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Abstract 

Witte [6] proved that every connected Cayley digraph of a p-group is hamiltonian. In this note we 
generalize Witte’s result to connected vertex-primitive digraphs of prime-power order; namely, we 
prove that every connected vertex-primitive digraph of prime-power order is hamiltonian. 

Witte [6] proved that every connected Cayley digraph of a p-group is hamiltonian. It 
is reasonable to attempt to generalize this result to vertex-transitive digraphs of 
prime-power order. The purpose of this note is to generalize Witte’s result to the 
vertex-primitive case. First we give the following definition. 

Definition. A digraph r is called vertex-primitive if its automorphism group Autr 
acts primitively on the vertex set V(T) of r. 

The main result of this paper is the following group-theoretic theorem and its 
corollaries. 
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Theorem. Let G be a primitive group of prime-power degree. Then G has a regular 
subgroup. 

Corollary 1. Let r be a vertex-primitive digraph of prime-power order. Then r is 
a Cayley digraph of a p-group. 

Proof. It follows from the above theorem and Cl, Lemma 16.31. 0 

Corollary 2. Vertex-primitive digraphs of prime-power order are hamiltonian. 

Proof. This follows immediately from Witte’s result [6]. 0 

By the O’Nan-Scott theorem (see [4]) the only primitive groups of prime-power 
degree are almost simple or subgroups of a wreath product in product actions of an 
almost simple primitive group of prime-power degree and a symmetric group. So we 
may divide the proof of the theorem into the following two lemmas. 

Lemma 1. Let G be a primitive group of degree pk, p a prime. If G is almost simple, i.e. 
T< G < Aut T, where T is a simple group, then G has a regular subgroup R which is in T. 

Proof. In [2] Guralnick proved the following result. 
Let T be a nonabelian simple group with H < T and 1 T: HI = p”, p a prime. Then one 

of the following holds: 
(a) T=A, and HrA,_, with n=p”, 
(b) T= PSL,(q) and H is the stabilizer of a line or a hyperplane. Then ( T: H( = 

(q”- l)/(q - l)=p” (Note that n must be prime.), 
(c) T=PS.&(ll) and HzA,, 
(d) T= Mz3 and HZ Mzz, 
(e) T=MI1 and HzM,,, 
(f) T=PSU,(2)~PSp,(3) and H is the parabolic subgroup of index 27. 
Furthermore, in all the above cases apart from T= A,, n = p” > p, and case (f), H is 

a Hall p’-subgroup of T. 
Now we begin the proof of this lemma. Assume that T is the socle of G. Then 

T< G < Aut T. Assume that H1 is a point stabilizer of G. Then 1 G : Hi I =p” and 
G = TH1. Write H = HI n T, I T: HI = p”. Using Guralnick’s result, we have that one of 
the cases (a)-(f) will happen and we only need to prove that T has a regular subgroup. 

In case (a), if p is odd, R = ((1,2, . . . , n)) is a regular subgroup of T. If p = 2 and 
a = 1, then G is isomorphic to SZ since G is primitive; G itself is regular, the conclusion 
is trivial. So we may assume that a > 2. In this case 

R=((12...2”-‘)(2a-1+12’-1+2...2“)) 

x ((12”_‘+ 1)(22”_‘+2) . . . (2=l 2”)) 

is a regular subgroup of T. 
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In cases (b)-(e), since H is a Hall p’-subgroup of T, the Sylow p-subgroup P of T is 
a transitive subgroup of T by [S, Theorem 3.41, and then P is regular in T. 

In case (f), the conclusion follows from [3]. q 

Lemma 2. Let K be an almost simple primitive group of degree pk. If G is a subgroup of 
the wreath product K wr S, in product action and G projects onto a transitive subgroup of 
S,, then G has a regular subgroup. 

Proof. By Lemma 1, K has a regular subgroup P which is in the socle Tof K. Then the 
base group K’ of K wr S, has a regular subgroup P’ g T’. 0 
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