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Abstract

For every positive integern and every finite setS of prime numbers, we constructAn-extensions of
Q unramified at all primes inS ∪ {∞}; moreover, these extensions are obtained as splitting fiel
totally real monic polynomials inZ[X] of degreen whose discriminant is not divisible by any prim
numberp in S. As a corollary, we obtain that there exist infinitely many linearly disjoint tam
ramifiedAn-extensions ofQ.
 2003 Elsevier Inc. All rights reserved.

1. Introduction

With regard to the Inverse Galois Problem with prescribed ramification behav
B. Birch posed the following question [1]:

Problem. Given a finite groupG, is there a tamely ramified normal extensionF/Q with
Gal(F/Q) ∼= G?

In this paper we consider the above question forG = An, the alternating group. W
obtain an affirmative answer in this case, as a consequence of our main result:
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Theorem 1.1. For every positive integern and every finite setS of prime numbers, ther
exist infinitely many linearly disjoint extensions ofQ, each one obtained as the splittin
field overQ of a totally real monic polynomialf (X) ∈ Z[X] of degreen such that:

(1) The discriminant off (X) is not divisible by any prime number ofS.
(2) f (X) has Galois groupAn overQ.

It is well known that, given a monic polynomialf (X) in Z[X] of degreen and a
prime numberp not dividing its discriminant, the decomposition type off (X) (modp)

coincides with the permutation type of any Frobenius element overp in the Galois group o
a splitting field off (X) overQ, GalQ(f (X)) ⊆ Sn. One can ensure that GalQ(f (X)) ∼= Sn

just by requiring the reductions off (X) modulo some prime numbers to have some w
chosen decomposition types. Moreover, by Tchebotarev’s Density Theorem, this fin
of primes can be assumed to be disjoint with any finite setS given in advance. It follows
that there existSn-extensions ofQ unramified at all primes in a fixed arbitrary finite set

In the case of the alternating group, the local conditions onf (X) (at S) must be
compatible with a global one that guarantees GalQ(f (X)) ⊆ An: the discriminant off (X)

must be a square inQ. This can be achieved by requiring thatf (X) arises by suitable
specialization of a certain well-chosen polynomial inQ(T )[X] with Galois group ove
Q(T ) isomorphic toAn.

We first construct a polynomialP (X) of degreen with well-chosen local behaviou
we forceP (X) to satisfy some extra conditions which enables us to apply a resu
J.F. Mestre [2] in order to obtain a regularAn-extension ofQ(T ) defined by a polynomia
of typeP (X)−T Q(X). Applying Hilbert’s Irreducibility Theorem toP (X)−T Q(X) we
obtain the desiredAn-extensions ofQ by suitable specialization ofT .

We can argue as above only for oddn. As noticed in [2], from a regularAn-extension
of Q(T ) of typeP (X) − T Q(X) we can always obtain a regularAn−1-extension of some
Q(U). We can then deduce the main result for evenn from the oddn case providedP (X)

is chosen carefully enough.

2. Previous results

We first recall Mestre’s result [2, Proposition 2].

Proposition 2.1. Let P (X) be a monic polynomial inZ[X] of odd degreen � 3 such that

(i) P (X) has square integer discriminant,
(ii) P (X) ≡ Xn − X (modl) for some primel not dividingn(n − 1)(n − 2).

There exists a polynomialQ(X) ∈ Z[X] of degree at mostn − 1 such thatP (X) − T Q(X)

defines a regularAn-extension ofQ(T ).

Note that, using Mestre’s terminology, assumption (ii) ensuresP (X) being H-genera
(cf. [2, Proposition 4]).
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Let S be a finite set of prime numbers.
Our purpose is to apply Proposition 2.1 to a polynomial of typeP (X) = Xg(X)h(X);

we first prove the existence ofh(X) andg(X) with suitable local properties, in particul
at all primes inS ∪ {∞}, and such that the polynomialh(X)g(X) has square intege
discriminant.

D(f (X)) will denote the discriminant of a polynomialf (X); the resultant off1(X)

andf2(X) will be denoted byR(f1, f2).

Lemma 2.2. Let n � 7 be an odd integer. Given a prime numberl /∈ S such thatl ≡
1 (modn − 1), there exist monic polynomialsh(X) in Z[X] of degreen − 3 satisfying the
following conditions:

(i) h(X) dividesXn−1 − 1 in Fl[X],
(ii) h(X) is irreducible inFp[X] for everyp ∈ S, p �= 2,
(iii) h(X) does not have irreducible factors of degree less than3 in F2[X] andD(h(X)) ≡

5 (mod 8),
(iv) all roots ofh(X) are real.

Proof. By the Chinese Remainder Theorem, the existence ofh(X) satisfying condi-
tions (i), (ii), (iii) together is equivalent to the existence of three polynomials satisf
them separately. SinceXn−1 − 1 hasn − 1 distinct roots inFl , condition (i) is clear. Con
dition (ii) can certainly be satisfied. We check condition (iii) by giving explicit polynom
satisfying it.

Note thatD(Xm +Xk +1) ≡ (−1)m/2(1− km) (mod 8) for evenm � 4 and oddk < m

such thatm �= 2k. SinceXm + Xk + 1 has no roots inF2, X2 + X + 1 is its only possible
irreducible factor inF2[X] of degree less than 3. Letm = n − 3.

(1) Form ≡ 2,4 (mod 8), takeh(X) = Xm + X3 + 1.
(2) Form ≡ 6 (mod 8), the polynomialsXm + X + 1 andXm + X5 + 1 have no common

factors inF2[X]; at least one of them satisfies (iii).
(3) For m ≡ 0 (mod 8) and m − 6 > 9, the polynomialsh1(X) = Xm−6 + X + 1,

h2(X) = Xm−6 +X5+1 andh3(X) = Xm−6 +X9 +1 are pairwise coprime inF2[X];
at least one of the polynomials(X6 + X + 1)hi(X), i ∈ {1,2,3}, satisfies (iii).
For m = 8, takeh(X) = X8 + X4 + X3 + X + 1.

At this point, we have proved the existence of a polynomialh0(X) satisfying
conditions (i), (ii) and (iii).

Let hM(X) = h∞(X) + 1
M

(h0(X) − h∞(X)), whereh∞(X) is any separable moni
polynomial inZ[X] of degreen − 3 without nonreal roots; for 1/M small enough all roots
of hM(X) must be real (cf., for example, [4, Lemma 2.1]). TakingM ≡ 1 (mod 8l

∏
p∈S p)

large enough, the polynomialh(X) = Mn−3hM( X
M

) satisfies all desired conditions sin
all its roots are real,h(X) ≡ h0(X) (mod 8) and h(X) ≡ h0(X) (mod p) for every
p ∈ S ∪ {l}. ✷
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Lemma 2.3. Let n � 7 be an odd integer and letl /∈ S be a prime number such tha
l ≡ 1 (mod n − 1). Givenh(X) as in Lemma2.2, there exist monic polynomialsg(X)

in Z[X] of degree2 satisfying the following conditions:

(i) g(X)h(X) ≡ Xn−1 − 1 (modl),
(ii) g(X) is irreducible inFp[X] for everyp ∈ S ∪ {2},
(iii) g(X)h(X) has square integer discriminant.

Proof. Sinceh(X) dividesXn−1 −1 in Fl[X] there existsg0(X) = X2 +a0X +b0 ∈ Z[X]
satisfying conditions (i) and (ii).

The coefficientsa0, b0 being odd integers, we haveD(g0(X)) ≡ 5 (mod 8); from
condition (iii) of Lemma 2.2 we obtainD(g0(X)) ≡ D(h(X)) (mod 8).

In addition, conditions (i), (ii) ong0(X) and conditions (i), (ii) of Lemma 2.2 onh(X)

guarantee that, for every oddp ∈ S ∪ {l} we have(
D(g0(X))

p

)
=

(
D(h(X))

p

)
�= 0.

ThusD(g0(X)) ≡ q2D(h(X)) (mod 8l
∏

p∈S p) for some prime numberq /∈ S ∪ {2, l};
henceq2D(h(X)) = a0

2 − 4b for some integerb ≡ b0 (mod 2l
∏

p∈S p).

The polynomialg(X) = X2 + a0X + b in Z[X] satisfies conditions (i), (ii) and (iii
sinceD(g(X)h(X)) = (qD(h(X))R(g,h))2 and g(X) ≡ g0(X) (mod p) for everyp ∈
S ∪ {2, l}. ✷

3. Proof of Theorem 1.1

Let S be a finite set of prime numbers.
We will prove the existence of a polynomialf (T ,X) in Q(T )[X] such that:

(i) f (T ,X) is a monic polynomial of degreen in the variableX,
(ii) the splitting field off (T ,X) is a regularAn-extension ofQ(T ),
(iii) for somet0 ∈ Q, f (t0,X) is a well-defined polynomial inZ[X] without nonreal roots

and discriminant not divisible by anyp ∈ S.

Theorem 1.1 can be obtained from this in the following way.
Hilbert’s Irreducibility Theorem applied to a polynomialf (T ,X) satisfying condi-

tion (ii) guarantees that the set

H1 = {
t ∈ Q such thatf (t,X) ∈ Q[X] and GalQ

(
f (t,X)

) ∼= An

}
is non-empty; it contains a Hilbert subset ofQ. Moreover,H1 is dense inR × ∏

p∈S Qp

(cf., for example, [3]). Condition (iii) ensures that, takingt1 ∈ H1 near enough tot0
in R × ∏

p∈S Qp, all roots of the polynomialf (t1,X) ∈ Q[X] are real andf (t1,X) ≡
f (t0,X) (modp) for everyp ∈ S. Fix such at1 and letK1 be the splitting field off (t1,X)
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over Q; it is an An-extension ofQ unramified at all primes inS ∪ {∞}. For a suitable
integerM, Mnf (t1, X

M
) is a totally real monic polynomial inZ[X] with discriminant not

divisible by anyp ∈ S.
The regularity hypothesis (ii) onf (T ,X) ensures that the set

H2 = {
t ∈ H1 such that GalK1

(
f (t,X)

) ∼= An

}
contains a Hilbert subset ofQ. Taking t2 ∈ H2 near enough tot0, the splitting field of
f (t2,X) overQ must be anAn-extension ofQ unramified at all primes inS ∪ {∞} and
linearly disjoint fromK1. As above, this extension is the splitting field of a totally r
monic polynomial inZ[X] with discriminant not divisible by anyp ∈ S. Repeating this
argument successively we obtain Theorem 1.1.

It remains to prove the existence of a polynomialf (T ,X) in Q(T )[X] satisfying
conditions (i), (ii) and (iii). For each oddn, we choose a prime numberl /∈ S such that
l ≡ 1 (modn − 1) andl �= n.

Case oddn � 7

Take P (X) = Xg(X)h(X), where h(X) and g(X) are polynomials satisfying th
conditions in Lemmas 2.2 and 2.3. We have:

(1) P (X) satisfies the hypothesis of Proposition 2.1, because of (i), (iii) in Lemma 2
(2) D(P (X)) is not divisible by anyp ∈ S ∪{2}, since the polynomialsX, g(X) andh(X)

are separable and pairwise coprime inFp[X],
(3) all roots ofP (X) are real, because of (iv) in Lemma 2.2 and (iii) in Lemma 2.3.

It follows from Proposition 2.1 thatF(T ,X) = P (X) − T Q(X) defines a regularAn-
extension ofQ(T ) for some polynomialQ(X) in Z[X] of degree at mostn − 1. Hence,
F(T ,X) is a polynomial inQ(T )[X] satisfying conditions (i), (ii) and (iii) (witht0 = 0).

Forn = 3,5 we cannot apply the results of Section 2; we perform a specific constru
in order to obtain these cases.

Casen = 5

Recall thatD(X3 + AX + AB) = A2(−27B2 − 4A).
Choose a polynomialg0(X) = X3 + a0X + a0b0 in Z[X] such that

g0(X) ≡
{

X3 − X + 1 (mod 6),
X3 − X (modp) for all p ∈ S ∪ {l}, p �= 2,3.

SinceD(g0(X)) ≡ 1 (mod 8) and
(D(g0(X))

p

) = 1 for every oddp ∈ S ∪ {3, l}, we can

find a prime numberq /∈ S ∪ {2,3, l} such thatq2 = −27b0
2 − 4a, for some intege

a ≡ a0 (modp) for everyp ∈ S ∪ {2,3, l}.
The polynomialg(X) = X3 + aX + ab0 has square integer discriminantD(g(X)) =

(qa)2 and all its roots are real.
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Sincel ≡ 1 (mod 4), −1 is a square modulol and there exist integersc, d ∈ Z such that

(X − c)(X − d) ≡



X(X + 1) (mod 6),

X2 + 1 (modl),

(X − 2)(X + 2) (modp) for all p ∈ S, p �= 2,3.

TakeP (X) = (X − c)(X − d)g(X); it follows that:

(1) P (X) satisfies the hypothesis of Proposition 2.1,
(2) D(P (X)) is not divisible by anyp ∈ S ∪ {2,3},
(3) all roots ofP (X) are real.

From Proposition 2.1 we obtain a polynomialF(T ,X) = P (X) − T Q(X) satisfying
conditions (i), (ii) and (iii) (witht0 = 0).

Casen = 3

Argue as in casen = 5 and takeP (X) = g(X).

Case evenn � 4

From the odd cases applied to the odd integern + 1 � 5 we obtain polynomialsP (X),
Q(X) in Z[X] such thatF(T ,X) = P (X) − T Q(X) defines a regularAn+1-extension of
Q(T ).

Let U ∈ Q(T ) be a root ofF(T ,X) ∈ Q(T )[X] as a polynomial inX. SinceT = P (U)
Q(U)

it follows thatQ(T ,U) = Q(U); this is the fixed field by someAn ⊂ An+1 in the splitting
field of F(T ,X) overQ(T ). Hence

G(U,X) = F
(

P (U)
Q(U)

,X
)

X − U
= P (X) − P (U)

Q(U)
Q(X)

X − U

defines a regularAn-extension ofQ(U).
The polynomialP (X) has a degree 1 factor(X − u0) in Q[X] (u0 = 0 for n + 1 � 7,

andu0 = c for n + 1 = 5). Since the polynomialsP (X), Q(X) are coprime inQ[X], we
haveP (u0) = 0 andQ(u0) �= 0; soG(u0,X) = P (X)

X−u0
.

As a consequence, the polynomialG(T ,X) in Q(T )[X] satisfies conditions (i), (ii
and (iii) (with t0 = u0).

This concludes the proof of Theorem 1.1.

Corollary 3.1. For every positive integern and every finite setS of prime numbers
there exist infinitely many linearly disjointAn-extensions ofQ unramified at all primes
in S ∪ {∞}. In particular, there exist infinitely many linearly disjoint tamely ramifi
An-extensions ofQ.
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