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1. Introduction

Tensegrity structures are usually modeled as a set of discontin-
uous bars (or struts) and continuous strings (or cables) connected
with frictionless ball joints. Both bars and strings are prestressed
and subject to axial loads (Juan and Mirats Tur, 2008). The bars
can bear both tensile and compressive forces, while the strings
can withstand only tension. Many artificial and biological struc-
tures consisting of tensioned and compressed components can be
considered as tensegrity. Over the last few decades, tensegrity
structures have attracted considerable attention in a wide diversity
of fields, e.g. architecture (Fu, 2005), mathematics (Connelly and
Back, 1998), materials science (Luo et al., 2005), aerospace (Tibert
and Pellegrino, 2002, 2003) and biology (Ingber, 1993, 1997; Piren-
tis and Lazopoulos, 2010).

The analysis and design of large-scale and complex tensegrity
structures are distinctly different from those in classical structural
mechanics. In the past decades, various methods have been pro-
posed to design and optimize tensegrity structures with various
topology and geometry (Snelson, 1965; Motro, 1984; Masic et al.,
2005, 2006; Ehara and Kanno, 2010; Feng et al., in press; Li et al.,
2010). All tensegrity structures are statically indeterminate (Calla-
dine, 1978; Hanaor, 1988; Pellegrino and Calladine, 1986). After
the topology of a tensegrity structure and the lengths of its ele-
ments have been specified, one needs to determine its self-equili-
brated structural configuration, known as form-finding. Much
ll rights reserved.
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effort has been directed towards tensegrity form-finding strate-
gies; for state-of-the-art reviews, see e.g. Tibert and Pellegrino
(2003), Juan and Mirats Tur (2008) and Sultan (2009). Analytical
form-finding methods have been proposed for simple tensegrity
structures with high symmetry (Connelly and Terrell, 1995; Vass-
art and Motro, 1999; Murakami and Nishimura, 2001; Sultan
et al., 2001; Kenner, 2003), while numerical methods are usually
necessary for general applications. Some of the existing methods
are based on the concept of force density which is defined as the
ratio between internal force and the associated element length
(Linkwitz and Schek, 1971; Schek, 1974). By introducing force den-
sities as auxiliary variables, the non-linear equilibrium equations
become linear and the force densities in all elements can be deter-
mined for a pre-specified topology. Masic et al. (2005) integrated
the force density method (Linkwitz and Schek, 1971; Vassart and
Motro, 1999) with a non-linear optimization technique to find
tensegrity structures under shape constraints. Zhang and Ohsaki
(2005) and Estrada et al. (2006) developed a matrix iteration
scheme to solve the force density equations for equilibrium config-
urations of structures with complex topology. Since the properties
of the elements are usually not assigned a priori, the force density
methods are regarded as ‘‘less than ideal for structures with some
known, or desired element lengths” (Tibert and Pellegrino, 2003).
Another class of form-finding methods is called dynamic relaxation
which is essentially a pseudo-dynamical process in tensegrity
form-finding. Motro (1984) and Zhang and Ohsaki (2006) used this
method to find tensegrity structures with irregular topology and
geometries. Dynamic relaxation methods treat tensegrity struc-
tures as a set of nodal masses and a set of elements with damping.

http://dx.doi.org/10.1016/j.ijsolstr.2010.03.026
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Nomenclature

ne total number of elements
ns total number of strings
nb total number of bars
nn total number of nodes
li0 original length of element i
ki stiffness of element i
zi element type. zi = 1 for strings, and zi = 0 for bars.
Ei potential energy of element i
ti internal force vector of element i
gi coordinates vector of element i
li length of element i, defined as li = kgik
pj coordinates vector of node j

fj external force vector on node j
C connectivity matrix
uj number of nodes that connects with the node j
Mj list of elements that contain the node j
Nj list of nodes that connect with the node j
Oj direction list of the elements in Mj

I superscript i stands for the parameters of the ith ele-
ment, with i = 1,2, . . . ,ne

j, k superscript j (or k) stands for the parameters of the jth
(or kth) node, with j,k = 1,2, . . . ,nn
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In each iteration step of dynamics relaxation, all nodes are moved
simultaneously with velocities calculated from nodal forces. In
such methods, the solution may oscillate around some particular
states of a structure. Consequently, dynamic relaxation methods
can become ineffective for large scale tensegrity structures (Ti-
bert and Pellegrino, 2003). Recently, Rieffel et al. (2009) utilized
an evolutionary algorithm to generate tensegrity structures and
then reproduced the configurations via a rigid body dynamics
simulation technique similar to the dynamics relaxation method.
Pagitz and Mirats Tur (2009) proposed a form-finding algorithm
for tensegrity structures which is based on the finite element
method. A number of other form-finding methods have also been
suggested in the literature, e.g. the genetic algorithm (Paul et al.,
2005).

In spite of the above developments, however, there is still a
demand to establish more versatile and robust methods to find
tensegrity structural forms of relatively large scales or with irreg-
ular and unsymmetrical geometries. To this end, we propose a
novel method by incorporating a Monte Carlo type approach into
tensegrity form-finding. The Monte Carlo method, coined by
Metropolis and Ulam (1949), was initially introduced to simulate
a stochastic process by generating random moves that are either
accepted or rejected according to a given probability distribution
function. The proposed Monte Carlo form-finding (MCFF) method
does not involve complicated matrix manipulations and is en-
hanced with a number of special techniques to accelerate conver-
gence. In this study, all the bars and strings are assumed to be
elastic and connected via frictionless ball joints (Tibert and Pel-
legrino, 2003). The influences of such factors as gravity and
damping on the final equilibrium configuration are neglected. It
will be demonstrated that this method can solve large scale
form-finding problems for both regular and irregular tensegrity
structures.

The outline of this paper is as follows. In Section 2, we will de-
scribe the basic idea and procedure of the proposed Monte Carlo
method for tensegrity form-finding. In Section 3, the detailed pro-
cess of numerical implementation and enhancement techniques to
improve the speed of convergence will be discussed. Several exam-
ples are given in Section 4 to illustrate the efficacy of the proposed
form-finding method.

2. Monte Carlo form-finding method

Stochastic search and optimization methods have seen sub-
stantial progresses in recent decades; for state-of-the-art review,
see Spall (2003). In particular, the Monte Carlo method is now
widely used in a variety of mathematical and physical sciences,
especially in molecular simulations. The Monte Carlo method
used in most molecular simulations is based on an accept-or-re-
ject scheme (Metropolis et al., 1953). In each step, one generates
a trial configuration through random sampling, which is then
compared with the configuration of the previous step. If the trial
configuration has lower energy than the previous one, it will be
accepted; otherwise it has a finite probability of being rejected.
In the present paper, the conventional Monte Carlo method will
be modified to solve tensegrity form-finding problems. The nodes
and elements of a tensegrity are considered as atoms and atomic
bonds, respectively. In this sense, a tensegrity structure is just
like a molecule, and the tensegrity form-finding resembles a pro-
cess of molecular relaxation. Based on this idea, we develop a
Monte Carlo form-finding (MCFF) procedure that includes the fol-
lowing steps.

Initialization:

(1) Specify the basic information of the structure, select a ran-
dom configuration as the initial configuration P0, and set
the iteration step as n = 1.

(2) For each node j and element i, compute the neighbor lists Mj,
Nj, Oj, the internal force vector ti, the resultant nodal force
vector fj, the element potential energy Ei, the total energy
E0, and other parameters. The definitions of these parame-
ters will be given in Section 3.

Iterations:

(3) Select a random node and give this node a random displace-
ment to generate a trial configuration Pt.

(4) Compare the potential energy E of the trial configuration Pt

with that of the previous step Pn�1. If the energy decreases,
the trial configuration will be accepted as the configuration
for the next iteration step, i.e., Pn = Pt. Otherwise, the trial
configuration will be rejected and the configuration will
remain the same as the previous one, i.e. Pn = Pn�1.

(5) If the system is not in equilibrium, set n = n + 1 and go to
step 3.

Termination:

(6) When the equilibrium state is reached, the iteration will be
terminated, and the final configuration is thought as a stable
form of tensegrity.

It should be pointed out that, although the present tensegrity
form-finding method is inspired by the Monte Carlo method for
molecular simulations, there are significant differences between
the two. In molecular simulations, the final state of the system is
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in detailed balance (Kalos and Whitlock, 1986) and the system en-
ergy obeys the Maxwell–Boltzmann distribution. If the trial config-
uration has energy lower than the previous one, it will be accepted;
otherwise a random number n 2 (0,1) is generated and the trial
configuration is accepted only if n 6 exp (�DE/kT) (Metropolis
et al., 1953), where DE is the energy change, T the absolute temper-
ature, and k the Boltzmann constant. In contrast, the equilibrium
state of a tensegrity structure is deterministic and temperature is
of no relevance in the form-finding process. In the MCFF procedure,
the resultant force on each node kfik is calculated and used as a cri-
terion to judge whether equilibrium has been reached or not. In
practice, only one node is moved in each iteration step so that only
a small fraction of nodal forces need to be updated; see further dis-
cussions following Eqs. (17) and (18). A random trial configuration
is accepted or rejected solely based on the sign of the energy
change DE between the trial and the previous configurations. In
addition, MCFF calculations are normally easier to perform than
Monte Carlo molecular simulations in the following aspects. First,
in contrast to molecular simulations, the neighbors of each node
do not change in the form-finding process for a specified topology
of tensegrity. Second, the force between two connected nodes is
only a function of their distance, resembling a pair potential in-
stead of more complicated many-body potentials used in most
molecular simulations. These features of the MCFF method can
greatly reduce the cost associated with the update of neighbor lists
and the calculation of system energy.

We also note that our MCFF procedure shares several features in
common with other form-finding methods. First, the essence of the
MCFF procedure is to search for the equilibrium state of a tenseg-
rity structure corresponding to a local minimum of system energy.
A similar idea was used by Connelly (1993) to seek local energy
minimum by testing whether the stress matrix is positive semi-
definite. The Monte Carlo form-finding process allows us to solve
more complex, large scale problems. Second, similar to the dy-
namic relaxation method, the MCFF procedure is also a pseudo dy-
namic process. In the MCFF procedure, only those trial
configurations that lower the system energy will be accepted in
the iteration procedure, which is definitely achievable by moving
one of nodes appropriately.
1 2,

1, 1;

, ;

, ;

1, 1;

1

end

i k

i k

i k

j j k k

j k

u u

j k

u u

j k

u u

j C k C

u u u u

M i M i

N k N j

O O

i i

= =

= + = +
= =

= =

= = −

= +

Fig. 1. A pseudo code to calculate the neighbor lists of nodes.
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Fig. 2. Schematic diagram of an example to show the neighbors of the node j.
3. Numerical implementation

The numerical implementation of the MCFF procedure consists
of the six main steps described in Section 2. In what follows, we
discuss some details of the implementation and a number of spe-
cial techniques that can be applied to accelerate the convergence
of the algorithm.

3.1. Input parameters

Before computation, an input file is prepared which contains
the following information:

i. Basic information of the model: the total number of bars,
strings, elements, and nodes, which are denoted as nb, ns,
ne, and nn, respectively.

ii. Required precision: the maximum error e that can be toler-
ated in judging if the system has reached equilibrium. The
definition of e will be given in detail in Section 3.5.

iii. Topology information: connectivity matrix C, i.e. the node
numbers of each element and the element type zi. We define
zi = 1 if the element is a string, and zi = 0 if it is a bar.

iv. Properties of elements: the original (resting) lengths
li
0 ði ¼ 1;2; . . . ;neÞ, and the relationship between the internal

force and the length change of each element.
v. Initial nodal coordinates: In this step, the initial nodal coordi-
nates Pj

0 can be set by selecting a random configuration. The
MCFF procedure can be used to solve a form-finding problem
without any prior knowledge of the final configuration. On
the other hand, faster convergence can be expected if pj

0 is
selected to be near equilibrium.

3.2. Other parameters used in the iteration

After the input file is established, the next step is to compute
several system parameters. Some parameters are constant in the
whole form-finding process, such as the neighbor lists, while oth-
ers (e.g., the internal force of elements and the nodal force) are up-
dated in each iteration step.

Neighbor lists: In the previous literature (e.g., Williamson et al.,
2003), the topology of tensegrity is often described by an oriented
graph, which can be denoted by a connectivity matrix C 2 Re �2. In
our iteration procedure, however, we use the neighbor lists, in-
stead of C, to describe the relations between elements in the struc-
ture. By this approach, no complicated matrix manipulation is
needed. We let the column vector Nj denote the neighbor list of
all nodes that connect with the jth node, Mj the list of all elements
that contain the jth node, Oj and the list of directions of the ele-
ments in Mj. The direction of an element in Oj is represented as if
the element vector enters, and 1 if it leaves the jth node. It is noted
that the neighbor lists of all nodes can be obtained easily by a sim-
ple sequential traversal of the connectivity matrix C.

The pseudo code of this process is shown in Fig. 1, where the
superscripts and subscripts indicate the rows and columns of a ma-
trix, respectively; u is a column vector, with its jth row uj contain-
ing the number of nodes connecting with the jth node. For the jth
node shown in Fig. 2, for example, uj equals 3 and its neighbor lists
are Mj = [i1, i2, i3],Nj = [j1, j2, j3], and Oj = [1, � 1,1].
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Length of elements: For element i, with the direction from node j
to k, its element vector is defined as

gi ¼ pk � pj; ð1Þ

and its current length is

li ¼ kgik ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj � xkÞ2 þ ðyj � ykÞ2 þ ðzj � zkÞ2

q
: ð2Þ

Internal forces: The internal force of elastic element i can be related
to its elongation Dli ¼ ðli � li

0Þ as

ti ¼ FðDliÞ ¼ Fðli � li
0Þ: ð3Þ

In the present paper, we assume all elements are linear elastic. Con-
sidering the fact that a string cannot bear a compressive force, Eq.
(3) becomes

ti ¼
0 for a string element ðzi ¼ 1Þ with li

6 li
0;

kiðli � li
0Þ otherwise;

(
ð4Þ

where ki denotes the stiffness of element i. Eq. (4) implies that the
strings are allowed to be slack during iteration. However, if a string
is slack in the final equilibrium configuration, it will be eliminable.
In practical design, the slacking of strings seldom happens except
when the specified topology has too many redundant strings or
the resting lengths of some strings are too long. Since the internal
force of an element is always along its axial direction, the internal
force vector ti is defined to have the same direction as gi, i.e.

ti ¼ ti gi

kgik : ð5Þ

Resultant nodal forces: The resultant force fj on node j can be ob-
tained from internal force vectors in the elements connecting with
this node. Considering the directions of g and t defined in Eqs. (1)
and (5) as well as the definition of the neighbor element direction,
the resultant force fi is determined from

f j ¼
Xuj

m¼1

Oj
mtNj

m : ð6Þ

Elastic potential energy: The elastic potential energy Ei of the ele-
ment i is calculated by the following integral

Ei ¼
Z li�li0

0
Fðli � li

0Þdðl
i � li

0Þ: ð7Þ

For a linear elastic element, Eq. (7) reduces to
Fig. 3. Tested cases showing the statistics of accepted or rejected trial displacements Dpj

squares those rejected. (For interpretation of references to color, the reader is referred t
Ei ¼
0 for a string element ðzi ¼ 1Þ with li 6 li0;
1
2 kiðli � li

0Þ
2 otherwise

(
:

ð8Þ

The total energy of the structure is then

E ¼
Xne

i¼1

Ei: ð9Þ

Eqs. (1)–(9) define all the parameters to be used in our calculation.

3.3. Selection of trial configurations

Before each iteration step, we specify a trial configuration by
choosing a random node and giving this node a random
displacement.

In the selection of the random node, one may simply assume
that all nodes have the same probability to be selected, but this
may lead to very slow convergence. If some nodes in the tensegrity
structure have already approached their equilibrium positions,
moving these nodes would not help convergence. In our calcula-
tions, therefore, we try to assign those far-from-equilibrium nodes
higher probabilities to be selected than the near-equilibrium ones.
Specifically, for each node j, we generate a random number gj with
uniform distribution on the interval (0,1) and multiply this num-
ber with the resultant nodal force fj. The node with the maximum
weighted product gjfj will be selected, and a random displacement
Dpj is given to this node.

The trial displacement vector Dpj also has a significant influ-
ence on the convergence speed. We specify Dpj based on the fol-
lowing analysis aimed to create a trial displacement vector Dpj

for quick convergence. For cylindrical, spherical and some other
types of tensegrity structures with all elements having the same
stiffness k, a large number of tests have been conducted by assum-
ing different trial displacements. Fig. 3 shows the distributions of
the accepted displacements (solid blue diamonds) and the rejected
displacements (empty red squares), according to the scheme de-
scribed in the next subsection, in a polar coordinate system, where
the normalized displacement kDpjkk/fj is used as the radial coordi-
nate and the angle /(0 6 / 6 p) between the nodal force and the
nodal displacement as the angular coordinate. This figure shows
that the displacement magnitude kDpjk has a significant impact
on the convergence speed. If kDpjk is too large, the selected trial
displacement Dpj will be rejected in a majority of cases, causing
a waste of computational time. On the other hand, a very small
magnitude of Dpj leads to insignificant configuration changes in
each iteration step, even though Dpj is acceptable. Fig. 3 also
. The solid blue diamonds stand for the accepted trial displacements, and empty red
o the web version of this article.)



1892 Y. Li et al. / International Journal of Solids and Structures 47 (2010) 1888–1898
indicates that the direction of Dpj has a significant impact on con-
vergence. Almost all Dpj selections at an obtuse angle with respect
to fj are rejected. According to the above analysis, we suggest
selecting the random displacement only in the sphere represented
by the grey half circle with a radius of r = 0.5.

If a structure in design is to have some fixed nodes (i.e., geomet-
rical constraints), rigid bars or inextensible strings, the trial config-
urations should be constrained correspondingly. None of the fixed
nodes should be allowed to move in each iteration step and the
associated nodal force will not be included in the computation of
error. For rigid bars, the bar lengths are prescribed so that one node
of an element is constrained on a spherical surface centered at the
other node of the same element. Since a rigid bar can balance any
load along its length direction, only the transverse component of a
nodal force will be considered and the nodal displacement is lim-
ited on a surface. In this way, the number of degrees of freedom
is reduced, leading to faster convergence. Inextensible string ele-
ments can be treated in a similar manner.

In addition, it is worth pointing out that the stiffness ratio be-
tween bars and strings can also influence the convergence speed.
Fastest convergence is found when the stiffness ratio is near 1.
Although the above analysis was conducted for the case where
all elements have the same stiffness, the scheme is expected to
work for more general cases.
3.4. Accept/reject scheme

In this subsection, we will describe the criterion for determining
whether a random displacement should be accepted or rejected.
After creating a random displacement Dpj for node j, this node is
moved to a new position

�pj ¼ pj þ Dpj; ð10Þ

where the overbar stands for quantities associated with a trial
configuration. Assuming that the positions of all other nodes do
not change, only the length vectors of those elements containing
node j need to be updated. The new length vectors of these ele-
ments are

�gMj
m ¼ Oj

mð�pj � pNj
m Þ m ¼ 1;2; . . . ;uj: ð11Þ

From Eqs. (2), (4) and (8), one can determine the element lengths,
internal forces, and elastic energies corresponding to the trial con-
figuration as

�li ¼ kgik; ð12Þ
�ti ¼ kið�li � li

0Þ; ð13Þ

Ei ¼ 1
2

�tið�li � li0Þ; ð14Þ

respectively, where i 2Mj.
According to the principle of minimum potential energy, the

MCFF method adopts an accept/reject criterion based on change
in system energy, which is similar to that used in molecular simu-
lations. It is worth mentioning that only a few elements are in-
volved in computing the change in system energy

DE ¼
X
i2Mj

ðEi � EiÞ: ð15Þ

In our scheme, a random movement is accepted only when the total
potential energy does not increase, i.e.

DE 6 0: ð16Þ

Otherwise, the move is rejected, and we repeat the above
procedure with a new trial configuration obtained according to
Section 3.3.
If the trial configuration is accepted, the length vectors, the ele-
ment lengths, the magnitudes of the internal forces, and the elastic
strain energies of the uj neighbor elements of the selected node j
are updated using Eqs. (11)–(14). From Eq. (5), the element inter-
nal force vectors are

�ti ¼ �ti
�gi

�li
ði 2 MjÞ: ð17Þ

Due to the change of internal forces in all elements connecting
with the node j, the nodal force fj is be updated by Eq. (6), and
forces on the neighboring nodes of j change according to

�fNj
m ¼ fNj

m þ Oj
mð�tMj

m � tMj
m Þ ðm ¼ 1;2; . . . ;ujÞ: ð18Þ

The updated gi, li, ti, Ei and fk(i 2Mj,k 2 Nj) are used in the next iter-
ation step of the form-finding procedure. It can be seen from Eqs.
(17) and (18) that only resultant forces on the selected node j and
its uj neighbor nodes need to be updated in each iteration step.
For most tensegrity structures, uj is generally in the range from 3
to 5, and the present method is much faster than methods that up-
date all nodal forces in each step.

Since the form-finding process is aimed to search for the struc-
tural configuration with minimum potential energy Emin, it can also
be formulated as the following optimization problem:

Emin ¼min
Xne

i¼1

EiðpÞ; ð19Þ

where the elastic strain energy of the i-th element is calculated by

Ei ¼

0; for a slack string;
constant; for a rigid bar or an inextensible string;

1
2 ki

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxCi

1 � xCi
2 Þ þ ðyCi

1 � yCi
2 Þ þ ðzCi

1 � zCi
2 Þ

q
� li

0

� �2

;

otherwise:

8>>>>><
>>>>>:

ð20Þ

Our calculations demonstrate that the Monte Carlo method can
solve such a complicated non-linear optimization problem, even
for large and irregular structures, as will be shown in Section 4.
3.5. Termination criterion

Theoretically, all nodes in a tensegrity should be in equilibrium
at the final stage of the form-finding process. In other words, the
resultant forces on all nodes vanish at equilibrium, i.e.,

kf jk ¼ 0 ðj ¼ 1;2; . . . ;nnÞ: ð21Þ

In our numerical procedure, we set an error of tolerance � to judge
whether the system has reached equilibrium. The error from equi-
librium is defined as the maximum nodal force, that is,

error ¼ max
j¼1;2;...;nn

kf jk: ð22Þ

The iteration is terminated once the following criterion is satisfied,

error 6 e; ð23Þ

and the corresponding structure is regarded as an equilibrium
form of tensegrity. The MCFF method is aimed to find an equilib-
rium configuration of local energy minimum. Each step of itera-
tion is a perturbation of the system. After the criterion in Eq.
(23) has been satisfied, a sufficient number (e.g., 104 � nn) of iter-
ations are performed further to check whether the calculated
structure is stable.

Finally, the calculated structure is recorded in an output file,
including the topology information (e.g., the connectivity matrix
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with neighbor lists), the geometry information (e.g., coordinates of
nodes, lengths and length vectors of elements), and the mechanical
information (e.g., internal forces of elements and the total energy)
of the structure.
(a) 3v = , 1a =  (b) 5v = , 1a =

(c) 20v = , 2a =   (d) 50v = , 10a =

(e) 100v = , 30a =   (f) 2000v = , 1a =

Fig. 5. The forms of cylindrical tensegrity structures found by the MCFF method.

1.0

1.2

1.4
4. Examples

In this section, we demonstrate the efficacy of the proposed
MCFF method with a number of illustrative examples of tensegrity
form-finding.

4.1. Cylindrical tensegrity structures

We first consider the well-known example of cylindrical tenseg-
rities, also referred to as tensegrity prisms. Such a structure has
two parallel regular polygons on both top and bottom, each con-
sisting of v nodes v and strings. The two polygons are connected
into a tensegrity prism by v bars and v strings. Fig. 4 illustrates
the elements connected to node 1 on the bottom polygon, where
a is an integer smaller than v, and h is the relative twist angle be-
tween the top and bottom polygons. The analytical solution of the
form-finding of such a tensegrity structure is (Connelly and Terrell,
1995)

h ¼ p 1
2
� a

v

� �
: ð24Þ

For the cylindrical tensegrity, we assume all bars have the same
length. The strings on the cylindrical surface are a little shorter than
the bars, and the length of the strings on top and bottom surfaces
are determined according to the approximate ratio between the
height and the radius of the cylinder. After properly setting the ori-
ginal length of elements, we can use the MCFF procedure to deter-
mine the equilibrium configuration of a cylindrical tensegrity. For
instance, the results of triplex and pentaplex tensegrity with a = 1
are shown in Fig. 5(a) and (b), respectively. More complex cylindri-
cal tensegrities are shown in Fig. 5(c)–(e), corresponding to the
cases of (m = 20,a = 2), (m = 50,a = 10), and (m = 100,a = 30), respec-
tively. A larger scale sample with v = 2000 and a = 1 can be found
in Fig. 5(f).

The accuracy of the MCFF procedure is demonstrated by com-
paring the numerical results with the analytical solution in Eq.
(24). The relationship between h and v is shown in Fig. 6 for various
values of v and a, where the analytical solutions shown in curves
are in excellent agreement with the calculated results from the
MCFF method shown in solid circles.

As a more complicated type of cylindrical tensegrity, multistage
tensegrity towers (Murakami and Nishimura, 2001) are calculated
θ 2
v

aπ

Fig. 4. The elements adjacent to node 1 in a tensegrity cylinder.
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Fig. 6. Comparison of the analytical solutions (curves) and the MCFF results (solid
circles) on the relationship between h and v, when a = 1,2,3,4.
by the MCFF method. Fig. 7 shows the form-finding result of a 20
stage tower, each stage having 6 bars.

The calculation speed of the MCFF method is tested on a PC with
only one Intel P4 2.8c processor and GFortran 4.1 complier. Since



Fig. 7. Three orthographic views of a tensegrity tower of 20 stages.
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only trial configurations with lower energy are accepted during
iteration, the MCFF method is somewhat slower than the dynamic
relaxation method for small scale problems. Nevertheless, it is still
fast for most applications. For example, for a structure of less than
20 bars with a randomly selected initial configuration, the compu-
tation only takes a few seconds. Due to the stochastic approach
employed in MCFF, the computational time is not really determin-
istic and can vary in a certain range even for repeated simulations
of the same structure with the same initial configuration. For large
scale problems, we have tested this new form-finding method for
structures with thousands of bars, and found that the calculations
can be typically completed in a few hours on a PC. Parallel compu-
tation can further increase the computational efficiency of MCFF.

4.2. Spherical tensegrity

As the second example, we consider spherical tensegrity struc-
tures in which all nodes lie on a spherical surface.
Truncated tetrahedral tensegrity is the simplest type of spheri-
cal tensegrity. Fig. 8(a) illustrates a regular tetrahedron and its
truncated form. The form-finding result of a truncated tetrahedral
tensegrity from the MCFF procedure is shown in Fig. 8(b). The
strings of the truncated tetrahedral tensegrity have the same
topology as the edges of the corresponding polyhedron. There are
12 truncating-edge strings and 6 vertical strings. We use qt and
qv to denote the force densities (Linkwitz and Schek, 1971) in the
truncating-edge strings and vertical strings, respectively. The
structure has 6 bars and their force density is denoted by qb.

Setting qt = 1, we can obtain the relation between qb and qm un-
der various combinations of original element lengths. The calcu-
lated results from the MCFF procedure, as plotted in Fig. 9, show
good agreement with the corresponding analytical solutions (Ti-
bert and Pellegrino, 2003; Pandia Raj and Guest, 2006).

For regular truncated dodecahedral and icosahedral tensegrity
structures, the relations between the force densities qb and qv cal-
culated from the MCFF procedure are shown in Figs. 10 and 11.



Fig. 8. (a) Truncated tetrahedron and (b) truncated tetrahedral tensegrity.
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Fig. 9. Comparison between the results of qb versus qv for a truncated tetrahedral
tensegrity calculated from the MCFF method (red squares) and the corresponding
analytical solution (blue curve). (For interpretation of references to color the reader
is referred to the web version of this article.)
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Fig. 10. Comparison between the results of qb versus qv for a truncated dodeca-
hedral tensegrity obtained by the MCFF method (red squares) and the analytical
solution of Murakami and Nishimura (2001) (blue curve). (For interpretation of
references to color the reader is referred to the web version of this article.)
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Fig. 11. Comparison of the result of qb versus qv for a truncated icosahedral
tensegrity obtained by the MCFF method (red squares) and the analytical solution
of Murakami and Nishimura, 2001 (blue curve). (For interpretation of references to
color the reader is referred to the web version of this article.)
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Again, the results are found in good agreement with analytical
solutions derived by Murakami and Nishimura (2001).

As another sample of spherical tensegrity, Fig. 12(a) shows an
‘‘expandable octahedron” (Tibert and Pellegrino, 2003) tensegrity
consisting of 6 bars and 24 strings. We set the length of each bar
as l0b and that of each string as l0s. All elements are assumed to
have unit stiffness. The MCFF procedure is performed for various
combinations of l0b and l0s. Let qb and qs denote the force densities,
and lb and ls the lengths of the bars and the strings in the stable
configuration of the tensegrity, respectively. We find that, regard-
less of the initial values of l0b and l0s, the force density ratio qb/qs is
always equal to �1.500 and the length ratio lb/ls always equal to
1.633. These results are in perfect agreement with the numerical
results (Estrada et al., 2006) and the corresponding analytical solu-
tions qb/qs = �3/2 and lb=ls ¼ 2

ffiffiffi
6
p

=3 (Tibert and Pellegrino, 2003;
Coughlin and Stamenovic, 1997).

In addition to the ‘‘expandable octahedron” configuration, we
also found another equilibrium configuration from the same input
file, as shown in Fig. 12(b). This configuration resembles a frus-
tum, with the top face similar to the prismatic tensegrity struc-
ture D3;3

6 (Zhang et al., 2009). This configuration is unstable even
though all nodal forces are zero, with the smallest eigenvalue of
its stiffness matrix being negative. After a few iteration steps, this
intermediate form is replaced by the stable structure shown in
Fig. 12(a). Here, it might be of interest to mention a conjecture
by Volokh (2003): ‘‘A tensegrity structure with all tensioned cables
and compressed struts is always stable independently of its topology,
geometry and specific magnitudes of member forces”. The structure
in Fig. 12(b) is a counterexample of this incorrect conjecture. An-
other simple counterexample is given in Fig. 13, which satisfies all
the conditions required in the conjecture but is unstable.

4.3. Irregular tensegrity structures

Form-finding problems of irregular tensegrities are generally
very difficult to be solved analytically. The following examples



Fig. 12. (a) ‘‘Expandable octahedron” tensegrity structure calculated by the MCFF method and (b) an unstable equilibrium configuration obtained from the same initial
configuration.

Fig. 13. A simple example showing that Volokh’s 2003 conjecture about the
stability of tensegrity structures is incorrect.

a

b

Fig. 14. Irregular cylindrical tensegrity structures calculated by the MCFF method.
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are used to demonstrate the applicability of the MCFF method for
such structures.

Firstly, we consider two models having the same topology as a
cylindrical tensegrity with v = 50 and a = 1. The length of strings on
the top and bottom of the tensegrity is set to be 0.06, and the
length of other strings is taken as 1.40. The stiffness of all elements
is taken to be unity. In the first case, the original lengths of the bars
constitute an arithmetic progression from 1.50 to 1.99 with a step
difference of 0.01. The equilibrium configuration determined by
the MCFF procedure is given in Fig. 14(a). In the second case, the
original lengths of the bars are randomly selected with a uniform
distribution between 1.00 and 2.00. The form-finding result is
shown in Fig. 14(b).

Our simulations show that for the same input file of a truncated
icosahedral tensegrity structure, the MCFF process sometimes
leads to an irregular and stable configuration, as shown in
Fig. 15. This means that for the same topology and properties of
elements, there may exist multiple stable states. This result com-
plies with that in Defossez (2003). The existence of multiple stable
states without changing the resting lengths of elements provides
clues to design novel deployable or foldable structures. This is an
interesting issue and deserves further research.

Finally, we use the polyhedral truncation scheme to construct a
more irregular tensegrity structure, as shown in Fig. 16. This struc-
ture has 69 bars, and the original length of bars and strings are set
to be 10 and 3, respectively. More examples of using MCFF to find
irregular tensegrity forms based on elementary cells consisting of
only one bar can be found in Li et al. (2010).
5. Conclusions

We have developed a Monte Carlo-based form-finding (MCFF)
method for large scale regular and irregular tensegrity structures.
In this method, a stochastic process is employed to find equilib-
rium tensegrity forms. The MCFF procedure is easy to implement
and only involves simple algebraic operations. It has been demon-
strated that the proposed method can find tensegrity forms with-
out prior knowledge on the nodal coordinates. The MCFF method
can treat not only symmetric but also irregular tensegrity struc-



Fig. 15. An irregular but stable tensegrity structure with 30 bars and 90 strings.

Fig. 16. Form-finding result of a fully irregular tensegrity structure.
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tures at relatively large scales. A number of illustrative examples
have been given to demonstrate the method. Finally, we point
out that the present method can also be applied to tensegrity
structures subjected to conservative force fields and/or displace-
ment constraints.
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