 54535251.
Let Z, be the ideal in A generated by Z; and the elements

{¢r,s = Ds¢r,sa rz4, s2 O}

Lemma 5.8. The elements qui qui, 1> 0, and ¢y s, 7 2 4, 5 2 0, form a minimal set
of generators for 1.

Proof. This will be done by a leading term argument using the Milnor basis. We write
Sq{R) for a Milnor basis element, where R = (41,12, ...} is a finite sequence of positive
integers. Let M3 be the ideal in A having a basis consisting of Sq(i1, 12, ...), withi; > 0
for some j > 2. The algebra A/ M3 has a basis consisting of the image of all Sq(R),
where R is a sequence of length 2, and the multiplication simplifies to the formula

min(c,[a/z])
a+b-3k\[b+d+k\ (b+d
Sq(a,b)Sq(c,d) = Z ( a—2k )( k >( b )
k=0
x Sqla+c~3k,b+d+ k). (5.1

We need the following easy consequences of this formula. Note that in this case the
equality is in A, since none of the products gives terms in M3.
(1) S¢¥" Sq¥" = Sq(27~1,2"~") + terms in A,_;.
@) [S¢*, 8¢ '] = 8q(0,27 1) + terms in A, _1.
(3) S¢*Sq'Sq¢?[Sq%, Sq¥ ') = Sq(2,27"" + 1)+ terms in A,_.

Somewhat more is true in the first case above. One can without difficulty show that
{Sq(2%,2%), i = 0} form an alternate minimal set of generators for Zo.

For the remainder of this proof, all computations will be done mod AM3.

In order to prove this lemma, we need to show that ¢, , is not in the ideal generated
by Ty and ¢,; where (k,t) < (r,s). To avoid taxing the patience of the reader we only
show here that ¢, ; is not in Zy, for 7 > 4. The rest of the arguments are almost identical,
with slightly different formulas.

From (3) above, we see that the leading term of ¢ry1,0 is Sg(2,27 + 1), and it follows
that the leading term of ¢4 s—1 is Sq(2°,2°%" + 2571, So it is sufficient to show that
no element of Zy has a term of the form Sq(2°,25%7 + 2571, at least if 7 -+ 1 > 4. This
is equivalent to showing that for each j > 0, and for all nonnegative integers a, b, c, and
d the coefficient of Sq(2°,27+% 4+ 25~!) in the expansion of Sq(a,b)Sq(27,27)Sq(c, d)
is zero.

Applying formula (5.1) twice, we obtain:

Sq(a,b)Sq(27,27)Sq(c, d)
=3 ) CiCCsCCsCeSqla+c+27 =3k =3Lb+d+2 +k+1)  (52)
k l

with

c+27 -3k d+k+27
Cl_( 27— 2k ) CZ_( 24 )
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d+k a+c+27 -3k -3l
C3“< k ) C““( a—21 )

23 i
Cs=(b+d+l+l+k>, and 06:(b+d+bz +k).

We will show that the product C = Cj - - - Cs is zero when a + ¢ + 27 — 3k — 3] = 2°,
and b+d+29 +k+1=2"F 45570,

First note that the numerator of Cs is 2775+ 251 and the numerator of Cj is 2°. So if
Cs is to be nonzero, | must be either 0, 257, or 275, If L = 2"*S then b+ d+ 27 + k =
25=1 and so for Cs to be nonzero we must have b = 0 or b = 22~!, but the latter would
say d + 2/ + k = 0, which can’t happen, so b must be 0. Then d + 27 + k = 2571,
s0C, #0gives j =s—1andd =k =0. Thusa+c+2°"!1 ~3.2"+ = 2% so
a+c=25"14+3.27%% Now Cj says either a = 277% or 27+ + 2%, and in either case
C) =0. So if I = 2°7™, we have C = 0. A similar argument gives the same conclusion
if [ =251 Soif C is to be nonzero, { must be 0.

We next show that b must be 0. Cg # 0 implies that b = 0, 281 op 25%7 If b = 257,
thend+29 +k=25"',s0j=5—1,k=0,and d = 0. Thus a + ¢ = 2°~!, and from
Cy # 0 we see that @ = 0. But then C; = 0, so b # 2"**. Once again an almost identical
argument shows that b # 25!, Thus b = 0.

Since b=1=0, we have d + k + 27 = 257} 4 27*%, From C, we see that j = s — 1
or m + s. We do the first case, the second being slightly simpler. Now j = s — 1 gives
d+k = 2775, so C; says that k = 0 or 27+5_ If the latter, then d = 0, a + ¢ =
25=143.27+s In this case Cy4 says that a = 0 or a = 2%, but both cases make C; = 0.
Therefore we must have k = 0. But then a + ¢ + 25! = 2%, s0 a + ¢ = 2571, So Cy,
which is now (““:23_1) is 0, and the proof of of the lemma is complete. O

To complete the proof of Theorem 1, we need to show that X is not larger than 7.
This will be proved in the next section.

6. Finding the kernel

In this section we will prove Theorem 2 and complete the proof of Theorem 1. To do
this we look again at the Arnon basis in a slightly different way, using it to construct a
set of equations which will help to describe the kernel of the map A/Iy — S.

Each Arnon basis element can be described by two sequences, one listing the bottoms
of the strings (which must be increasing, else obviously in Ij), and the other the length
of the strings, which must be positive. Fix a dimension n. For each integer £k < n
we construct an equation with m = a(k) unknowns. Let R = (r1,72,...,7m) be the
unknowns, let k = > 2% be the dyadic expansion of k, with i; < i, < -+ < im.
The equation is 3 2% %™ = n + k, and we call it the equation associated to (n, k). We
require solutions R = (71,72, ...,Tm) to be positive integers and to satisfy the additional
condition that ¢; + r; < i;41 + 754 for all j.
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How does this relate to the problem at hand? Given any such solution as above,
sitn=l. s+ =1 is an Arnon basis element a € A with the i’s being the bottoms
and the 7’s being the lengths of the subsequences. We can map the solutions into S by
sending any solution to the image of the corresponding Arnon basis element. It will be

convenient to order the elements of S in a given dimension according to powers of t.

Lemma 6.1. These equations have the following simple properties.

(1) The equation associated to (n, k) has zero or more solutions and each solution
maps to an element of S whose highest power of t is n — k.

(2) If an element a € S is in the image of A, then the equation associated to (n, k),
where n is the dimension of a and n — k is the highest power of t in a, must have a
solution.

(3) Given any pair of solutions associated to (n, k), the sum of the two Armon basis
elements corresponding to the solutions may not be in the kernel, but there are basis
elements corresponding to solutions with larger values of k (and hence smaller powers
of t in S) such that the sum of all of them is in the kernel.

(4) Any pair of solutions to the same equation gives an element of the kernel of the
map Lo — S, and any element of the kernel corresponds to a linear combination of pairs
of solutions.

(5) The solutions to the equation associated to (n, k) and (2n,2k) are the same. The
elements in the kernel in dimension 2n are obtained from those in dimension n via the
doubling map D.

Proof. (1) is just a restatement of Lemma 5.5 and (2) is a restatement of Lemma 5.6. To
see (3), let a; and a; be Arnon basis elements corresponding to the same solution. Then
by Lemma 5.5, the images of a; and a; have the same leading term. So if the image in
S of a; + ay is not zero, then it must contain a term with a lower power of t than n — k.
This term must also occur in the image of either a; or a;, and Lemma 5.6 tells how to
get an Arnon basis element which maps to this term. Now (4) follows from (3), and (5)
is clear. One should not get the impression from (4) that a pair of solutions determines
a unique element of the kernel. But the difference of any two such will correspond to a
pair of solutions to an equation with a larger value of &, or smaller power of ¢. O

The rank of the image of the map to £ in dimension n is the number of integers k& for
which the equation associated to (n, k) has a solution. This proves Theorem 2.

We are left with showing that X = Z;. Since Lemma 5.7 shows that Z; C X, we need
only show the reverse inclusion. We will use the equations to show this. For example,
there are no elements of the kernel with equations corresponding to k& with (k) = 2.
Moreover, all of the ideal generators described in (1) and Lemma 5.7 correspond to
equations with «(k) = 3 and minimal n (for there to be multiple solutions with a given
k). In particular ¢, ¢ corresponds to the pair of solutions {(2,1,2), (3,7 — 1,1)} to the
equation associated to (n,k), where k = 2"7! + 3, and n = 2" + 2"~! + 5. Hence
n+k =2""! + 8, and of course a(n + k) = 2.
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We pause here to construct ¢4 ¢ from the appropriate equations. Let n = 29, and
k=11.Thenn+k=40=44+4+32=8+16+16. So k = 1+ 2 + 8. There are two
solutions Ry = (2,1,2) and R; = (3,3, 1). Then the Arnon basis element corresponding
to Ry is $180515483, which reduces in S to t'8s9s;s3 + 259515354, and the Arnon basis
element corresponding to Ry is 5255053525183, which reduces to t'8sgs153+t14s9515,53,
so their sum has leading term containing a t Now 29 -14=15=1+2+4 148,
and the equation for (29, 14) has the solution (2,2,2, 1), which gives the Arnon basis
element s1505251535253, which reduces just to t'4sgs1s253. So adding these three, we
are left with t2sgs18384. Now 29 — 2 = 27, and so k = 27 = 1 +2 + 8 + 16, and
n+k =56 =4+4+16+32, so we have the solution (2,1, 1, 1} which gives the Arnon
basis element s;505;5354, Which reduces to its leading term. The sum of the four terms
then gives an element in the kernel, and concludes the example.

We proceed by proving enough about the A action on .4/l so that we can say that
given any element in the kernel, its corresponding equation solution indicates that it is
in the ideal generated by previous elements, unless it is minimal in the sense above.

Let us continue to let m = a(k). The following standard notation will be used. We
will consider pairs of solutions {ry,72,...,7m) and (r{,7},...,75,) to the equation with

k:Zz”.

First note that we may assume that ¢; = 0. If not, we can reduce by just subtracting
t1 from each of the i’s, and get the same solutions. This corresponds to recognizing the
image of doubling.

We say that a pair of solutions is reducible if the elements a in the kernel that it
determines are reducible, i.e., can be written as a sum of an A-linear combination of
lower dimensional elements of the kernel and possibly elements of the kernel of the same
dimension corresponding to equations with larger values of k.

We will eventually show that the only pairs of solutions which are not reducible
correspond to the elements {¢r s}, 7 2> 3, s = 0. The astute reader will note that we
have detected the elements ¢3 s mentioned earlier, which are in Zo, but not obviously so.

Let x be an element of the kernel corresponding to a pair of solutions to the equation
corresponding to (n, k). The first step is to detect when z = ya or z = ay, where a € A,
and y is another element of the kernel. By Lemma 6.1 it is sufficient to find the pair
of solutions to which y belongs, and check the action of a on the corresponding Arnon
basis elements.

Now consider the action of .4 on the right.

Lemma 6.2 (Right action). A pair of solutions is reducible if at least one of the following
holds.

(1) rm > landrl, > 1.

Q) rm=1=r,,

(3) Forany j, 1 < j <m—1, we have i; < i;41 — 1 and both r; and r} are larger
than 1.
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Proof. For case (1), just obtain the new solution by subtracting 1 from both r,,, and r/,,.
For case (2), get a new set of solutions by dropping both, as well as 4,,. In both of these
cases this corresponds to dropping the final Sq¢*™ from the Arnon basis elements. In the
third case we factor out a qulj. The reduced equations have the new i; increased by 1,
and the r; and rj decreased by 1. O

The left action is somewhat more complicated. But the easy part is

Lemma 6.3 (Left action). A pair of solutions is reducible if one of the following holds.
() r =7y
(2) ry >} and for some j > 2, T = 1} +ij, v5 > 1.

Proof. For (1) just factor out the leading Sqw‘l from each, leaving solutions with 7|
and 7| decreased by 1, unless they were both 1 to start with. In this case delete them
both, and also delete i;. In the second case, we still want to factor out a qur'_1 on the
left. Since r} is larger than 1, the reduced solutions are obtained by subtracting 1 from
r1, and also from r}. m]

Now the lemmas above simply look at right or left action, but they do not deal with
sums, which is essential. Given a solution pair R, R’ which is not reducible by the above
lemmas, we find solutions Ry, ..., R, such that the pairs R, R;, Ry, R', and R;, R;41,
for 1 < ¢ < p—1 are all reducible by the above lemmas.

The minimal solutions that we seek all have a(k) = 3 and a(n+ k) =2 = a(k) — 1.
So we first look at the case where a(n + k) < a(k) — 1.

Proposition 6.4. Any pair of solutions corresponding to (n, k) with a(n+k) < a(k)—1
is reducible.

Proof. Let (ry,...,ry) and (r],...,7},) be a pair of solutions corresponding to (n, k).
For convenience, let d; = r; + 4, and dg = r; + i, and note that the condition on
solutions requires both the d;’s and the d’;’s to be nondecreasing. Assume that d., > d;,
(if they are equal, then r,, =/, and the pair is reducible by Lemma 6.2). Assume also
that i; = 0. Let the dyadic expansion of n + k = 5] 29,

Lemma 6.5. With the above notation, if d,, = gq.,, then there is a third solution
(ri's--wsrm), with df = v +14; such that df = d}, and the difference between d,,

and d,, is less than the difference between d,,, and d,y,.

Proof. Letd), =dm —12d;,,and d), | =dn—124d,, 2d,_|. fdm_1 = gy-1,
let d,_y = dm—1 = dm—7. Continue until dp,_p < g,—¢. Note here we have chosen
drdn iy, di _pandwewantdl, _, . M dm_ e =dm_yp, letd!, , | =dm-g+1,

and continue with d!/,_, , = dm_s_2, i.e., copying the first solution down to the end.
This gives a solution satisfying the required properties. If d,, s < dy—g¢, then it must
be exactly one less. So continue choosing dg = dg4 until you get equality, then proceed
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as above. This will work to give a new solution with d{ = d;, unless the duplicates occur
at positions 1 and 2. Should this happen, we must have g = d,,,—¢ + 1. Thus the only 2-
power in n+k which is subdivided for the first solution is ;. If d| < dy, then ¢; must have
been subdivided more for the second solution, but there is no room for this. If d; > d¢,
then every 2-power between d; and g, ¢ must appear, in particular d}, so the original
pair was reducible by the second part of the left lemma, unless the corresponding 7 is so
large that the appropriate r is 1. First note that ry =2, and l = =---=rp_; = 1. If
r,_, were not greater than 1, then the second solution would have to start out the same
as the first, and the pair would be reducible. So we can now construct a new solution,

V=di+1=dr+1,d)=dpy i for2<v<t-2,d)_ =dj=d;—1,and d, =d,
for v > €. This agrees with the first solution at the end, and the pair it forms with the
second solution is reducible by the left lemma part (2). O

There is a similar result if d,, < g, but the statement is more complicated.

Lemma 6.6. Suppose d, < qy, and the rest of the hypotheses of Lemma 6.5 hold. Let
p be the smallest integer such that dy,_p, < dy,. Then there is a solution (v, ... ),
with dj =i/ +i; such that d = d, and d;),_ | < dm_p+1. Note that in the previous

case p was forced to be 1.

Proof. The proof is almost identical to the proof of Lemma 6.5. In fact the only difference
is when p > 1. Then instead of subdividing d,, subdivide dp,_p41. O

We now return to the proof of the proposition. Given a pair of solutions R, R’ satisfying
the hypotheses, the two lemmas above guarantee that we can find a solution R” such
that the pair R, R” are reducible by Lemma 6.3, and the right end of R" is either
the same as that of R', or closer. Hence by repeatedly applying the lemmas we get a
chain of solutions, decreasing d,,, until di;, = d/, and the pair R, R’ is reducible by
Lemma 6.2. O

If a(n + k) + 1 = alk), only one 2-power can be subdivided. So the only way to
find a pair which is not reducible is for only the solutions corresponding to splitting ¢
and g to exist. We show that in this case one of the solutions must be (2,1,...,1,2).
If there is to be no third solution, then for each j, 1 < j < m — 1, we must have either
g; — 1 —1i; <0org; —1—1;41 < 0. But the second quantity is less than the first, and
the fact that we already have two solutions says that ¢; > i; + 1, and q; 2> 141 + 1.
So g; = 141 + 1. This says that one solution is (q; —¢1,q1 —42 — 1,1,1,...,1,2) and
the other is (q1,73 — 12+ 1,44 — 43+ 1,...,1). But now Lemma 6.2(3), and the fact that
a(n + k) + 1 = a(k) give that g1 — 4 = 2.

So all that is left is to show that if m > 3 the single pair of solutions above is reducible.
We do this by direct construction.



V. Giambalvo, F.P. Peterson / Topology and its Applications 65 (1995) 105-122 121

Lemma 6.7. For any sequence I = (i1,%2,...,im), Withm >3, iy =41+ 1, 43 > i3+ 1,
and solutions (2,1,...,1,2) and (3 — 41,43+ 1 —1iy,...,im + 1 —4yn_y, 1), the element
in the kernel corresponding to this pair of solutions is reducible.

Proof. First note that 4, = i; + 1, since 2“*2 must be the same 2-power as 22+, Also
i3 > iy + 1, for if not, 20142 4 2%+1 4 26+1 = 2842 and hence a(n + k) < a(k) — 1.
As above it is sufficient to compute when {; = O since everything else is in the image
of the doubling map D.

SoletI =(0,1,43,...,im), withm > 3. Define g7 = 51508154, - * Siry_ [Sim» Sim+1] T
cr, where ¢f = §180828184; ** * Sipn_, W(2, 0 + 1) + 828184, -« iy, W(2, 1n + 1)805).

We need to show that gy is in X, is reducible, and comes from the pair of solutions
in the lemma.

To prove the first two assertions, we first compute gy in terms of gr- and g, where
the lengths of I’ and I” are one less than the length of I. This will only work if m > 3
but that is all we need. So we set I = (0,1,3,44,...,%m,), with m > 3 and 43 > 2.
Then let I’ = (0,1,44,...,%m), and I” = (1,2,44,...,0m). Let H, = s,_18,_5- - 53,
if » > 3, and 1 if 7 = 3. Then a straightforward computation shows that gr = s;, 91/ +
s150H:,97 + Hi,g7 s0s1. This shows that g is reducible if the length of I is greater
than 3. Now go,1,r) = ®r+1,0, and g5 541,r45) = Pr+1,s- Which are both in X, and
therefore all the gy with length of I greater than 3 are also in K.

To complete the proof of the lemma, and hence the entire Theorem 1 we need verify
that g comes from the pair of solutions in the lemma, i.e., we need to show that this ele-
ment is the sum of terms in the Arnon basis consisting of the two terms coming from the
pair of solutions plus terms which reduce in S to terms with lower powers of t. The Arnon
basis element corresponding to the solution (2, 1,...,1,2) is 81505184, - - * Sipp,_, Sipy+154,,
which reduces in S to tzi"'+'"L2.s().<)’1si3 s 85, + 12508184y ¢ - 84, Si,, +1. SO we need to
show that ¢; reduces to t2im+]+2505>‘|si3 -+« 8, + terms with lower powers of t. To do
this we need a refinement of the formula from the proof of Lemma 5.7. There we showed
that w(2, ¢y, + 1) reduces in S to tzimH_Sszsim. We claim that s, -« - s;, w(2,im + 1)
reduces to tzimﬁ_gszsi3 ---s;,. In fact we have the following lemma.

Lemma 6.8. If 3 < j1 < j2 < -+ < jm < 7 then sj ---s5, w(2,7r + 1) reduces to
t2r+l'832.sjl <8580 in S,

Proof. The argument is by induction on m and j;. Note that the lemma is true if m = 0.
We will verify the formula for s;, - - - s, w(2,7+1), given that it is true for all terms with
smaller m, and for those with the same m, but smaller j,. To simplify the notation, let
J=Jji,z2=8j8j, and 2’ = sj,_1---s;, 1, so that z = D(z’). There are two cases.
The first case is if j = 3. Then s;2w(2,7 + 1) = s3t2 " ~8sy2s, = t¥ ~16(s385,) 2,
Now the term in parentheses is t16s; + 85350 = t105; + 85583 + t165, = 85,51, s0 the
lemma is true in this case.
If j > 3, then

sjzw(2,r + 1) =s5z5w(3,r + 1) + sjzw(3,7 + 1}s;
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=s5;2w(3, 7+ 1) + sjz2w(3, 7+ 1)sy
= D(slsj_lz’w(Z,r) + sj-12'w(2, r)sl).
Now inductively this is

2 _8 T
D(sit*> ®s35;_12"sr1 + ¢ 8s05j-12"sr—181)

r41 _ 41
= 32t2 1653zsr + 2 163323732

r+i_
=2 SSZSjZST. O
To finish the proof of Lemma 6.7 we reduce ¢y in S. Let z = s;, - - - 84, . We reduce
the two terms in ¢y separately. First

. im+l _ il
slsoszslzw(Z, I + 1) = slsoszsltz 8szzsim =¢? Zsoslszzsim,

and

. imtl im 1 _
$2812W(2, iy + 1)s051 = sp81t2 SSZZSZ‘mS()Sl = t? gszslszsoslzsim

i1 iml_
=27 5081285, + t* 2508182254, .

Thus there are no higher powers of ¢ than 2i=+! 1+ 2, and so g; is associated with the
desired equation. O

The authors would like to thank the referee for his many helpful suggestions.
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