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0. INTRODUCTION

Let € be a bounded subdomain of R", I" its boundary, Q=2 x (0, T),
I'r=Ix(0,T) and consider the boundary value problem (in all that
follows we will use the standard summation convention)

u,=(au), nQr, (0.1)
ulx, t)=f(x, 1) onl,, (0.2)
u(x, 0) = uy(x) in Q, (0.3)

with a;(x)=4,+K;xp(x); 4;,>0, K,>0, Vj=1,..,n, where D is an
unknown subdomain of Q. The inverse problem associated with (0.1)-(0.3)
is the determination of D from measurement of the Neumann data

a;u, = g(x, 1) onrli, (0.4)

where I';=I"'x (0, T) and I'! is an open subset of I'.
The physical origin of this problem will be discussed in Subsection 0.1.
In this paper we establish a local stability result; more precisely, if D, is
a family of domains such that D, — D if & — 0, and if we denote by g, the
data on I'} corresponding to D,, then

lg,— gl

liminf | ="—dxdr>0
h—0 Jrt h
S |
provided llmmfzmeas(D,,AD)>0. (0.5)
h—>0
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14 HAMID BELLOUT

The author and A. Friedman [3], established (0.5) for the isotropic
(a; independent of j) elliptic case under the assumption that

D,cD  (orDcD,)Vh (0.6)

Here we will not make assumption (0.6).

0.1. Physical Origin

The governing equation of an unsteady flow in a nonhomogeneous
confined aquifer can be represented by

S(x)u,—(a;(x)u, ), =q(x, 1) in Qx(0, o) (0.7)
u(x, 0)= g(x) in Q (0.8)
u(x, 1)=f(x,t) on 8Q2x(0, w), (0.9)

where u, ¢, S, and a, represent the piezometric head, the source sink term,
the storage coefficient and the transmissivity coefficients, and 2 is an open
subset of R” representing the studied region.

The forward probiem (i.e., finding a solution u of problem (0.7)-(0.9) for
a given set of data) is used by hydrologists to simulate, for management
purposes, the level of aquifers under different use and replenishment condi-
tions (i.e., for different functions ¢). However, in general, the functions «;, S
are not known and experimental determination can be done (practically)
only at finitely many points. It is easy to measure u also in the same experi-
ment. This leads hydrologists to try to determine the functions S and g,
from their values at certain points and some information on the function
u for a specific set of data f, g, and ¢. The type of information available on
the function u varies with the situation being considered, and leads to
different inverse problems. For instance, if the flow through one of the
walls delimiting the region has been monitored for a certain period of time,
then the available information is the function A(x, ¢) defined by

a;(x) u, (x, t)=h(x, 1) on I'x(0,T), (0.10)

where " is a given hypersurface, part of the boundary of £, and v is the
outward unitary vector normal to I". See [13, 12] for more on this subject.
We will assume S= 1, for simplicity, and consider the following inverse
problems: given Q, g, f, ¢, (0.7)-(0.9), and (0.10), find the function g;
in (0.7).
It is well known that for this kind of problem the a priori assumptions
on the type of functions a; are an essential part of the problem. In the given
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situation the most natural assumption is that a; is piecewise constant, ie.,
that

7
a(x)=a}+ ) aix(Q) Jj=1,..n (0.11)
i=1
where the a; are positive constants, x(£2,) is the characteristic function of
the set Q,, and # = {Q,:i=1, .., I} is a family of (mutually disjoint) open
subsets of £ such that | 2, Q.

We will assume that 7 and the constants @ are known and that the
regions Q; are unknown. The inverse problem is thus reduced to finding the
family of regions Q..

The above assumption on the structure of the function a is based on the
fact that aquifer heterogeneities are due to the presence underground of
different materials such as sand, rock, and clay. Also, due to geological
processes, those different materials exist in the form of layers and/or
lumped bodies. See [4,11] for more on this subject. The number I of
different bodies present in a given area can easily be found from available
geological data. The constant transmissivity a; of each homogeneous body
needs to be sampled at only one site. On the other hand, the exact shape
of the given body would be very hard, if not practically impossible, to find
experimentally. The object of the inverse problem is to try to identify the
shape of those bodies (ie., to find 2,) in the situations described above.

To the author’s best knowledge, the only work that has been done on
this problem is the work done by hydrologists, who consider the discrete
version of this problem. Once discretized, this problem becomes a problem
of identification in a finite dimensional space and different methods have
been used to solve this finite dimensional identification problem. On the
other hand, mathematicians have considered inverse problems associated
with (0.7), but only for continuous functions a;. See [10,1] and the
references therein.

The relevance of the discretized problem (which is solved numerically) to
the actual problem (0.7) hinges on the stability of the inverse problem, i.e.,
if a small error in 4 can result in a relatively large error in a;, then the
numerically computed solution using an approximation 4* of # may result
in a discretized a* bearing no connection with the actual a sought.

Discontinuous diffusion coefficients have been considered in inverse
problems in the steady state case. See [3, 5, 6] and the references therein.

The inverse problem described in the introduction corresponds then to
the case of coefficients a; given by (0.11); more specifically /=2, with
©,=D and d(D, 62)>0.
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1. NOTATION AND STATEMENT OF THE MAIN RESULTS

Let Q be a bounded domain in R" (n=2) with C'* boundary I and let
D be a bounded subdomain of Q, D = Q, with C** boundary.

Let D, (0 <h < hy) be a family of domains in R”, such that D, has the
representation

oD, x=xy+ ho,(xe) v(Xg), (1.12)

where x, varies on @D, v(x,) is the outward normal unit vector to
oD, a,(x,) is continuously differentiable in x,, and

lo-h‘(‘l*’gB’ (113)

where B is a constant independent of 4.
We will assume also that

o, (x)=a(x) if h—0,0(x)Z0, (1.14)

and define the sets S|, S,, and S, as

S, = {x€dD such that a(x) <0},
S, = {x€dD such that 6(x) >0},
S,={xedDsuch thatd(x, S, n S,) <&}

Let u, respectively, u,, be the solution of the parabolic diffraction
problems,

u,— (q,ux/)xj:q(x, t) inQ, (1.15)
u(x, 0)=uy(x), u(x, )= f(x, t) onl,, (1.16)
respectively,
w—(aju’),=q(x, 1)  inQr (1.17)
u'(x, 0)=up(x), u"(x, 1) = f(x, 1) inl,, (1.18)

where a;(x) = 4,+ K;x(D); 4,>0, K;>0, Vj=1, .., n, respectively, a‘;'(x) =
A;+Kjx(D,); A;>0, K;>0,Vj=1, ..., n
We will make the following assumptions on the free terms.

(Aly qeH*(0,T));, H"(2)), feH (0, T); HI')), u},u, are in
H(Q).

(A2) |lul ;1 is bounded independently of A.

(A3) lim,_q (o (B "(ug—ub))* dx=0.

{A4) Compatibility conditions of order 0 are satisfied.

(AS5) uy(x) is not constant.
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Under the above assumptions, it is well known (see [8], for instance)
that problem (1.15), (1.16), respectively problem (1.17), (1.18), has a
unique solution u, respectively, #", in H'(Q;). Furthermore, from [7,
Theorem 77, it follows that u, respectively, u”, is in L2(0, T; H*(2\D)
H?(D)), respectively, in L*(0, T; HX(2\D,) n H*(D,)). Also, it results from
(A2) that the norm of " in the space L*(0, T; H*(Q\D,)n H*D,)) is
bounded independently of A.

Set

g'=aul, g=au, onl} (1.19)
and
U =ulg\px©.1) ui=ule(0,T)'
We will distinguish and treat separately the cases where the set {6 =0}
has an empty interior or not.

THEOREM 1.1.  Assume that

(1) (a;(up),), €C,
(2) S,nS, is a C' manifold of dimension n—2 and

a;(uo), (x) #0, VYxedD. (1.20)

Then for any nonempty open subset I'* of 6Q

(T g gl
1 == : .
im mff0 Ll p dx dt >0 (1.21)

h—0

Remark. Condition 1 is not a real restriction in view of the arbitrariness
of the choice (by the observer) of the time =0 and the fact that V¢>0,
(ajuy), (x, 1) € C**(2) (even for u, only in L2 see [7]).

THEOREM 1.2.  Assume that 6 =0 on an open subset X of dD. Then (1.21)
holds for any nonempty open subset I' of I.

2. AUXILIARY RESULTS

Set

w'—u

Uh= ;
h

S"=D, AD. (2.22)

Taking the difference of Eq. (1.15) and (1.17) we find that U” is a solution
of the parabolic problem
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U~ @U), = (@ = a)u,),  nQ; (223)
h p—
UM(x, 0) = MT“—"@ u(x, )=0  on I, (2.24)

LEMMA 2.1. There exists C>0 such that Yh=0

Lrj (UM dx di < C.

Q
Proof. Let w" be the unique solution of the parabolic problem
whx, ) — (aiwh (x, 1), = U"(x, T—1)  inQ, (225
wh(x,0)=0, w'(x,t)=0  on[l;. (2.26)

By standard results for parabolic equations the problem (2.25), (2.26) has
a unique solution w"* in H'(Q ). Furthermore, it was proved in [7, Sect. 2]
that the following estimate holds for w”

h h h
”W ” L2(0, T; H¥(2\Dy)) + “W “ LX0, T; H{Dy)) < C HU ||L2(QT)- (2-27)

Multiplying Eq. (2.25), respectively (2.23), by U”(x,t), respectively
w"(x, T —t), integrating by parts over Q0 and taking the difference we find

f Ul(x) wh(x, T) dx + | ' j (UM, 1))? dx dt
Q2 0 Y@
=JT%<L K, (UMx, 1)), (wh(x, T— x))x,> dx di

1 ph [ oT
=l ( jo LD (K, (U(x, 1)), W'(x, T~1)),)) du dt) di, (2.28)

where D, is defined by 6D, : x = xq+ Ao ;(x) v(xo)-

Let éD,=0D,,vdD,,, where dD,,=06D;,n(D,\D), and 9D, ,=
éD, n (D\D,). Since ue L*0, T; H*(D) ~n H*(22\D)), using (2.27) and the
traces theorem we have

[

f (a] — a;)(u(x, 1)), (wh(x, T—1)),, du‘ dt
éD;, 1

T 1/2
scf (f |Vu(x, t)Izdu)
1] oD; 1

1/2
x<j |Vw"(x,T—t)|2d/,c> dt
oD,y
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2
j I, O P 1905, T= Ol

T 1/2
sc([ [ (U")dedz) . (2.29)

Similarly,

[N (@t =apte, 0, 0040 T 1), di|

D;.2

<C [ty O 19705, T )10

sc(ﬁ (U")? dx dz)l/z. (2.30)
0 YQ

Consequently,

[T, (R0 o, s, 7= 00, |
o Yap;
T 112
hy2
sc(fo jg(U) dxdt) . (231)
From (2.28) and the above estimate it follows that
jTj (U"(x, 1))? dx dt
0 v
< —f Ulw) wh(x, T) dx
(2]
1 ph/ T 1/2
+sz (j f (U*(x, 1))? dx dt) di
] 0 vYQ
1/2
<c<f j (UM(x, 1))? dx dt)

+ C% j: ( LT L (Ut(x, 1)) dx dt)l/z di, (3.32)

from which the lemma easily follows.

LEMMA 2.2. If for a sequence h—0 we have that U" — U weakly in
L3(Q7), and lim,, o (T (118" — gl/hdx dt =0, then U=0 in (2\D)x (0, T).
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Proof. Letting h -0 in (2.23) we find that U satisfies in a weak sense
the equation

—(@,U,),=0 in (@\D)x (0, T).

Let xoe ', and r>0 be small enough and denote B(x,, r)n 2 by W.
From (2.23) and (2.24) it follows, by standard regularity results for
parabolic equations (see [8], for instance), that the sequence U”" is
bounded in C"“*((ty, I'); C***(W)) for some positive « and any positive .
Consequently, U is a classical solution of

U—(qU,),=0 in Wx(0,T)

(2.33)
U(x, 1)=0, ajU\,}=0 on (0WnI'x(0,T)).

From this we easily deduce that U has a zero of infinite order at the point
(x5, 1), Vte(0,T); it then follow by [19, Theorem 7] that U=0 in
Wx (0, T).

The lemma is then a direct consequence of the equation

U—(aU,),=0 in (@D)x(0,T)

and the unique continuation theorem (see [9]) for parabolic equations.

LEMMA 2.3. If for a sequence h—0 we have that U"— U weakly in
L¥Q7) and lim,, o [7 {1 |8" — gl/hdx dt =0, then Vve H'((0, T); H*(D)),
v(x, T)=0 we have that

Jj U, + (a0,)x;) dx di = jj o(x) by(x, ) v, (x, 1) dudt,  (2.34)

an
where Vj=1, ., n, b;e L0, T; H¥*(S,) n H*(S,)).

Proof. Let v be a C* function with compact support in [0, T)x Q.
Multiplying Eq. (2.23) by v and integrating by parts over Q, we find

'[OT'[ Utv, + ajv,,,,) dx dt

Dy,

+LTL2\D U'(v, +ajvw)dxdt—J.0r.[ UP(K,v,) diedi
!

éDy

_ —%LT J-D\D Kluxur u dx+h LT L . Kjuijvj dt dx.. (2.35)

We ﬁrst investigate the limit of {{ {,,, U"(K;v,) du dt. For this purpose we
let z* be a sequence of functlons bounded in C 2((2\D,)x [0, T]) inde-
pendently of 4 and such that z* =0 in a neighborhood of (02 x [0, T])u
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(2xT), and that z k=0 and (Ajzv )= (K, v) on (0D,)x (0, T). Multiply-
ing Eq. (2.23) by 2" and 1ntegrat1ng by parts over (Q\D,)x (0, T) we find
that

T T
—j j Uh(A,z") dy dz:j j UM+ alz" ) dx dr
0 YDy T 0 Yo\D,

¢

1

T I
_ZL L\Dh(a_ —a)uyz" dxdi. (236)

Taking the limit as # — 0 we find, after using Lemma 2.2,

h—0

lim jOT f . UM A% dp di = jﬂT Ll oK'z, du dt, (2.37)

where z is the limit of the sequence z*. Taking # — 0 in (2.35), we obtain
after using (2.37) and Lemma 2.1

L,T JD Ulv, +avy,) dx dt

=JTJ oKul v, dudt

0 vS,

XX

+ LTJ oKu!, v, du di+ LTJ oK'z dud.  (238)
81

This last surface integral is a functional of v. Indeed, since S, is a C?
surface there exist p open subsets V,, such that S, () V,,and S,V can
be represented in the form

Sin Vo, i X, =7m( X1y ey X 1),

where 7,, is a C? function. After an elementary but lengthy computation we
find that

T
j f aK,u.‘;JzXJ du dr
0 'SinVp ’

‘frf 1+ (Vp,|°
St Vi Zn_l Aj?fn,xj+An

j=1

x( S Kul )(; Kyo,) dud

JTJ 1+ |Vy,|?
0 “Sin Vi, 27711 Alym X +An

X < Y Kju’;je> Kv, v dudt. (2.39)
=1



22 HAMID BELLOUT
For j=1, .., n we define the functions b¢, b and b, by

i

b (x, 1) = K;ut,(x, 1)

| _ 1+1Vy,,|2
bl ,t =K ! ’t + FK -
j (%, 1) = Ku' (x, 1) +v] TR At A,

x(Z K,u%) for xeV,,
I=1

bé(x, t) if xeS§,
bi(x,t)=<~

56 0) {b{(x, ) if xeS,.

J

This proves the lemma.

3. ProOF OF THEOREM 1.1

We will prove the theorem by exhibiting a function ve H'((0, T);
H?*(D)), v(x, T)=0 for which (2.34) does not hold. For this purpose we
will need the following lemma.

LemMMA 3.1. Let ae(0, 1) be a fixed positive number, Ye >0, 3T, > 0 and
a function v, H'((0, T,); H*(D)) such that

v, + (ajvgyxj)xj= 0 in Dx(0,T,) (3.40)

bj(x,t)ve,x/(x,t)=@(T2—t) on (0D\8,)x (0, T,) (3.41)

Vo, (x, )| <C TZS—T, V(x,NedDx (1, T,)  (3.42)

U(X, T2) = 05
where C is independent of e.

We will first prove Theorem 1.1 using the above lemma, which will be
proved later. Setting v =v, in (3.53) and using (3.40) we find

frzf o(x) by (x, 1) 0, (x, 1) dp dt = 0. (3.43)
0 oD
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Using (3.41) it follows that
T:
s‘lf ZJ. o(x)? (T, —t)dudt
0 YoD\3)

+jr2j 6(x) b (x, 1) v, (x, 1) dp dt =0. (3.44)
0 Y3, / /

By standard regularity results (see [7], for example) it follows from
assumption 1 of the theorem that

ue CO¥(0, T; C2*(D) A C**(9D U (2\D))) (345)

Consequently the functions b; are bounded and (3.44) yields
Ly
a-lj J 6(x)? (T, — 1) du dt
0 YoD\3y
T;

c jo [ loto) Vo, 1) du d

2%

7 T,—1
scjoj ;a(x)|c(2£—)dudz,

325

where (3.42) was used.
Since |o(x)| < Be on §,, by (1.13), after integrating in time we find that
there exists a new constant C independent of ¢ such that

f o(x)? du < Ce -meas{S,,}
oD\3y,
< Ce?,
where we made use of the fact that meas{S,,} < Ce for some C independent

of &
Letting & approach 0 we then find that o(x) =0, which contradicts (1.14).

Proof of Lemma 3.1. From assumption 2 of the theorem it follows that
Ve>0, Jy'(x)e C'(8D), I=1, 2, such that

Lo Ui xe(SASy)
‘//e(x)‘{o if xeS,0(6D\S))

0<¢i<1, |V'//£[CJ(00)<C5_ss (3.46)

where C is independent of e.
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Set
b, [(x, 1) = bi(x, 1)+ Y bi(x, 1)+ vi(l —yl—y  j=1,..n  (347)
B, ;(x,t)=¢b, ;(x, T, —1), j=1,..,n,

where T, is a small positive number to be specified later.
From (1.20) and the continuity (in ¢) of Vu“(x, 1), Vu'(x, 1) (see (3.45))
we deduce that there exists 7, > 0 such that

Kjuij(x, 1) vi#0, Kju’;,(x, t)vi#0, Y(x, tye dD x (0, T,). (3.48)

We will prove the lemma here, assuming that Kuf(x,7)v;>0 and
K_I-u;/(x, 1)v;=0; the proof for the case K,uij(x, t)vi<0 and/or
Iguf;l(x, 1)v; <0 is similar. It then follows from (3.48) that there exists
T, >0 and 6 >0 such that

Kju_‘;l(x, vz, Kju_"x,(x, vz, Yix, e dD x (0, T,), (3.49)
and consequently

bo (5 1)Ve28,  Y(x,1)€dDx (0, Ty). (3.50)

For fixed ¢ > 0 let z be the solution of the parabolic problem

Z = (ajz.\'j)x, =0 in Dx (O, Tl )9 (351)
z(x,0)=0, in D, (3.52)
B, ,(x,1)z,(x,)=0(x)-1 on @Dx(0, T, (3.53)

The existence, uniqueness, and regularity of a solution z to the above
problem result from (3.50) and [8, p. 322, Theorem 5.4]. Furthermore, z
satisfies [8, p. 322, estimate (5.14)].

|Z|Zt<2(0,r)<C1 |U(x)t|f§;§:(0.,), (3.54)

where a € (0, 1) and the norms |-| are as defined in [8].
A careful examination of the proof of (3.54) (see [8, pp. 324-328], for
example) reveals that 3z, > 0 such that, independently of T,

G &

<2 Vi<t
) = ) ) %=
Z};l ‘Be.jlan{O,r) Zj"lzl IB&J D x(0,7)

C<C,y . (3.55)

provided 7, is small enough. Here C; depends only D and a; and hence is
independent of .
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From the definition of B, it follows using the smoothness of u and
(3.49), that

Y B0 Se - Cy (3.56)
j=1
Cs< Z lBﬂ.jlng(O.z)ss'C6 (3.57)

j=1
0
|z;=] Bs.jv;I(?Dx[O,r)

0
Z;: 1 ’Bs,j aD % (0,7)

C;< <Cs, (3.58)

where the constants C,, .., Cy are independent of ¢ and t provided
1€ (0, T,/2), where T, is defined in (3.49).

This allows for a choice of T, which is independent of T,.

Choose T, in (3.47) such that T, <t,, and (3.54) yields

a+2 —1 1/2 —2/2
lZlph0n<e - Cot” , Vi< Tom

where C, is independent of 7 and «.
Thus

VzlS oS Cot,  VTI<T, (3.59)

Set v,(x, t)=z(x, T, — t). This function satisfies all the requirement of the
lemma.

4. PROOF OF THEOREM 1.2

Let x,€2, W=B(x,,r), where r is sufficiently small. For any
ve CHWx (0, T)),

T
j j Ulo, + (a,0,),) dx di
0O YDnW

T
- j j 0(x) by (x, 1) v, (x, 1) du dt =0, (4.60)
0 Y@D)nw

by the previous lemma, since 6 =0 on 2.
Setting a*(x) = A4, + K, Vx €, and using that U(x, 1)=0, Vxe Q\D, it
follows from the previous equality that

ﬂ Ulo, + (a¥v,),) dxdi=0, VoeCYAWx(0,T)). (461)
0 w
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Thus, U satisfies

U—a*U_ . =0 in Wx(0,T). (4.62)

AT

It then follows from Lemma 2.2 and the unique continuation theorem that
U=0 in Wx(0,T). Similarly, we deduce from (2.34) that U=0 in
Dx (0, T).

Using this fact, (2.38) becomes

Jj biix, ) vy (x, () dudi=0, VYoeCHQx(0,T)). (463)
(6D)nw

We will now prove Theorem 1.2. We consider two cases:
Case 1. a#0on §,.
Let ¢.(x)e C'(D) be such that

¢ =1 on dDn{o< —¢} (,=0ondDn{c=0} (4.64)
IVE,|<Cl/e  inD, (4.65)

and (1) e C (0, T)).
Taking v= ¢, u’ in (4.63) and using (2.39), (4.64), and (4.65) we obtain

—JATJ‘ l// 1+|Vym|2
0 YSiNnVpnio> —¢} Zn lAjyrzn,x,-l_An

X( 3 Kz“i,)( )3 Kj“ij’) dy dt
j=1 =1

_JTL oKu' u’, du dt

1n{oc> —¢}
<Cmeas{0> —o> —¢} >0 if ¢-0.
Hence, Vu'=0 on ({6 <0} S,)x(0, T) and by the unique continua-

tion theorem (see [9]) w'=u‘=const. in Q, which contradicts the
assumption (AS).

Case 2. Assume now that ¢ =0 then 0 =0 on .5, and (4.63) becomes

T
f f oK, dudi=0, VoeC32x (0, T)). (4.66)
0 vS,

Let () be a smooth nonnegative function with compact support in (0, 7).
By standard regularity results (see [8], for example) u° is regular on
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4D x (0, T), then the function yu® is Cy((0, T); D). Setting v = yu® in (4.66)
yields

JT Lz Yo Kl dudi=0.

0

Hence, Vu*=0 on ({6 >0} nS;)x (0, T) and by the unique continua-
tion theorem (see [9]) w'=u°=const. in @4, which contradicts the
assumption (AS5).
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