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Abstract
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1. Introduction, framework and main results

In this paper we continue our study of stochastic equations in Hilbert spaces with singular
drift through its associated Kolmogorov equations started in [6]. The main aim is to prove a
Harnack inequality for its transition semigroup in the sense of [16] (see also [1,14,17] for further
development) and exploit its consequences. See also [12] for an improvement of the main results
in [14] concerning generalized Mehler semigroups. To describe our results more precisely, let us
first recall the framework from [6].

Consider the stochastic equation

{dX(t): (AX(0) + F(X(0))dt + o dW (1), (L

X0)=x€eH.
Here H is a real separable Hilbert space with inner product (-,-) and norm |- |, W = W (¢), ¢t > 0,

is a cylindrical Brownian motion on H defined on a stochastic basis (£2, F, (F;);>0, P) and the
coefficients satisfy the following hypotheses:

A+ >0, on H and for some w € R

(H1) (A, D(A)) is the generator of a Cy-semigroup, T; = e
(Ax, x) < a)|x|2, Vx € D(A). (1.2)

(H2) o € L(H) (the space of all bounded linear operators on H) such that o is positive definite,
self-adjoint and

@) fooo(l + t")‘)||T,o||Iz{s dt < oo for some o > 0, where || - ||gs denotes the norm on the
space of all Hilbert—Schmidt operators on H.

(i) o~ e L(H).
(H3) F:D(F)C H — 2 is an m-dissipative map, i.e.,

(u—v,x—y)<0, Vx,yeD(F), ueF(x), veF(y),
(“dissipativity””) and

Range(/ — F):= | | (x—F(x))=H.
xeD(F)

Furthermore, Fo(x) € F(x), x € D(F), is such that

[Fot)| = min |y,

Here we recall that for F as in (H3) we have that F(x) is closed, nonempty and convex.

The corresponding Kolmogorov operator is then given as follows: Let £4 (H) denote the linear
span of all real parts of functions of the form ¢ = ¢! () ' e D(A*), where A* denotes the adjoint
operator of A, and define for any x € D(F),

1
Log(x) =3 Tr(o>D?p(x)) + (x, A*Do(x)) + (Fo(x), Dp(x)), @ €Ea(H). (1.3)

Additionally, we assume:
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(H4) There exists a probability measure 1 on H (equipped with its Borel o -algebra B(H)) such
that
@ w(D(F)) =1,
(i) [y (14 1x)) (A + [Fo(x)hu(dx) < oo,
(i) [y Lopdu =0 forall ¢ € E4(H).

Remark 1.1. (i) A measure for which the last equality in (H4) (makes sense and) holds is called
infinitesimally invariant for (Lo, E4(H)).

(ii) Since w in (1.2) is an arbitrary real number we can relax (H3) by allowing that for some
c e (0,00)

—v,x—y)<clx—y*, Vx,yeD(F), ueF(x), ve F(y).

We simply replace F by F — c and A by A + ¢ to reduce this case to (H3).

(iii) At this point we would like to stress that under the above assumptions (H1)—(H4) (and
(H5) below) because Fy is merely measurable and ¢ is not Hilbert—Schmidt, it is unknown
whether (1.1) has a strong solution.

(iv) Similarly as in [6] (see [6, Remark 4.4] in particular) we expect that (H2)(ii) can be relaxed
to the condition that o = (—A)™" for some y € [0, 1/2]. However, some of the approximation
arguments below become more involved. So, for simplicity we assume (H2)(ii).

The following are the main results of [6] which we shall use below.

Theorem 1.2. (Cf. [5, Theorem 2.3 and Corollary 2.5].) Assume (H1), (H2)(i), (H3) and (H4).
Then for any measure u as in (H4) the operator (Lo, 4 (H)) is dissipative on LY(H, W), hence
closable. Its closure (L, D(L,)) generates a Co-semigroup P' t>0 on L'(H, W) which
is Markovian, i.e., Ptﬂl =1 and Pl”“f > 0 for all nonnegative f € Ll(H, w) and all t > 0.
Furthermore, i is P}'-invariant, i.e.,

/Ptﬂfdﬂszdﬂ, VieL'(H, ).
H H

Below By(H), Cp(H) denote the bounded Borel-measurable, continuous functions respec-
tively from H into R and || - || denotes the usual norm on L(H).

Theorem 1.3. (Cf. [5, Proposition 5.7].) Assume (H1)-(H4) hold. Then for any measure | as
in (H4) and Hy := supp i (:= largest closed set of H whose complement is a [i-zero set) there

exists a semigroup pt (x,dy), x € Hy, t > 0, of kernels such that p!" f is a p-version of P! f
forall f € B,(H), t >0, where as usual

Pl )= / fWpi(x,dy), x e H.
H
Furthermore, for all f € By,(H), t >0, x,y € Hy,

|wlt
Pl f ) — Pl F )| < jﬁnfnoncf1 |1x =yl (1.4)
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and for all f € Lip, (H) (:= all bounded Lipschitz functions on H)

|pt ) = pl f)| < el flluiplx — yl,  ¥2>0, x,y € Ho, (1.5)
and
lim pr' f (x) = f(x), Vx € Ho. (1.6)
t—

(Here || fllo, || fliLip denote the supremum, Lipschitz norm of f respectively.) Finally, u is pi-
invariant.

Remark 1.4. (i) Both results above have been proved in [6] on L%(H, ) rather than on
L'(H, 1), but the proofs for L' (H, 11) are entirely analogous.

(ii) In [6] we assume w in (H1) to be negative, getting a stronger estimate than (1.4) (cf.
[6, (5.11)]). But the same proof as in [6] leads to (1.4) for arbitrary w € R (cf. the proof of [6,
Proposition 4.3] for ¢ € [0, 1]). Then by virtue of the semigroup property and since p!* is Markov
we get (1.4) for all # > 0.

(iii) Theorem 1.3 holds in more general situations since (H2)(ii) can be relaxed (cf. [6, Re-
mark 4.4] and [4, Proposition 8.3.3]).

(iv) (1.4) above implies that p;‘, t > 0, is strongly Feller, i.e., pf‘(Bb(H)) C C(Hpy) (= all
continuous functions on Hp). We shall prove below that under the additional condition (HS) we
even have pf (LP(H, n)) C C(Hp) for all p > 1 and that u in (H4) is unique. However, so far
we have not been able to prove that for this unique u we have supp u = H, though we conjecture
that this is true.

For the results on Harnack inequalities, in this paper we need one more condition.
H5) (1) (1+w— A, D(A)) satisfies the weak sector condition (cf. e.g. [10]), i.e., there exists

a constant K > 0 such that

(40— A, y) K[ +o— A, x) (1 +0 - a)y,y)"2,

Vx,y € D(A). 1.7)

(i) There exists a sequence of A-invariant finite dimensional subspaces H,, C D(A) such
that | ;2 H, is dense in H.

We note that if A is self-adjoint, then (H2) implies that A has a discrete spectrum which in turn
implies that (H5)(ii) holds.

Remark 1.5. Let (A, D(A)) satisfy (H1). Then the following is well known:

(1) (HS)(@) is equivalent to the fact that the semigroup generated by (1 + w — A, D(A)) on
the complexification Hc of H is a holomorphic contraction semigroup on Hc (cf. e.g.
[10, Chapter I, Corollary 2.21]).

(i) (H5)(@) is equivalent to (1 + w — A, D(A)) being variational. Indeed, let (£, D(E)) be the
coercive closed form generated by (1 + w — A, D(A)) (cf. [10, Chapter I, Section 2]) and
(&, D(E)) be its symmetric part. Then define

V:=D(&) with inner product & and V* to be its dual. (1.8)
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Then
VCHCV* (1.9)

and 1 +w — A : D(A) — H has a natural unique continuous extension from V to V* satisfying
all the required properties (cf. [10, Chapter I, Section 2, in particular Remark 2.5]).

Now we can formulate the main result of this paper, namely the Harnack inequality for p!,
t>0.

Theorem 1.6. Suppose (H1)—(HS) hold and let i be any measure as in (H4) and p;‘ (x,dy) as
in Theorem 1.3 above. Let p € (1, 00). Then forall f € By,(H), f >0,

2 polx—yP
(p— D —e2)

(P f@)" <pf fP () exp[na‘1 I } >0, x,y€H. (1.10)

As consequences in the situation of Theorem 1.6 (i.e. assuming (H1)-(HS5)) we obtain:
Corollary 1.7. Forall t > 0 and p € (1, 00)
pi'(LP(H, ) C C(Ho).
Corollary 1.8. u in (H4) is unique.

Because of this result below we write p;(x, dy) instead of p!*(x, dy).
Finally, we have

Corollary 1.9.
(i) Forevery x € Hy, p:(x,dy) has a density p;(x, y) with respect to u and

1

||,o,(x, _)”P/(P—l) <
! S exp[—llo =112 2252 ] dy)

, xeHy pe(l,00). (L1

@) If M(e)""z) < oo for some L > 2(w A 0)?|lc" Y%, then p; is hyperbounded, i.e.
I Pell L2¢H iy L4 (1, ) < O0 for some t > 0.

Corollary 1.10. For simplicity, let o = I and instead of (H1) assume that more strongly
(A, D(A)) is self-adjoint satisfying (1.2). We furthermore assume that |Fo| € L*(H, ).

(1) There exists M € B(Hy), M C D(F), w(M) = 1 such that for every x € M Eq. (1.1) has a
pointwise unique continuous strong solution (in the mild sense see (4.11) below), such that
X(t) e M forallt >0 P-a.s.
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(1) Suppose there exists ® € C([0,00)) positive and strictly increasing such that
limy_s 00 s 1P (5) = 00 and

v(s) .= d_r <00, Vs>0. (1.12)
D(r)

If there exists a constant ¢ > 0 such that
(Fox) = Fo),x —y) <c = d(lx = yI?),  ¥x,y e D(F), (1.13)
then p; is ultrabounded with

o [ M /) 0
I Pell L2 ¢H 0y Lo (H, ) S €XP W o >0

holding for some constant X > 0.

Remark 1.11. We emphasize that since the nonlinear part Fy of our Kolmogorov operator is
in general not continuous, it was quite surprising for us that in this infinite dimensional case
nevertheless the generated semigroup P, maps L!-functions to continuous ones as stated in
Corollary 1.7.

The proof that Corollary 1.9 follows from Theorem 1.6 is completely standard. So, we will
omit the proofs and instead refer to [14,17].

Corollary 1.7 is new and follows whenever a semigroup p; satisfies the Harnack inequality
(see Proposition 4.1 below).

Corollary 1.8 is new. Since (1.10) implies irreducibility of p!" and Corollary 1.7 implies that
it is strongly Feller, a well known theorem due to Doob immediately implies that w is the unique
invariant measure for p, t > 0. p!*, however, depends on w, so Corollary 1.8 is a stronger
statement. Corollary 1.10 is also new.

Theorem 1.6 as well as Corollaries 1.7, 1.8 and 1.10 will be proved in Section 4. In Section 3
we first prove Theorem 1.6 in case Fy is Lipschitz, and in Section 2 we prepare the tools that
allow us to reduce the general case to the Lipschitz case. In Section 5 we prove two results
(see Theorems 5.2 and 5.4) on the existence of a measure satisfying (H4) under some additional
conditions and present an application to an example where Fy is not continuous. For a discussion
of a number of other explicit examples satisfying our conditions see [6, Section 9].

2. Reduction to regular Fj

Let F be as in (H3). As in [6] we may consider the Yosida approximation of F, i.e., for any
a > 0 we set

Fo(x) :=é(Ja(x)—x), x€H, (2.1)

where for x € H

Jox):=(I —aF) '(x), a>0,
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and I (x) := x. Then each F, is single valued, dissipative and it is well known that

lim Fo(x) = Fo(x), Vx € D(F), (2.2)
|Fa)| < |Fo(x)|,  Vx € D(F). (2.3)

Moreover, F, is Lipschitz continuous, so Fy is B(H)-measurable. Since Fy, is not differentiable
in general, as in [6] we introduce a further regularization by setting

Fop(x) = / PP Fu(PPx 4 y)Ny o apn_py (@), o >0, 24)
H

where B : D(B) C H — H is a self-adjoint, negative definite linear operator such that B~! is of
trace class and as usual for a trace class operator Q the measure N is just the standard centered
Gaussian measure with covariance given by Q.

Fy p is dissipative, of class C°°, has bounded derivatives of all the orders and Fy g — Fy
pointwise as g — 0.

Furthermore, for o > 0

| Fo,p (O]

T .er,,BE(O,l]}<oo. (2.5)

Co 1= sup{

We refer to [8, Theorem 9.19] for details.
Now we consider the following regularized stochastic equation

{ dXa p(1) = (AXap(t) + Fup(Xap(t)))dt + o dW (1), 2.6)

Xop(0)=x€H.

It is well known that (2.6) has a unique mild solution Xy g (¢, x), t > 0. Its associated transition
semigroup is given by

POP f(x) =E[f(Xap(t,0)], >0, x€H,
for any f € B,(H). Here E denotes expectation with respect to P.

Proposition 2.1. Assume (H1)—(H4). Then there exists a K,-set K C H such that u(K) =1 and
forall f € Bp(H), T > 0 there exist subsequences (ay), (B,) — 0 such that for all x € K

lim lim P& Pn f(x)=plf(x) weaklyin L*(0,T;dr). 2.7

n—00 m— 00

Proof. This follows immediately from the proof of [6, Proposition 5.7]. (A closer look at the
proof even shows that (2.7) holds for all x € Hy = supp n.) O

As we shall see in Section 4, the proof of Theorem 1.6 follows from Proposition 2.1 if we can

prove the corresponding Harnack inequality for each P,a’ﬁ . Hence in the next section we confine
ourselves to the case when Fy is dissipative and Lipschitz.
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3. The Lipschitz case

In this section we assume that (H1)-(H3) and (H5) hold and that Fy in (H3) is in addition
Lipschitz continuous. The aim of this section is to prove Theorem 1.6 for such special Fj (see
Proposition 3.1 below). We shall do this by finite dimensional (Galerkin) approximations, since
for the approximating finite dimensional processes we can apply the usual coupling argument.

We first note that since Fy is Lipschitz (1.1) has a unique mild solution X (¢, x), t > 0, for
every initial condition x € H (cf.[8]) and we denote the corresponding transition semigroup by
P, t>0,i.e.

Pf(x)=E[f(X®x)], >0, xeX,
where f € By(H).
Now we need to consider an appropriate Galerkin approximation. To this end let e € D(A),
k € N, be orthonormal such that H, = linear span{ey, ..., e,}, n € N. Hence {ex: k € N} is an

orthonormal basis of (H, (-,-)). Let 7, : H — H, be the orthogonal projection with respect to
(H,{-,-)). So, we can define

A, = AH, (= A\n, by (H5)(ii)) (3.1
and, furthermore

Fy :=m,Fom,, On '=TyO|H,-
Obviously, o, : H, — H, is a self-adjoint, positive definite linear operator on H,,. Furthermore,
oy, 1s bijective, since it is one-to-one. To see the latter, one simply picks an orthonormal basis
{e].....,e;} of H, with respect to the inner product (-,-), defined by (x, y)s := (ox, y). Then
if x € H, is such that o,x = m,,0x =0, it follows that

x,e7) =l(ox,ef)=0, VI<i<n.
(r.ef), ={ox.ef)

Butx =7 (x,ef)sef, hence x = 0.
Now fix n € N and on H,, consider the stochastic equation

{ dXp (1) = (A Xn (1) + Fu(Xn (1)) dt + 0, dW, (1), (32)

X, (0) =x € Hy,
where W, (1) =, W(1) = Y _I'_ (e, W(1))ex.
(3.2) has a unique strong solution X, (¢, x), t > 0, for every initial condition x € H,, which is
pathwise continuous P-a.s. Consider the associated transition semigroup defined as before by

Pl fx)=E[f(Xn(t,x))], t>0, x € H,, (3.3)

where f € By (Hp).
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Below we shall prove the following:
Proposition 3.1. Assume that (H1)-(HS) hold. Then:
(1) Forall f € Cp,(H) and all t > 0,
nli)ngo P'f(x)=P f(x), Vx&H,,, npeN.

(ii) For all nonnegative f € Bp(H) and alln € N, p € (1, 00)

”2 pa)|x _y|2

(p—l)(l—e_2"”)i|’ t>0, x,y€eH,. (3.4)

(P F()" <P fP(y) exp[na‘1

Proof. (i) Define
t
Wao(t) = / A5 dW(s), t>0.
0
Note that by (H2)(i) we have that W4 »(¢), t > 0, is well defined and pathwise continuous. For

x € Hy,, no € Nfixed, let Z(¢), t > 0, be the unique variational solution (with triple V.C H C V*
as in Remark 1.5(ii), see e.g. [13]) to

{dZ(t) =[AZ®) + Fo(Z(t) + Wa 0 (1) ] dt, 35)
Z(0) =x, '
which then automatically satisfies

E sup |Z(1]* < +oo. (3.6)

tel0,T]

Then we have (see [8]) that Z(t) + W4+ (¢), t = 0, is a mild solution to (1.1) (with Fy Lipschitz),
hence by uniqueness

Xt,x)=Zt)+Was@), t=0. 3.7
Clearly, since
E sup |WA,U(I)|2 < 400, (3.8)
1€[0,T]

we have
TuWao(t) = Wao(t) asn— ooin L2(2, F,P), Vt > 0.

We set X, (t) := X, (¢, x) (= solution of (3.2)). Defining
t
Wa, .0, (1) = / = g, dW, (1), >0,
0
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and
Zy(t) = Xn(t) = Wa,0,(t), neN, 1=0,
it is enough to show that
Z,(t) > Z() asn— ocoin L2(82,F,P), Vi >0, (3.9)
because then by (3.7)
X, ()= X(t) asn — ooin L%(§2, F,P), Vst >0,

and the assertion follows by Lebesgue’s dominated convergence theorem. To show (3.9) we first
note that by the same argument as above

dZ,(t) = [A,,Z,,(t) + F, (Z,,(t) + Wa,.0, (t))] dt
and thus (in the variational sense), since A = A,, on H, by (3.1)
d(Z(t) = Za (1)) = [A(Z (1) = Zu (1)) + Fo(X () — Fu(Xa ()] dr.
Applying It6’s formula we obtain that for some constant ¢ > 0

t

1
Sz - 2,0 < /[(a) +1/2)|Z6) - Za(s)
0

+|Fo(X(5)) = Fo(Xa ()| + |1 = ) Fo(X ()| ] ds

t t
<cf|2(s) - Zn(s)|2ds+c/|WA,g(s> Wi, o () ds
0 0

t
+ f|(1 — ) Fo(X ()| ds.
0

Now (3.9) follows by the linear growth of Fp, (3.6)—(3.8) and Gronwall’s lemma, if we can show
that

T
fIE|WA,G(s) — Wiy ()| ds >0 asn — oo. (3.10)
0

To this end we first note that a straightforward application of Duhamel’s formula yields that

etAlyn —e'Mn vt >0.
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Therefore

s

Wao(s) — Wa,.0,(5) = / "o — mpom,) dW (1),
0

and thus

s
E[Wa.o(s) = Wa,.0, )] =/||e("’“(o — a0y | dr

0 N
Z/ rA(a—rrnann)e,| dr.
i=l 0

Since for any i € N, r € [0, 5], the integrands converge to 0, Lebesgue’s dominated convergence
theorem implies (3.10).
(i) Fix T >0,neNand x,y € H,. Let T € C'([0, 00)) be defined by

2we ! x — y|
Ty o
§() = o2t t>0.

Consider for X, () = X, (¢, x), t > 0, see the proof of (i), the stochastic equation

Xn(t) = Y, () }dr

_ T
dy,(t) = |:AnYn(t) + F (Yo () +& (I)—|Xn(t) — Y,,(t)|]lX"(’#Y"(”

+ 0, dWy (1),
Y,(0) = Y.

(3.11)

Since

Xn(t) —z

R A P
X, (1) —z| 7

is dissipative on H, for all # > 0 (cf. [17]), (3.11) has a unique strong solution Y, (¢) = Y, (¢, y),
t > 0, which is pathwise continuous P-a.s.
Define the first coupling time

T =inf{t > 0: X, (1) =Y, (D)}. (3.12)

Writing the equation for X, (t) — Y, (), t > 0, applying the chain rule to ¢(z) := vz + €2,
zZ € (—62, 00), € > 0, and letting ¢ — 0 subsequently, we obtain

d
E}Xnm Y| < 0] Xa @) — Yo ()| — T (O 1x,0)2v,0 1 =0,
which yields

d(e™ [Xa() = Ya(0)]) < =" (Ox,002r, 0 dt, 120, (313
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In particular, t = e¢~%!|X,,(t) — Y, (¢)| is decreasing, hence X, (T) = Y, (T) for all T > 7,,. But

by (3.13) if T < 1, then

e—2a)t

T

Tyle—eT < 20 dt =0
| X0 (T) = Y, (T)]e Sle—yl—Ix—yl T— o 20T r=0.
0

So, in any case

X, (T)=Y,(T), P-as. (3.14)

Let

T Aty
. M0 -1
R.— exp|:— m(xil(t)_ Yn(t),O' de(t))

T ATy
B RGO R A A

2 |Xn(t)_Yn(t)|2 .
0

By (3.14) and Girsanov’s theorem for p > 1,
(Prf )" = (ELf (¥a(D)])" = (B[RS (Xa(D))])"
< (P77 @) (E[RP D] (3.15)

Let

T Aty

p ET(1)
p=1J 1Xa(®) = Yu(0)

M, =exp| — X (1) — Yo (1), 0~ dW, (1)
P

T AT,
o 17 €T 1o~ (Xa ) = Ya) o
2p =17 ) X0 (1) = Yo (D)2 '

We have EM ), =1 and hence,

T Aty _
ERPP-D — B a1 exp| —F ETO?o T X = Ya)P
P 2(p — 1)? 1 X, () — Y, (1)]2
0

2

T AT,
gsupexp|:Tlil)2 /(ET(;))2”6—1”2(1{|
0

polx — yI* }

—112
s exp[”“ ===

Combining this with (3.15) we get the assertion (with T replacing t). O
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4. Proof and consequences of Theorem 1.6
On the basis of Propositions 3.1 and 2.1 we can now easily prove Theorem 1.6.

Proof of Theorem 1.6. Let f € Lip,(H), f > 0. By Proposition 3.1(i) it then follows that (3.4)
holds with P; f replacing P;" f provided F is Lipschitz. Using that | J, .y H, is dense in H and
that P; f(x) is continuous on x (cf. [8]) we obtain (3.4) for all x, y € H. In particular, this is true
for P,a”’ﬂ " f from Proposition 2.1.

Now fixt > 0and k € N, let

1
Xk(s) == Eﬂ[z,zﬂ/k] (s), s=0.

Using (3.4) for P,‘)"”'3 " f, (1.6), Proposition 2.1 and Jensen’s inequality, we obtain for x, y € K

t+1/k

1
pire=tim o [ ptreods

t

t+1
= lim lim lim / Xk (5) P2 P f () dx

k— 00 n—>00 m—00

0
t+1
< lim lim lim / Xk<s>(R§‘"’ﬁ'"f”(y>)””exp[lla‘l||

k—o00 n—00 m—0o0

0

t+1 | |2 1/p
< lim lim lim </Xk(s)P;‘mﬁmfP(y)exp[”a‘|}2 PO =Y }m)

k— 00 1—00 m—> 00 (P — 1)(1 _ e—Zws)
0

2y wlx—y)? }
(p— (1 —e™20%)

_ wlx — y|?
= (ptﬂfp(y))l/p exp|:HU 1”2(1? — (1 — e—Zwt):|’

where we note that we have to choose the sequences («,), (8,) such that (2.7) holds both for f
and f? instead of f. Since K is dense in Hy, (1.10) follows for f € Cp(H), for all x, y € Hp,
since p! f is continuous on Hy by (1.4).

Let now f € By(H), f > 0. Let f,, € Cp(H), n € N, such that f, — f in LP(H, 1) as
n — 00, p € (1,00) fixed. Then, since u is invariant for pfl , t > 0, selecting a subsequence if
necessary, it follows that there exists K| € B(H), w(K1) = 1, such that

pifux) = plf(x) asn— o0, VxeKk.

Taking this limit in (1.10) we obtain (1.10) for all x, y € K. Taking into account that pf is
continuous and that K is dense in Hy = supp u, (1.10) follows for all x, y € Hy. O

Corollary 1.7 immediately follows from Theorem 1.6 and the following general result:
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Proposition 4.1. Let E be a topological space and P a Markov operator on Bp(E). Assume that
Sfor any p > 1 there exists a continuous function n, on E x E such that n,(x,x) =0 for all
x € E and

PIFI(x) < (PIFIP()/Pe™)  wx,y € E, f € By(E). (4.1)

Then P is strong Feller, i.e. maps Bp(E) into Cp(E). Furthermore, for any o -finite measure |4
on (E,B(E)) such that

/IPfIdM<C/|fIdu, Vf e By(E), 42)
E E

for some C > 0, P uniquely extends to L? (E, u) with PLP (E, ) C C(E) forany p > 1.

Proof. Since P is linear, we only need to consider f > 0. Let f € By(E) be nonnegative.
By (4.1) and the property of 7, we have

limsup Pf(x) < (PFP()"/", p>1.

xX—>y

Letting p | 1 we obtain limsup,_,, Pf(x) < Pf(y). Similarly, using f1/P to replace f and
replacing x with y, we obtain

(PFYP ()P < (PFx))eP? O Vx, y e E, p>1.

First letting x — y then p — 1, we obtain liminf, ., Pf(x) > Pf(y). So Pf € Cp(E). Next,
for any nonnegative f € LP(E, pn),let f,=f An,n>1.By@4.2)and f, — fin LP(E, n) we
have P|f, — fn|? — 0in LY(E, u) as n,m — oo. In particular, there exists y € E such that

lim P|fy — ful”(y) =0. (4.3)
n,m— oo
Moreover, by (4.1), for By :={x € E: n,(x,y) < N}

sup | Pfu(x) — Pfu()|” < sup (Plfn — ful () < (Plfu — ful? (0))ePN.

XEBy XEBN

Since by the strong Feller property Pf, € Cp(E) for any n > 1 and noting that Cp(By) is com-
plete under the uniform norm, we conclude from (4.3) that Pf is continuous on By for any
N > 1,and hence, Pf € C(H). O

Proof of Corollary 1.8. Let u{, o be probability measures on (H, B(H)) satisfying (H4). De-
fine u := %Ml + %Mz. Then u satisfies (H4) and u; = p;ju, i = 1, 2, for some B(H)-measurable
pi - H—1[0,2]. Leti € {1,2}.

Since p; is bounded, by (H4)(iii) and Theorem 1.2 it follows that

/Luud,u,- =0, YueD(L,).
H
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Hence

Q~.|Q‘

H H

i.e.

/pf‘udu,-:/udui Yue&A(H).
H H

Since E4(H) is dense in L'(H, u;), w; is (pl")-invariant. But as mentioned before, by The-
orem 1.6 it follows that (p!) is irreducible on Hy (see [9]) and it is strong Feller on Hy by
Corollary 1.7. So, since u; (Ho) =1, u; =p. 0O
Proof of Corollary 1.10. Let
A=A—owl, D(A) := D(A),
]50 =Fy+wl.
By (H2), A has discrete spectrum. Let e € H, —i; € (—00, 0], be the corresponding orthonor-
mal eigenvectors, eigenvalues respectively.
For k € N define
or(x) = {ex,x), x€H.
We note that by a simple approximation (1.5) also holds for any Lipschitz function on H and thus
(cf. the proof of [6, Proposition 5.7(iii)]) also (1.6) holds for such functions, i.e. in particular, for
allkeN

[0,00) 2t +— p;er(x) is continuous for all x € Hy. 4.4)

Since any compactly supported smooth function on R is the Fourier transform of a Schwartz
test function, by approximation it easily follows that setting

FC(fe)) ==1{g(ter, ), ... (en,)): NeN, ge Cp°(RY)},
we have FC;°({ex}) C D(Ly) and for ¢ € FCp°({ex})
1
Lup(x)= ETr[1)2<p(x)] +(x, ADp(x)) + (Fo(x), Do(x)), x € H.
Then by approximation it is easy to show that

Ok <p;f €D(L,) and L@ =—A@i + (e, Fo),
L@ = =207 4 20 (ex, Fo) +2, VkeN. 4.5)



G. Da Prato et al. / Journal of Functional Analysis 257 (2009) 992-1017 1007

Since we assume that |Fp| is in L?(H, w), by [3, Theorem 1.1] we are in the situation
of [15, Chapter II]. So, we conclude that by [15, Chapter II, Theorem 1.9] there exists a nor-
mal (thatis P, [ X (0) = x] = 1) Markov process (£2, F, (F;): >0, (X (t))r >0, (Px)xeH,) With state
space Hy and M € B(Hy), u(M) =1, such that X (t) € M forall r > 0 P,-a.s. for all x € M and
which has continuous sample paths Py-a.s for all x € M and for which by the proof of [6, Propo-
sition 8.2] and (4.4), (4.5) we have that for all k € N

t

Bi (1) ::‘Pk(X(t))_(Pk(x)_/Lu(Pk(X(s))ds» 120,
0

t

M) = of (X (1)) — g} (x) — / Lugt(X(s))ds, >0, (4.6)
0

are continuous local (F;)-martingales with g7 (0) = My (0) = 0 under P, for all x € M. Fix
x € M. Below E, denotes expectation with respect to P,. Since for 7 > 0

T

//JEX(1+|X(S)|2)(1+\FO(X(S))|)dm(dx)

H 0

= Tf(l + x*) (1 + [ Fo(x)|) (dx) < o0,
H

making M smaller if necessary, by (H4)(ii) we may assume that
T
IEX/ +|X(s)| 1+ |[Fo(X(5))]) ds < 0. 4.7
0

By standard Markov process theory we have for their covariation processes under P,.,

t

(BF. BY), =f(D<pk(X(s)), Doy (X(s)))ds =18, 1>0. (4.8)
0

Indeed, an elementary calculation shows that forall k e N, > 0,

t
BL(1)? — f |Dgr (X ()| ds
0

t

= M (1) = 20k (x) By (1) — /(ﬂ;f () = B () Lugr(X (5)) ds, (4.9)

0
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where all three summands on the right-hand side are martingales. Since we have a similar formula
for finite linear combinations of ¢, s replacing a single ¢, by polarization we get (4.8). Note that
by (4.5) and (4.7) all integrals in (4.6), (4.9) are well defined.

Hence, by (4.8) B;, k € N, are independent standard (F;)-Brownian motions under IP,,. Now it
follows by [11, Theorem 13] that, with W* = (W*(¢));>0, being the cylindrical Wiener process
on H given by W* = (8} ex)ken, we have for every 1 > 0,

t 1
X(1)=ex + / UIAFY (X (5)) ds + / UTIAIW(s), P-as., (4.10)
0 0

that is, the tuple (2, F, (F:):>0, Px, W*, X) is a solution to

t t
Y(t) =e“‘Y(O)~|—/e(’_s)AF0(Y(s)) ds+fe(’_s)AdW(s), P-as., Vt >0,
0 0
law Y(0) =6, (:= Dirac measure in x),

@.11)

in the sense of [11, p. 4].
We note that the zero set in (4.10) is indeed independent of ¢, since all terms are continuous
in t P,-a.s. because of (H2)(ii) and (4.7).

Claim. We have X-pathwise uniqueness for Eq. (4.11) (in the sense of [11, p. 98]).

For any given cylindrical (F})-Wiener process W on a stochastic basis (£2', 7', (F;):>0, )
letY=Y®),Z=2Z(t),t >0, be two solutions of (4.11) such that law(Z) = law(Y) = law(X)
and Y (0) = Z(0) P'-a.s. Then by (4.7)

T T T

E’/]Fo(y(s))\ds=1E’/]F0(Z(s))yds =Ex/\F0(X(s))|ds <00 (4.12)

0 0 0
(which, in particular implies by (4.11) and by (H2)(i) that both ¥ and Z have IP’-a.s. continuous

sample paths). Hence applying [11, Theorem 13] again (but this time using the dual implication)
we obtain for all k ¢ N

t
(ex. Y(1) = Z(1)) = = /(ek, Y(s) — Z(s))ds
0

'
+ /(ek, I':O(Y(s)) — ﬁo(Z(s))>ds, t >0, P-as.
0

Therefore, by the chain rule for all k € N,



G. Da Prato et al. / Journal of Functional Analysis 257 (2009) 992-1017 1009

t
ex, Y(1) = Z(1)) = =20y /(ek, Y(s) — Z(5)) ds
0

t

+ 2/<ek, Y(s) — Z(s))ex. Fo(Y (5)) — Fo(Z(s)))ds, t>0, P-as.
0

Dropping the first term on the right-hand side and summing up over k € N (which is justified by
(4.11) and the continuity of ¥ and Z), we obtain from (H3) that

t

lY() -z < 2/(Y(s) — Z(s), Fo(Y (9)) — Fo(Z(5)))ds

0

t
<2a)f|Y(S) —Z(s)|*ds, >0, Plas.
0

Hence, by Gronwall’s lemma Y = Z P’-a.s. and the Claim is proved.

By the Claim we can apply [11, Theorem 10, (1) < (3)] and then [11, Theorem 1] to conclude
that Eq. (4.11) has a strong solution (see [11, Definition 1]) and that there is one strong solution
with the same law as X, which hence by (4.7) has continuous sample paths a.s. Now all conditions
in [11, Theorem 13.2] are fulfilled and, therefore, we deduce from it that on any stochastic basis
(82, F, (F)i>0, P) with (F;)-cylindrical Wiener process W on H and for x, y € M there exist
pathwise unique continuous strong solutions X (¢, x), X (¢, y), t = 0, to (4.11) such that

PoX(,x) '=ProX!
and

PoX(,y) '=PyoX!,
in particular, X (0, x) = x and X (0, y) = y and

PoX(t,x)"'(d2) = pi(x,dz), 1>0,
PoX(t,y) '(dz) = pi(y,dz), t>0. (4.13)
In particular, we have proved (i). To prove (ii), below for brevity we set X := X (-, x), X' :=

X (-, y). Then proceeding as in the proof of the Claim, by (1.13) and noting that s "' & (s) — oo
as s — 0o, we obtain

d
E}X(r)—X’(t)\zga—d%)(]X(t)—X’(t)}z) (4.14)

for some constant a > 0, only depending on w and @, where @ = %qﬁ.
Now we consider two cases.
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Case L. |x — y|> < &, ' (2a).
Define f(r) :=|X(t) — X'(1)|?, t >0, and suppose there exists #y € (0, co) such that
f(0) > @5 (@)
Then we can choose § € [0, fp] maximal such that
f@) > o5 @), Ve (-3, 10l

Hence, because by (4.14) f is decreasing on every interval where it is larger than @ Ya), we
obtain that

fto—8) = f(to) > &5 ' (@).

Suppose 19 — & > 0. Then f (19 — ) < Dy l(a) by the continuity of f and the maximality of §.
So, we must have ty — § = 0, hence

f0) < flo—8)=fO) =|x -y’ < &5 2a).
So,
X)) — X' <5 2a), Vi>0.
Case 2. |x — y|> > &, (2a).

Define fo = inf{r > 0: |X (1) — X'(1)|*> < d)o_l (2a)}. Then by Case 1, starting at t = ¢ rather
than ¢ = 0 we know that

X)) — X' 0] <5 2a), Vi1 (4.15)

Furthermore, it follows from (4.14) that
1
d|x@)—x'0]* < —5®o(|X (1) - X'0*)dt, Vi <i.

This implies
le—yP?
1 dr t
- 2 Rl
2 Do(r) ~ 4
IX(O-X'(0)?

v (X)) - X'0) > v <1o.

Therefore,

X)) = X' 0] <w~'@/4), Vi< (4.16)
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Combining Case 1, (4.15) and (4.16) we conclude that
|X(t)—X’(t)|2< wle/4) + @5 2a), V> 0. 4.17)
Combining (4.17) with Theorem 1.6 for all f € B,(H) we obtain

A1+ 1(1/8)
—(1 Ry ] V>0

(e FI(X1/2))) < (Pt/zfz(X/(t/Z)))exp[

for some constant A > 0. By Jensen’s inequality and approximation it follows that for all f €
L*(H, )

(Pl £100) < E(pejal FI(X /)

A1+~ 1(1/8))
(1- 8*“”/2)2

<(ptf2(y))exp[ ] V>0, Vx,ye M.  (4.18)

But since Hy = supp i, M is dense in Hy, hence by the continuity of p; f (cf. Corollary 1.7)
(4.18) holds for all x € Hy, y € M. Since w(M) = 1 this completes the proof by integrating both
sides with respectto u(dy). O

Remark 4.2. We would like to mention that by using [2] instead of [15] we can drop the as-
sumption that | Fp| € LZ(H , ). So, by (4.9) and the proof above we can derive (4.8) avoiding to
assume the usually energy condition

t
/|F0(X(s))|2ds <00, Py-as.
0

Details will be included in a forthcoming paper. We would like to thank Tobias Kuna at this point
from whom we learnt identity (4.9) by private communication.

5. Existence of measures satisfying (H4)

To prove existence of invariant measures we need to strengthen some of our assumptions. So,
let us introduce the following conditions.

(H1) (A, D(A)) is self-adjoint satisfying (1.2).
(H6) There exists n € (w, 00) such that

(Fox) — Fo(»),x —y) < —nlx —y|*>, Vx,y e D(F).

Remark 5.1. (i) Clearly, (H1) implies (H1) and (H5). (H1)’ and (H2)(i) imply that (A, D(A))
and thus also (1 +w — A, D(A)) has a discrete spectrum. Let A; € (0, 00), i € N, be the eigen-
values of the latter operator. Then by (H2)

e¢]

> oat < oo (5.1)

i=1
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(ii) If we assume (5.1), i.e. that (1 +w — A)~! is trace class, then all what follows holds with
(H2) replaced by (H2)(i). So, o~ € L(H) is not needed in this case.

Let Fy, o <0, be as in Section 2. Then e.g. by [5, Theorem 3.2] equation (1.1) with F,
replacing Fy has a unique mild solution X (¢, x), f > 0. Since there exist 77 € (w, 00) and g > 0
such that each Fy, o € (0, o), satisfies (H6) with 7 replacing 1, by [5, Section 3.4] X, has a
unique invariant measure py on (H, B(H)) such that for each m € N

ae(0,a0)

sup /|x|mua(dx) < 0. 5.2)
H

That these moments are indeed uniformly bounded in «, follows from the proof of [5, Proposi-
tion 3.18] and the fact that 7 € (w, 00).

Let Ng denote the centered Gaussian measure on (H, B(H)) with covariance operator Q
defined by

o0
Ox = /e’AGetAxdt, xe€eH,
0

which by (H2)(ii) is trace class.
Let Wl-2(H, Ng) be defined as usual, that is as the completion of £4 (H) with respect to the
norm

12
lellwz = (f(<ﬂ2 + |D§0|2)dNQ> . pels(H),
H

where D denotes first Fréchet derivative. By [7] we know that
WY2(H,Ng) C L*(H, Ng), compactly. (5.3)

Theorem 5.2. Assume that (H1)', (H2), (H3) and (H6) hold and let jy, o € (0, ag) be as above.
Suppose that there exists a lower semi-continuous function G : H — [0, oo] such that

{G <o} C D(F), |Fol<G onD(F) and sup /sz,ua<oo. 5.4)

ae(0,u
O, o)H

Then {iy: o € (0,a0)} is tight and any limit point  satisfies (H4) and hence by Corollary 1.8
all of these limit points coincide. Furthermore, for all m € N

J (0P + 1)t < o0 (5.5)
H

and there exists p : H — [0, 00), B(H)-measurable, such that u = pNg and /p € WL2(H, ).
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Proof. We recall that by [3, Theorem 1.1] for each « € (0, )
Mo =puNo; +/pa € W'(H, Ng) (5.6)

and as is easily seen from its proof, that
1
/ |DV/pul?dNo < 4 / | Fal® dta. (5.7)
H H

But by (2.3) and (5.4) the right-hand side of (5.7) is uniformly bounded in «. Hence by (5.3)
there exists a zero sequence {«,} such that

/Py, — /P inL?>(H,Ng) asn — oo,

for some ,/p € W1’2(H , No) and therefore, in particular,
Pa, — p inL'(H,Ng)asn— oc. (5.8)

Define u := pNgp and p, := pg,, n € N. Since G is lower semi-continuous and fty, — [ as
n — oo weakly, (5.2) and (5.4) imply

/(Gz(x) + [x™)pu(dx) < oo, ¥m eN. (5.9)
H

Hence by (5.4) both (H4)(i) and (H4)(ii) follow. So, it remains to prove (H4)(iii).
Since o is independent of «, to show (5.9) it is enough to prove that for all ¢ € C,(H),
he D(A),

Jim [ L gm0 = [ Fiwpeo u. (5.10)
H H

where FO}} = (h, Fy), a € [0, ag). We have

‘fF£l¢dMan_/Fél¢dﬂ‘

H H

< ||<o||oof}FZzn — FJ'lpndNg + /!Fohsohpn — pldNy. (5.11)
H H

But by (2.3) and (5.4) we have

fIFo’Z,l—Fo”|pndNQ< / |l — Fl|ondNg
H {IGI<M)

2\h
—i—L sup /szua.
aG(O,aQ)H
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Hence first letting n — oo then M — oo by (2.2), (5.4) and (5.8) Lebesgue’s generalized domi-
nated convergence theorem implies that the first term on the right-hand side of (5.11) converges
to 0. Furthermore, for every § € (0, 1)

h

h h FO
‘/Fowduan—/Fwdu‘é‘/*,,(p(pn—p)dNQ‘

1+ 8| Fl
H H H
2 2
+8||<o||oo</!Fé’| dua,,+/]F§] du>. (5.12)

H H

Since by (2.3) and (5.4)

sup /|F5‘|2dua < 00,
ae(O,ao)H

(H4)(iii) follows from (5.12) by letting first n — oo and then § — 0, since for fixed § > O the
first term in the right-hand side converges to zero by (5.8). O

Example 5.3. Let H = L%(0, 1), Ax = Ax, x € D(A) := H*(0, ) N H} (0, 1). Let f: R —> R
be decreasing such that for some ¢3 > 0, m € N,

|f)|<e3(1+1sI™), VseR. (5.13)

Let s; € R, i € N, be the set of all arguments where f is not continuous and define

z [f(s;+), f(s;=)], ifs=s; forsomeieN,
f(s)=
f(s), else.
Define
F:D(F)CH—)ZH, xr—>fox,
where

D(F)={xeH: foxC H}.

Then F is m-dissipative. Let F be defined as in Section 2.
Since A < w for some w < 0, it is easy to check that all conditions (H1)’, (H2), (H3), (H6)
with n = 0 hold for any o € L(H) such that o~ e L(H). Define

1 12 .
G =1 (o lx(€)[*mdE) ifx € L™ (0, 1),
+00 if x ¢ L¥(0, 1).
Then {G < oo} C D(F) and | Fy| = |F()|L2(0’1) < G on D(F). Furthermore, by [6, (9.3)]
sup /62 diiy < 00. (5.14)
ae(0,ap)

H
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Note that from [6, Hypothesis 9.5] only the first inequality, which clearly holds by (5.13) in our
case, was used to prove [6, (9.3)]. Hence all assumptions of Theorem 5.2 above hold and we
obtain the existence of the desired unique probability measure p satisfying (H4) in this case. We
emphasize that no continuity properties of f and Fy are required. In particular, then all results
stated in Section 1 except for Corollary 1.10(ii) hold in this case.

If moreover there exists an increasing positive convex function @ on [0, co) satisfying (1.12)
such that

(f&—fO)s—)<c—D(Is—1t?), s,teR,

then by Jensen’s inequality (1.13) holds. Hence, by Corollary 1.10 one obtains an explicit upper
bound for || p¢ll 12, juy— Lo (#,y) - A Natural and simple choice of @ is @ (s) = s™ form > 1.
One can extend these results to the case, where (0, 1) above is replaced by a bounded open

setinRY, d=2or3foroc =(—A),y¢€ (df, %), based on Remark 1.1(iv).

Before to conclude we want to present a condition in the general case (i.e for any Hilbert
space H as above) that implies (5.4), hence by Theorem 5.2 ensures the existence of a probability
measure satisfying (H4) so that all results of Section 1 apply also to this case. As will become
clear from the arguments below, such condition is satisfied if the eigenvalues of A grow fast
enough in comparison with |Fp|. To this end we first note that by (5.1) for i € N we can find
gi € (0, X;), gi 1 0o such that Z?ilqi_l < 0o and ;1—’,'_ — 0 as i — o0. Define ® : H — [0, o0]
by

O(x) ::ZK’ (x,ei)’, x€H, (5.15)

where {e;};cny is an eigenbasis of (1 +w — A, D(A)) such that e; has eigenvalue A;. Then ® has
compact level sets and | - 2<6.
Below we set

H, :=lin span {eq, ..., ey}, 7T, := projection onto H,,,
A=A—1+wl, D(A) := D(A), (5.16)
Fo:=Fy+(1+w)l. (5.17)

We note that obviously H, C {® < +o0o} for all n € N.

Theorem 5.4. Assume that (H1)/, (H2), (H3) and (H6) hold and let 11, o € (0, ag), be as above.
Suppose that {® < +o0o} C D(F) and that for some C € (0, 00), m € N

|Fo)| < C(1+Ix" +0'2(x)), Vxe D(F). (5.18)
Then
sup /@dua < o0 (5.19)
ae(O,ao)H

and (5.4) holds, so Theorem 5.2 applies.
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Proof. Consider the Kolmogorov operator L, corresponding to X, (¢, x), t > 0, x € H, which
for p € FCZ({en}), ie., o =g(le1, ), ..., (en, ) for some N € N, g € CZ(RV), is given by

L R l 212
a@(x) = 5 Tr[a D (p(x)] + (x, AD(p(x)> + (Fa(x), D(p(x)>, x€eH, (5.20)

where D? denotes the second Fréchet derivative. Then, an easy application of Itd’s formula shows
that the L' (H, uq)-generator of (Pf) (given as before by PP f(x) = E[ f(X(z, x))]) is given
on fCZ({en}) by L. In particular,

/ Lopdue =0, Voce fc}% ({en })
H
By a simple approximation argument and (5.2) we get for o € (0, ) and
n
On(x) 1= Zqi_l(x, ¢i)’, xe€H,neN,
i=1
that also

/Latpnduazo. (5.21)
H

But for all x € H, with I*:a defined as P:o in (5.17), we have

Logn) =23 2 (r. e +2 Y7 Pt e )
i=1 1

i=1

n
-1
+ Z 4q; (onei,one;)
ij=1

n 172 / p 1/2
<—2@(nnx)+2(Zq;1<ﬁa(x>,e,->2> (Zq;1<x,e,->2>
i=1

i=1
n
-1 2
+ Zqi loneil
i=1

o0
< =20 () +er (1+ " + 02 @)lxl) + o 1* D g7, (5.22)

i=1

for some constant ¢; independent of n and «. Here we used (2.3) and (5.18). Now (5.21), (5.2)
and (5.22) immediately imply that for some constant ¢

ae(0,q ae(0,a
( o)H 0,a0)

o0
sup /@(x)ua(de sup 51(1+/|x|m+2ua(dx)>+|IGI|ZZqi1 < 0.
H i=1

So, (5.19) is proved, which by (5.18) implies (5.4) and the proof is complete. O
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