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1. Introduction

The theory of nonnegative matrices has been very well developed since its appearance in papers
of Perron and Frobenius. Vast number of applications to dynamic programming, probability theory,
numerical analysis, mathematical economics, fractal geometry raise even greater interest to this field.
As a result there are many strong generalizations of the Perron-Frobenius theory (see [1,4,6-8,13-
15,17)).

The classical Perron-Frobenius theorem shows that a nonnegative matrix has a nonnegative eigen-
vector associated with its spectral radius, and if the matrix is irreducible then this nonnegative
eigenvector can be chosen strictly positive. One important generalization of this result was obtained
by Rothblum [17], who studied the structure of the algebraic eigenspaces of nonnegative matrices and
described the combinatorics that stands behind the index of the spectral radius and dimensions of the
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algebraic eigenspaces. Moreover, it was shown that the algebraic eigenspace of a nonnegative matrix
corresponding to its spectral radius is spanned by a set of nonnegative generalized eigenvectors with
certain strictly positive entries.

Many generalizations of the Perron-Frobenius theory involve homogeneous monotone functions,
especially functions of the form

g (x) = max Ax,
Aek

where K is a set of square nonnegative matrices of fixed dimension and by “max” we mean component-
wise maximum. Such functions appear in many well-known problems, such as the theory of controlled
Markov chains, Leontief substitution systems, controlled branching processes, parallel computations,
transportation networks, etc. The study of maps gx was initiated by Richard Bellman. Using the
Brouwer fixed point theorem he proved existence of a strictly positive eigenvector of the map gx
in the case when each matrix in K is positive and studied the asymptotic behavior of iterations
gr(v) = gx(gx(...gc(v)...)) for anonnegative vector v (see [2] and [3, Chapter XI, Sections 10-11]).
These results were generalized to a set of irreducible matrices by Mandl and Seneta [14].

The most important results for our investigation were obtained by Zijm in [25]. He showed that
there is a simultaneous block-triangular decomposition of the set of matrices C, which was used to
give the necessary and sufficient conditions for the existence of a strictly positive eigenvector of g«
and extend the above mentioned result of Rothblum on nonnegative generalized eigenvectors to gx.
Related results can be found in [24, Chapter 35]. Independently, Sladky [21,22] obtained the same
block-triangular decomposition and used it to get bounds on the asymptotic behavior of iterations
g¢ (v) for a nonnegative vector v. Stronger results about asymptotic behavior of iterations gi- (v) were
obtained in [22,23,26] for the case when some special matrices in C are aperiodic.

We consider maps of similar form, but with “minimum” instead of “maximum”:

fic(x) = min Ax.
A€k

These maps appear in [12] in connection with the construction of “self-similar” metrics on self-similar
sets and finding their Hausdorff dimensions. Also such maps appear in the study of growth of Schreier
graphs of groups generated by finite automata [5,11]. These problems demand us to study spectral
properties of maps fic and describe asymptotic behavior of its iterations.

Considering maps fxc and gx we can always suppose that the set K satisfies the product property, i.e.
K is constructed by all possible interchanges of corresponding rows selected from a finite set of square
nonnegative matrices (see the precise definition and explanation in Section 3). Under this assumption,
for every vector v there exist A = A, € K and B = B, € K such that fic(v) = Av and g« (v) = Bv.In
the theory of Markov decision processes this property is usually called the optimal choice property
(see [9,3]).

The asymptotic behavior of iterations f™(v) is studied with respect to the following equivalence.
Let ay, bp,n > 1, be sequences of nonnegative numbers or vectors of the same dimension. We say
that a, < b, if there exists constant ¢ > 0 such that a, < q - by, for all n large enough. If a, < b, and
b, < a, then we say that a, ~ b, and that a, and b, have the same growth. Then h"(v) ~ h"(u) for
any homogenous nondecreasing function h : RQ’_ — RQ’_ and any strictly positive vectors v, u. Hence
we can and we will change one strictly positive vector to another one considering asymptotic behavior
if it is necessary.

Considering maps fi we follow as close as possible to the ideas of Zijm and use his paper [25] as
a model. Notice that we cannot use Zijm’s results for —fi-, which can be expressed using maximum,
because matrices should be nonnegative and dynamics is considered on the nonnegative cone. The
problem in transferring the results obtained for gx to fi lies in the convexity property which fi
lacks. In particular, there is no simultaneous block-triangular decomposition, which was extremely
important in [25,21,22]. To overcome this difficulty we show that if the set K satisfies the product
property then there exist matrices B and C in K which give the lowest and the greatest asymptotic
behavior over all matrices in &, i.e. B'v < A"v < C"vfor all A € K and every strictly positive vector v.
These matrices we call respectively <-minimal and <-maximal for the set K. Using these notions we
study spectral properties of fic. In particular, we prove that fic possesses a strictly positive eigenvector
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if and only if some (every) <-minimal matrix possesses a strictly positive eigenvector. The main result
shows existence of nonnegative generalized eigenvectors of fi. Finally as a corollary we describe the
asymptotic behavior of each component of f¢ (v) by showing that f (v) ~ A"v for some (every) <-
minimal matrix A. We prove some other propositions similar to the results of [25], sometimes assuming
additional conditions.

I would like to thank Stéphane Gaubert for bringing my attention to Zijm’s articles and Volodymyr
Nekrashevych for helpful suggestions.

2. Nonnegative matrices: definitions, notations, results

We recall in this section some (usually well-known) definitions and results that we need about
nonnegative matrices (for the references see [4, Chapter 2], [20], [1, Chapter 1], [6, Chapter XIII]).

A matrix A = (aj) is called nonnegative (positive) if a;; > 0 (a;; > 0) for all indices i,j. Denote by A;
the ith row of the matrix A and by v; the ith component of a vector v. A vector v is called strictly positive
ifv; > 0 for alli. Unless otherwise stated, all matrices will be square of a fixed dimension N. Following
[9,16,25] the set {1, 2,...,N} is called the state space and denoted by S. If S1,S, C S then we denote
by Als, s,) the restriction of the square matrix A to S; x S and by v|s, the restriction of the vector v
to S7.

The spectral radius of a matrix A is denoted by spr(A).

We say that state i has access to state j if there exists a nonnegative integer n such that the ijth entry
of A" is positive. Matrix A is called irreducible if any two states have access to each other. In the other
case A is called reducible.

The following theorem states some important properties of square nonnegative matrices.

Theorem 1 (4, Chapter 2). Let A be a nonnegative matrix with spectral radius A. Then

(a) A is an eigenvalue of A.

(b) There exists a nonnegative eigenvector v associated with A.

(c) IfAu>ouforu>0then A >o.

If moreover A is irreducible then

(d) There exists a strictly positive eigenvector v associated with A and any nonnegative eigenvector of A
is a scalar multiple of v.

(e) If Au> Au or Au < Au for u> 0 then Au = Au.

() (Il —A)~! > 0foranyo > A.

(g) spr(Al(cc)) < Aforany CCS.IfAisreducible then spr(A|cc)) < A forany CC.S and spr(A|(c,c)) =
A for some CGS.

(h) IfAu > ou (Au < ou) foru>0then A > o (respectively, A < o).

Iterations of a matrix heavily depend on its block-triangular structure. We will describe this fol-
lowing [4,20].

A class of a nonnegative matrix A is a subset C of the state space S such that A|(c ) is irreducible
and such that C cannot be enlarged without destroying the irreducibility. A class C is called basic if
spr(Al(c,c)) = spr(A), otherwise nonbasic (when spr(A|c,c)) < spr(A)). It follows that for any matrix
A we have a partition of the state space S into classes, say Cq, Co, . . ., Cy. Then, after possibly permuting
the states and renumbering the classes, A can be written in the form, sometimes called the Frobenius
Normal Form,

Aay  Ag ... Aan

0 A2 .- A@n
A= . .
0 0 . :

0 0 0 Awn

where A(;j denotes A|(c,~,cj)- Hence classes can be partially ordered by accessibility relation. We say
that a class C has access to (from) a class C’ if there is an access to (from) some (or equivalently any)
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state in C to some (or equivalently any) state in C’. A class is called final if it has no access to any other
class.

The spectral radius of a class C is the spectral radius of A|(c,c).

The next proposition describes when a matrix A has a strictly positive eigenvector and, what is
more important for the subject of this paper, when (A"v); ~ (A"v); for all indices i,j and any strictly
positive vector v.

Proposition 2. Let A be a nonnegative matrix with spectral radius A. Then the following conditions are
equivalent:

(a) The matrix A has a strictly positive eigenvector.

(b) The basic classes of A are precisely its final classes.

(c) (A"™); ~ A" for all i and for some (every) vector v > 0.

(d) (A"v); ~ (A")j for all i, j and for some (every) vector v > 0.

Proof. The proof of equivalence (a) and (b) can be found in [4, Theorem 3.10]. The proof of the rest will
follow directly from Corollary 5. [

Also notice that if a nonnegative matrix possesses a strictly positive eigenvector then it is associated
with the spectral radius of this matrix.

Already the last proposition indicates importance of the position of basic and nonbasic classes of a
square nonnegative matrix A for existence of a strictly positive eigenvector and behavior of its iterations.
These positions can be defined precisely by introducing the concept of a chain. A chain of classes of A is
an ordered collection of classes {Cy, Cy, . . ., G;} such that C; has access to Ci+1,i = 1,...,n — 1. The
length of a chain is the number of basic classes it contains. The depth of a class C of A is the length of
the longest chain that starts with C. The degree v(A) of A is the length of its longest chain. Let S; be the
union of all classes of depth i. The partition {Sg, S1, . . .,S,} of the state space S is called the principal
partition of S with respect to A. Principal partitions play a fundamental role in this paper. The next result
is then straight forward.

Proposition 3. Let {So,S1,...,S,} be the principal partition of S with respect to A. Then, after possibly
permuting the states, A can be written in the form

Awy)  Awp-1) coeApp)
0 Ap-1v-1) .- Awp-10)
A= . . ,
0 0 . .
0 0 0 Awo

where A(; jy denotes A|(5i'5j). We have that spr(Ao,0)) < spr(A) (if So is not empty); spr(A)) = spr(A)
and the final classes and basic classes of A coincide for i = 1,...,v. Each state in S;11 has access to
some state in S; fori > 1 (here A(;—1) is non-zero).

Notice that it follows from Proposition 2 that A|s,s;) possesses a strictly positive eigenvector for
everyi=1,...,0.
We need the following useful lemma.

Lemma 1 (25, Lemma 2.5). Let A be a nonnegative matrix with spectral radius .

(a) If Av > ov for some real number o and a real vector v with at least one positive component, then
A>o0.

(b) If Av > Av with v > 0 then every final class of A is basic and (Av); = Av; for every i in a final class
of A.
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Matrices which possess strictly positive eigenvectors have the following additional properties.

Lemma 2. Let A be a nonnegative matrix with spectral radius A which has a strictly positive eigenvector.
Let Sq C S be the union of all final classes of A. If Au = Auwith u|s, > 0 thenu > 0.

Proof. Let S, = S\ S;. Then, after possibly permuting the states, A can be written in the form:
A= (A(sz,sz) A<Sz.sl>) .
Aes1.51)
Each class C in S has access to some state in Sy, spr(Al(c,c)) < A by Proposition 2, and (Al —
A|(c,c>)71 > 0 by Theorem 1 item (f). It follows that (Al — A|(52,52))’1A(52,51) has a positive element
in each row. Then

—1
uls, = (M — Al(s,5,)) " Alsyspls, > 0. O

Lemma 3 (25, Lemma 2.3). Let A be a nonnegative matrix with spectral radius A which possesses a strictly
positive eigenvector. Then:

(a) There exists a nonnegative matrix A* defined by:

1 2 o
A* = lim D oATAL
n—oo n + '1 =0
We have AA* = A*A = AA* and (A*)? = A*. Moreover, a?} > 0 if and only if j belong to a basic
class of A and i has access to j under A.
(b) The matrix A\I — A + A* is nonsingular.
(c) IfA*v = 0 for some vector v > 0 (or v < 0), then v; = 0 for every state i belonging to a basic class of
A.
(d) IfAv > Av (or Av < Av) for some vector v then A*v > v (respectively, A*v < v).

Notice that if A is a (reducible) stochastic matrix then A* is a limiting transition probability matrix
and the inverse of (I — A + A*) is the so-called fundamental matrix of the respective Markov chain.

Asymptotic behavior of iterations of a nonnegative matrix can be studied through its generalized
eigenvectors corresponding to its spectral radius. Let A be a nonnegative matrix with spectral radius
A. The index 1(A) of A with respect to A is the smallest integer n such that the null spaces of (A — AI)"
and (A — A" coincide. The elements of Null(A — AI)! \ Null(A — A1 are called the generalized
eigenvectors of order i. It was proved in [17, Theorem 3.1] that n(A) = v(A). Moreover, it was shown
that generalized eigenvectors can be chosen nonnegative with special strictly positive components.
More precisely (see also [19,25]):

Theorem 4 (17, Theorem 3.1). Let A be a nonnegative matrix with spectral radius A. Let {Sg, S1, . .., Sy} be
the principal partition of S with respect to A. Then there exists a set of nonnegative generalized eigenvectors
vD v@ v such that

AV =™,
AvD = 1y ® + v(H'l), i=v—1,...,2,1.

Moreover

(0 b (0 7l
1 . 1 .
v > 0, je Sk and vj =0, je | ]S

k=i k=0

To give estimates on the growth of A"v we need the following lemma.
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Lemma 4. For any integer k > 0 and real A, B > 0 we have asymptotic relation

-1 .

nZ ik gl n*gr,if B> A
= nfTIAnif B = A

Proof. The asymptotic relation Z?;(,l ik ~ nk*1is standard. Then for A = f:

n—1 n—1

Z )\nfiikﬂi = \" Z ik ~ nk+1 Al

i=0 i=0

and for 8 > A we have inequalities:

(n— 1)k[3n—1 <Y§A”_ii"ﬂi—knr§ik ('3>I<A”(n— .l)kni:] (ﬂ)l
i=0 i=0 i=0
B\" _
Sknnk(}) 1<nk & O
P 1 <"F
A A

Corollary 5. Let A be a nonnegative matrix with spectral radius A. Let {So,S1,...,S,} be the principal
partition of S with respect to A. Then

(A" ~nTIA", forkes;, i>1

for any strictly positive vector v.

Proof. The statement follows from a general result about asymptotic behavior of matrix powers
obtained in [18]. We sketch the proof to use it later.

Using the identities for the generalized eigenvectors v from Theorem 4 and the above lemma,
one can get by induction that

v—i
AyD ~ 1 Zn’v(’ﬂ), fori=v,...,1 = AY) ~n"A" forkes;.
j=0

Since spr(Al(s,.s,)) < A the Soth components of a strictly positive vector v does not effect the asymp-
totic behavior of A"v|s\s,. Hence A™|s\s, ~ A"V [s\s,. O

Remark. Corollary 5 gives us an algorithm of finding the growth of each component of A"v (see the
detailed analysis in [18]). For indices in S; for i > 1 it follows directly from the corollary. Fori € Sy we
consider the matrix A|s, s,) and its principal partition and so on. This algorithm can be also described
using chains of classes as follows. Take a state i and the corresponding class C; which contains i. Let 8
be the maximum of spectral radii of classes C, where C runs through all classes such that C; has access
to C. Consider all possible chains that start at C; and for each chain count the number of classes C in
this chain with spectral radius 8. Let k be the maximal among such numbers. Then (A"v); ~ n¥~18"
for any strictly positive vector v. In particular, if i belongs to a final class of A then (A"v); ~ 8", where
B is the spectral radius of the class.

Corollary 5 implies that the components of A"v are comparable with respect to the partial order <.
The <-minimal possible growth of (A"v); over all indices i is ~ y", where y is the spectral radius of
some final class C. If state i has access to state j then (A"v); < (A"v);. So, (A"v); ~ (A"v); for any two
states i and j in the same class of A.
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3. Existence of strictly positive eigenvector of fi

Let K be a finite set of nonnegative matrices. In this section we define the notion of a <-minimal
matrix and the principal <-minimal partition of S with respect to K. Using these notions we give
necessary and sufficient conditions for existence of a strictly positive eigenvector for the map fic (v) =
Mmingex Av.

Note that in general we do not have the property that for every vector v there exists A € K such
that fic (v) = Av. The following concept eliminates this difficulty (compare with [20, Section 3.1]).

Definition 1. Let K be a set of nonnegative N x N matrices. We say that K satisfies the product property
if for each subset V. C S and for each pair of matrices A, B € K the matrix C defined by
Com Ay, ifieV;
B, ifieS\V.

belongs to K.

If we have any finite set Cg of nonnegative matrices then we can close it with respect to the product
property and obtain another finite set . We just take all possible matrices C obtained as follows: the
ith row of C is the ith row of some matrix from K. Then it is easy to see that

min Av = min Av

AeKy Aek
for any vector v. So we can extend our given set of matrices to a bigger one, which satisfies the
product property, without changing the map fi.. Moreover, for every v there exists A = A, € K such
that fic (v) = Av.

Hence we will always assume that K possesses the product property.

As was mentioned in introduction, Richard Bellman in [2] considered compact sets K of positive
matrices and proved that g, has a strictly positive eigenvector. It was generalized to a set of irreducible
matrices in[14]. A simple proof of this result was obtained by W.H.M. Zijm [25] following the arguments
in [10, Appendix B]. His proof also works for the maps fi.

Proposition 6. Suppose that every matrix in the set K is irreducible. Then fx- possesses a strictly positive
eigenvector associated with Ay = minacx spr(A). Moreover, it is unique up to a scalar multiple.

Proof. Take any B € K. Let Ap be the spectral radius of B and let v be the corresponding strictly positive
eigenvector. Find D € K such that
Dv = min Av
Aek

with D; = B; if (Bv); <(Av); for all A € K. If D = B then fic(v) = Bv = Agv and we are done. If D # B
then Dv<Bv = Agv and Ap:=spr(D) < Ap by Theorem 1 item (e). Apply the same procedure for the
matrix D with its strictly positive eigenvector u associated with Ap. Since K is finite, after a finite
number of steps we will reach a matrix M with spectral radius A and eigenvector w such that

Mw = minAw = Aw.
Aek

Since Aw > Aw for every A € K, we get A = mingex Spr(A) by Theorem 1 item (e).

Let u,v > 0 be eigenvectors of fic and let fi-(v) = Av = Av and fi-(u) = Bu = Au. Then spr(A) =
spr(B) = A,Bv > fi(v) = Av, and Bv = Av by Theorem 1 item (e). Hence by Theorem 1 item (d) the
eigenvector of fi associated with X is unique up to a scalar multiple. []

The following lemma is an important result for understanding the asymptotic behavior of f¢ (v). It
will be used throughout the paper.



502 1. Bondarenko / Linear Algebra and its Applications 431 (2009) 495-510
Lemma 5. There exists B € K such that B'v < A™v forany A € Kandv > 0.

Proof. We use induction on dimension N. For N = 1 the statement is obvious. Suppose the lemma is
correct for any dimension < N. Let us fixv > 0.

For each A € K and i € S we can find the asymptotic behavior of (A"v); using Corollary 5. Define
the set ' C K of all matrices B in K for which there exists i € S such that (B"v); < (A"v);forallA € K
and j € S. Note that it follows from Corollary 5 that (B"v); ~ A" for some real A > 0. For each matrix
B € K/ define

So(B) = {j € S| (B"v); ~ (B"v); ~ A"}

and S1(B) = S \ So(B). Suppose some state i in So(B) has access to some state j in S1 (B). Then (B"v); <
(B"v);. Since the asymptotic behavior of (B"v); is <-minimal for B, we have (B"v); ~ (B"v);. Hence
Jj € So(B) and we have a contradiction. Thus no state in Sy(B) has access to any state in S;(B), which
means that B s,(s).s,(8)) = 0.

Observe that the spectral radius of every class of B from Sy (B) is not greater than A. If a class C from
So(B) is final then it has spectral radius A. The converse is also true: a class C from S (B) with spectral
radius A is final. Really, suppose it is not final. Then it has access to a final class from Sg(B). Thus there
exists a chain which start at C that contains at least two classes with spectral radii A. So, (B"v); > nA"
foriin C by Corollary 5.

Let us show that K’ contains a matrix B with the biggest set So(B), i.e. such that Sg(B) D So(A) for
any A € K. It is sufficient to show that for any matrices B and D from K’ there exists E € K such that
So(E) D So(B) U So(D). Define E as follows: E; = B; for i € So(B) and E; = D; fori ¢ So(B).

P <D|<51 (®)51(8) * )
0 Bl(so(®).50(8)

Then E € K" and So(E) D So(B), because (E"v); = (B"v); for i € So(B). In order to prove that So(E)
contains So (D), itis sufficient to prove that each class C of E, which belong to So (D) \ So(B) with spectral
radius A is final (if it is empty we are done). By construction E|(c,cy = D|(c,c) and C belongs to some
class C" of D from So(D). If C # C’ then spr(D|(c/ 7)) > spr(Dl(c,c)) = spr(Elc,c)) = A by Theorem 1
item (g) and we have contradiction with ¢’ C So(D). Thus C = €’ and E lcs\c) = Dlcr.s\c) = 0. So
C is final and our claim is proved.

Choose B € K’ to be a matrix with the biggest set So(B). Denote Sy :=S(B) and S1:=S; (B).

IfSp = S then we are done - the matrix B satisfies the condition of the lemma. Suppose that Sy # .
The set K| (s, s,) satisfies the product property and we can apply induction to it. So there exists D € K
such that (D|s, s;))"VIs, =< (Als,.s;))"Vls, for any A € K. Define a matrix E in the same way as above:
E; = Bjfori € Sy and E; = D; fori ¢ Sp. We want to show that it satisfies the condition of the lemma.

Again (E"v); = (B"v); for i € Sp. So (E"v); < (A"v); for any matrix A € K for i € Sg. We need to
prove the previous inequality for i € Sj.

n—1

(E")ls, < (Dls;51)™ls, + Y (Dlisy51)™ 'Dlsy 56) Bliso.so)) Vlso =
I=1

n—1 n—1
< (Dl(sy.50)"vls; + Y (Dlsys0)™ Avls, = > (Dls,s)" Avls,
=1 =0

Fix i in S; and let ((D|(s,s,))"Vls,)i ~ n*B". Suppose B < A. Then there exists j € S; such that
((Dl(sy5,)™vls;)j ~ B". Then:

n—1

n—1
(E"); < > (Dl s)" Alvls, ~ S Algm ~an
=0 =0

and therefore j must be in Sg. We get a contradiction, hence 8 > A.
If 8 > A then
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(E"v);

IA

n—1 n—1
> " Olss0)" Avls, ~ Y Al = DFBm ~ 0k BT ~ (D] (s,.5,)™VIs)i =
1=0 1=0

IA

((Al(sy,5)"vIs))i = (A™);

forevery A € K.

Now suppose that 8 = A. Let C; be the class of D|s, s,) that contains i. Then A is the maximum of
spectral radii of D|s, s,)|(c,c), where C runs through all classes of D|s, s,) such that G; has access to C.
Also the maximal number of classes C with spr(D|s, s,)l(c,c)) = A in chains that start at G; is k. If the
maximum of spectral radii of D| (¢ c), where C; has access to C, is greater than A, then (D"v); > nkH1pm,
If not then the maximal number of classes C of B with spr(D|(c,)) = A in a chain that starts at G is at

least k + 1, otherwise there exists a state j in Sy with (E"v); ~ A™. Thus, (D"v); > nk*+1A" Notice that
the above statement is true for any matrixA € K, i.e.if (Al (s, s,))"Vls; )i ~ nkA™ then (A™v); > nkt1Am,
Then
n—1 n—1
(E")i < 3" (Dlsy50)" ™ Avls, ~ D0 Al (n = DK ~ nf AT < (A
1=0 1=0

forany A € K.So (E"v); < (A"v);foralliandA € K. [
By similar arguments one can show that there exists C € K such that A"v < C"v for every A € K.
Definition 2. A matrix B € K which satisfies Lemma 5 will be called <-minimal for K.

Thereis asimple (but not effective) algorithm to find all <-minimal matrices. We find the asymptotic
behavior of (A"v); forallA € K by Corollary 5 and take matrices with <-minimal growth (such matrices
exist by Lemma 5).

If the spectral radius of a matrix A is zero, then A is nilpotent and asymptotic behavior of A"v is
trivial. Consideration of such matrices is elementary but does not fit precisely in the discussion below.
To avoid these unnecessary complications and without loss of generality in the sequel all considered
matrices have spectral radius > 0.

The principal partitions, spectral radii and degrees of every two <-minimal matrices coincide,
which follows from Corollary 5 and from the fact that A"v ~ B™v for any <-minimal matrices A, B € K.
Notice that the spectral radius of a <-minimal matrix is equal to minacx spr(A). Denote A = spr(B)
and v = v(B) for a <-minimal matrix B € K.

Definition 3. The principal partition {Sg, S1,...,S,} of a <-minimal matrix is called the principal <-
minimal partition of S with respect to K.

The following proposition gives a sufficient condition for existence of a strictly positive eigenvector
for the map fi.. Moreover, it will follow from Corollary 12 that this condition is also necessary, and what
is more important for the subject of this paper that it is equivalent to the property that all components
of the iterations fg (v) have the same growth.

Proposition 7. Suppose that some <-minimal matrix possesses a strictly positive eigenvector. Then fic
possesses a strictly positive eigenvector associated with .

Proof. Note that by Proposition 2 if one <-minimal matrix possesses a strictly positive eigenvector
then all <-minimal matrices do.

Let B be a <-minimal matrix with strictly positive eigenvector v. Apply the same procedure as in
the proof of Proposition 6. Find D € K such that
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Dv = minAv
Aek

with D; = B; if (Bv); <(Av); for all A € K. Then Dv < Av and D"v < A™v = B". Thus D is <-minimal,
has strictly positive eigenvector and spr(D) = A. Since each final class of D is basic, (Dv); = (Av); for
all i in final classes by Theorem 1 item (e). Hence D; = B; for i in the final classes of D and the set of
final classes of B contains the set of final classes of D.

By Proposition 2 each nonfinal class of D is nonbasic. Let S; C S be the union of all final classes and
let S = S\ S1. Then, after possibly permuting the states

D= <D|(52.52) E )
0 Bl(s1.51)

with spr(D|s, s,)) = A and spr(D|s,.s,)) < A.Define
uls, =vls, and uls, = (M = Dls,5)) ' Evls,. (M

Then Du = Au and thus u > 0 by Lemma 2. Suppose u; > v; for some i € S. Then it follows from
Du = Au and Dv < Av that

Dl(s,.5,) [u|52 - V|52] zZ A [u|52 - VlSz] .

This contradicts spr(D|(s,s,)) < A by Lemma 1. Hencev>u > 0.

By construction u = v if and only if D = B. We can apply the same procedure to D and u. On each
step the set of final classes of the new matrix is contained in the set of final classes of the previous
matrix and the next eigenvector coincides with the previous one on the states from final classes of
the new matrix. Since K is finite, after some steps all received matrices will have the same set of final
classes and all received eigenvectors are the same on this set. Now suppose this process will never
stabilize. It means that all received eigenvectors are different. Since K is finite, some matrix appears
in this process at least two times with different strictly positive eigenvectors that coincide on the final
classes of this matrix. But by (1) eigenvector of a matrix is uniquely defined by its coordinates from the
final classes of this matrix. We get a contradiction. Thus after a finite number of steps we will reach a
=<-minimal matrix M € K with strictly positive eigenvector w such that

Mw = minAw = Aw. [
A€k

Corollary 8. Under the conditions of Propositions 6 or 7 the asymptotic relation
(fe )i ~ A"

holds for any strictly positive vector uandi € S.

So, if there exists a <-minimal matrix with strictly positive eigenvector, then the growth exponent
of each component of f¢ (v) is equal to the spectral radius of this <-minimal matrix.
The next proposition with v = 1 gives the basis of induction for Lemma 7.

Propeosition 9. Let {Sy, S1, . ..,S,} be the principal <-minimal partition of the state space S with respect
to K. Then there exists a nonnegative vector w with w|s, > 0 such that

minAw = Aw.
Aek

Proof. Let B be any <-minimal matrix. Since {Sp, S1, . .., Sy} is the principal partition of B, the matrix
B|(s, s,) Possesses a strictly positive eigenvector v associated with A. The set K|s, = {Als, s,),A € K}
also satisfies the product property and B|s, is <-minimal for it. We can apply Proposition 7 for K]s, .
There exists a strictly positive vector u defined on S, such that

2161)rclA|(5U_SU)u = All.

Take w such that w|s, = uand w|s\s, = 0. Then w satisfies the condition of the proposition. []
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It was shown in [25,22] that a stronger result holds for g, which proves existence of a simultaneous
block-triangular representation of the matrices in K and allows one to define the “principal partition”
of S with respect to K. This partition plays a fundamental role in those papers. This result does not
hold for fi.

4. Generalized eigenvectors of fi

We prove in this section two lemmata from which the main result follows immediately. The first
lemma proves existence of a solution of a set of “nested” functional equations. As it was noticed in
[25], it can be viewed as a generalization of the Howard’s policy iteration procedure [9].

Let t be an integer greater than 1. Suppose that for each A € K we have a sequence of vectors
riA),i=1,...,t—1.

Lemma 6. Assume that the set of rectangular matrices

{(Ar(A),r2(A),....1—1(A) | A € K}

satisfies the product property. Suppose that there exists (for all) a <-minimal matrix B € K with a strictly
positive eigenvector v. Suppose furthermore B*r;_1(B) > 0 for any <-minimal matrix B (here B* is defined

in Lemma 3). Then there exists a solution {v(D, ..., v©O} of the set of functional equations:
minAv® = Av®
A€k
min {Av("*l) + ri_1(A)} = D + v(i), i=2,...,t
AEK;

where K; is defined recursively by

Ke:={A|A€ KAV = vy,
Kir={A| A € Kiz1, AV +1;(A) = @ vy =2 1.

Furthermore v(® > 0.

Proof. The set of equations
Bv® = aw®,
B + ri(B) = awv® D= -, (2)
B*vY =0
has a unique solution
v = B*r_1(B),
v = (A — B+ B*) ' [1i(B) + B*rii(B) — vV, i=2,.. 61,
vD = (M — B+ B[ (B) —v?].

Moreover v() > 0. Since we have the “extended” product property, there exists a matrix D € K such
that

Dv® = minAv®,
A€k
pv® 4 ri(D) = min {Av(i) + r,-(A)}, i=1,...,t—1,
AeH

i+1
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where H; C K denotes the set of matrices which minimize the right hand side of ith equation above.
We choose D = B if B satisfies above equations, i.e. if B € H;.

Then Dv® < Av® and thus D is <-minimal and possesses a strictly positive eigenvector. As above,
the set of equations (2) with the matrix D instead of B has a unique solution {u", ..., u®} with
u®® > 0 and so on. We want to show that this process will eventually stop. It is easy to see that if v®
and u® satisfy the following properties

(@) u® <vO;
(b) ifu® = v fori =k +1,...,t thenu® <v®;
(c) ifu® = v® foralli=1,...,tthenD = B,

then, since K is finite, after a finite number of steps we will reach a matrix which stays intact under
application of this process. The corresponding solution of (2) will satisfy the conditions of the lemma.
Let us prove (a), (b) and (c). Let C C S be the union of all final classes of D.
(a) Using Lemma 3 and construction of u® and v® several times we get

u® =p*u® = p*[puV — 2V +r,_1(D)] = D*r,_1(D) <
< D*[M(t—l) +v® — Dv(t—l)] = p*v® <O,
(b) Now suppose u® <vO fori=k+1,... , t. Define vectors l/f(i),i =1,...,t,such that:

pv® = v ® 4 W(t)-

Dv® 4 1y(D) = A ® v+ oy O,

From (2) for the matrix D and the previous equations we get:

Dv® — @) = Apv® — @] 4 D — (D] 4 Iﬂ(i). (3)
Thus, w(i) = 0and v + r;(D) = Bv) 4 r;(B) fori = k+1,...,t.Hence B € Hg+1. It follows that
¥ ® <o0and

piv® —u®]=Apy® —u®14+y® = (applying D*) 4)

D*l//(k) =0.

Hence wi(k) = 0fori € C by Lemma 3 item (c).

Consider the case k > 2. Then wi(k_l) <0 fori e C and hence D*y*~" <0 by Lemma 3 item (a).
Applying D* to (k — 1)st equation of (3) we obtain:

0 =D*[v® —u®] 4+ p*y* D put DR — u®]<Ap® — 407

Hence [v® — y®]> p*[v® — 4] = —p*y*k=1 > 0, because I[/i(k_l) <O0fori € C.
For k = 1 we have B € H> and since Iﬂi(]) = 0 for i € C we may choose D; = B; for i € C. In this
case Df = B and u,-(l) = v,-(l) = 0fori € C.Thus D*v(") = 0.1t follows from (4) that

v —u®1>p* v —uM] =0,

(c) As above, w(i) = O for all i and hence B € H;. Thus D = B by construction. []

Lemma 7. Let {Sg, S1, . . ., Sy} be the principal <-minimal partition with respect to K. There exists a set of
nonnegative vectors v v@ v such that
minAv®”) = ™), (5)

AeK
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min Av® = Av® +v(i+1), i=v—1,...,2,1;

AEKit1
where
Ky:={A|A € kAW =W},
Kii={A|Ae ICi+1,Av(i) =D vy =2 v — 1.
Moreover
0 b (0 T
1 . 1 .
Vi > 0, ]elUSk and vj =0, ]GIUSk. (6)
k=i k=0

Proof. By induction on v. For v = 1 the result follows from Proposition 9. Suppose that the lemma
holds for v < t and let now v = t.
Notice that

Ke=f{A]Ae kA = and Alss,s5,) = 0}
for any given v(®) such that v(¥|5\s, = 0. Define the set of matrices

H = {Als\s.5\5.), A € K¢}
Clearly H also satisfies the product property and B|(s\s, s\s,) i @ <-minimal matrix for # for any

<-minimal matrix B for K. Thus Sg,S1,...,S,_1 is the principal <-minimal partition of 7. By the
induction hypothesis there exist nonnegative vectors u® 4@y defined on S \ Sy such that
ul-(t_l) > Ofori € S;—1 and

minAu~V = )xu(tfl),

AeH
min Au® = 40V i=r—2,...,2,1.
A€Hit1
Now we need to find vectors vV, v ... v(® such that (5) holds. Let us take
v]@ = u}i) and vj(t) =0 forj e S\S;.
ThenK; C {A | A € Kt,Als\s,s\s,) € Hi}fori=1,...,t— 1,andthevectors v independent of their

coordinates on S, satisfy (5) for states in S\ S;. It remains to determine vj(i) forje S,i=1,...,t.The

conditions on v |s, are the following:

. t t
/[}élIIClA|(St,St)V( )|St = )"V( )|5t'

t—1
) . ) ) i1 )
Agllcl,'[l] A|(5h5't)\/(l)|sr + ;Ahst'sj)w(l”sj = )»V(l)|st + v )|5[, i=t—1,...,2,1.
Since {So, S1,...,S¢} is the principal partition of any <-minimal matrix B € K, the matrix B|s,s,)
possesses a strictly positive eigenvector associated with A. Moreover ut="n s, > 0. Each final class

of B|s,,s,;) has access to some state in B|s,_, s,_;)- Thus
Bls.spu Vs )i > 0
for some i in every final class of B|s, s,). Then B|>(kst,st)3| (s['sr_l)u([_l) |s,_, > 0 for any <-minimal B by

Lemma 3 item (a). We can now apply Lemma 6 and find v® Is,-

It may happened that v does not satisfy the nonnegativity constrains (6) on S; (they satisfy it on
S\ St by induction). In this case consider
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w® = O ™
w® = y® +av(i+1), i=1,...,t—1.
They also satisfy (5) and we can choose « large enough so that wj(i) > Oforallj € St,i=1,...,t. O
Now we are ready to prove the main result.
Theorem 10. Let {Sg, S1, . . ., Sy} be the principal <-minimal partition with respect to K. Then there exists
a set of nonnegative vectors v(l), v(z), R v such that
min Av®) = ™,
Aek
minAv? = @ 4D =y 1 21,
Aek
Moreover
0 ' 0) )
1 . 1 .
v’ >0, jelJS and v" =0, je Sk
k=i k=0
Proof. Use Lemma 7 to find solutions v(V, v® ... v(*) of the corresponding system (5). Now consider
the vectors w, w® ... . w®) from (7). It is easy to see that for o large enough
min Aw® = min Aw® = ... = minAw(i), i=1,...,v.
AEKit1 AEKis2 AeK
Hence for « large enough the vectors W(l), w(z), el w®) satisfy the conditions of the theorem. [

Corollary 11. Let {Sg, S1,. . .,S,} be the principal <-minimal partition with respect to KC. Then
(fe )i ~ n“IA" wherei € S,
for any strictly positive vector v and k > 1. Moreover, for any <-minimal matrix B € K
(Fe )i ~ (B"v);
for any strictly positive vector vandi € S.
Proof. The proof of the first part is the same as for a single matrix (see Corollary 5). Thus (f¢ (v)); ~

(B"v); for i ¢ Sg. We need to prove this asymptotic relation for i € Sp.
The upper bound f¢ (v) < B"v is obvious. Define

H={A €K |Alss\s) =0} and fcls, = minAl(sy.50)-
Then B|(s, s,) is <-minimal for H|s, for any matrix B <-minimal for . Let 8 = spr(B|s,s,)) for <-
minimal B (notice that 8 < 1) and let {Sp, S}, ...,S,,} be the principal <-minimal partition of S with
respect to H|s,. By Theorem 10 there exist nonnegative vectors w® w") defined on Sp such that

Fiels W™y = pw™)
Felsyw®) = pw® £ WD = — 1,21,

and with specified nonnegative constrains. Notice that then (B"v); ~ n"”ﬁ” fori e S,’(, k>1.
Let v be a strictly positive vector defined on S \ Sg such that A|(s\sy,5\50)V > Av (take for example

v s, ). Define vectors ugi),i =1/,...2,1, such that ugi)ls\so = a;vand ugfi)|50 = w". Then
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fe@®) = min [*Al6\sos\s0 +A|(5\50'5gi>)w(l) =minAul, i=v,...21,
! AEK O[iA|(50'5\50)V + A|(50,50)W AeH !

for a; large enough. Moreover we can additionally choose «; such that ojAv > «;Bv + @jyqv fori =
v —1,...2,1.Then

(l),) (Xv/)\.V _ Olv/)\.v ozu/,Bv _ (V/)
u > ’ = ’ > ’ = pu ,
felug ) (leSo(W(v))> (ﬂw(l)) Bw) Bu,,
; oAV oAV iV + aiyqv i (i+1
fK(ugi)) g (f;clso (W(i))) B (IBW(D + w(i+1)) g (lgw(i) LD ) = ﬁuotli) + uotli+1)'

fori=1v"—1,...,1. It follows that (f,g(ugl)))f =nk1g" fori e Si-k>1, and the lower bound is
proved foriin S\ Sp and Sp \ Sj. We can now do the same for the states in S;. O

Corollary 12. The following conditions are equivalent:

(a) Function fi has a strictly positive eigenvector.

(b) Some (every) <-minimal matrix has a strictly positive eigenvector.
(©) (fe(v))i ~ A" for all i and for some (every) vector v > 0.

(d) (FE )i ~ (fE(v)); for all'i,j and for some (every) vector v > 0.
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