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We completely determine fusion rules for irreducible modules of the charge
conjugation orbifold ;" for a rank one even lattice L. © 2001 Academic Press

1. INTRODUCTION

The charge conjugation orbifold ;" is the orbifold model which comes
from the lattice vertex operator algebra V} associated to a rank one even
lattice L with the automorphism 6 indexed from the —1-isometry of L
(cf. [FLM, DVVYV]). Any irreducible V;-module or 6-twisted module is
completely reducible as V;"-module. It is known that every irreducible
V;"-module is equivalent to an irreducible component either of an irre-
ducible V; -module or of an irreducible #-twisted module ([DN2]). In this
paper we completely determine the fusion rules for the irreducible V;'-
modules and construct nonzero intertwining operators which provide non-
trivial fusion rules. The intertwining operators for V; -modules constructed
in [DL] basically give intertwining operators for untwisted type modules
(which are irreducible V;"-modules derived from irreducible V; -modules),
whereas intertwining operators involving twisted type modules (which are
irreducible V;"-modules derived from twisted V; -modules) are obtained by
modifying the twisted ones for M (1) constructed in [FLM]. In determining
the fusion rules for ¥}, the fusion rules and explicit forms of intertwin-
ing operators for the free bosonic orbifold vertex operator algebra M(1)*
determined in [A] play important roles.

The vertex operator algebra V;" and its irreducible modules are con-
structed as follows. Let L = Za be a rank one even lattice with a Z-bilinear
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form (-, -) defined by («, a) = 2k for a positive integer k. Set ) = C®; L
and extend the Z-bilinear form to a C-bilinear form on 0. Let §) = h ®
C[t, t~'] ® CK be its affinization with the center K. Then the Fock space
M(1) = S(h ® t7'C[¢71]) is a simple vertex operator algebra. Let C[§] =
®)c;Ce), be the group algebra of the abelian group §. For a subset M of
h set C[M] = ®,cyCe,. Then V; = M(1) ® C[L] is a simple vertex oper-
ator algebra, and V), ; = M(1) ® C[A + L] is an irreducible }V;-module
for all A € L°, where L° is the dual lattice of L (see [FLM]). Let 6 be the
—1-isometry of L. The involution 6 is lifted to an isomorphism of V;., which
induces automorphisms of M (1) and V} of order 2. For a 6-invariant sub-
space W of V., we denote the +1-eigenspaces of W by W, respectively.
Then V;" and M(1)* are simple vertex operator algebras, and V;*, V. 241>
and V, w/2h+L for 1 < r < k — 1 are irreducible V;"-modules (see [DN2]).
Let H[—1] = § ® t/2C[r, t'] & CK be the twisted affine Lie algebra, and
set M(1)(0) = S(h® t~'/2C[t~']). Then M(1)(6) is an irreducible #-twisted
M (1)-module (see [FLM, D2]). The automorphism 6 acts on M(1)(6),
and the +1-eigenspaces M (1)(6)* become irreducible M(1)*-modules (see
[DN1]). Let T! and T? be irreducible C[L]-modules on which e, acts 1
and —1, respectively. Then the tensor products V! = M(1)(0) ® T‘(z =

1, 2) are irreducible #-twisted }; -modules, and their +1-eigenspaces VL
for 0 become irreducible V;"-modules [DN2]. In [DN2], it is proved that
any irreducible V;"-module is isomorphic to one of the irreducible modules
VE Vit Vieprsr for 1 <7 <k —1and V"= for i =1,2.

For a vertex operator algebra V' and its modules W', W2, and W3, the
dimension of the vector space Iy (,,} Wz) which consists of all intertwining
operators of type ( 11” Mz) is called the fusion rule of corresponding type
and denoted by Nw”,/1 - Fusion rules have the symmetry

o) ) )

where W' means the contragredient module of a I/-module W (see [FHL,
HL]). We give the correspondence between irreducible V;"-modules and
their contragredient modules (see Proposition 2.8) by using Zhu’s theory
[Z]. Then one can use the symmetry of fusion rules (1.1) to reduce the
amount of arguments in the process of determining the fusion rules for
1258

Let us explain the method of determining the fusion rules for V" in
more detail. Let W', W2, and W3 be V; -modules, and let M' and M? be
M (1)*-submodules of W' and W2, respectively. Then we have a cononical
restriction map

3

w3 w
IVL+ <W1 W2> — IM(I) + (Ml Mz),oy = ?|M1®M2'



626 TOSHIYUKI ABE

If W' and W? are irreducible, then the restriction map is injective (see
[DL, Proposition 11.9]). Therefore we have

: w3 : w?
dim IVI+ (Wl W2> < dim IM(l)* <M1 M2> (12)

We also prove that all irreducible V;"-modules are completely reducible as
M (1)*-modules and that the multiplicity of each irreducible M (1)*-module
is at most one (see Proposition 3.2). Using this fact, (1.2), and fusion rules
for M(1)* (see Theorem 2.7), we are able to prove that fusion rules for
V;" are zero or one.

The formula (1.2) also shows that for irreducible V;"-modules W', W2,
and W3, if there are M(1)"-submodules M! of W' and M? of W? such that
the fusion rule N A’fl/f a2 for M (1)* is zero, then the fusion rule NVVVVf e for VLJr
is zero. For almost all of the irreducible V;"-modules W', W2, and W? for
which the fusion rule Nu”,/f w2 18 zero, we can find such M(1)*-submodules
M of W' and M? of W?.

But there are irreducible V;"-modules W', W2, and W3 for which we
cannot find M(1)*-submodules M' of W' and M? of W? such that the
fusion rule NAVZ: 2 18 zero, though the fusion rule N 3,'13 w2 18 zero (for exam-
ple, W' =V and W? = W3 = V,/,, ;). In such cases, we first restrict
an intertwining operator % of corresponding type to M' ® M? for certain
irreducible M(1)*-submodules M’ of W' for i = 1,2, and view % as an
intertwining operator for M(1)*. Next we show that % is zero by using the
explicit forms of intertwining operators for M(1)*.

The nonzero fusion rules are provided by constructing nonzero intertwin-
ing operators explicitly as before mentioned. The construction is treated
separately in the following two cases: one is the case that all modules are
of untwisted types, and the other is the case that some modules are of
twisted types.

Nontrivial intertwining operators for untwisted type modules were essen-
tially given in [DL] (see Section 3.4). More precisely, a nontrivial interwin-

ing operator %,, for V, of type (VA?Z”;ﬁ ) for A, u € L° was constructed.
[
The intertwining operator %, ,, gives a I}_OI]ZCI‘O intertwining operator for ;"
of type (VAZAZ#% ,)- Since 6 induces a V;"-module isomorphism from V) ,; to
V_)41 for A € L°, the operator %, _, o0 deﬁned by Yy _u o 0(u, z.)v. =
Yy, —u(u, 2)0(v) for u € V,,; and v € V,,,, gives a nonzero intertwining
operator of type (,” -+ ). Then all nonzero intertwining for untwisted
AL VutL .

type modules are obtained as restrictions of %,, or %, _, o 0.

Nonzero intertwining operators involving twisted type modules are
constructed as follows (see Section 3.4). Let A € L°. In [A], we con-

. . . 6 +

struct a nonzero intertwining operator %° for M(1)* of type (,,""\0

following [FLM]. We define a linear isomorphism i, of T' @ T? which
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satisfies e i, = (—1)Niye, = ¢, and define % by %(u,z) =
Y(u,z) @ ¢, for w € A+ L and u € M(1, ). Then for indices i and j
subject to (_1)<T§,a>+6i,j+1 = 1, % gives a nonzero intertwining opera-
J
tor of type ( " e ) All nonzero intertwining operators in this case are
AL VL

obtained by restricting @ to irreducible ;" -modules and by using symmetry
of fusion rules (1.1).

The organization of this paper is as follows: We review definitions of
modules for a vertex operator algebra, fusion rules, and some related results
in Section 2.1. We recall the vertex operator algebras M(1)* and V;" and
their irreducible modules in Section 2.2. In Section 2.3 we list the fusion
rules for M(1)* and study the contragredient modules for V;". In Section
3.1, we give the irreducible decompositions of irreducible V" -modules as
M (1)*-modules and prove that the fusion rules for V;" are zero or one.
The main theorem is stated in Section 3.2 (Theorem 3.4). In Sections 3.3
and 3.4, we determine the fusion rules for untwisted type modules and ones
involving twisted type modules, respectively.

2. PRELIMINARIES

In Section 2.1, we recall the definition of g-twisted modules for a vertex
operator algebra and its automorphism g of finite order, intertwining oper-
ator, and fusion rule following [FLM, FHL, DMZ, DLM]. In Section 2.2,
we review the constructions of vertex operator algebras M(1)*, V;* and
their irreducible modules following [FLM, DL, DN1, DN2]. In Section 2.3,
we state the fusion rules for M(1)* obtained in [A] (see Theorem 2.7)
and discuss the correspondence between irreducible V;"-modules and their
contragredient modules.

Throughout this paper, N is the set nonnegative integers and Z_ is the
set of positive integers.

2.1. Modules, Intertwining Operators, and Fusion Rules

Let (V, Y, 1, w) be a vertex operator algebra and g an automorphism of
V' of order T. Then V is decomposed into the direct sum of eigenspaces
for g:

-1 _
V= @V’,V’:{aeV|g(a)=e#a}.
r=0

A g-twisted V-module is a C-graded vector space M = @, M(A) such
that each M(A) is finite dimensional and for fixed A € C, M(A+n/T) =0
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for a sufficiently small integer n, and equipped with a linear map
Yy:V — ( End M){z},

ars Yy(a,z) =Y a¥z7"' (a¥ € End M)
neQ

such that these conditions holdforO <r <T —1,aec V", beV, andue M

Yy(a,2)= Y &Yz Yy (a, 2)v e 27 TM((2)),
ner/T+Z

x zo—la<zl Z_o ZZ)YM(a, 2)Yy(b, 2,)

f 22—z
—2015( : zol)YM(b’ 2)Yyu(a, z;)

_ 2218<Zl - ZO) (zl Z_ ZO) Yy (Y(a, 2,)b, 2,),

22 2

YM(I, Z) = ldM,
L(0)v = Av for v e M()),

where we set Yy (0, z) =3 ,c7 L(n)z7" 2.

A g-twisted V-module is denoted by (M, Y,;) or simply by M. In the
case g is the identity of 1/, a g-twisted V'-module is called a V-module. An
element u € M(A) is called a homogeneous element of weight . We denote
the weight by A = wt(u). We write the component operator a¥(a € V,
n € Q) by a, for simplicity.

For a IV-module M, it is known that the restricted dual M’ = &, .cM(A)*
with the vertex operator Y;(a, z) for a € IV defined by

L(0)

(Yi(a, 2y, v) = (i, Yy (O (=) a, 2 )

foru’ € M’, v € M is a VV-module (cf. [FHL, HL]). The V'-module (M’, Y;;)
is called the contragredient module of M. The double contragredient module
(M"Y of M is naturally isomorphic to M, and therefore if M is irreducible,
then M’ is also irreducible (see [FHL]).

DEFINITION 2.1. Let V' be vertex operator algebra and let (M, Y,:)
3
(i = 1,2, 3) be V modules. An intertwining operator for I of type ( M{” v2) s
a linear map %: M' ® M?> — M?3{z}, or equivalently,
Y: M' — (Hom(M?, M*)){z},

v Y, z) = Y v,2"(v, € Hom(M?, M?))
neC
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such that for a € V;v € M!, and u € M?, following conditions are satisfied:

(1) For fixed n € C, v, u = 0 for sufficiently large integer k,
(2) (The Jacobi identity)

2516(21 - ZZ)YMs(a, )Y (v, )

— 2 15<—1>°§f/(v» 2)Yy(a, ;)

= 50222 )Wz ), @)
(3) (L(—1)-derivative property)
Loy ) =YL, 2). (22)

The identity (2.1) implies the following commutator formula for n € Z,
acV and ue M

(N n—i

a2 = 3 () e, 2127 (3)
i=0

The vector space which consists of all intertwining operators of type (

is denoted by Iy, (1 MZ) The dimension of the vector space Iy, (1 MZ)

the fusion rule of corresponding type and denoted by M: 2+ Fusion rules
have the following symmetry (see [FHL, HL]).

M! MZ)
is called

PROPOSITION 2.2. Let M (i = 1,2, 3) be V-modules. Then there exist nat-
ural isomorphisms

M3 N M3 M3 N (MZ)/
IV(Ml M2> = IV(MZ M1> and IV(Ml M2) :IV<M1 (M3)’)'

The following lemma is often used in later sections.

LemMA 2.3 ([DL, Proposition 11.9]). Let V' be a vertex operator algebra,
and let M' and M? be irreducible V-modules and M> a V-module. If % is
a nonzero intertwining operator of type (M1 MZ) then Y(u, z)v # 0 for any
nonzero vectors u € M' and v e M>.

As a direct consequence of Lemma 2.3, we have:

COROLLARY 2.4. Let V,M'(i = 1,2,3) be as in Lemma 2.3, and let
U be a vertex operator subalgebra of V with same Virasoro element, N' a
U-submodule of M' for i = 1, 2. Then the restriction map

M3 M3
IV<M1 MZ) ~ IU(NI NZ)’y = Ylvew,
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is injective. In particular, we have

. M3 . M3
d1m1V<M1 Mz)§d1m1U<N1 N2>'

Let V, Mi(i =1,2,3), U and N (i =1, 2) be as in Corollary 2.4. Sup-
pose that M? is decomposed into a direct sum of U-modules as M> =
®,c;L'. Then there is an isomorphism

@ L\ Li
1U<N1€ N2> ~P1, (Nl Nz).

iel

Therefore by Corollary 2.4, we have an inequality

. M3 . L
dlmIV<M1 M2>SzdlmIU<N1 N2>' (2.4)

iel
Another consequence of Lemma 2.3 is:

LEMMA 2.5. Let V be a simple vertex operator algebrgz, and let M and
M? be irreducible V-modules. If the fusion rule of type (,,,) is nonzero, then
M and M? are isomorphic to each other as V-modules.

Proof. Let % be an intertwining operator of type (VMAZI]). Consider
the operator %(1, z). By the L(—1)-derivative property (2.2), we see that
%(1, z) is independent on z. Denote f= %(1, z) € Hom(M', M?). Since V
is simple and M' is irreducible, Lemma 2.3 implies that f is nonzero. By
(2.3), we have a commutation relation

o0

n w
[am f] = [am y(L Z)] = Z (i>cg(ai1> Z)Zn ‘=0
i=0
for a € V and n € Z. Hence f is a nonzero }'-module homomorphism from
M to M?. Since M' and M? are irreducible, f is in fact an isomorphism.
Therefore M is ismorphic to M?. 1

2.2. Vertex Operator Algebra Vi and Its Irreducible Modules

We review the construction of the vertex operator algebra V" and its
irreducible modules following [FLM, DL, D1, D2, DN2]. We also refer to
the vertex operator algebra M(1)* and its irreducible modules (see also
[DNT1)).

Let L be an even lattice of rank 1 with a nondegenerate positive definite
Z-bilinear form (-, -), and ) = C ®7 L. Then ) has the nondegenerate sym-
metric C-bilinear form given by extending the form (-, -) of L. Let C[fj] be
the group algebra of ) with a basis {e,|A € )}. For a subset M of 0, set
CIM] = ®)euCe.
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Let h = H ® C[r,17!]® CK be a Lie algebra with the commutation
relation given by [X ® 1", X' ® t"] = m8,,,,.o(X. X')K, [K,§] = 0 for
X, X' ebh,and m,n € Z. Then f)* = hH ® C[¢] ® CK is subalgebra of f), and
the group algebra C[§] becomes a hT-module by the action p(X ® t")e, =
8,.0(X, A)e, and p(K)e, = e, for A, X € ) and n € N. It is clear that for a
subset M of § the subspace C[M] is a /T-submodule of C[§]. Set V;, the
induced module of §) by C[M]

Vi = U(H) @5, CIM] = S(§ @ 7' C[1~']) ® C[M] (linearly),

where U(g) means the universal enveloping algebra of a Lie algebra g.
Denote the action of X ® *(X € ), n € Z) on V; by X(n) and set X(z) =
ez X(n)z7""! for X € ). For A € §), the vertex operator associated with
e, is defined by

o0

Y°(ey, z) = exp(z ¥Z"> exp(— > @z”)e)‘z)‘(o), (2.5)
n=1 n=1
where e, in the right-hand side means the left multiplication of e, € C[}]
on the group algebra C[0], and z*® is an operator on Vi defined
by 22Oy = zomy for w e § and u e U(DH) ®yy+ Cey For v =
Xi(=ny)--- X (=ng)e, € Vi(X; € b and n; € Z,), the corresponding
vertex operator is defined by

Y (v, 2) = 2 " VX(2) - I DX ()Y (en, 2):, (2.6)

where 9" = (4)(d/dz)", and the normal ordering ¢ - ¢ is an operation
which reorders the operators so that X(n)(X € h,n < 0) and e,to be
placed to the left of X (n)(X € §, n > 0) and 2. We extend %° to V; by
linearity. We denote Y(a, z) = %°(a, z) when a is in V.

Set L = Za with (o, @) =2k fork e Z_,and L° ={A € b | (A, a) € Z},
the dual lattice of L. Let & = a/+/2k be the orthonormal basis of § and set
1=1Q®e¢; and 0 = (1/2)h(—1)?*¢,. Then (V;, Y, 1, 0) is a simple vertex
operator algebra with central charge 1 and for A € L°, (V) ;,Y) is an
irreducible module for V;. Set M(1) = S(h ® t'C[t']) ® e, C V], then
(M(1),Y,1, ) is a simple vertex operator algebra. If we set M(1,A) =
U(h) Qi+ Cey for each A € 0, then (M(1, A), Y) becomes an irreducible
M (1)-module (see [D1, DL]).

Let 6 be a linear isomorphism of Vj defined by

(X1 (—=n1)X5(=ny) - Xo(—n,) ® e))
= (—D'X (—n)X5(—ny) - Xy (—n,) @ ey,

for X; e b, n e Z,, and A € . Then 6 induces automorphisms of }; and
M (1). For a 6-invariant subspace W of V;, we denote the +-1-eigenspaces of
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W for 6 by W*. Then (V;', Y, 1, w) and (M(1)", Y, 1, ) are vertex oper-
ator algebras. Furthermore M(1)* and M(1, A) for A # 0 are irreducible
M(1)*-modules, and 6 induces an M(1)"-module isomorphism between
M(1,A) and M(1, —A) (see [DN1]). As to ¥, -modules, V", V,7,,,, and
Viajpksr for 1 < r < k — 1 are irreducible modules and 6 induces a V-
module isomorphism between V,,; and V_,_ ; for A € L° (see [DN2]).

Next we review the construction of 6-twisted }7-modules following
[FLM, D2]. Let §[—1] = § ® t'/2C[¢, -] ® CK be a Lie algebra with the
commutation relation [X ® ", X' ® t"] = m$,,,, o(X, X")K, [K, h[-1]] =
0 for X, X’ € ) and m, n € 1/2 + Z. Then there is a one-dimensional mod-
ule for h[—1]+ = b ® 11/2C[¢] @ CK, which is identified with C, by defining
the representation p by p(X ® ")1 = 0 and p(K)1 =1 for X € ) and
ne1/2+N. Set M(1)(6) the induced H[—1]-module:

M(1)(6) = U(b[-1]) Bui-11+) € = S(b ® 2 C[r']) (linearly).

Denote the action of X ® (X € ), n € 1/2+ Z) on M(1)(6) by X(n),
and set X(z) =Y ,c1/247 X(n)z7"~'. For A € L° a twisted vertex operator
associated with e, € Vj is defined by

AN

Y(ey, z) = 270025 exp ( 3 _)‘(_n)zn>

neljan 1
A
xexp(— > ﬂZ‘”). (2.7)
nel/2+N n

For v=X(—ny) - X,(—ny)e, e V;.(X; e hand n; € Z_), set
W 2) = 2" IX () VX (DY (0. 2% (28)

and extend it to V;. by linearity, where the normal ordering ¢ - ¢ is an
operation which reorders so that X (n)(X € ), n < 0) to be placed to the
left of X(n)(X € b, n > 0). Let ¢, € Q be coefficients defined by the
formal, power series expansion

((1+x)1/2 +(1+y)1/2>’

Z Cmnxmyn = —lOg )

m,n>0

and set A, =3, -0 Gy h(m)h(n)z="". Then the twisted vertex operator
associated to u € V;. is defined by

?/’(u, z) = W"(exp(Az)u, z). (2.9)

If we write Y%a, z) = %%(a, z) for a € M(1), the pair (M(1)(0), Y?) is
the unique irreducible 6-twisted M (1)-module.
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Let T, and T, be irreducible C[L]-modules which e, acts as 1 and —1,
respectively, and set VLT" = M(1)(0) @c T; for i = 1,2. For u € M(1, B)
(B € L), the corresponding twisted vertex operator is defined by Y% (u, z) =
Y%(u, z) ® eg. We extend Y to I} by linearity. Then (VLT’, YO (i=1,2)
are irreducible #-twisted V; -modules. Note that VLT" has a 6-twisted M (1)-
module structure. Let ¢; be a basis of T; for i = 1,2. Then we have a
canonical #-twisted M (1)-module isomorphism

b MO)O) >V iuu®ry  fori=1,2. (2.10)
The action of the automorphism 6 on M (1)(0) is defined by
0(X,(—ny) - Xy (=n)1) = (1) Xy (=ny) - - X, (—=n,)1,

for X; € , n; € 1/2+ N. Set M(1)(6)* the +1-eigenspaces of M(1)(6)
for 6 and VLT”’ﬂE the +1-eigenspaces of VLTi for # ® 1. Then M(1)(#)* and
VLT"’i(i = 1,2) become irreducible M(1)*-modules and irreducible V;"-
modules respectively (see [DN1, DN2J).

All irreducible M(1)*-modules and all irreducible V;"-modules are clas-
sified in [DN1, DN2].

THEOREM 2.6. (1) ([DN1]) The set
{M(1)*, M(1)(0)*, M(1, \)(Z M(1, =A)) | A € § - {0}} (2.11)
gives all inequivalent irreducible M (1)*-modules.
(2) ([DN2]) The set
VE VoV Vs li=1,21sr sk -1} 12)

gives all inequivalent irreducible V; -modules.

We call irreducible modules V", V.7, , and Vy, oy untwisted type mod-

ules, and call VLT"’i(i = 1, 2) twisted type modules. Here and further we
write A, = ra/2k for r € Z.

2.3. Fusion Rules for M(1)* and Contragredient Modules for V"

First we list the fusion rules for M(1)" determined in [A]. The fusion
rules play central roles in determining fusion rules for V.

THEOREM 2.7. ([A]) Let M*', M?, and M? be irreducible M (1)*-modules.
Then the fusion rule N ]]\\/[/’f 2 18 zero or one, and the fusion rule N 1]\‘4/[13 A2 18 zero
if and only if M'(i = 1, 2, 3) satisfy the following cases:

(i) M'=MQ)* and M* = M.
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(i) M'= M(1)" and the pair (M?, M?) is one of the following:
(M(1)*, M(1)T), (M(1)(6)*, M(1)(6)7), (M(L, A), M(1, )
for A, w € b — {0} such that (A, A) = {u, u).
(iiiy M' = M(1,)) for A € ) — {0} and the pair (M?, M?) is one of
the following:
(M(1)*, M(1, w)M(1, n), M(1)®)  for p € b —{0}
such that (A, A) = (u, u),
(M1, p), M(1, v)) for w,v € ) — {0} such that (v,v) = (At u, A £ pu),
(M(1)(6)*, M(1)(6)*), (M(1)(6)*, M(1)(6)7).
(iv) M'= M(1)(8)* and the pair (M?*, M?) is one of the following:
(M(1)*, M(1)(6)%), (M(1)(0)*, M(1)F), (M(1, A), M(1)(6)*),
(M(1)(6)*, M(1, ))) for A € h — {0}.
(v) M'= M(1)(0)" and the pair (M?, M?) is one of the following:
(M(1)*, M(1)(6)T), (M(1)(6)*, M(1)T), (M(1, 1), M(1)(6)*),
(M(1)(0)*, M(1, 1)) for A € h — {0}.

Next we study the contragredient modules of irreducible V;"-modules.
We shall prove the following proposition.

PROPOSITION 2.8. (i) If k is even, then all irreducible V; -modules W
are self-dual; that is, W = W' as Vf—modules.

(ii) If k is odd, then
p LT T "~ yht (Dt "~ p Tt
( a/2+L) = Vap+o \VL =YL o \VL =YL

and others are self-dual.

To prove this proposition, we recall the notion of Zhu’s algebra (see[Z]).
Let V' be a vertex operator algebra. Zhu’s algebra A(}') associated with
is a quotient space of IV modulo the subspace O(}') spanned by

(1 + Z)Wt(a)

aob=Res
z Z2

Y(a, z)b
for homogeneous element @ € VV and b € V. The product of A(V) is
induced from the bilinear map * : V' x V' — Vwhich is defined by

(1 + Z)Wt(a)

axb=Res, Y(a, z)b
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TABLE I
Actions of o(w), o(J), and o(E) on the Top Levels

Vi Ve V(I <r<k-1) VJZH Vo
w 0 1 724k k/4 k/4
7 0 -6 (r2)2k)? — 12 /4k ki/4 — k2/4 k*/4 —k2/4
E 0 0 0 1 -1
VLTI,+ VLrl,- VLT2,+ VLT2’7
w 1/16 9/16 1/16 9/16
J 3/128 —45/128 3/128 —45/128
E 2—2k+1 _2—2k+1(4k _ 1) _2—2k+1 2—2k+1(4k _ 1)

for homogeneous element a € V' and b € V. Let M be an irreducible
V-module. Then there is a constant 4 € C such that M has an eigenspace
decomposition M = &,.\M,,, M,, = {ve M | L(0)v = (h+ n)v} for n € N.
We always assume that M, # 0. Define o(a)u = @y, u for a € V' and
u € M. Then o induces an irreducible representation of A(})) on the top
level M,. Furthermore, two irreducible J'-modules M and N are isomorphic
if and only if M, and N, are isomorphic A(}")-modules.

Now we return to our case: V' = V;. Suppose that k # 1. Then Zhu’s
algebra A(V;") is generated by three elements [w], [/], and [E], where [a] =
a+O0W;") e AWV, for a e V}, and J = h(=1)*1 — 2h(=3)h(-1)1 +
(3/2)h(-2)*1 and E = e, + e_, (see [DN2]). Hence for an irreducible
VL+-module M, to find the irreducible module which is isomorphic to M’,
it is enough to see the actions of [w], [/], and [E] on the top level of M’.
Since the top level of an irreducible ;" -module is one-dimensional when
k # 1, they act on the top level as scalar multiples. By the construction of
irreducible ¥;"-modules, we have Table 1.

Now we prove Proposition 2.8.

Proof of Proposition 2.8. First we consider the case k # 1. Let W be an
irreducible V;"-module. Set the top level W, = Cv, and the top level of
the contragredient module W = Cv'. By the definition of a contragredient
module, if a € V;' satisfies that L(0)a = wt(a)a and L(1)a = 0, we have
(o(a)v', v) = (=1)*@ (v, o(a)v), and hence

(@), v) = (v, 0(w)v), (o(/)V, v) = (V'o(J)v),
(o(EY, v) = (~1)*(v/, o(E)v).

Therefore by Table I, we have Proposition 2.8 for k # 1.

If k =1, then the dimension of the top level (V; ), is 2 and others are
one. Hence we see that (V) =V because the dimension of (V, ); is 2.
Since for irreducible V;"-modules except V;~ Table I is valid, we may apply

(2.13)
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same arguments of the case k # 1 to such irreducible modules. Therefore
Table I and (2.13) show that

N o~ Tt 4 ~ 1,F T2\ ~ 1,1+ T2\ ~ T+
o )’=VL,(Va/2+L)’=Va/2+L,(VL1 >= L ,(VL2 ): R

This proves Proposition 2.8 for k = 1.

3. FUSION RULES FOR V;"

In Section 3.1, we give irreducible decompositions of irreducible V;'-
modules as M(1)*-modules, and prove that every fusion rule for V" is
zero or one with the help of fusion rules for M(1)*. The main theorem
is stated in Section 3.2. The rest of section is devoted to the proof of the
theorem and it is divided into two cases: one is the case that all modules
are of untwisted types (Section 3.3) and the other is the case that some
irreducible modules are of twisted types (Section 3.4).

3.1. Irreducible Decompositions of Irreducible V;"-Modules as
M (1)*-Modules

Since V) ; = DB,,cz M(1, A + ma) for A € L° and M(1, ) is an irre-
ducible M(1)*-module if uw # 0, V) ,;(1 <r < k—1) is a completely
reducible M(1)*-module:

Viar = @ M(1, A, + ma). (3.1)

meZ

For a nonzero A € ), we consider the subspace (M(1)* ® (e, e_,)) ®
(M(1)” ® (e, Fe_,)) of M(1,A) & M(1, —2). Since the action of M(1)*
on M(1, 1) ® M(1, —\) commutes the action of 6, the subspaces (M (1)t ®
(eyxe_ ) (M(1)" ®(e, Fe_,)) are M(1)*-submodules. In fact we have
the following lemma.

LEmMA 3.1.  For a nonzero A € ©), M(1)*-submodules (M(1)" ® (e, £
e_))®d M) ® (e, Fe_y)) of M(1,A) & M(1, —A) are isomorphic to
M(1, A).

Proof. Define a linear map ¢, by

dr: (M(D)"@(e)y+e ) ®(M(1)" ®(ey—e_,)) = M(L,1)
u(ey+e_,)+v@(e,—e )~ (u+v)Qe,,

(3.2)

for u € M(1)* and v € M(1)~. Then the linear map ¢, is an injective
M (1)*-module homomorphism. Since M (1, A) is irreducible for M(1)*,
the homomorphism is in fact an isomorphism. Hence M(1)* ® (e, +e_,) &
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M(1)” ® (e, — e_,) is isomorphic to M(1, A) as M(1)"-module. We can
also prove that M(1)* ® (e, +e_,) ® M(1)~ ® (e, + e_,) is isomorphic to
M(1, A) as M(1)"-module in the same way.

We give irreducible decompositions of irreducible ¥;"-modules for
M)

PROPOSITION 3.2.  Each irreducible V; -module is decomposed into a
direct sum of irreducible M (1)*-modules as follows:

vE=MO)* e @ M1, me), (3.3)
m=1
N 2@ MIAN+ma)  forl<r<k-1, (3.4)
meZ
Vaj/:2+L = @ M(la a/z + ma), (35)
m=0
VPt = M)0)E  fori=1,2. (3.6)

In particular, the multiplicity of an irreducible M(1)"-module in any irre-
ducible V" -module is at most one.

Proof. 'The irreducible decompositions of V,, . ; (1 < r < k —1) and
VLT"’ﬂt (i = 1, 2) have already given by (3.1) and (2.10), respectively. We see
that V" and V), have direct sum decompositions

V= @ (M(1) & (emate ) BM() @(epaTe ma))):

m=0

Vit = D (M) ®(Csmate s m)) M) ®(CsmaTe s ma))).
m=0

Hence Lemma 3.1 shows that these direct sum decompositions give irre-

ducible decompositions of V= and ij +1- The second assertion is obvious

by Theorem 2.6 (1). 1

Using these irreducible decompositions (3.3)—(3.6), Theorem 2.7, and
Corollary 2.4, we can show that all fusion rules for V;" are at most one:

PROPOSITION 3.3.  Let W', W2, and W? be irreducible V;"-modules. Then
the following hold.

(1)  The fusion rule Nu”,/f w2
(2) Ifall Wi(i=1,2,3) are twisted type modules, then the fusion rule
NVVII,/{ e 18 zero.

IS zero or one.
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(3) Ifoneof Wi(i=1,2,3)is thsted type module and others are of
untwisted types, then the fusion rule N W] w2 IS zero.

Proof. Suppose that W' and W? have irreducible M(1)*-submodules
M and N respectively and that W? has an irreducible decomposition W3 =
®;o;M' and M(1)*-module, where I is a index set. By (2.4), we have an
inequality

w3 . M
dim 7+ (Wl W2) < Zd1mIM(1)+ (M N). 3.7)

iel

If W', W2, and W? are of twisted types or if W! is of a twisted type
and W? and W? are of untwisted types, then by Theorem 2.7 (iv), (v), and
(3.3)—(3.6), we see that the fusion rule for M(1)* of type ( ) is zero for

any i. Hence (3.7) implies that the fusion rule NWl w? is zero. Since the
contragredient module of an (un)twisted type module is of an (un)twisted
type, (2) and (3) follow from Proposition 2.2.

By (2), (3), and Proposition 2.2, to show (1), it suffices to prove that for
untwisted type modules W', W2, and W3 or for an untwisted type module
W1 and twisted type modules W2 and W3 the fusion rule NW1 w2 is zero
or one.

If W' is of untwisted type module and W? and W? are of twisted types,
then by Theorem 2.7 (i)—(iii) and irreducible decompositions (3.3)-(3.6),
we see that the fusion rule for M(1)"of type ( MW;,Z) is zero or one for any
irreducible M(1)*-submodules M of W'. Hence Corollary 2.4 shows that
the fusion rule N;‘,’f w2 18 Zero or one.

Now we turn to the case that all W'(i = 1, 2, 3) are of untwisted types.
We consider the following three cases separately; (i) W' = V5, (i) W' =
Vi, and (i) W' =V, for 1 <r <k —1. Let W? = &M’ be the
irreducible decomposition of W3 for M(1)*. Then it suffices to prove that
the right-hand side (3.7) is at most one for some M (1)*-submodules M of
W' and N of W2,

(i) W!' = V* cases: Take M = M(1)*. By (3.3)~(3.5), we can take
N to be isomorphic to M (1, A) for some A € LO Then by Theorem 2.7
(1) and (ii), the fusion rule for M(1)* of type ( ) is one if and only if M’
is isomorphic to M (1, A). Since the multiplicity of M (1, A) in an untwisted
type module is at most one, we see that the right-hand side of (3.7) is zero
or one.

(i) w'=v= w2+ case: Take M = M(1, @/2). If N is isomorphic to
M(1, A) for some A € L°, then by Theorem 2.7 (iii), we see that the fusion

rule for M(1)* of type (MM;\,) is one if and only if M’ is isomorphic to
M(1, A +a/2) or M(1,A —a/2). f W? =V, , then by taking A = «/2,

43
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we see that the right-hand side of (3.7) is zero unless W? is V;" or V] .
So these cases and the cases W? = V= reduce to the case (i) by means
of Proposition 2.2. Therefore, to prove (1) in the case W' = V5 2410 1L 18
enough to consider the case W? =V, ,; for some 1 < r < k — 1. Then
by taking A = A,, we see that the rlght -hand side of (3.7) is zero unless
W3 is V), ,+1- By Corollary 2.4 and Pr0p051t10n 2.8, the fusion rules of type

( Phr L ) are equal to those of types ( Vi) ) Hence we have to show
VL VL A+l Vgt

that the right-hand side of (3.7) is at most one when W' =V, 4L w? =
Vi, +1> and w3 =(V, /2+L) We take M = M(1, A,) and N = M(l Aje_ ,)
Since by Theorem 2.7 the fusion rule for M(1)* of type (M2 is 5,
for m € N, (3.5) shows that the the right-hand side of (3.7) is at most one.

(iiiy W' =V, ,, case for 1 < r < k —1: By Proposition 2.2 and
the cases (i) and (ii), to prove (1) in this case, it suffices to consider the
caseW_VA+Lf0r1<s<k—1 Then we can take M = M(1,A,)
and N =M (1 Ag). Hence by Theorem 2.7 (iii), we see that the fusion
rule for M(1)* of type (MM;V) is one if and only if M’ is isomorphic
to M(1, A, + Ay) or M(1, A, — Ay). By (3.3)-(3.5), one sees that if both
M(1,n) and M(1,v) (u,v € L°) have multiplicity one in W3, then
pmw+veLoru—velL But (A +A)+ (A —Ay)and (A, + Ay) — (A, — Ay)
are not in L. Hence by (3.3)—(3.5), we see that the right-hand side of (3.7)
is zero or one.

3.2. Main Theorem

Here we state the main theorem. The proof is given in Sections 3.3
and 3.4:

THEOREM 3.4. Let W', W2, and W3 be irreducible V;"-modules. Then (1)
the fusion rule N;,Vf w2 is zero or one and (2) the fusion rule Ng,/f we 18 one if
and only if Wi(i = 1, 2, 3) satisfy following cases:

(I) The case that k is even.

(i) W'=V]" and w* = w3,

(iiy W' =V, and the pair (W?, W3) is one of the following
pairs:

T T, + T.
(VL 7VL:F) ( 0’/2+L’I/a:;2+L): ( V 1> :F>, (VLZ ,VLZ :F),
VisrsVasr)  forl<sr<k—1
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(iiiy W'=V_,,, and the pair (W?*, W?3) is one of the following
pairs:
T+ T+ T+ T,
(VLi’ Vaj/:2+L)’ (Vaj/:ZJrLa VL:E)’ (VL1 ’ VLl )’ (VL2 ’ VLZ ¥>>
V41> Vaya-r+) Jor1<r<k-1.
(iv) W'=V,,,, and the pair (W?*, W?) is one of the following
pairs:
T+ T, Ty T+
VE Vi) Wi VO, (V5 V07), (V5 v ),

(V)\,+L’ Va/z—A,,+L) forl<r<k-1

() W'=V,,p for 1 <r <k—1and the pair (W*,W?) is
one of the following pairs:

(VLia V/\,+L)a (V/\,+La VLi)’ (Vaj/:2+L ’ Va/2—)\,+L)a (Va/Z—/\,-FL > Voiz-;—L)’

MsrsVaeasr)  for 1<s<k—1such that r+s#0,k,

Ty, + Ty, + Ty,+ Ty, ¥ T+ Ty, + T+ ¥\ . .
(VL v ),(VL VIEY (VEE v ) (V2 0T i ris even,

<VLT1’i,VLT2’i), (VLTl’i,VLT2’¢), (VLTZ’i,VLT"i), (VLTZ’i, VLT“”F) if r is odd.

i) W'=V""" and the pair (W?, W3) is one of the following
pairs:

(V). (V=) (s V), (5, Vi),
(VArJrL, VLTl’i> and (VLTl’i, V)\#L) for 1 <r <k — 1 such that r is even,

(V)‘,-ﬁ-La VLTZ’i> and (VLTZ’i, VA,.+L) for 1 <r <k —1such that r is odd.

(vii)y W'=V,"" and the pair (W*, W3) is one of the following
pairs:

T, T, + T, T, +
(v v ) (). (Ve ) (0 Vi)
(VA,+L, VLT]’ i) and (VLT"i, VA#L) for 1 <r <k — 1 such that r is even,

(I/)\rJrL, VLTZ’i) and (VLTZ’i, VM_L) for 1 <r <k —1such that r is odd.
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(viii) W' =V,">" and the pair (W?, W?3) is one of the following

pairs:
(VLi’ VLTz’i>’ (VLTZ’ia VL:E)> (Vaj/:ZJrLa VLTL:F)’ (

(VA,+L’ VLTZ’ i) and (VLTZ’i, V)LrJrL) for 1 <r <k — 1 such that r is even,

(V/\,+La VLT"i) and (VLT"i, V)HL) for 1 <r <k —1such that r is odd.
(ix) W'=V,>" and the pair (W?, W3) is one of the following

TZ’:E +
Ve aVa/2+L>’

pairs:
(VLi’ VLTZ’;)y (VLTZ’i’ VL:F)’ (Vai/2+L’ VLTZ’i)s (VLTZJE’ Vai/2+L>7

(V/\,+La VLTZ’ i) and (VLTZ’i, V/\,+L) for 1 <r < k — 1 such that r is even,

(V,\,+L, VLT"i) and (VLTI’i, VA,-+L) for 1 <r <k — 1 such that r is odd.

(Il) The case that k is odd.
(i) W'=V," and w* = w3,
(i) W' =V, and the pair (W?, W3) is one of the following pairs:
T, + Ty, T, + T,
(VLi, VLJF), (Vai/zu’ V;%L), (VLI N :F)’ (VLz N7 :F>’

(VA,+L7 VA,+L) forl<r<k-1.
(iiiy W' =V, and the pair (W*, W?) is one of the following

pairs:
+ 1+ + F T, £ 7,15+ T, T, F
(VL ’ Va/2+L)’ (Va/2+L9 VL ’ (VL1 > VLZ )’ (VL2 ’ VLI ))

Mavr>Vapar)  forl=r=k-—1
(iv) Wl = V.o and the pair (W2, W?) is one of the following

pairs:
T+ T+ 1)+
Vi Vaair)s Vainrs Vid)s (VL] ) VTZ']F), (VL2 W )a

Nasrs Vajpor,4n)  forl<r=k—-1
(v) w'= Vy+L for 1 < r < k —1 and the pair (W?, W?) is one

of the following pairs:
(VL:E’ I/)‘,+L)’ (I/)\,.+L ’ VLi)’ (Vaﬂ/:2+L’ Va/2—)\,+L)a (Voz/Z—/\,+L ’ Va:l/:2+L)>

MasrsVaea+L) for 1<s<k—1 such that r+s#0,k,

T,+ ,T,+ T+ ,T.F I+ 1,1+ Lt o, T,F\ ¢ . -
(VL N ),(VL N7 N L 7N T N | S 7 if r is even,

(VLTl’i,VLTZ’i), (VLTl’i,VLTz’jF), (VLTZ’i,VLT“i), (V[bi, VLT“*) if r is odd.
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(vi) W' =V"" and the pair (W2, W3) is one of the following
pairs:

T, + Ty, + Ty, + T, +
(VLi’ VLI )’ (VL2 4 VL:E)’ (Vaj/:ZJrL’ VL2 )a (VL] ’ Va72+L)>
(VAVJFL, VLT"i) and (VLTZ’ -, V/\,+L> for 1 <r <k —1 such that r is even,
(VHL, VLTZ’i> and (VLT“i, VML) for 1 <r <k —1such that r is odd.

(vii)y W' = V"7 and the pair (W2, W?) is one of the following
pairs:

Ty, Ty, + T, Ty, +
(VLi’ VL1 ¥)? (VL2 ’ VL]F)> (Vaj/:ZJrLa VL2 :F)’ (VL] > V;;Z+L>’
Ty, + T, + .
(V,HL, Vi ) and (VL , V)LrJrL) for 1 <r <k — 1 such that r is even,

(V)wL, VLTZ’i> and (VLT”i, V/\,+L) for 1 <r <k —1such that r is odd.

viiiy W' = V> and the pair (W?, W3) is one of the following

pairs:
(VLi’ VLTZ’i)a (VLTl’ia VLi)’ (Vajfzua VLTI’¥)a (VLTZ’ 5 Vaﬂfzu),
(VM_L, VLTZ’i> and (VLT“i, V/\,+L) for 1 <r <k — 1 such that r is even,
(V)\,+La VLTl’i) and (VLTZ’i, V)WL) for 1 <r <k — 1 such that r is odd.

(ix) W'=1V,"" and the pair (W?, W?3) is one of the following
pairs:

T, T, + T, + T, +
(VLi’ VL2 ]F)7 (VL1 ’ VL]F)’ (Vaj/:2+L7 VLI )’ (VLZ ’ VJZ-#L)’
(VM_L, VLTZ’i> and (VLT“ -, VA,+L> for 1 <r <k — 1 such that r is even,

(V/\,+L> VLTl’i) and (VLTZ’i, V)WL) for 1 <r <k —1 such that r is odd.

Since the assertion (1) of the main theorem has already been proved in
Proposition 3.3, to complete the proof of the theorem, it is enough to show
that for irreducible V;"-modules W1, W2, and W3, the fusion rule NVVVV: w2 18
nonzero if and only if the triple (W', W2, W?3) satisfy indicated cases in the
theorem. In Section 3.3, we prove this in the case that all Wi (i = 1,2, 3)
are untwisted type modules, and in Section 3.4 we do in the case that some
of Wi (i =1, 2, 3) are twisted type modules. To show the conditional part,

we shall construct nonzero intertwining operators explicitly.
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3.3. Fusion Rules for Untwisted Type Modules

We construct nonzero intertwining operators for untwisted type modules.
For this purpose, we review intertwining operators for V; following [DL].

As shown in [FLM Chap. 8], the operator %° satisfies Jacobi identity
and L(—1)-derivative property on V;. for B € L, A € L°, a € M(1, B), and
ueM(,A):

zala(—zl Z‘OZZ)W, (1 ) — (~1)(P ”zals(—ZZ_;OZl)
Y 2)Y (0, 27) = 2215<212;2%)y0(y(a, 20)s 22),

d 9 /0 _ )
Y, 2) = Y (L=, 2).

Let 7,(A € L°) be the linear endomorphism of V;. defined by ,(v) =
e mmy for e L° and v € M(1, p). Set %, (u, z) = Y°(u, z)m,,,  for
r,s € Zand u € V) ;. Then the operator %, ; gives a nonzero intert\;ining
operator for V; of type (, "4+ ) (see [DL]).

Vip+L Vag+L

PROPOSITION 3.5.  The fusion rules for V;~ of the following types are
nonzero:

6))] (V)'\/f-i:lui)\'s/))\jiL fort<r,s<k-1,

.. pE ¥ -
(i) (5., (VL_VLVLi) and ([ for0<r<k-1,

vE v 14
iii @l (el Yy gnd (AR or0<r<k-1.
( ) (VL+ Vai/2+L) (V[ Vai/ZJrL) (Vf/uL VAr+L) f -
Proof. Since (V,,,Y), (Vojoir,Y), and (V) ., Y) (1 <r < k—1) are
irreducible }; -modules, the vertex operator Y gives nonzero intertwining

operators for 1 of types

( Vi )( Va2 ) and( Vi+L )
e Vi)' \" Vapsr ’ Vi Wi+

for 1 <r < k — 1. Hence Y(a, z)u is nonzero for any nonzero vectors
a eV, andu eV, (s € Z) by Corollary 2.4. Therefore, since 0Y (a, z)0 =
Y(6(a), z) for a € V;, Y gives nonzero intertwining operators for V;* of
types

Vi Vi VL VoL
ve ve) \e ) e e P e ) and
L L L L VL I/:1/2+L VL Va/2+L

( V) +L >
VEE Vi

forl<r<k-1.
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Next we show that fusion rules of types (V<A+rﬂ:>+L ) for r, s € Z are
nonzero. Define %, ;o 6 by (%, ;0 0)(u, z)v = Y, _(u, z)6(v) for u
V)+r and v € V, ;. Then %, ; is a nonzero intertwining operator for 128
of type (/- W ) since 6 commutes the action of V;". This proves that

VAr+L
fusion rules of types (,, V(Arim% ) are nonzero for any r, s € Z.

Finally we show that fu510n rules of type (VW Wity for r € Z are
«/2+L “Art+L

nonzero. Since V, w/24L is an irreducible V;-module, Corollary 2.4 shows

that % ,(u, z)v is nonzero for any nonzero vectors u € V,,.; and

v € V) 1. Hence (%, _, o 0)(u, z)v is also nonzero for any nonzero vec-

tors u € V5, and v € V, ;. Therefore, % _, o 6 gives a nonzero

intertwining operator of type ( Haranl y - i
/2+L VAr+L

Next we show that if Wi(i = 1, 2, 3) are of untwisted types and the fusion

rule Nwlwz is nonzero, then (WlW;,z) is one of the types in Proposition 3.5.

To prove this, by Proposition 2.2, it suffices to prove the following
proposition.

PROPOSITION 3.6.  Let W1, W2, and W3 be untwisted type modules. Then
the fusion rule NVVVV1 w2 B8 zero if Wi(i = 1,2, 3) satisfy the following cases:

i)y W=V, and W2, W?3 are not equivalent.
L q
(i) W' =V, and the pair (W?, W?) is one of the following pairs:
W W) = (Vi Vi) Vainars Vajear)s
Ma+1-Vasr)  for1 <rs<k—1 suchthatr #s,
Vs Vi) (Vajfzua Vi+L) for1<r<k-1.
(iiiy W? =V, and the pair (W?, W?) is one of the following pairs:
(W2, W?) = WMo Vaer)  for 1 <ns <k —1such that r +s # k,
Vaisrs Vapr) and 1 <r <k — 1.

(iv) W'=V, . for 1 <r <k —1and the pair (W?, W?) is one of
the following pairs:

W2 w?) = MasrsVaer)  for 1 <s,t <k —1suchthat t # |r £s|.

Proof. Lemma 2.5 proves the proposition in the case (i).

Next we show the proposition in the cases (ii) except the pairs
(Varrir»Vajapr)» (iii), and (iv). Let W? = &M’ be the irreducible
decomposition of W3 for M(1)*. Then we can find irreducible M(1)*-
submodules M of W' and N of W3 such that the fusion rule for M(1)*
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of type (,) M v) is zero for any M’. Hence (3.7) implies that the fusion rule

NVV,‘,/l w2 18 zero; for example in the case W! = W? = W3 =V, , we take
M=N=M®1)",
It remains to prove the assertion in the cases (W2, W3) = (VJHL, I/OiZ-ﬁ-L)

of (ii). We show that fusion rule of type (V ”{jﬁ ) is zero. The case of type

( Yot ) can be also proved in a similar way.

VL Vu/2+L
Set
Varzar[ml=M1)* ® (€2 4 mat+e_(21ma) ®M(1)” ®(€21ma—€_(21ma))s

(3.8)
for m € N. Note that V/2+L[m] is isomorphic to M(1, a/2 + ma) as
M(1)*-module by Lemma 3.1. Let % be an intertwining operator of

type (V;@?L ). By Theorem 2.7 (ii), we have %(u, z)v € V5, [0]((2))

a, 2+L)

for u € 1\//[(1) and v € I/a/2+L[0]' Recall the M(1)*-module isomor-
phism ¢,: a/2+L[0] — M(1, a/2) defined in (3.2). For simplic-
ity, we denote ¢ = ¢,,,. Then the operator ¢ o % o ¢! defined by
(poYod™)u,z)v=0Y(u,z)¢p(v) for u € M(1)~ and v € M(1, a/2)
gives an intertwining operator of type ( M(S{ (L‘zﬁ /2)). Since the dimension
of Iy ( M(11;4— (11";(/12’)0( /2)) is one and the corresponding intertwining operator
is given by a scalar multiple of the vertex operator Y of the M(1)-module
(M(1, a/2),Y), there exists a constant d € C such that

Y(u, z2)v = d ™'Y (u, 2)$(v)

for all u € M(1)~ and v € V), [0]. We write %(u, 2) = ¥,c7 ii(n)z™""",
ii(n) € End V/2+L for u € V; . Take u = h(—1)1 and v = ¢,, + e_, ),
then we have

h(O0)(es +e ) = d<h, g>(e% +e s), (3.9)
h(=1)(es +e_s) = d(h(=1)es — h(=1)e_s), (3.10)

where we denote (h(:i)l)(n) by A(n) for n € Z. By direct calculations, we
see that

Ek71(€% + 6',%) = (6% + 67%), (311)
Ex(h(=1)es — h(~=1)e_s) = (h, a)(es +e_s), (.12)

where E =e, +e_, € V;". Let F=e, —e_, € V; . Then by the commuta-
tor formula 2.3, we have a commutation relation

[E,, h(n)] = —(h, a)F(m + n) (3.13)
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for m, n € Z. Hence (3.9) and (3.11) imply that F(k — )(eypte_gp)=0
(take m = k — 1, n =0 in (3.13)). On the other hand, by (3.10) and (3.12)
we have

—(h, a)F(k —1)(es +e_s) = [Ex, h(=1)](es +e_s)
=d(h, a)(es +e_s),
(take m = k, n = —1 in (3.13)). Therefore d = 0. This implies that
Y(h(=1)1, z)(ey ), + e,a/2)+= 0, and then Lemma 2.3 shows % = 0. Thus

. v, .
the fusion rule of type (" ) is zero. B
Ve Vapsr

Consequently, by Propositions 2.2, 2.8, 3.3, 3.5, and 3.6, we can determine
fusion rules for untwisted type modules.

PROPOSITION 3.7. Let W1, W2, and W3 be untwisted type VL -modules.

Then the fuszon rule N WIWZ is zero or one. The fusion rule N w2 15 one if
and only if Wi(i = 1,2, 3) satisfy the following cases:

(i) W'=V, and W? = W3,

(i) W' =V, and the pair (W?, W?) is one of the following pairs:
Vv, (Ve @/2+L> Vaq/:2+L)’ MasrsVar) forl<r<k-1

(iiiy W'=V_,,, and the pair (W?*, W?) is one of the following pairs:

Vi, iju)’ ((Vai/ZJrL) Vi), W+ Vaprsr) forl<r<k-1
(iv) W'=V,,,, and the pair (W?, W?) is one of the following pairs:

(03

(VLi, Vj/zu), ((Vai/2+L)/, Vf), Vasrs Vajprpr) forl<r<k-—1.
(v) wl= Vi for 1 <r < k —1 and the pair (W2, W3) is one of
the following pairs:
(VLi’V)"+L)’ W1,V 5, (V) /2L V- )y (Vaja- )\+L7Va/2+L)
MsrsVaaar)  forl<s<k—1.

3.4. Fusion Rules Involving Twisted Type Modules
Set o, = L° x {1,2} x {1,2}. We call (A, i, j) € P, a quasi-admissible
triple if A, i, and j satisfy
(_1)(/\,a)+3,‘y,+1 - 1.
We denote the set of all quasi-admissible triples by @;. For a quasi-
admissible triple (A, i, j) € @, we first construct an intertwining operator
J

v,
for 1} of type (VA LL i )-
+
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As shown in [FLM, Chap. 9], the operator %’ satisfies twisted Jacobi
identity

za‘a(zl%f)w(a, 2%, 2)

) e TR VTR

)2
—3 = 290 @ ), G
p=0,1 22
and L(—1)-derivative property
d
E“ge(u, z) = Y(L(-1u, 2) (3.15)

for Be L, A e L°, a e M(1,B), and u € M(1,A). Then we have the
following lemma.

LEMMA 3.8. (1) The intertwining operator %° gives nonzero intertwining
operators of types

M(1)(0)* M((1)(0)F
IO (1)) or e
M(1,2) M1)(0)*) \M(1,1) M(1)(6)*
(2) Define %% o 6 by (%° 0 0)(u, z) = Y°(6(u), z) for u € V,.. Then
Y o O gives nonzero intertwining operators for M(1)™ of types Gy attioort )
Moreover restrictions of %° and %° o 0 to M(1, A) ® M(1)(8)* form a basis
of the vector space I(M(LA;‘“”E’()])(N).
Proof. The assertion (1) is proved in [A, Proposition 4.4]. Next we
show (2). Clearly %’ o 6 gives nonzero intertwining operators of types
noo LY. Since 0% %(u, 2)0(v) = %°(6(u), z)v for u € M(1, A) and

M(1L,A)  MQA)(0)E

v e M(1)(6), we have

p((Y? 0 0)(u, 2)v) = £p. (Y’ (u, 2)6(v))  foru e M(1, 1)
and v e M(1)(8)*,

where p, is the canonical projection from M (1)(6) to M(1)(6)*, respec-
tively. Hence by Lemma 2.3 and (1), we see that %% and %’ o 6 are linearly
independent in the vector spaces I(,,, """\, ,:)- Since the fusion rules of

types (y, 0" ,c) are 2 by Theorem 3.4, %* and %’ o 6 in fact form a

M0

basis of I(,,, " ,.)- This proves (2). 1

) M()e)*E
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Set T = T' @ T? the direct sum of the irreducible C[L]-modules T and
T2, and define a linear isomorphism ¢ € End T by (1)) = t,, ¢(t,) = 1,
where ¢, is a basis of T? for i = 1, 2. For A € L°, we write A = ra/2k + ma
for —k+1<r <k and m € Z, and define ¢, € End T by

Yr=epgotho---oy.
————

r

Set Y(u, z) = Y%%(u, z) ® i, for A € L° and u € M(1, A), and extend it to
V;- by linearity. Then we have following proposition.

PROPOSITION 3.9. (1) For A € L°, the linear map , has following
properties:

egotp,=(—1)FNy 0eg =145 forall BelL.

(2) ForacV,and u eV, , we have

o222 )¥ 0z T 2) - o 22 ) 2)Y (0 2)

(2 — 20)1/2

1 - ~
=3 %, 5o B )T, s

and
- ( )—G (—1) )
p Y(u, z g(l/ u,z).

Proof.  Since e, oy = —iy o e,, we have e,,, o ¥ = (=1)"¢" o e, for
m,r € Z. Therefore ¢,(A € L°) satisfies ez o iy, = (—=1)N i, o ey and
eg oy = g for B € L. This proves (1). Then the assertion (2) follows
from (3.14), (3.15), and (1). 1

We note that for each quasi-admissible triple (A, i, j) € @;, ¥, (T") = T'.
Thus we have:

PrOPOSITION 3.10. Let (A, i, ]) € @; be an admissible triple. The restric-
~ i . . . . T/
tionof YoV, 1 ® VLT’ gives an intertwining operator for V;* of type (, " J1)-
AL Yy
Now we have some nonzero intertwining operators by restricting Y to
irreducible ¥;"-modules.

PROPOSITION 3.11.  The fusion rules for V;" of following types are nonzero:

Tj, + 7y,

.
@ (" 7)) (, - i) JorreZand (A, i) € @y,
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(ii) (V+ 7 i) (V, VT i) forie{l, 2},
(111) (V+ (Vn i)/) (H LTZ(.:IZ £ ) ( " (Vl )/) ( vinE) -

Proof. By Lemma 3.8 and Pr0p051t10n 3.10, we see that y gives nonzero
1
intertwining operators of types ( i .) and ( T,i) for r € Z and

(/\n l J) € @L

Next we show that fusion rules of types in (ii) and (iii) are nonzero.
By Lemma 3.8 (2) and Corollary 2.4, %%(u & 6(u), z)v = (%% £ % 0 0)
(u, z)v are nonzero for any nonzero vectors u € M(1,A)(A € L°) and
v € M(1)(6)*. Thus by Proposition 3.10, we see that % give nonzero inter-
twining operators of types

) ) T;
VLT’ VLT‘ VL ,
T,+ |» - T,+ |» T, + )
Vi v Vi v, Vaner (Vi)

VTi
L .

_ 7, +\ for i € {1, 2}.
<I/a/2+L (VL ) )

By the definition of ¢,(A € L°), we have

Y _ma = ¥ma> lrbf(a/Zijar) =€ 4 ¢a/2+ma for m € Z. (316)

Since 0% (u, 2)8 = Y%%(6(u), z) ® i, for A € L° and u € M(1, A), by (3.16)
we have

6% (u, 2)0 = Y (6(u), z) foruelg,

90;‘(”, Z)G = eag(e(u)a Z) for u € V/2+L
This proves that Yy gives nonzero intertwining operators of types indi-

cated in (ii) and (iii) in the proposition; for instance, for u € V., w2+ and
ve (VLTZ’_)/, we have

0% (u, 2)v = e, Y(8(u), 2)6(v)
= Y(u, z)v.

Hence %(u, z)v e ""{z}. Thus % gives a nonzero intertwining opera-
17
tor of type ( 7 ),). i

Vo Vi

We shall show the following proposition. The proof is given after
Proposition 3.13.
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ProposITION 3.12. (1) For i, j € {1, 2}, the fusion rules of types

T, T.
V,’ V'
, and L.
<I/L:|: I/LTzai> (I/L:i: I/LTn:F>
are zero if i # .

(2) Forl<r<k—1andi,je{l1,2}, the fusion rules of types

v
T, +
Viie Vi
are zero if (—1)' %+ £ 1,

(3) Fori,je{l,2}, the fusion rules of types

T; T;
g 1.+ |and | . g T, ¥
Va/2+L Ve Vaprr Vi

are zero if (—1)Fu+1 £ 1,
To prove Proposition 3.12, we need the following proposition.

PROPOSITION 3.13. Let W be an irreducible V; -module and suppose
that W contains an M(1)*-submodule isomorphic to M(1,\) for some
A e L If (A6, ]) € P is not a quasi-admissible triple, then fusion rules

]

VL
of types Wy are zero.

Proof Let W be an irreducible V;"-module, let N be an M(1)*-
submodule of W isomorphic to M(1,A), and let f be an M(1)*-
isomorphism from M(1,1) to N. Consider an intertwining operator

I
Y € ly: ( 0 ) for i,j € {1,2} and e € {£}. We have to prove that
O%_Olf( 1)01)\)4—3,]4-1 ¢1
The restrictions of % to N ® VLT”E give an intertwining operator for
+ v’
M(1)* of type (N I/,‘Tlus). Set

Y(u, z) = ¢jflog/(f(u), zZ)p;,  forue M(1,)).
Then % is an intertwining operator for M(1)™ of type G oe)- By

A) M(1)(0)¢
Lemma 3.8 (2), for any u € M(1,A), %(u, z) is a linear combination of

9Y%(u, z) and %°(6(u), z). By (3.14), we have
25 S B2 e ) -1z o (2L

—2y

<Y a2V Bz =55 2 )Y (Y (Emdennz). (G
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where E = e, +e_, € V;". Hence one has

(21— 2)MY(E, 2))Y (exr, 22) = (—1)\ N (2, — 2 )" Y (ex), 2) Y (E, 2,)

for a sufficiently large integer M, and then

(z1 — 2)MY(E, )Y (e, 22)
= (-1 (z, = 2)MY(e,, 2)Y(E, z1). (3.18)

(3.18) is an identity on M(1)(0)c. We next derive an identity on VLT"’E
from (3.18). Since e, € C[L] act on VLTi (i = 1,2) as the scalar (—1)%2,
we have

eiad’j@(% Z)d’i_l = (_1)6i'j+1¢jay(u7 Z)d)i_le:ta
for u € M(1,A). And YU(E, z) acts on V; (i = 1,2) as %°(E, z) ® e,.
Hence by (3.18), we have
(21 = 2)YY(E, 2))Y(f(e)), 22)
= (=D N (2 — )Y (f(e)), 2)Y(E, 1) (3.19)
for a sufficiently large integer M. On the other hand, since % is an inter-
J
twining operator for ;" of type (WV; T ), Jacobi identity (2.1) shows that
L

(21 — 2)MYU(E, 2))%(f(e)), 22) = (z1 — )" Y(f(e)), ) Y(E, )

for a sufficiently large integer M. Therefore by (3.19) and (3.20), if
(—1){@N+0+1 £ 1 then

(z1 — 22)MY(f(e)), ) Y(E, z))u =0 (3.20)

for a nonzero u € VLT” ¢ and a sufficiently large integer M. Since there is an
integer ny such that £, u # 0 and E,u = 0 for all n > n,, by multiplying z°
and taking Res, on both sides of (3.20), we have 2MY(f(e,), 2)E, u=0.
Hence Lemma 2.3 implies that % = 0.

Now we prove Proposition 3.12.

Proof of Proposition 3.12. By the irreducible decompositions (3.3)-
(3.5), we see that V, |, contains M(1, A,) for 1 <r < k — 1, that ijﬂ
contains an M(1)*-submodule isomorphic to M(1, a/2), and that V;* con-
tains an M (1)*-submodule isomorphic to M(1, «). Hence Proposition 3.12
follows from Proposition 3.13. |

Finally, we prove the following proposition:
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PropoSITION 3.14. (1) For i € {1, 2}, the fusion rules of types

T, F T;, £
V v
d Lor
are zero.

(2) The fusion rules of types

VLTl F VLTZ, + VLTI, +
<Va/2+L (VLTl’i>,)’<Va+/2+L (v i))’(mm (VLTl,i)/>’
v, T
(Va/m (Vf”*))

are zero.

Proof. Since V;* contains the irreducible M(1)*-module M(1)*

+
and the fusion rules of types (M(I)M(l)(:”)i)(")i) and (w(l)”(”(f;(l)w)i) are zero

by Theorem 2.7 (i) and (ii), (1) follows from Corollary 2.4

T +
Next we prove that the fusion rules of types (, . it R )and (
/2+L

(VTz )/)
. T] + VT2,¥
are zero. The assertion (2) for types (- e ) and ( b e ) can be
. L. Va/24L Vaper LY
also proved in a similar way.

By Proposition 3.11 (iii), for i € {1 2} and € € {£}, there exists € € {£}
) is nonzero. Let {7, €'} = {£}.

such that the fusion rule of type (

L (Vlz y

Then we have to prove that the fu51on rule of type (. Tive, ) is zero. To

2L (V
show this, we prove that the projection

VLT" / VLT,,E' /
(Va/2+L (VLTi’E> ) (Va/2+L (VLTL"E) >’Oy > pe oY

is injective, where p. are the canonical projections from VLT" to VLT"’E’
and p. o % is the intertwining operator defined by (p. o ¥%)(u, z)v =
pe(Y(u, 2)v) for u €V}, ; and v € (V" €Y. To prove this, it is enough
to prove that an arbitrary nonzero intertwining operator % of type
vl
(VJ/M "y

0Y(eqr + €_ap»>2)0 = (—1)5i’20¥(6a/2 +e_u2, 2)- (3.21)

Actually if % is a nonzero intertwining operator of the indicated type
satisfying (3.21), then po (Y (eq + €_as2,> 2)V) = Y(€apr + €_ap, 2)v for
Ve (VLT"’E)/, and then p_ o % is nonzero by Corollary 2.4.

) satisfies
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Let VLT’ = (VLT’ ), and let V;;z +[0] be asrof (3.8). Then % gives an inter-

twining operator for M(1)* of type (V+ I[/S] VT,»,E). Thus by Lemma 3.8 (2),
a/2+L L
Tj

we see that [ M(1)+( . 0 T,»,E) is spanned by intertwining operators %*
Vu/2+L[0] Ve
defined by
Y (U, 2) = &Y (Paasp(u), 2)¢; " for u e Vi, [0]. (3:22)
Hence there exist constants ¢, ¢, € C such that
Y(u,z) = %" (u, 2) + % (u, 2) (3:23)

for all u € V5, [0]. Now for B € , set

(L B ) = 3 py ()2 € (Enar I

n=0 n=0

Then we have Ey(es +e_«) = pi_i(@)es + pr_i(—a)e_q € V;/_2+L[0]’ and
hence i i

$a(Eg(es +e_«)) = pri(a)es, ¢ _«(Eg(es +e_2)) = ppi(—a)e_a.
Thus by (3.22) and (3.23), we have

[Eo, Y(es +e_a,2)] = Y(Eg(es +e_«), 2)
= (1Y (pr-r(a)es, 2)
Lo (pea(—a)e_s, )T (324)
On the other hand, (3.17) shows that
[Eos &Y% (exss 2)p; '] = eq Y’ (Eg(ess), 2)p; !
= (=1 ¢ Y (prr(Fa)es, 2)b;
Hence by (3.22) and (3.23) again, we have
[Eo, Y(es +e s, 2)] = (=1)%2¢([Ey, Y*(Eo(es +e_s), 2)]
e[ Eo, Y (Eg(es +e_q), 2)])
= (=12 (1Y (pr_1(—a)e_s, 2)
Lo (prs(@ess ). (3.25)
Subtracting (3.24) from (3.25) gives the identity
(c1 = (=1)*2) b [ Y (pr_1(@)es, 2)
— (=1D)* Y (pr_y(—a)e_s, 2)]¢; ' =0.

Then Lemma 3.8 shows that ¢; = (—1)%2c,. Since 0%*(u, z)0 = %7 (u, z)
for u € V5, [0], we have (3.21). 1
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Now the following proposition follows from Propositions 2.2, 3.3, 3.11,
3.12, and 3.14.

PROPOSITION 3.15.  Let W', W2, and W?3 be irreducible V;"-modules and
suppose that some of them are of twisted types. Then the fusion rule NW1W2
is zero or one. Assume that W' is a twisted type module, then the fusion rule

NI?//TWZ is one if and only if W' (i = 1, 2, 3) satisfy the following cases:

i) w!= (VLT1’+) and the pair (W?, W3) is one of pairs

(it (7)) (1 )(Va/szT“*)’((VL“’*) (Vi) )

)
(VA L ( )) and ( V,\ +L> for 1 <r < k —1 such that r is even,
)l

(Vs (i

(i) W'= (V"7 and the pair (W2, W3) is one of pairs

(e (7)) (7 500) (Vs V) () (W202) ),

(V,\r+L, (VLT“i>,> and (VLT“i, V/\,+L> for 1 <r < k — 1 such that r is even,

) and (VL , V)HL) for 1 <r <k — 1 such that r is odd.

(V,HL, (VLTZ’i)/) and (VLTZ’i, V)HL) for 1 <r <k —1such that r is odd.
(i) W'=Y and the pair (W?, W?) is one of pairs

(s O )). 020 ). () ().

(VA’_H, (VLTZ’i)/) and (VLTZ’i, VA,+L) for 1 <r <k —1such that r is even,

(V,HL, (VLT“i>/> and (VLTZ’i, VA,,+L) for 1 <r <k —1such that r is odd.
(iv) W'=V,>"Y and the pair (W?*, W3) is one of pairs

(s ). 02 ). (O ().

(V)HL, (VLTZ’i)/) and (VLTZ’i, VA’_+L) for 1 <r <k —1such that r is even,

(V)\ L <VLT1’i>/> and (VLT“i, v, +L> for 1 <r <k —1 such that r is odd.

By using Propositions 2.2, 3.7, and 3.15, we the fusion rule NW1W2
for arbitrary irreducible V;"-modules W1, W2 and W3. Then by using
Proposition 2.8 and by writing the types for which the fusion rule is one
without the expression of contragredient module, we have Theorem 3.4.
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