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Article history: We study termination of programs in concurrent higher-order languages. A higher-order
Available online 15 July 2010 concurrent calculus combines features of the A-calculus and of the message-passing con-

current calculi. However, in contrast with the A-calculus, a simply-typed discipline need not
guarantee termination and, in contrast with message-passing calculi such as the 7 -calculus,
divergence can be obtained even without a recursion (or replication) construct.

We first consider a higher-order calculus where only processes can be communicated.
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Type systems We propose a type system for termination that borrows ideas from termination in Rewriting
Higher-order calculi Systems (and following the approach to termination in the 77 -calculus in [3]). We then show
7 -calculus how this type system can be adapted to accommodate higher-order functions in messages.

Finally, we address termination in a richer calculus that includes localities and a passivation
construct, as well as name-passing communication. We illustrate the expressiveness of the
type systems on a few examples.
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1. Introduction

A system is terminating when it cannot perform an infinite number of reduction steps. Termination is a difficult property
to ensure: typically, the termination of a rewriting system is not decidable in the general case. The problem of termination has
been widely studied in sequential languages, including higher-order ones such as the A-calculus, exploiting static analyses,
and especially type systems.

Ensuring termination for concurrent and mobile systems is even more challenging, as such systems are rarely confluent.
The presence of mobility, under the form of an evolving topology of communication (new communication endpoints can
be created, information travels across the system along dynamically evolving connections), adds even more complexity to
the task. Previous works on this subject [3,9,14] rely on type systems to ensure termination in a concurrent context, in the
setting of the mr-calculus () [10]. In some of these systems, weights are assigned to -calculus channels, and typability
guarantees that, at each reduction step that involves the firing of a replicated term, the total weight associated to the process
decreases.

In this work, we want to address the problem of termination in languages that include powerful primitives for distributed
programming. The most important primitive that we focus on is process passing, that is, the ability to transmit an entity of
computation along messages. We therefore study higher-order concurrent languages, and focus on the higher-order 7 -
calculus, HOpi [8], as working formalism to analyse termination in this setting.

To our knowledge, there exists no result on termination for higher-order concurrent processes. In some sense, formalisms
like HOpi combine features from both the A-calculus and the 7 -calculus, and ensuring termination in such a setting involves
the control of difficulties related both to the higher-order aspects and to the concurrency aspects of the model.
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In contrast with name-passing concurrent languages such as the r-calculus, where recursion (or a similar operator such
as replication) is needed in order to build non-terminating programs, in HOpi, similarly to the A-calculus, non-termination
can show up already in the fragment without recursion. As an example, consider the following process:

Qo = Py | a(Py), where Py = a(X).(X|a(X)).

Py receives a process on channel a, spawns the received process and emits a copy of this process on a again. In turn, Qg consists
of a copy of Py emitted on q, in parallel with an active copy of Py. Qp can only reduce to itself, giving rise to a divergence.

Another difference with the situation in the A-calculus is related to typing. In the A-calculus, termination can be ensured
by adopting a type discipline, such as that of the simply-typed A-calculus, which rules out recursive types. On the other
hand, the HOpi process Qg is typable without resorting to recursive types (Qg is a process of simply-typed HOpi, where name
a is used to carry processes, and X, Y are process variables).

To sum up, calculi like HOpi combine ideas from 7 -calculus and A-calculus, and in both these calculi termination has
been studied (using type systems). We cannot however directly adapt existing ideas. On the one hand, the type systems for
termination in the 7t -calculus essentially impose constraints on the recursion (or replication) operators; we cannot directly
adopt the idea in HOpi because HOpi has no recursion. On the other hand, the type systems for termination in the A-calculus
put constraints on self-applications, notably by forbidding recursive types. We cannot directly adopt these either, because
of non-terminating examples like the one above.

The goal of this paper is to study type disciplines for higher-order concurrent calculi that allow us to rule out non-
terminating programs such as process Qp above, while retaining a non-trivial expressiveness.

A solution to follow this program could be to exploit the standard encoding of HOpi in 7 [10], that respects termination,
and use it, together with existing type systems for 77, to infer termination in HOpi. However this would not be applicable in
extensions of HOpi that are not encodable in 7r (or that appear difficult to encode), for instance, in distributed versions of the
calculus. If one wishes to handle models for distributed computing (including explicit locations and mobility of locations),
the techniques and type systems for termination should be directly formulated on HOpi. Further, a direct formulation would
allow one to make enhancements of the techniques that are tailored to (and therefore more effective on) higher-order
concurrency. We nevertheless analyse the approach via the encoding in the m-calculus in Section 2.3, to compare it with
our system in terms of expressiveness.

In this paper, we first (Section 2) analyse termination in HOpi,, a higher-order calculus where processes are the only
values exchanged. We propose a type system for termination using techniques from term-rewriting, in which termination
is guaranteed by a decreasing weight associated to processes. This is also the approach followed in [3] for termination in
the s -calculus. The technical details and the proofs are however rather different, for the reasons outlined earlier (e.g., name
passing vs process passing, absence of replication or recursion). We present the basic type system and its soundness proof
(Section 2.2), and provide an analysis of its expressiveness (Section 2.3).

The system for HOpi, is a starting point, from which we build a similar type system for HOpi,,, a richer higher-order
calculus where the values communicated also include higher-order functions (Section 3 - the names HOpi, and HOpi,, are
inspired from [10]). The additional constructs for functions have to be controlled in order to rule out diverging behaviours.

In Section 4, we further extend our framework to analyse termination in a richer calculus, called HOpiCE). The type system

for HOpii, goes beyond those of Sections 2 and 3, both because the calculus includes specific constructs, and because the
analysis made using types is finer. We illustrate the flexibility of our approach by studying an encoding of the choice operator
(Section 4.3), which involves non-trivial backtracking mechanisms that are difficult to analyse.

In Section 5, we explore another path in the analysis of the expressiveness and the flexibility of the system of Section 2.
We indeed study termination in Pas, a calculus that extends HOpi, with 7 -calculus-like name passing, and with powerful
primitives such as explicit localities and passivation. Passivation is the operation of capturing a running computation in a
preemptive way, in order to be able to modify the process being executed (for instance to discard, duplicate or update it).
We provide several examples to illustrate the expressive power given by the combination of primitives in Par. Analysing
and controlling interaction in Parr is a challenging task. We discuss how the ideas we developed to control process passing
in HOpi; can be combined with the approach to name passing of [3] in order to guarantee termination.

This paper extends [7]. The presentation we give here is more complete: we include the detailed proofs of our results,
which were omitted for lack of space in [7]. Moreover, the developments we present in Section 4 (calculus HOpic!U and its
type system, typing the encoding of choice) were only sketched in the reference mentioned above.

2. HOpi,

This section is dedicated to the study of HOpis, a basic higher-order process calculus, with processes as the only commu-
nication values (the index 2 in HOpi, is inherited from the notation in [10, Part V]).

2.1. The calculus

We shall use symbols P, Q, R, S for processes, X, Y for process variables and names a, b, ¢ for channels.
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Table 1
Laws of structural congruence.

P1| (P2 |P3) = (P |P2)|Ps P1|P, =P | P Plo=P (ve)(vd) P = (vd)(ve) P
(vc)0=0 (vc) (P1 | Py) = Py | (vc) Py if cis not free in Py

Table 2
Reduction relation in HOpi,.

(Com) —
a(Q).P1 | a(X).P, — P1 | P,[Q/X]

Py — P p—P
s (Scop) T
Py |P, — Pj| Py (va)P — (va)P

(Spect) (Cong) £

The grammar for processes of HOpi, is the following:
P == 0| PIP | apP).P|aX).P|X | (va)P.

X (resp. a) is bound in a(X).P (resp. (va) P). Structural congruence (=) is defined as the smallest equivalence relation that
satisfies the laws of Table 1 and that is closed under contexts. We shall omit trailing occurrences of 0 in processes of the form
a(P).0. Reduction is defined by the rules of Table 2. P[Q /X] stands for the capture avoiding substitution of variable X with
process Q in P. A process P is terminating if there exists no infinite sequence of reductions emanating from P. We suppose
that all processes we shall manipulate obey a Barendregt convention: all bound names are pairwise distinct and different
from all free names.

Reusing notations. In the following sections of the paper, we shall examine different calculi, and introduce in each case
a dedicated type system for termination. These process calculi represent enrichments of HOpi,. We will often reuse the
notations and conventions we introduce (for terms, operational semantics and type system) for HOpi,. When doing so, the
process calculus we will be dealing with should be clear from the context. Only when necessary, that is, when reasoning
about processes belonging to different calculi, we shall use specialised notations - this will be the case in Section 2.3,
where we manipulate processes from HOpi, and from the pure 7r-calculus, and in Section 4.2, where an auxiliary calculus
is introduced to construct the soundness proof for the type system for HOpii,.

To see how HOpi, processes interact, consider

Sy = a(b(0)).a(b(2).0) and S, = a(X).a(Y).(X|Y).
S1 is a process which sends on a the code of a process emitting 0 on b, and then sends on a the code of a process receiving
on b. S, is a process which upon reception of two processes on channel a (in sequence) executes these in parallel. Process
S1 | S, performs two reductions to become b(0) | b(Z).0, after which a synchronisation on b can take place.
As discussed above, recursive outputs (“self-emissions”) can lead to diverging behaviours in HOpi,: in process Qg from
Section 1, a process containing an output on a is sent over channel a itself in a(Pp), and we have Qp — Qp. The type system
we introduce below puts constraints on self-emissions in order to control divergence.

2.2. A type system to ensure termination in HOpi,

We now define a type system for termination in HOpi,. This type system associates types to channels, of the form Ch" (¢),
where ¢ is interpreted as the type of processes (throughout the paper, we use the syntax Ch(T) to denote the type of a
channel carrying values of type T), and n is a natural number, called the level of the channel being typed. Processes are
typed using simply a natural number. We use I to range over typing contexts, that are lists of typing hypotheses of the form
a : Ch™(¢) or X : n with at most one hypothesis for each a or X. In the case where I contains a hypothesis a : Ch"(¢), we
shall write I'(a) = Ch"(¢), and Ivlr (@) = n. Moreover, when writing a typing context of the form I, a : T (resp. I, X : n),
we will always implicitly suppose that I" does not contain a typing hypothesis about a (resp. X). _

Before introducing formally the type system, we discuss an example. To type-check process a(c.0) | a(X).(b(X) | X), we
must be able to assign a level n, to a (thus assigning type Ch"e (¢) to a), and similarly np, n. for b, c. The emission of c.0 on a
imposes n, > n.. The structure of the continuation of the input process, b(X) | X, imposes that an hypothesis X : k is present
in the typing context, with n, > k. Moreover, in order to allow the transmission on b of the process transmitted on a, we
must insure n, > ng. This finally gives the constraints n, > n, > n., which allow us to type-check the example process.

Table 3 presents the rules of our type system for HOpi,. These define a judgement of the form I" - P : n. We use notation
D : (' = P : n) to mean that D is a derivation of the typing judgement "' - P : n.

We briefly comment on the definition of the type system. The actual control takes place in rule (Out), where we ensure
that the level of the transmitted process is strictly smaller than the level of the carrying channel: this way, we exclude
“self-emissions”. This discipline is at the basis of the termination proof: when a communication is performed, an output of
weight n is traded for possibly several new outputs appearing in the process, that all have a weight smaller than n.
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Table 3
HOpi;: Typing rules.

. 'X)=n I,a:Ch*)FP:n F'EPp:ny THPy:inp
(Nil) — (Var) — (Res) (Par)
r=o0:0 'EX:n ' (va)P:n I = Py | P, : max(nq, ny)

IX:(k—1FP:n T(a)=Ch)

(Im) F'aX).P:n

rQ:m TkFP:n T(a=Cche) m<k

(Out) -
I' Fa(Q).P : max(k, n)

We can check that process Qg from Section 1 is ruled out by our system: as Py contains an output on g, its level is at least
the level of a. As a consequence, the rule (Out) forbids Py to be sent on a itself, and Qg is not typable.

2.2.1. Soundness

We now turn to the proof that all typable processes terminate. The type systems we shall present in the following sections
enrich the one for HOpiy. The structure of their soundness proof will be similar to the one we present now, although, in
some cases, they will involve more technicalities (this will notably be the case for the system of Section 4).

Our type system, the way it is defined, does not satisfy a sub-typing property of the form “I' = P : nand n < ny implies
I' = P : ny”. As a result, the level of a process is not preserved by reduction, because a process variable with level k can be
instantiated by a process whose level is k' < k. Therefore, it can be proved that the level of a process can only decrease after
a reduction step.

The type system of Table 3 satisfies some standard properties, which are given by Lemmas 2.1 and 2.2.

Lemma 2.1. If a does not occur free in P then, forany T, T =P : niff T,a: T+ P : n.
If X does not occur free in P then, forany k, ' =P : niffT,X : kP : n.

Proof. These results are proved by induction on the derivation of ' = P : n. O
Lemma2.2. fP=QthenT FP:niffTFQ :n

Proof. This result is established by induction on the derivation of P = Q, using the fact that the max operator satisfies laws
of associativity and commutativity. O

To establish soundness of our type system, we introduce a measure on processes, which is defined only in case a process
is typable - the measure is actually defined on typing derivations, rather than on ‘bare’ processes. Recall that notation
D : (I' F P : n) means that Dis a derivation of the typing judgment I" - P : n. Given such a derivation, we introduce mp(P),
the measure associated to the typing derivation D for P, which is given as a multiset of natural numbers (P is redundant in
the notation mp(P), since it can be deduced from D - we keep it for readability purposes).

We are therefore led to introduce and manipulate several notations related to multisets. These notations will be also
useful in the sequel of the paper.

Notations and results on multisets. We use M, M’, N to range over multisets of natural numbers, and & to denote multiset
sum, N to denote multiset intersection and — to denote multiset difference. For instance, {1, 1, 2} W {2, 3} = {1, 1, 2, 2, 3},
{2,2,2,3)N{2,2,1} = {2,2}and {1, 1,2, 2,3} — {2, 1} = {1, 2, 3}. Wq<j<x M; will stand for M; & - - - & Mj.

< mul denotes the (strict) multiset extension of the standard ordering on natural numbers (written <) defined by: My <u
My if My # My and Ny = My — (M NM3),N, = My — (M1 NM;) and Ve; € Ny, de; € Na, e; < ey.Notice that, as < is total,
if Ny and N, are non-empty, the latter condition amounts to max(N;) < max(N3). We have, for instance, {2, 2} <mu {3}
and {4, 2, 1} <pnu {4, 3}.

<mui is defined as (< U =), and >, is the converse of <. By a standard result of rewriting theory [12], > is a
terminating relation, an important property that will be used in the proofs below.

We furthermore let max,;(M, M) stand for the maximum of multisets M and M’ according to < (which is a total
relation, since < is). We use the notation c.M to denote the multiset sum of ¢ copies of M. We define succ(M) as M & {0}.
We can remark that succ(M) is the smallest multiset M s.t. M < M’ .

Finally, we will need two standard results on multisets of natural numbers: if n is a natural number, M, N are two multisets
of natural numbers, and if {n} >,y M and {n} > N, then {n} >, M & N. As a consequence, if n, ¢ are two natural
numbers and M is a multiset of natural numbers such that {n} >,y M, then {n} >, c.M.

In the following definition, as well as in similar definitions in the remainder of the paper, when we describe a typing
derivation, we sometimes omit some side conditions (such as, e.g., I'(a) = Ch¥(¢)) - we shall only state them explicitly
when necessary.
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Definition 2.3. If D : (I" F P : n), we define mp(P) by induction over the structure of D as follows:

® mp(0) = mp(X) = ¥;

® mp(P; | P2) = mp1(P1) W mp2(P2) where D is obtained from premises Pl (TCkHP :ny)andD? : (T + P, : ny), for
some 11, ny;

e mp((va) P1) = mp1(P;) where D is obtained from premise D' : (T, a: Ch*(¢) - Py : n), for some k;

e mp(a(X).P1) = mp1(P1) where D is obtained from premise pl ([, X :k—1F P; :n), for some k;

® mp(a(Q).P;) = mp1(P1) W {lvir(a)} where D is obtained from premise D¢ : (I' - Q : ny), D! : (' I P; : ng) for some

ni, nq.

The type system of Table 3, as well as the other type systems in the paper, satisfies an important property: there is one
typing rule per construct of the calculus. However, we are compelled to define the measure on typing derivations, and not on
processes. Indeed, according to Definition 2.3, a(Q) contributes to mp(P), even if a is bound by restriction in P: in this case,
the contribution of a(Q) is determined by the typing hypothesis about a. This is the main reason why mp(P) is defined by
analysing a typing derivation, and not simply the process syntax and the typing context.

Lemma 2.4. Let M be a multiset of integers. If P = Q then there exists Ds.t. D : (I' = P : n) and mp(P) = M iff there exists D’
st.D': (I'FQ:n)and mpy(Q) = M.

Proof. We prove this result by induction on the derivation of P = Q, using the definition of mp. O

The following lemma shows that typability is preserved when substituting a process variable with a typable process,
provided some conditions are met. It also explains how the measure evolves when doing so.

Lemma25. IfD: (D,X :mFP:n)and D : (I' - Q : m') withm’ < m, then there exist D', n’, cs.t. D' : (I' - P[Q/X] :
n'), n" < nand mp(P[Q/X]) = mp(P) W c.mpa (Q).

Proof. We reason by induction on the typing derivation:

® (ase (Nil) is immediate.

® Case (Par). We have P = Py | P,. We use the induction hypothesis, the rule (Par), the fact that (P; | P2)[Q/X] =
(P1[Q/X]) | (P2[Q/X]) and Definition 2.3.

® Case (Res). We have P = (va) P;. We use the induction hypothesis, rule (Res) and Definition 2.3.

® Case (Var). The case where P = Y and Y # X is immediate. Suppose P = X. As X[Q/X] = Q, m’ < mand mp(X) = ¥,
wesetD =D%andc = 1.

® Case (Im). We have P = a(Y).P;. As our processes abide Barendregt Convention, if X occurs free in P, then X # Y, and we
can suppose that Y is not in the domain of I". Thus (a(Y).P1)[Q/X] = a(Y).(P1[Q/X]), and we can rely on the induction
hypothesis on P; to conclude using. rule (In) and Definition 2.3.

® Case (Out). We have P = a(S).P;. There exists [ s.t. Ivi(a) = [ and D is obtained using rule (Out) from premises
DS (O, X:mbES:ng),D : (I,X:mkE Py:ny), withl > ns. Note that n = max(l, n;). By induction we have
M, DO st. DO 1 (I S[Q/X] : n§ < n5), DD : (T F P1[Q/X] : 0y < ny),mpa (P1[Q/X]) = mp1 (Py)Wey.mpe (Q).

Asl > ng > ng, we can construct

DO p©
Fa(S[Q/X1).P1[Q/X] : max(l, n})

D' = (Out
(Out) .
and we have max(l,n}) < max(l, ny). Definition 2.3 gives mp(P) = {l} W mp (P1) and mpy(P[Q/X]) = {} ¥
mpm (P11Q/X]) = {I} W mp (P1) W c1.mpe (Q). This allows us to conclude by setting c = ¢;. O
We shall need the following auxiliary lemma:

Lemma 2.6. IfD: (I' = P : n), then mp(P) <my {n+ 1}.

Proof. By induction on the structure of D:

e (Case (Nil). Immediate, as {1} >,y .0
e Case (Res). We have P = (va) P;. There exists T s.t. D is obtained using (Res) from premise D! : (I',a : T - P; : n). We

have mp(P) = mp1 (P1). The induction hypothesis gives mp (P1) < {n 4 1}. Thus we have mp(P) < {n + 1}.
® Case (Var). We have P = X. By definition of the measure, mp(X) = @, hence the result.
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e Case (Par). We have P = P; | P,. D is obtained using rule (Par) from premises D' : (I' - P; : ny), D* : (I' F Py : ny).
We have n = max(ni, ny). By the inductive hypotheses, {ny 4+ 1} >pnu mp1(P1) and {ny + 1} >py mp2(P2). As
max(ny, nz) +1 > ny + 1and max(ny, np) + 1 > ny + 1, we deduce {max(nq, nz) + 1} >my mp1 (P1) & mp2 (P2)

e Case (In). We have P = a(X).P;. D is obtained using (In) from premise D’ : (I', X : k — 1 = Py : n). The induction
hypothesis gives {n + 1} > my (P1), and, by definition, mp(a(X).P;) = mp(P;). We thus conclude that {n + 1} >
mp(a(X).P1).

® Case (Out). We have P = a(Qy).Py. There exists k s.t. Ivl(a) = k and D is obtained using rule (Out) from premises
D2 (T Qy:ny), D' : (CF Py:ng). We have mp(a(P;).Q) = mp1(Py) W {k}. By induction, we have {n; + 1} >y
mp1 (P1). We conclude that {max(k, ny) + 1} >y mp(a(P1).Q). O

The following proposition states the key property of our type system: when a typable process P reduces to P/, not only is
P’ typable (hence, Proposition 2.7 contains the subject reduction property), but the measure decreases.

Proposition2.7. IfD : (I' = P : n) and P — P’ thenthereexist D' andn’ suchthatD' : (I' = P : n") and mp (P') < mp(P).
Proof. By induction on the derivation of P — P’

® (Case (Com). We have P = @(Q).P; | a(X).P, — P’ = P; | P,[Q/X].From D : (I" = P : n) we obtain
D D! D?
I'+a(Q).Py :my I'a(X).Py :ny
'EP:n
withD' : (O =Py :n)), D¢ : (T Q:m),D?: ([,X:1—1F Py:ny)andlvir(a) = > m for some m, ny, nj, ny.

By applying Lemma 2.5, we get D) : (T" - P,[Q/X] : ny) with n, < ny and mpe) (P2[Q/X]) = mp2(P2) W c.mpa (Q).
This allows us to construct

D=

D' D@
TTEP A

/

with n = max(n}, n}). From Definition 2.3, we deduce that mp(P) = mpi (P1) & mp2(Py) W {I} and mpy (P') =
mp1 (P1) W mpe) (P2[Q/X]) = mp (P1) W mp2(Py) W c.mpo (Q). From Lemma 2.6 we get mpa (Q) <mu {m + 1}. This
implies that c.mpa (Q) <mu {m + 1}, and we finally obtain c.mpe (Q) <mu {I}. Thus mp(P) >pu mp (P').

® Case (Spect) we use the induction hypothesis and the compatibility of & with the multiset ordering.

® (Case (Cong) we use the induction hypothesis, Lemma 2.2 and the fact that myp is invariant by =.

® Case (Res) follows from the induction hypothesis and Definition 2.3. O

Corollary 2.8. IfT" - P : n, then P terminates.

Proof. Consider, towards a contradiction, an infinite sequence of reductions (P;);>¢ emanating from P = Py (thatis, P; —
P;11 fori > 0). Proposition 2.7 allows us to construct an infinite sequence (D' : (I' - P; : ny));.
The infinite sequence (mp;i (P;)); is strictly decreasing for >y, which is contradictory since > is well-founded. O

Clearly, our type system fails to capture all terminating processes: there are processes that are not typable and that do
not exhibit infinite computations. An example is given by a(a(0)) | a(X).X, in which the recursive output on a prevents us
from type-checking the process.

2.3. An analysis of the type system for HOpi>

We now compare the expressiveness of our type system with the expressiveness induced on HOpi, by the translation
into 7 and the existing type system [3] for the 7 -calculus. We first recall the standard encoding from HOpi; to 7, and the
type system from [3] that we exploit to ensure termination of r -calculus processes. We then discuss the relationship to our
type system for HOpis.

2.3.1. Translating HOpiy processes

We rely on (an adaptation of) the standard encoding of HOpi, into the w-calculus [8] (see also [13]).

The target calculus uses two kinds of channels: CCS-like channels (which are used only for synchronisation), ranged over
h, and first-order channels, which are used to transmit CCS-like channels, ranged over using a, b, c. The grammar of (the
version we study of) the w-calculus is as follows:

P = 0]|PP]| (vo)P | (vh)P | h.P | a(h).P | ah).P | h.
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Table 4
Typing termination in the 7 -calculus.

F,h:¢kl—piP:n F,a:#(¢k) Fpi P:n

Nilpj)) ——— ResOp;)) —M———— Res1p;
(IPI)FI—piO:O (Res Pl)Fl—pi (vh)P :n (Res1r) I' Fpi (v@)P:n
T bpi Pp: T bpi Py r(h) =¢*
(Parp;) — B L pi 12 T2 ©utop) ~ D=
I Fpi P1| Py : max(ny, ny) I Fpi h:k
[ bpi Pin (@) =#(45 1) =4 F(a) =#(3%) T,h:t¥p P:
(Out1p) pi Pin (a), (D) (h) =2 (Inp0) (a) (D) $Fpi Pin
I Fpi a(h).P:n I Fpi ath).P:n

T b Pin T(h)=¢X k>n

Repp;
(Repr) T Fpi!h.P:0

We do not recall the operational semantics of this calculus, which is standard [10, Part I]. We overload notations, and write
P — P’ for reduction in the 7 -calculus. Note that the version of the 7 -calculus we work with is rather limited in terms of
expressiveness, since we restrict name passing by allowing only depth 0 or 1 in the order of channels.

We write [P] for the 7 -calculus encoding of a HOpi, process P. The definition of [P] is rather standard. We recall it here
(an unambiguous correspondence between HOpi; process variables — X — and their counterpart as CCS-like channels - hy -
is implicitly assumed):

[oj=0 [PIQI=T[PIIIQ] [(ve)P] = (vO)[P] [a(X).P] = a(hx).[P] [X] = hx
[a(P).Q] = (vhq) a(ha).([Q] | ha-[P]) hq fresh.

A higher-order output action a(P).Q is translated into the emission of a new name (h,), which intuitively represents the
address where process P can be accessed. This encoding respects termination, as expressed by the following result.

Proposition 2.9. For any HOpi, process P, P terminates iff [P] terminates.

Proof. Follows from Theorem 13.1.18 in [10]. O

In particular, the non-terminating process Qg of Section 1 is translated into
[Q] = (vhy) alhg).\hg.P' | P/, where P' = a(hy).(vh)) a(h).('h).hx | hy).

2.3.2. Typing m-calculus processes

We rely on the first type system of [3] to type the encoding of a HOpiy process. This type system assigns levels to -
calculus names, in order to control replicated processes. We give here a new presentation of this system, which is equivalent
(in terms of expressiveness, and from the point of view of type inference as well - see [2]) to the original system from [3],
while being more tractable to study the encoding.

The types assigned to names are of two kinds, according to the distinction between CCS-like and first-order channels:

T ou= 4" | #(").

The typing judgment for 77 -calculus processesisnoted I' =p; P : n,and is defined by the rules of Table 4. The most important
typing rule is (Repp;), the one for replicated inputs: it basically imposes, for |h.P to be well-typed, that the level assigned to
h should dominate the level of all first-order names that are used in output subject position in P, where outputs occurring
under a replication in intuitively, the counterpart of rule (Out) in rule (Out) in Table 3.

All processes typable using this type system are terminating [3].

2.3.3. Comparing the two analyses on HOpi, processes

We have two approaches to ensure termination of HOpi, processes: on the one hand, the type system from Section 2.2;
on the other hand, the method consisting in type-checking the translation of a HOpi, process into .

It is no surprise, that process [Qp] (see above) is rejected by the system of [3]: first observe that the levels of hy and hy are
necessarily equal, since they are both transmitted on channel a. This entails that subprocess !hy.P’ is not typable, because of
the output on hy in P'.

There do moreover exist HOpi, processes that can be proved to terminate using the type system for HOpiy, but whose
encoding fails to be typable using the type system for 7. A very simple example is given by Ry = a(X).a(X). We indeed have

[Ro] = a(hy).(vh) @(hq).!hq.hx,
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a process which is not typable: indeed, hy and h, necessarily have the same type (both are transmitted on a), which prevents
subprocess !h,.hy from being typable.

This example suggests a way to establish a relationship between the type systems in HOpi; and in 7. Consider for that
the system for HOpi, obtained by replacing rule (In) in Table 3 with the following one, the other rules remaining unchanged
(the typing judgment for this modified type system shall be written I" -, P : n):

X:kbpP:n  Wir(a) =k
I'kFpaX).P:n

(In)

Clearly, the modified type system is more restrictive, thatis, I' k-, P : nimplies I' - P : n, but not the converse (cf. process
Ro seen above).

Using this system, we can establish the following property, that allows us to draw a comparison between typability in
HOpi, and in the r-calculus.

Proposition 2.10. Let P be a HOpi; process. If ' -, P : n, then there exists A, a typing context for the m-calculus, such that
A i [P]:n

Proof. The encoding presented above induces a translation of HOpi, typing contexts, defined as follows (we write [I"] for
the encoding of I"):

9] =9 [T, X :n] = [T, hy :3" [T, a:Ch"(0)] =[], a:#(3")
We reason by induction on the derivation of I" =, P : n to prove that I = P : nimplies [I'] ;i [P] : n.

® The cases corresponding to rules (Res) and (Par) are treated easily by relying on the induction hypothesis. Case (Nil) is
trivial.
e Case (Var). We can apply rule (OutOp;) to derive [I'] Fp; [X] : n, since [X] = hy.
e Case (In). We have [a(X).P] = a(hx).[P].
We know by induction that [I", X : k] Fpi [P] : n, thatis, [I'], hx :$" Fpi [P] : n. We moreover know I"(a) = Ch"(<>),
which gives [["'](a) = #(¢"). This allows us to use rule (Inp;) to derive [I'] Fp; [a(X).P] : n.
® Case (Out). Recall that [a(P).Q] = (vhg) a(hg).([Q] | 'hq.[P] ), for some fresh h,.
We know by induction that [I'] Fp; [P] : kand [I'] Fpi [Q] : m. By hypothesis, we also have I'(a) = Ch"(¢), which
gives [['](a) = #(3").
We can thus derive [I'], hq :$" Fpi 1hq.[P] : O, using rule (Repp;) together with weakening which holds for the type
system for the 77-calculus (k < n holds by hypothesis). This gives (rule (Parp;)) [['], hq :$" Fpi [Q] | !he.[P] : m.
We can now apply rule (Out1p;) together with weakening (using m < max(m, n)) to derive the judgment [I'], hq :$"
Fpi @(hg).([Q] | he.[P]) : max(m, n) - we indeed have [I'](a) = #($"), as remarked above. Finally, we can use (Resp;)
to obtain the expected result. [J

In case (In’) of the proof above, we remark that the typing hypothesis X : k in the original HOpi, derivation allows us to
construct the i -calculus typing. If we were using rule (In) from Table 3, we could not conclude.

Remark 2.11 (The limits of our type system). Proposition 2.10 shows that typability of a HOpi, process (in the sense of the
modified type system) entails typability of its encoding. By Proposition 2.9, going via the encoding in 7 therefore provides
a procedure to ensure termination of HOpi; processes.

We can observe that there do exist terms that can be typed via the encoding, but that are rejected by our type sys-
tem for HOpi; (using neither the modified type system nor the type system from Section 2.2). This observation, together
with the discussion about process Ry above, shows that the two approaches to ensure termination of HOpi, processes are
incomparable.

Consider indeed processes

Ry = @(@(0)) | a(X).0 and R, = a(X).b(Y).X | a(@(0)) | b(0).

None of them is typable, because they contain “self-emissions” (an output action on channel a occurring inside a process
emitted on a). However, Ry and R; are terminating. Their encodings in 7r are

[R1] = (vhe) alhg).thq.(vh) a(h}).th}.0 | a(hx).0  and
IR2] = a(hx).b(hy).hix | (vhg) @(hq).tha. (V) @(H.).1H..0 | (vhy) B(hy).1hy.0,



558 R. Demangeon et al. / Journal of Logic and Algebraic Programming 79 (2010) 550-577

which are both typable using the system of Table 4. A suitable assignment for Ry is, e.g., vl(hy) = WI(h}) = 1.Both replica-
tions are typed as they have no first-order outputs in their continuation. R, can be typed with the same level assignment,
extended with vI(hp) = WI(hy) = 1.

It thus appears that self-emissions can be innocuous, while they are systematically rejected by the system of Sec-
tion 2.2. Self-emissions in Ry and R, are reminiscent of recursive calls in continuations of replicated 7t processes, like,
e.g.,inla(x).b(y).a(y). It turns out that constructions like the one we find in R, show up in examples, and, in particular, will
be used in the encoding of choice (Section 4.3).

As pointed out in Section 1, a direct type system can be the basis for refinements and extensions. Indeed, as we expose in
the next sections of this paper, some refinements and extensions of the system of Section 2.2 allow us to handle processes
that go well beyond those that can be treated via encodings into the  -calculus.

3. HOPi,: transmitting higher-order functions
3.1. The calculus

We now present HOpi,,, a calculus inspired from HOP{“***=>¢ in [10]. The main difference between HOpi,, and HOpi,
is that the values communicated in HOpi,, can be %, the unique element of type unit, or functions (precisely parametrised
processes) of arbitrarily high order (the order indicating the level of arrow nesting in the type). The grammar of HOpi,,
defines both processes and values, and is given below. We distinguish between channels (a, b, ¢) and variables (x, y), and
use v, w to range over values.

P == 0] PP|aw).P|vv]|akx).P| (vaP v = x| % |x+—P.

Here, x — P is a parametrised process, and v| w | stands for the application of a function v to argument w. We will restrict
ourselves to meaningful usages of (higher-order) functions; this can be ensured by adopting a standard type discipline, which
we introduce in Section 3.2.

The operational semantics of HOpi,, is given by the following rules (rules for closure w.r.t. parallel composition, restriction
and structural congruence are the same as in Section 2.1, and are thus omitted):

(Com,,) — (Beta,,) .
a(v).Q1 | a(x).Q2 — Q1 | Qa[v/x] (x — P)|v] — P[v/x]

Communication involves the transmission of a value, and B-reduction takes place when a function is applied to a value -
P[v/x] denotes here the process obtained by replacing variable x with value v in P without introducing variable capture.
We can remark that HOpi, processes can be seen as HOpi,, processes by replacing communication of processes with
communication of values of type unit — ¢ (with the obvious meaning — types in HOpi,, are introduced formally below),
and, accordingly, usages of process variables with an application to %. For instance, the diverging example Qg in HOpi,
becomes a{x — Sg) | Sp in HOpi,, where Sg = a(y).(y [ *] | a(y)).
The following is another example HOpi,, process:

S3 = a(x > (x[k][x[k])) | bifxi > €(k)).ba{xz > ¢(2).0) | b1(y1).b2(v2).a(y3).(v3 Ly1] | y3Ly2 ).

Process S3 can do two communications on b; and b,. Then, a function (in this case, a duplicator) can be transmitted
on a, and successively applied to the functions sent on by and b, (corresponding to processes respectively emitting and
receiving on c). After these three reductions, we obtain the process ¢(%) | ¢(%) | ¢(z).0 | c(z').0, which can still perform two
synchronisations.

3.2. A type system for termination in HOpi,,

The grammar for types for HOpi,, includes types for values, given by T ::= unit | T —" ¢, and channel types, of the
form Ch™(T). In the example above (process S3), ¢ has thus type Ch(unit), channels by, by have type Ch(unit —" ¢), and
channel a has a type of the form Ch((unit —" o) =¥ o).

In manipulating types, we restrict ourselves to using only well-formed value types, defined as follows:

Definition 3.1 (Well-formed value types). We say that T is a well-formed value type at level n w.r.t. a typing context I (written
LvIr(T) = n or simply LvI(T) = n when there is no ambiguity on I'), whenever either T = unit andn = 0, or T’ is a
well-formed value type atleveln’, T =T’ —" ¢ andn’ < n.

The rules defining our type system for HOpi,, are presented in Table 5. Since there is no risk of confusion, we adopt the
same notation as in Section 2 for typing judgements, and write them I = P : n. We implicitly impose that every value type
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Table 5
Typing rules for HOpiy,.

I'x:THP:n

Typing values
yping 'k % :unit? Fkx—>P:T>Mo C,x:Tkx:T

Typing processes

F,a:Chk(T)l—P:n I'EPi:ny TEP:ny FFvi:T—="¢ TkFv:T
r=o0:0 'E (va)P:n I - Py | Py : max(nq, ny) FC'Evylvy]:in

[,x:THP:n T(a) = ChT)
I'k=a(x).P:n

Fv:T THFP:n T(@(@=Ch"™T) WIT)=k n>k
I Fa(v).P: max(n,n’)

appearing in these rules is a well-formed value type. As in Section 2, types are annotated with a level, and the type assigned
to a process is given by a natural number. The type of a process P is bound to dominate both the maximum level of outputs
contained in P (not occurring inside a message), and, for any process of the form v | v, | that occurs in P not inside a message,
the maximum level associated to the function v.

As before, we associate to a process a measure that decreases along reductions. We cannot focus our analysis, as above,
only on the multiset of names used in output subject position in P (called os(P) below), because S-reduction may let this
multiset grow. For instance, if we take P = (x — (a{%) | a(*))) [ %, P has no output in subject position (the two out-
puts on a being guarded by the abstraction on x), so that os(P) = @. P can however reduce to P’ = a({x) | a{%), with
os(P’) = {a, a}.

Definition 3.2 (Measure on processes in HOpi,,). Let P be a well-typed HOpi,, process. We define M®(P) = os(P) W fun(P),
where:

(i) os(P) is the multiset of the levels of the channel names that are used in an output in P, without this output occurring
in object position.

(ii) fun(P) is defined as the multiset union of all {k}, for all v{ | v» | occurring in P not within a message, such that v is of
type T — o.

We do not enter the details of the correctness proof for the type system for HOpi,, as it is subsumed by the proof of
Theorem 4.13 (Section 4.2).

Proposition 3.3 (Soundness). IfI" = P : n for some HOpi,, process P, then P terminates.
Proposition 3.3 is established by observing that M® (P) decreases at each step of transition:

e [f the transition is a communication, the continuations of the processes involved in the communication contribute to the
global measure the same way they did before communication, because a type preserving substitution is applied. M® (P)
decreases because an output has been consumed.

e [f the transition is a B-reduction involving a function of level k, a process of level strictly smaller than k is spawned in P.
Therefore, all new messages and active function applications that contribute to the measure are of a level strictly smaller
than [, and M®(P) decreases.

4. An expressive type system for parametrised process passing

We now move to the definition of a rich type system, that refines the systems of Sections 2 and 3 from several points
of view. Before presenting the formal definitions (Section 4.2), we discuss the main ideas behind these refinements in
Section 4.1. We shall show in Section 4.3 how this framework allows us to analyse and validate the encoding of a choice
operator in an extension of HOpi,,.

4.1. Towards richer analyses

The framework we study in this section is more powerful than those of Sections 2 and 3 for two main reasons. First, the
language we work with is richer than HOpi,, (which in turn extends HOpi, ). Second, we make a finer analysis of termination,
by defining a more complex (and more expressive) type system.
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The main extension to the process calculus, beyond the addition of primitive booleans and an if-then-else construct to
manipulate these, is to include a primitive construct for replication in a higher-order formalism. This in principle does not
add expressiveness to the calculus, because replication is encodable in HOpi, (using a process similar to Qg from Section 1).
However, in terms of typability, having a primitive replication, and a dedicated typing rule for it, helps in dealing with
examples. The type system to handle replication in presence of higher-order communications controls divergences that can
arise both from self-emissions and from recursions in replications (as they appear in the setting of [3]).

We now turn to the description of the refinements we add to the type analysis.

4.1.1. Introducing weights and capacities, using multisets

A first refinement we make to our termination analysis consists in attaching two pieces of information to a channel,
instead of simply a level: a weight and a capacity (in the type systems seen above, the weight and the capacity are merged
into a single information, namely the level). A channel a has a weight, which stands for the contribution of active outputs on
a to the global weight of a process. For instance, in the process U; = a;(U), with Uy = b1(Q1) | b2{(Q-), the global weight
of U; is equal to the sum of the weights attached to names by and b,. We also associate a capacity to a channel a: this is an
upper bound on the weight of processes that may be sent on a. U; is well-typed provided the capacity of a; is strictly greater
than the global weight of U,.

The distinction we make between the weight and capacity of a channel recalls the observations we have made in Re-
mark 2.11 about the limitations of the type system of Section 2. Indeed, in the -calculus processes [R1] and [R,] analysed
in Remark 2.11, the level of a (resp. of hy) somehow would play the réle of the weight (resp. of the capacity) associated to
the encoding of the HOpi, channel a.

As a second extension to our type system, we represent the weight and the capacity attached to a channel, as well as the
type attached to a process, using multisets of natural numbers. For instance, if the outputs on a (resp. on b) weigh {1} (resp.
{2}), the process

sa & a@p)ar’y | b(Q)

has global weight {2, 1, 1}, and the message c(S4) is well-typed provided the capacity associated to c is strictly greater than
{2,1,1}.

Using these ideas, certain forms of ‘self-emission’ can be typed. In the setting of HOpi,, process Ry = a(a(0)) can for
instance be accepted, if we assign weight {1} and capacity {2} to a: the output is well-typed because process a(0) has weight

{1} <mu {2}

4.1.2. A further refinement: handling successive input prefixes

Inspired by the third type system presented in [3], we introduce the possibility of treating sequences of input prefixes as
a kind of ‘single input action’, that has the effect of decreasing the weight of the process being executed.

Let us sketch the main idea behind this approach, again by working in the setting of HOpi,. Consider a process of the
formP = a;(X7)...ax(Xy).P'. To type-check P, we make sure that the weight associated to the sequence of inputs is strictly
greater than the weight associated to (some of the occurrences of) the process variables X;s in the continuation P’. The former
quantity is equal to M} ... M%‘, if the weight associated to g; is given by multiset M. To compute the latter quantity, we
must take into account the multiplicity of the instances of the X;s in the process P’; this involves some technicalities, which
we expose below.

Because we work with sequences of input prefixes, we have a better expressiveness: without this possibility, we would
be compelled to rely on the weight associated to a; only to try and type-check P. For instance, in a HOpi, process like
a1 (X1).a2(X2).Xq | a7(a7(0)), we can use the weights associated to a; and a, in order to type-check the apparent ‘recursive
call’ on a; and accept the process as terminating. Note that this process is a simple ‘variation’ on a;(Xy).Xy | ay(a;(0)),
which is not typable because of the self-emission on a;: we can rely on the weight associated to a, to make type-checking
possible.

4.2. An expressive type system for termination

We now present an enriched version of HOpi,,, that we call HOpiC!U, for which we develop an expressive type system. The
calculus HOpio’) extends HOpi,, by including primitive constructs for computation over booleans, and a replication operator.

To present the grammar of HOpiL!U, we rely on the same syntactic conventions as in the previous section, the set of values
being extended with booleans true and false.

Values

vi=s | x| (x+>P) | true | false
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Processes

P:=0| (va)P | P[P | vlv] | a(x).P | @(v).P | la(x).P | if vthenPelseP.

Note that we restrict usages of the replication operator by applying it to inputs only.

Operational semantics. Reduction is defined by giving the following rules for the reduction of the new operators.

PP - Q
(CondF,,) e=Q 7
if falsethenPelseQ — Q

(CondT,)

if truethenPelseQ — P/

(Trig,,) — .
a(v).Q1 | la(x).Q2 = Q1 | Q2[v/x] | la(x).Q2

Some care has to be taken when defining structural congruence. Since, as explained in Section 4.1.2, we treat sequences of
inputs as a whole when type-checking processes, we are compelled to restrict the definition of structural congruence: = is
the smallest equivalence relation that satisfies the axioms given in Section 2.1, and that is closed under contexts in which
the hole does not occur under a prefix.

To see why we must proceed this way, consider the (tentative) equality

a(x).b(y).P = a(x).(0|b(y).P),

which is derived by rewriting b(y).P into 0 | b(y).P under the prefix a(x). It might well be the case that our type system
recognises the left-hand side process as typable, by analysing the sequence of prefixes a(x).b(y), and that typability fails for
the right-hand side process, because in that case prefixes a(x) and b(y) must be treated separately. Such a situation would
prevent subject congruence (the counterpart of Lemma 2.2) to hold, which would compromise subject reduction. Hence, in
other words, we forbid = to be applied under prefixes, so that this relation ‘preserves sequences of prefixes’.

Types. The types for channels in HOpifU are of the form ChM"M2 (T), where T ranges over types for values, defined as follows:
T = unit? } bool” | (T —M o).

In order to introduce the typing rules, we need to extend the definition of well-formed types (Definition 3.1) to handle
multisets:

Definition 4.1. We say that T is a well-formed value type of HOpiC!U of weight M w.r.t. a typing context I" (written LvI (T) = M

or simply LvI(T) = M when there is no ambiguity on I''), whenever M either T = unit? or T = boo1? and M = @, or T’ is
a well-formed value type of weight M', T = T' —M o and M’ < M.

We sometimes use a shortened notation: we shall write Lvlr (vj) = M when I'(vj) = T; and Lvir(Tj) = M.
Definition 4.2. The M-contribution of x in P, written o(M, P, x), is defined as follows:
o(M,0,x) =0
M ifvy =x

] ifV] #X
o(M, Py | P2, x) = o(M, Py, x) Wo(M, Py, X)

oM, vi|v],x) = '

[ ] ifx' =x

oM, a(x').P, x) =

o(M, P, x) otherwise
oM, la(x').P,x) =@

o(M, a(Q).P,x) = o(M, (va) P, x) = o(M, P, x)

o(if vthenPelse Q) = maXpyy(o(M, P, x), o(M, Q, x)).
o(M, P, x) is the multiset union of ¢ copies of the multiset M, where c is the number of occurrences of x that appear neither

in messages nor under a replication in P. This is reminiscent of the integer c appearing in Lemma 2.5. We may remark that
if M <pu N, then o(M, P, x) <pu o(N, P, X).
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Table 6
Typing rules for HOpi!

o

Typing values

(Unir) (Boolt) (Varr)

[k % :unit? Ik true, false : bool” C,x:Tkx:T

Ix:TEP:N

Fkxi>P: T —Se®

(Funr)

Typing processes

. ra:ch™M(T)y-p:N FEPi:Ny TEP N,
(Nily) ——— (Resr) (Parr)
ro0:¢ '+ (va)P: N Py |Py: N WN,

TFv:T>Mo Thw:T FFvibool? THP:Ny THP:N,

Al If
(Appr) FEvilva] : M (Ifr) 'FifvthenPelseQ : ma?((Nl, N>)
mu

Tox;:Thse. X i Te FP:N Vi, T(a;) = ChMM(Ty)
Vi, VI(T) < My [ My > [ o(M3, xi, P)
' ay(xq)...ag(xg).P: N

(Int)

I'(a) = ch™M(T) T HP:N
CEv:T My >py LVI(T)

TFa(v).P: M UN

Foxi:Ti,.ooxe: Tk PN i T(a) = ChMiMa(Ty)
Vi, LVI(Ty) <mu My M} >mu ([ oM, xi, P)) &N
I Hlaj(x1)...ax(xg).P : ¥

(Repr)

Table 6 presents the rules that define the type system for HOpiC!o— the typing judgement is written " - P : N.

The most complex rules are (Int) and (Repy), where receiving processes are typed by analysing sequences of inputs.
More precisely, in the former we compare the total weight associated to the channels involved in input sequences with their
capacities. And in the latter, two potential sources of divergence are controlled, we compare the total weight associated to
the channels involved in input sequences with the sum of two entities: the capacities on one side, to prevent self-emission,
and the weight of the continuation on the other side, to prevent loops due to recursive calls between replications.

It can be remarked that to handle polyadic communications, we associate the same capacity to all arguments in an input:
for instance, to type-check a process of the form a(x;, x2, x3).P’, rule (Int) assumes the capacity associated to a is strictly
greater than the level of the types to variables X1, X, and x3 in the premise. This of course is rather rough - it would be easy
to define a refinement assigning a specific capacity to each component of a tuple, at the cost of more complex types.

The type system of Table 6 enjoys the following standard properties.

Lemma4.3. Ifx does notoccurfreeinPthenT", x : T+ P : Niff[" - P : N. Ifadoes not occur freein P then T", a : ChM-M2(T) -
P:NiffT+=P:N.

Proof. By induction on the derivation of ' = P : N. O
Lemmad44. fP=QthenT’ P :NiffT-Q:N.

Proof. By induction on the derivation of P = Q, using the fact that W is associative and commutative. [J

HOpii;Jr, an auxiliary calculus to establish soundness. In order to prove that typable HOpii) processes terminate, we rely, as
above, on a measure which we define on typing derivations. However, due to our treatment of sequences of input prefixes,
the situation is more complex here than in the calculi of the previous sections. Indeed, a typable HOpiéD term does not
necessarily reduce to a process whose subterms are all typable: typically, I' - a(x).b(y).P : N does not necessarily imply
I' - b(y).P[v/x] : N. Intuitively, this is the case when the input prefixes a(x) and b(y) have to be treated together (using
only one instance of rule (Int)) in order to type-check a(x).b(y).P.

We nevertheless want to be able to reason over all possible evolvings of a typable process, and in particular to define a
measure that decreases along computations. To achieve this, we introduce a variant of HOpi(L, called HOpiC!o’*', which is a

kind of “HOpiL!U with delayed substitutions”. The syntax of HOpi(i;+ is as follows:
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P:=0] (vo)P | PIP | v|v] | @(v).P | if vthenP elseP

| ay ()9 ag () 9P| g (xq) 1L (%) 9k P,

where (id;)1<i< is a sequence of annotations. An annotation is either 1 or a HOpiC{;Jr value. We furthermore introduce a
well-formedness condition to all HOpi(i) processes we manipulate: we impose that in aq (x;)1...a; (x) % P and la; (x;)191...
ag (xk)id" .P,id; = 1 mustimply id;;; = 1fori < k, and that every input prefix appearing inside a process in object position
or annotation position is annotated with 1.

The intuition is that, for instance, a; (x1)"".az (x2)"2.a3(x3)1.P will evolve, after reception of value v3 along channel as,
into ((P[vq/x1])[v2/x2])[v3/x3]: as long as the last prefix of a sequence of inputs has not been consumed, the substitutions
involving the variables of the previous prefixes are not applied. One can remark that the last prefix ay (xy) is always labelled
with 1, because when the corresponding substitution [vy/x,] is applied, the whole sequence of prefixes is consumed.

This idea is formalised by the following operation of ‘triggering’, that maps HOpi C{;* process to their HOpi C'u counterpart
(in the following definition, we write Q[v/x][w/y] for (Q[v/x])[w/y]).

Definition 4.5 (From HOpi(i;"‘ to HOpi(E), and back). We introduce an operator trig(-), mapping HOpia!;“‘ processes (resp.
values) to HOpic!U processes (resp. values), defined by:

trig(0) =0 trig((vc) P) = (vc) trig(P) trig(a(v).P) = a(v).trig(P)
trig(vq | va|) = trig(vy) | trig(va) ] trig(x — P) = x > trig(P) trig(x) = x
trig(P; | P,) = trig(P;) | trig(P;) trig(la; (x1) ' ...ax () 1. P) =laq (x1)...ax (x) .trig(P)

trig(if vthen P else Q) = if v then trig(P) else trig(Q)
trig(la; (x1)"'...a;_1 (xi—1)""? .ai(x,-)1...ak(xk)1.P) = a;j(X;)...ax(x).(trig(P)[vq /x1] . . . [vi—1/xi—1]) with1 <i <k

trig(a; (x1)""...ai—1 (xi—1) . () ag (i) L.P) = ai(x)..ax (xi) . (trig (P)[v1 /x1] . . . [vi—1/xi—1]) with1 <i < k.

IfPisa HOpiC!O process, we write comp(P) for the HOpi(iﬁ‘ process obtained from P by decorating all input prefixes with
annotation 1.

Note that trig(comp(P)) = P, and trig(Q)[v/x] = trig(Q[v/x]).

To define the operational semantics of HOpii;"’, we keep rules (Betar), (Specty), (Scopr), (Congy), (CondTr), (CondFr)
unchanged, and introduce the rules of Table 7 (the reduction relation on HOpia’;Jr is written —>!). According to the ex-
planations above, these rules enforce that substitutions are delayed until the last prefix in a sequence of input prefixes is
consumed. More precisely, rules (PrUnrr) and (PrRepy) accumulate substitutions along sequences of prefixes, while rules
(EndUnrr) and (EndRep;) are used to trigger the last prefix of a sequence of inputs.

Note that we treat differently replicated and non-replicated sequences of input prefixes, as the condition associated to
typability is different in the typing rules (Inkp,) and (Repkp,) (given below).

We immediately have that if P —' P’ and P satisfies the well-formedness condition introduced above, then so does P’

Lemma 4.6. Let R be the relation defined on HOpic!U X HOpif{;Jr by: (P, Q) € Riff P = trig(Q). Then R is a simulation, that is,
forany (P, Q) € R, whenever P — P/, there exists Q' s.t. Q —' Q" and (P’, Q') € R.

R is actually a (strong) bisimulation [10]. We however prove only this simulation result, as it is sufficient to deduce that
if P = trig(Q) and P diverges, then so does Q, which is what we shall need.

Proof. We reason by induction on the derivation of P — P’.
The cases corresponding to (Specty), (Betat), (Scopt), (CondTr) and (CondFr) are easily treated using Definition 4.5.
The remaining cases are more interesting:

® (Case (Comr). We have P = trig(Q) = a(v).P; | a(x).P, and P’ = P; | P;[v/x]. By definition of trig(), we deduce that
Q = a(v).Q1 | Q where P; = trig(Q1). We discuss on the form of Q:
Case Q =la; (x1)"...ai_1(xi_1)"".ax)V.air1 (xir ). . .ap(x)1.Qz, with
1 < i < k. We have

Py = ajp1(Xig1). . .ar(xp) . (trig(Q2) [vi/x1]. . .[vie1/xi—1]).
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Table 7
Communication rules for HOpii;*,

TrR
(o) T 1).Q | 1y (x0) . (x2) i xi) P

= Q a1 ()" a2 (%) () P | lag (x1) a2 (x2) . (xe) P

1<i<k

(PrUnrr) — -
@ (vi).Q | a1 (x1)""...qi1 (%i—1) " .ai (%) a1 (xig) o () P

! e i 1 1
= Qar(x)""...ai—1 (xi—1)""ai (%) a1 (Kie1) (i) P

(PrRep,) 1<i<k
TRepr) — -
ai<V1;>-Q | ay (x1)".ai1 (1) "0 () air (i) e (i) P
=" Q[ lar(x)"" i1 (Xim1) i (%) a1 (41 g () P
(EndUnry) —

T (Vi) -Q | a1 (X)) et (em) " ak () P =" QI P[vi/xa] - . Vet /Xe—11[Vie/i]

(EndRepy) — 7 i
G (vi)-Q [ lar ()" ag () (i) P = Q| Pvi/xq] - Vi1 /X1 ] [vi /xk]

Process Q can perform a reduction, using rule (PrRepry), to

Q = e (x)". . aim1 (1) 1.a(®)" a1 Kip1) ' - @) Qa.

We have
trig(Q") = trig(Q1) | i1 Kig1). . .ar(xp). (trig(Q) [vi /x1]. . .[Vi—1 /xi—11[v/x]) = P’

(note that we have (a;(x;).S)[v/x] = a;j(x;).(S[v/x])).

Case Q = ay(x)"1...aj_1(xj_1)"i1 .a(x)l.ai_H (xi+1)1. .ap(x)1.00, with 1 < i < k. We reason similarly using rule
(PrUnry).

Case Q =!laq (x1)"". . .ap—1(xk—1)"1.a(x)1.Q. We have

Py = trig(Q)[vi/x1]. . .[Vk—1/xk—1].

Process Q can reduce, using rule (EndRepy), to
Q' = Qi | Qvi/x1].. .[vk—1/xr—11[v/x],

and trig(Q") = P'.
Case Q = a3 (x1)°. . .ax—1 (xk—1)°.a(x)1.Q,. We reason similarly using rule (EndRepy).
® (ase (Trigy). We have P = trig(Q) = a(v).P; | la(x).P, and P" = Py | P;[v/x] | la(x).P,. Using the definition of trig(),
we deduce that Q = a(v).Q; | la(x) .az(x2). . .ar(xx)1.Qz, Py = trig(Q;) and P, = ay(xy). . .ax(x).trig(Q,). Process
Q can perform a reduction, using rule (TrRepy), to

Q =l .a2(x2)". . .ax)'Q | la) .ax (x2) " . ar(xi)". Qs

We then have

trig(Q") = trig(Q) | az(x2). . .ax(xy).trig(Q2)[v/x]
| la(x).az(x2). . .ax(x).trig(Q;) = P'. O

After having defined reduction in HOpii;*’, we now turn to typing. The basic idea is to start with a typable HOpi(i) process,
and execute it ‘as a HOpiL!U’+ term’. In doing so, we keep a representation of the whole sequence of prefixes before it is totally
consumed, and this allows us to reconstruct the original typing derivation along reductions. The type system for HOpiCi;*' is
thus very close to the system for HOpiL!U.

Typing judgements for I-IOpic{;+ processes (written I 4 P : N) are derived using the rules of Table 6, where rules (Inf)
and (Repy) are replaced respectively with the rules presented on Table 8, in order to handle annotations.
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Table 8
Dedicated typing rules for HOpié)'*.

F|—+V1ZT1 F|—+V,'2Ti
C,x :Tq,...,x:TgF4 PN W M >nu B oMy, x;, P)
1<j<k 1<j<k
V1 <j <k LW(T) <mu M, T(@) = Ch" M ()

(InkT) :
Iy a3y a1 () k() VP N

F|—+V12T1 F|—+ViIT,'
C,x1:Ty, ..., xk Tk 4+ P: N
W M >nu | oM, x,P)WN
1=j=<k 1=j=<k o
: . J N MM,
(R ) V1 <j <k WI(T) <mu M T(aq) = Ch™7"2(T;)
epKt -

r |—+ la, (Xl)v1 ...ai(x,-)v'.a,-H (x,-+1)1...ak(xk)1.P 0

Accordingly, the contribution o(M, P, x), for P a HOpifﬁ term, is defined as in Definition 4.2 - in particular,
o(M, d(y).P, x) = o(M, P, x).
The careful reader may have noticed that different typing derivations for a HOpia!) term P can be mapped to the same

typing derivation in HOpi 6'0+ for comp(P). For instance, if P = a;(x1).a2(x2).a3(x3).P’, we can choose to apply rule (Int)
once, to the sequence of prefixes a; (x1).ax(x2).a3(x3) (with continuation process P’), but we can also, alternatively, apply
(Int) first with aj (x1).a2(x2), the continuation process a3 (x3).P’ being typed using a second application of (Int). Both these
derivations are mapped to the same ‘maximal’ typing derivation in HOpi(i;“L, where rule (InkT) is used only once. This has
no important consequence on our reasonings, since, intuitively, a typing derivation that relies on several applications of rule
(In7) for a given sequence of prefixes can always be replaced by the ‘maximal’ derivation, where (Int) is applied only once.
The following easy result formalises this idea.

Lemma4.7. IfPisa HOpiCi) process, then D : (T =P : N) ifandonly if D : (I' -4+ comp(P) : N).

We are now ready to prove soundness of our type system for HOpiCE;Jr. As above, we introduce for this two measures on
HOpi (!L;"’ processes. These measures are the counterpart of the measures presented in Definition 3.2.

Definition 4.8. If D : (I' 4 Q : N), we define Mlp(P) by induction over the structure of D as follows:

* ML(0) = 0.

® Mp(Q1|Q2) = My, (Q)WM., (Qz) where Dis obtained from premises D' : (I 4 Qq : Ny)andD* : (T 4 Qy : Np)
for some Ny, N.

® Mp((va) Q) = MJ,;(Q) where D is obtained from premise D' : (I', a : Ch*(T) k-4 Qi : N).

o M%)(E(v).Ql) = M;Jl (Q1) W {M1} where D is obtained from premises D¥ : (' 4 v : T), D' (' F Qg : Nq) (for some
T, N;)and I'(a) = CAMM2(T).

o M%)(x Lv2]) = @, for any variable x.

[ M]D(vl [v2]) = {M} when v; is not a variable and D is obtained from premises D' : (I Fy+ovi 0 T —
D? (T hy vy:T).

o Mp(ar(x)"..ai (Xim1) ") a3 1.Q1) = My QWM W -&{M~1} where Dis obtained from premise

DU (Cx i Ty % Te by Qi N)and ¥ < k, T'(aj) = ChMiMa(T) and Vj < i, Dy« (T b vj : Ty).
o Mb(lay (x)"". . .aim1 (i-1) . ai (%) ak(x)%.Q1) = (M}} W - - & {M{™1}, where for all j, I'(a;) = ChM-M2(Ty).

M &) and

In order to handle delayed substitutions, we introduce another measure, noted MZD(Q), and defined like M%)(Q) except
for the following cases:

o M (ar(x)"...ai1 (Xi—1) " ai(x) . (%) Q1) = M2, (Qi) where D is obtained from premise D' : (T, x;
Ty, ... Xkt T 4 Qp i N). )
o MA(lay (x1)"1..aim1 (xim1) V1 ai ()1 () 19.Qp ) = 0.

Note that M!(-) and M2 (-) coincide on processes of the form comp(P) (for some HOpifv process P).
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Lemma4.9. IfQ = Q/, then

o thereexists D : ([ -4 Q : N)s.t. ML(Q) = Miffthereexists D' : (I" 4 Q' : N') s.t. M}J,(Q’) = M, and
o thereexists D : (I 4 Q : N) s.t. M%(Q) = M iffthere exists D' : (I" 4 Q' : N') s.t. M2D/(Q/) =M.

Proof. By induction on the derivationof Q = Q. O

Lemma 4.10. Suppose that D" : (I —, w: T), whereT =T —M o,

IfD:(I',x: Ty P:N),then there exists D' s.t. D' : (I' =4 P[w/x] : N), Mlp/(P[w/x]) = M%)(P) W o(M, P, x) and
M2, (P[w/x]) = M%(P) W o(M, P, x).

IfD: (U, x:T k4 v:Ty), then there exists D' s.t. D' : (I' =4 v[w/x] : Tp).

Proof. By induction on the typing derivation.

® Cases (Nily), (Rest), (Part), (If7), (Unit) and (Booly) are easily done using the induction hypotheses when needed and
Definition 4.8.

® Case (Appr). We have P = vq|v,]. Derivation D is build using D!, D? as premises s.t. D' ¢ (I',x : T 4 vq :
T7 >N o)andD? : (O,x : T 4+ vy @ Typ) for some T;. We use the induction hypothesis and we get P p@
st. DM (T F, vilw/x] : T; =N ¢) and p@ . (T F+ vo[w/x] : Typ). Using the rule (Appy) and the fact that
(vilv2DIw/x] = (vi[w/x])(v2[w/x]) ], we construct

Db p@

Ty (vilva[w/x] N
We distinguish three cases to compute the measures according to Definition 4.8:

- if vi = x then N = M. Definition 4.2 gives o(M, x| v, |, x) = M and we have M}J(xl_vzj) = MZD(vazj) = ( and

My, (wlva[w/x]]) = M2, (wlva[w/x]]) = M.

- ifvy = y and y # x, then Definition 4.2 gives o(M, x| v, ], x) = M and Mlp,(yva[W/x]J) = M%,(yva[w/x]J) =

Mlp(yvaJ) = MZD(yvaj ), all these quantities being equal to (.

- if v1 is not a variable then Definition 4.2 gives o(M, x|v; |, x) = ¢ and Definition 2.3 gives M]D/ (vi|valw/x]]) =

My (vi[v2[w/x1]) = Mp(viLva]) = Mp(viLva]) = N.

e Case (InkT). We have P = a; (x1)"1...a;(x;)".aj+1 (xi+1)1 ...ax(x;)1.P;. Derivation D is obtained using rule (Inxt) from
premises P! ¢ (U,x : T,x1 : Ty, ..., xc : Tk Fr Pr:N)andDj @ (O,x : T g vy Tj),for1 < j < i, with
I(qj) = Ch"”’l”‘/’é(Tj),Mj2 > Lvlr(vj) and ) M, >pmu 1 o(My, x;, P1). Since x # x; and x; ¢ w, we have o(M,, x;, Py) =
o(M),, Xj, P1[w/x]) (no occurrence of x; is added or removed by replacing the occurrences of x by w in Py).

The induction hypothesis gives pM Dy, - -+, D) st oM . (Tyx1 Ty, ...,xk @ Ty F4 Pi[w/x] : N), for all
1<j<iDg: (Fky vilw/x]: Ty, My (P1) = My (Pr) W o(M, Py, x) and M2, (P1) = M3y, (P1) W o(M, Py, X).
All necessary side conditions are satisfied, and we can construct the following derivation D', by application of rule (Inx'1):

DY Dy ... Dy
T 4oar (o) ™ g (x) ™/ ai g ()" are(xi) Py [w/x] 0 N
We can then use Definitions 4.8 and 4.2 to conclude that M}, (P)) = M%)(P) W o(M, P, x), and MZD, Py = M%(P) O]
o(M, P, x).

® Case (Repy) is treated like case (InkT).

e Case (Outr). We have P = @(v).P;. There exists T’ such that I'(a) = Ch™"M2(T"), and D is obtained using rule (Outy)
from premises DV : (I',x : T 4 v : T'), My >pu LVI(T") and D' : (', x : T 4 P; : N). The induction hypothesis
gives DV, D st. DD+ (I 4 Py[w/x] : N), DY : (T 4 viw/x] : T’),Mlpm(P]) = My, (P1) W o(M, Py, x) and
M2y (Pr) = M2, (Py) & o(M, Py, x).

As (a(v).Py)[w/x] = a(v[w/x]).(P1[w/x]), we can construct

DL pw)
I @(v[w/x]).Py)[w/xIN’
Finally, we use Definitions 4.8 and 4.2 to conclude.
e Case (Funy). We have v = (y > P;).There exists T’ s.t. Tg = T' —*“M) & and D is obtained using rule (Funy) from

a premise of the form D' : (I',x : T,y : T 4 P; : M). The induction hypothesis gives DV s.t. DV : (I, y : T/ .
Pi[w/x] : M).

D = (Appy)

D/ = (Ol.ltT)
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We can construct

D

D' = (Funy) )
CFy y Pi[w/x] : T

® Case (Varr) withv =y.WehaveD: (I',x : T 4 y : To) with I'(y) = Tp. We distinguish two cases:
- x # y.Then y[w/x] = y, and the result follows.
- x =y.Then T = Ty, and we can exhibit D" : (T 4 x[w/x] : Tp). O

Lemma4.11. IfD: (' 4 Q : N) then M%(Q) <mut N.
Proof. By induction on the typing derivation:

e Cases (Nily), (Resr), (Parr), (IfT), (Outy), (Repky) are treated easily, using the induction hypotheses when needed,
Definition 4.8, as well as some simple properties of multisets to do the calculations.

® (Case (Appr). We have P = vy | v, . There exists T, such that D is obtained by applying (Appr) to premises Dl (T i+
vi: T, >N ¢)and D? : (I 4 v : Ty). Either v; = x for some x, and, by Definition 4.8, M2,(v1|v2]|) = @, or v; is not
a variable, and, by Definition 4.8, M%(w v2]) = N: we can conclude in both cases.

e Case (InkT). We have P = a; (x1)"'...a;(x;)"".a;41 (Xi11)..ax (x;) 1 .P;. Derivation D is build by applying rule (Inkt) with
pl (T Fy Py :N),Dy: (T ¢ vi :T1),....,D; : (' F+ v; @ T;) as premises. The induction hypothesis gives
M2, (P1) < N. As Definition 4.8 gives M%,(P) = N, we can conclude. [J

Lemma 4.7, and the fact that comp() is compatible with congruence, ensures that the results of Lemmas 4.3 and 4.4 still
hold for HOpiéﬁ‘ processes. We moreover have:

Lemma4.12. IfD: (I, Q : N)and Q —' Q' then there exist N and T/, s.t. D' : (I' -4 Q' : N') and

® either Mp(Q) >mu M1, (Q)),
® or Mp(Q) = M3, (Q") and M%(Q) >mu M5H(Q).

Proof. We reason by induction on the derivation of Q ! Q.

® (ases (Congy), (Specty), (Scopy), (CondTt) and (CondFr) can be treated using the induction hypothesis, Lemmas 4.4
and 4.9, and Definition 4.8.
® Case (Betar). WehaveQ = (x — Q1)[v2],Q —! Qi[va/x]and D : (I' 4 (X — Qq)|v2] : N). This means that D is of
the form
Dl
FHy (x—>Qp): T _ysuccNh)
F'Fy (X Qp)lval i N

D2

withD!' : (O,x: T F4+ Qi : Np)and D% (' F+ vy : T). From Definition 4.8, we deduce MlD(Q) = succ(Ny). We
apply Lemma 4.10 to D', yielding D’ : (I’ 4+ Qi[va/x] : Np). From Lemma 4.1, we get MZD, (Q1[v2/X]D) <mu Ni.As
Q; appears in a message position in Q, because of the well-formedeness condition, every input prefix in Q; and v, is
annotated with 1. This allows us to deduce MlD/(Q1 [va/x]) <mu Ni.Thus M}J(Q) > mul M}J, Q).

® Case (PrUnrr). We have

@ (vi).Q1 | a1 (x1)"1...ai—q (xi—1) V= 1.ai (%) V@i 1 (i) e ar (3) 1. Q2)

= (Q1 a1 (x)" i1 (xim1) V@i (x) Vi (i) (i) 1.Q2).

D' D .
. =4 @(vi).Q1 - Ny v ) L.
Thus D is of the form , D" being given by the following application of the (InxT) rule,
r |_+ Q N
D’ Dy .. Di,

U oar(x)™. . aiog (ie) @) it (i)' - ae () Q2 o Ny
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and with where D; : (I' 4 v; : Ty), D'+ (T 4 Q1 Nj), Ny = Nj W M}, forall 1 <j <k T'(a) = ChMMz(Ty),
My > LIr(Tj), Dy : (D4 vi i Th), ..., Dicg 2 (D by vieg s Timp)and D? @ (0, , %0 : Ty, e Xkt Te by Qa2 No).
We can construct, using rule (Parr), the following derivation, called D':

) D Dy ... Di D
D' (InkT) m e v 1 1
ar(xy) ' .ai—1 (Xi—1) " ai (%) LG (Kig1) (X)) Q2
. Q' :N

with N’ = N} & N,. This is possible as the side conditions holding in D still hold, and I'" - v; : T;. By definition, we have
MB(Q) = ML Q) WMD) W (ML, (Q) WM W+ W M) and ME(Q') = (ML, (@) ¥ (M, (Q) WM W - ¥
M'l_l W Mi) which is Mlp(Q) = M%)(Q/). Using the construction rules for the second measure, we deduce: M%(Q) =
(M2(Q1) W M) W (M2,(Q2)) and M3(Q) = (M2 (Q1)) W (ML, (Q2)) which implies M2%(Q) >mu M3(Q)

e Asimilar reasoning is used to treat cases (PrRepy) and (Trigy).

® (Case (EndUnrt). We have

(@ (vie)-Q1 | a1 (}1)" ot (k=) 1 oaf (%).Q2) =1 (Q1 | Qalva/x1] -« . [Vi—1 /xk—11[Vi/Xk]).

Thus D is of the form

Dy D! D* Di...Dy
T @Gvi).Qr i Nt Ty ap ()" () t.Qa 0 Ny
'y Q:N ’

where D! : (' 4 Qq : N{), Dy : (T k4 vy :Ty), .., Dt (D 4 v i Ti), Ny = N WML, V1 <j < k, T(aj) =

ChVh M (Tp), M]é > LvIr(Tj) (notice that M’z‘ > Lvlp(Ty) is given by I' F4 @, (vk).Q; : N1)and D2 (D% Ty ey Xi
Tk b4+ Q2 N).
We use k times Lemma 4.10 to obtain D@ : (I" F+ Qo[vi/x1]...[vk/xk] : N2) and

Mo (Qalvi/xi] .. [vi/xi]) = Mpp(Q2) W o(Lvlr(vh), Qa, x1) W - -+ W o(Lvir (vi), Q2. xi).
We then construct

D' D@

D = (P
P 0 1@/l v/l N

with N = Nj & N,. Using Definition 4.8, we have M}(Q) = M}, (Q1) ¥ M],(Q2) W M] W - - - & Mf and My, (Q) =
M1 (Q1) W M (Q2) W o(Lvlp (v1), Qa, x1) W - - - W o(Lvlr (Vi) Q2, Xe)-

The side conditions in the usage of rule (Inkxp,) in D give for all j < k, Mé >mut LVIp(Tj) = Lvip(v;). Similarly,
the usage of rule (Outkp,) in D gives M’z‘ >mut LVIr (T) = Lvir (vg) and the rule (Inkpy) in D gives W <j<k M’1 > mul
Wi<j<k oMb, Q2, X)). ‘

Thus, finally, we obtain ; <j<x M’1 >mul W1<j<k 0(LVIF (vj), Qz, X;) and M}J, Q) <mul M%)(Q).

® Case (EndRepy) is treated similarly. O
Theorem 4.13 (Termination). If D : (I' - P : N), then P terminates.

Proof. Suppose, towards a contradiction, that process P diverges. Then so does comp(P). We thus have an infinite sequence
(Qi)i>o such that Qg = comp(P) and Vi, Q; —! Qi+1. We can apply Lemma 4.12 to each Q; to obtain an infinite sequence
(DYi=os.t. Vi, D' : (T -4 Q; : N;) and an infinite sequence (ML (Q)), M2,(Q))) such that Vi, ML (Q) >mul Mlpm (Qi+1)
or My, (Qi) = My (Qi1) and M2;(Qi) >mut M1 (Qi1). This contradicts the well-foundedness of > . O

4.3. Encoding separate choice

To illustrate the expressiveness of our type system for HOpiL{), we present the encoding of the separate choice operator.
Separate choice here means that operator + is applied only to inputs, or only to outputs.
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Table 9
Separate choice in HOpiu’).
Outputs:
[2?21 fi(di)-l’i] =
(vs) (s(fy)-(fvLexue] | s(fy) fy [ £alse])
| (va) [T, Xi(di, x — 5(x),y > a(y)).a(x’).if X’ then [P;]
else0)
Inputs:
[Zr,yi@.q] =
(vr) (T(true)
| T, (vg) (Z(%)
|'8(0).yi(z, fs, fa).r(%).if x
then (vu) (fs|x — u(x)] |u(y).ify
thenT(false) |fy|ltrue] | [Qi]
else F(true) | fy|false] | Z(%k))
elseT(false) |¥i(z, fs, fa) )
The protocol in HOpiL!u is presented in Table 9; we make use of notation [[{_; P; to represent P;] ... |P,, and we write

[P] for the encoding of process P. The protocol is designed to let sums of output processes (the emitters) synchronise with
sums of input processes (the receivers), whenever matching actions can be found. It works as follows. Any output action
of an emitter may proceed. Whenever a matching input action exists, a mechanism of locks is used to ensure that at most
one branch has been chosen on the emitter’s side, and the same on the receiver’s side. If this is not the case, the protocol
backtracks, and the initial output action that has started executing is cancelled. Channels s and r are used to implement two
locks, that are tested on the receiver’s side to decide whether the corresponding branch in the sum of inputs is allowed to
proceed. When this is not the case, the protocol backtracks. The reader is referred to [6] for a more detailed description of
the protocol: ours closely follows the steps of Nestmann’s original proposal.

Because of backtracking, and of the inherent complexity of the processes being manipulated, the analysis of the protocol
in terms of termination is non-trivial. Also, when rewritten in the higher-order paradigm (more precisely, in HOpii)), the
protocol makes use of some patterns or combinations of operators that are delicate for termination (in particular, a pattern
similar to a(X).b(Y).X, as discussed in Section 4). The proof that the original protocol does not add divergence is given in [6],
while [3] uses a type system to derive the same result.

Several details have to be changed or adapted w.r.t. the protocol in [6] to program separate choice in our setting. For
instance, in [6], there may be a sequence of requests on channel s, the first of which receives answer true, and answer
false is given to all following requests. In our protocol, this behaviour has been “hardwired” in the definition of the
emitters, to clarify the encoding.

Names a and r are given the simple type Ch(bool) and g is given the simple type Ch(unit), like in the original process.
Instead of sending channel a, which we cannot do since our calculus does not feature name passing, we send a function
fa 1 bool — ¢ which allows the process that encodes a sum of inputs to output boolean values on a. The case of s is more
complex, because the input capability on s is transmitted in the protocol of [6]: the process encoding the sum of inputs
performs an input on s after receiving s. The protocol of Table 9 exploits an encoding of the 7 -calculus into HOpi(L, more
precisely, of the localised m-calculus [10, Section 5.6]. Accordingly, a function of higher-order is transmitted in place of s in
our encoding: upon reception of this function f; : (bool — ¢) — ¢, it is applied to a function f;, : bool — ¢ (which
intuitively represents the input capability), and this finally allows the process which sent f; (the process encoding a sum of
outputs) to transmit boolean values on channel u : Ch(bool) to the process encoding a sum of inputs. The latter protocol,
in which functions are transmitted and applied, illustrates the higher-order nature of HOpiC!U.

Typing the processes. As stated above, the protocol does not add divergence. We rely on the type system of Section 4.2 to
show that our encoding of this protocol does not add non-typability; that is, if the processes Q; and P; are typable, the whole
process is typable. Indeed, typing the processes given in Table 9 is possible provided the continuation processes P;, Q; can
be typed. When this is the case, we must use, to type our protocol, levels that are strictly greater than those used to type
the P;, Q;, which is always possible. In what follows, we ignore this point, and assume the context ¢} is sufficient to type
the P;, Q; with the global weight {J. Adapting the typing to a situation where P;, Q; have non-# weights is not conceptually
difficult. For the same reasons, we ignore the level of the values d; sent by the emitters. Instead, we just assume they have a
well-formed type T of level . It is easy to adapt the typing to a situation where the level of T is a given multiset M.
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Proposition 4.14 (Typing the encoding of separate choice). Consider two sets of processes (P;)i—1
that @ = P; : W,andz : T + Q; : ¥ for some name z and type T.

Then [ i Yi(di).Pi} |[ i y[(Z).Qj] does not exhibit a divergence.

n and (Q;)i=1,...,m Such

yeney

Proof. We establish this by applying Theorem 4.13. For this, we construct a typing derivation in which we assign types to
the names used in Table 9. The type assignement is as follows (we introduce Ty = poo1? —10.0} &)

t:unit” g: Ch{4}’{°}(unit“)
xi, yi : ChBHT Tg 20 o 10y s cn2H- (1)

r: Ch10H0}(po01?) a: Chi% 10 (poo1”)
u: Ch{o}’{o}(boolw) fa: poo1? —10.0} ¢
fus fy i boo1? — 100} ¢ fi:To =% o
z,di: T X,y boo1?.

We do not give explictly the construction of the whole derivation, but explain why every subprocess is typable. We
introduce some notations that we use in the following calculations: we write W (a) for the weight of a (we overload notations
and write W(P) for the weight of a process P), C(a) for the capacity of a, and L(v) for the level of v.

® s(fy).(fy true] | Is(fy).fy | false]).Touserule (Int) here, we need to check that C(s) = {1}is greaterthanL(f,) = {0, 0},
and that W(s) = {3} is greater than o({2}, (fy [true] | !s(fy).fy [ false]), fy) = {2} (Remember that, by Definition 4.2,
o(M, la(y).P, x) = ).

Is(fy).fy|£alse]. To use rule (Rep;) here, we need to check that C(s) = {1} is greater than L(f,) = {0, 0}, and that

W(s) = {3} is greater than o({2}, fy| false], fy) W W(fy| false]) = {2, 2}.

Xi(d;, x — 5(x), y > a(y)); this output is well-typed as W(s) = 2, hence L(x > 5(x)) = {2, 0}, which is smaller than

{3} = C(x).

A similar reasoning holds for y + a(y), which has level {0, 0}. Moreover, L(d;) =  is smaller than {3} = C(x;).

The inputs a(x’), u(y) are typed easily, because the types we assume for a and u impose level ¥ for the boolean variables

X, Y.

fs|x — u(x)]. The application is well-typed, because W(u) = {0}, which gives a type compatible with the type we have

assumed for f;.

The crux of this proof is the type-checking of the replicated subterm !g(t).y;(z, fs, fa).r(x).C (C is the continuation process,

which can be deduced from the definition of the process in Table 9). '

In order to apply rule (Repy), we have to check that the two domination conditions hold. The condition LvI(T;) <mu M}

is fulfilled because:

- C(g) = {0} is greater than L(y) = ¢,

- C(yi) = {3} is greater than L(z) = @, L(f;) = {2, 0} and L(f,) = {0, 0},

- C(r) = {0} is greater than L(x) = @.

As far as the other condition is concerned, we have to compute W(C) and the contributions o({3}, C, f;), o({3}, C, fa),

0({3}, C, z) and o({0}, C, x).Because of rule (Ifp,), and by Definition 4.2, we have to compute these values for each branch

in the nested conditional tests (we call these Cj, forj = 1, 2, 3), and compute the maximum.

- We have W(C;) = L(fs) W L(fz) W W(r) = {2, 0, 0, 0} (remember Q; has weight @). If we suppose that z appears
1 times in Q;, not in object position nor inside the continuation of a replication, we have o({3}, z, C;) = ¢1.{3},
o({3}, G1, fo) = {3}, o({3}, C1, fo) = {3}, 0({0}, Gy, x) = {O}.

- We have W(C3) = L(fs) W L(fp) W W(r) ¥ W(g) = {4, 2,0, 0, 0}. We have o({3}, z, () = 0, 0({3}, C2, fs) = {3},
O({B}’ CZ’fa) = {3}v O({O}v G,x) = {0}

- We have W(G3) = W(r) W W(y;) = {4, 0}. We have o({3},z,C3) = ¥, 0({3},C3,fs) = @, 0({3},C3,fa) = 4,
O({O}’ G, x) = {0}

Rule (IfT) allows us to compute W(C) = {4, 2, 0, 0, 0}. Definition 4.2 gives o(4, C,t) = @, o({3},C,f;) = {3},

o({3},C. fo) = {3}, 0({3}, C,2) = ¢1.{3} and 0o({0}, C, x) = {0}. We can thus apply rule (Repy) as {4, 4, 0}, which

is the multiset sum of the weights of g, y;, r, is strictly greater than {4, 3, 3, 2, 0, 0, 0, 0} W ¢1.{3}, the multiset sum of

the global weight of C and the contribution of the capacities of g, y;, rin C. O

The last item above illustrates the usefulness of the treatment of sequences of input prefixes: indeed we need to apply
rule (Repy) in a non-trivial way (more precisely, by treating together names g and y;) in order to type-check this part of the
process.
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5. Controlling communication and passivation
5.1. Par: a calculus with locations and passivation

The objective of this section is to study termination in presence of further constructs that are known to be challenging in
the semantics of higher-order concurrent languages, notably constructs of locations (i.e., explicit spatial distribution) and of
passivation. We consider a calculus, which we refer to as Pasr (for ‘Passivation Pi-calculus’), that combines such constructs
with the higher-order features of HOpi; and the name-passing capabilities of the -calculus.

We start by defining Pasr and its operational semantics. As in the previous sections, lowercase letters, a, b, c, ..., 1, ...,
p.q,...x,Y, ..., will be used to range over names. We adopt some conventions to distinguish several usages of names: we
write a, b, ¢ for names used as channels, | for names used as locations, and x, y for names used in input variable position.
The distinction will be ensured by the type system, presented below. The grammar of Pasr processes is as follows:

P:=0|PP| (vp)P | plg).P | pX.P | pix).P
| p(P) | B(P).P | p(X).P | p(X)>P | X.

As in Section 4, replication is allowed only on name-passing input prefixes. [(P) stands for the process P running at
location I (locations can be nested). The construct I(X) > P corresponds to passivation: such a process is willing to freeze a
computation running at location [, call it X and proceed according to P. For instance, in the process

T | 1X) > (vl @X) | 1'(X)),

T can execute, until at some point location [ is passivated. When this happens, a copy of the process at l is sent along channel
a, and computation resumes at a new location named I. Passivation can be found in calculi like Kells [5,11] or Homer [4].
The definition of structural congruence in Pasr inherits the laws of = in HOpiy. No specific law is introduced for locations
- in particular, restrictions are not allowed to cross-location boundaries.
Reduction in Parr is defined by the following inference rules:

(ComNp) — (Trigp) —
p(q).P1 | p(x).P; — P1 | P2[q/x] p(q)-P1 | 'p(x).P; — P1| P2[q/x] | Ip(x).P;
(ComPp) — (Passp) (Localp) P;P,
p(Q).P1 | p(X).P, — P1 | P2[Q/X] 1(Q) [ 1(X) > P — P[Q/X] 1Py — 1(P')
! p=pP P—->Q Q' =qQ p—P
(Spectp) M (Congp) P> Q (Scopp) m

It has to be noted that we do not claim here that the combination of primitives provided in Pasr (essentially, first and
higher-order message passing, localised interaction, passivation) makes this calculus a proposal for a model for distributed or
component-based programming, as is the case for the process calculi mentioned above [4,5,11].Indeed, important interaction
mechanisms such as communication between distant locations, subjective mobility, or dynamic binding of names, are not
available in Parr.

Our primary goal is instead to study how the constructs of Pasr, which have the advantage of being presented in a rather
simple way, can be taken into account in our termination analysis. We believe that the way we handle these can be smoothly
adapted to small variations: for instance, typing distant communication in krr [5] should be feasible in pretty much the same
way we type local communication in Pasr.

Example 5.1. We now provide a few examples of Pawr processes to illustrate typical idioms that can be programmed using
passivation.

Dup c(r).I(X) > (1(X) | (wI') (') | I'(X)))
Res c(1).1(X) > [(Po) DynUpd  c(l).d(X).(I(Y) & 1(X))
Coloc Li(X) > (L(Y) > (L (X|Y) | 12(0)))

We briefly explain these definitions.
Dup performs code duplication: when a message is received on channel c, the computation running at location [ is
duplicated, and the location of the new copy is sent back on r, the channel transmitted along c.
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Table 10
Typing rules for Par.
(Nilny) W )F(X):n ® )F,p:TVI—P:n
L arp,) ————— esp;) ————————
" TFo:o0 " T X:n " TE@p)P:in
'=Pi:ny T'EPy:iny X:k—1FP:n F(p):lock
(Parp,) (Pasp,)
[' = Pp | Py @ max(nq, ng) I'FpX)>P:n
I'p)=loc THQ:n k=>n IX:k—1FP:n T(p)=Ch*)
(Locp,) (InPp,)
I'FpQ): k '-pX).P:n
'P:n THQ:n T()=cc) k>n
(OutPy,) Q, () (©) >
' = p(Q).P : max(k, n)
Tx:TyFP: I'(p) = Ch*(Ty
(InNpy) x:Ty n () (Tv)
'-p&).P:n
F'EP:n T(@ =Ty TI(p)=Ch*(T
(OutNpy) n (jl) v () (Tv)
I' - p(q).P : max(k, n)
C,x:TyFP:n I‘(p):Chk(Tv) k>n
(RepPa)

'=!px).P:0

Process Res (reset): upon reception of a location name [ along c, the computation taking place at [ is replaced with Py, that
can be considered as a start state. Essentially the same “program” can be used when we want to replace the code running at
[ with a new version, that is transmitted along some channel d: this is a form of dynamic update (process DynUpd).

“Co-localisation”: processes running at locations [y and I, are put together, and computation proceeds within location
l;. This might trigger new interactions between formerly separated processes. This is a form of objective mobility (running
computations are being moved around).

5.2. Controlling termination in Paw

In Parr, divergences arise both from recursion in usages of the passivation and process-passing mechanisms, and from
recursive calls in the continuation of replicated (name passing) inputs. We control the latter source of divergences by resorting
to the type discipline of [3], while the former is controlled by associating levels to locations and to process-carrying channels,
along the lines of the type systems we have studied in the previous sections.

However, the mere superposition of these two systems (of Section 2.2 and of [3]) does not work, as the two mechanisms
can cooperate to produce divergences. This can be illustrated by looking at process

S5 = I(X)>la(y).X | l(@(p)) | a(p).

This process is divergent, but, unfortunately, the usages of passivation (which can be treated as a form of process passing) and
name passing in Ss are compliant with the principles of the aforementioned type systems. In this particular case, we must
take into account the fact that X can be instantiated by a process containing an output on a channel having the same level
as a. More generally, we must understand how the two type systems can interact, in order to avoid diverging behaviours.

The following grammar introduces the types for processes, location names, channels and values (to be transmitted along
channels):

Tp=m T, = loc™ Tc = Chm(Tv) Ty =T; ‘ Tc | <

In Parmr, every entity (process, location, name-passing channel and process-passing channel) is given a level which is
used to control the two sources of divergences discussed above. The level of a name-passing channel a corresponds to the
maximum level allowed for the continuation P in a replicated input of the form !a(x).P. The level of a process-passing channel
a corresponds to the maximum level of a process sent on a. Similarly, the level of a location I corresponds to the maximum
level a process executing at | can have. In turn, the level of a process P corresponds to the maximum level of messages and
locations that occur in P neither within a higher-order output nor under a replication.

The rules defining the type system for termination in Parr are given in Table 10. As far as typing termination is concerned,
we treat higher-order inputs (resp. outputs) like passivations (resp. located processes).

Example 5.2 (Typing examples). Process S5 seen above cannot be typed. The typing rule for locations forces the level of
location [ to be strictly greater than Ilvi(a) when typing [(a(p}). The typing rule for passivation forces the level of | to be equal
to 1 + WI(X). Thus VI(X) < lvl(a) and the typing rule for replicated inputs cannot be applied to !a(y).X.
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For process Coloc to be typable, IvI(l;), the level assigned to Iy, should be greater than IvI(l;). In this case, we can observe
that, thanks to typing, we know it is safe to take two processes running in separate locations and let them run in parallel,
as Coloc does: while this might trigger new interactions (inter-locations communication is forbidden in Pasr), this is of no
harm for termination.

Remark 5.3 (An extension of two type systems). We can remark that the sub-set consisting of rules (Nilp,), (Varp,), (Resp,),
(Parp,), (InPp,),(OutPp,) corresponds exactly to the type system for HOpi, introduced in Section 2. Hence, every HOpi,
process that is typable according to the rules of Table 3 is typable as a Pasr process using rules of Table 10.

Moreover, the type system of Table 10 subsumes the type system of [3] for the ;r-calculus: if a r-calculus process P is
typable according to [3], then it is typable as a Pasr process.

Remark 5.4. It has to be noted that the type system we present can be made more expressive by exploiting ideas from
Section 4. Indeed, we associate a unique level to names, and we could instead use three natural numbers to type a name: one
would be its weight, and the other two would be interpreted as capacities, used to control the two sources of recursion: the
weight of name passing outputs on one side, and the weight of process passing outputs and located processes on the other
side. In what we have presented, these three components of the type of a name are merged into a single one. Additionally,
sequences of inputs could be analysed according to the ideas of Section 4.

5.3. Correctness of the type system

The soundness proof for our type system essentially follows the same strategy as in the previous sections. At its core is
the definition of a measure on processes, that takes into account the contribution of locations and first- and higher-order
outputs that do not occur within a message.

The type system for Pasr enjoys as usual the properties of weakening and strengthening (omitted), as well as the preser-
vation of typability under =:

Lemma5.5. IfP =P thenT P :niffT =P :n.
Proof. By induction on the derivation of P = P’.

Definition 5.6. Given a Pazr process P, we associate to a typing derivation D : (I' - P : n) a multiset, noted Mp(P), and
defined as follows:

® Mp(0) = Mp(X) = 0;

® Mp(Py | P2) = Mp1(P1) W Mp2(P2) where D is obtained from premises Pl (CHP;:ny)andD? : (T Py ny) for

some 17, ny;

Mp((vp) P1) = Mp1(P;) where D is obtained from premise Dl (T, p: Ty F Py : n) for some Ty;

Mp(I(X) > P1) = Mp1(Pq) where D is obtained from premise pl:(I,X:k—1FP;:n);

Mp(1(Q)) = Mp1(Q) W {n} where D is obtained from premise D' : (I' - Q : 1), for some n” and I' () = loc™.

Mp(p(X).P1) = Mp1(P1) where D is obtained from premise pl:(M,X:k—1FP;:n);

Mp(p(Q).P1) = Mpi1(P1) W {k} where D is obtained from premises Pl (CHQ:m),D*: (T F Py: ny)for some

ni, ny and ip (p) = k;

® Mp(p(q).P1) = Mp1(P1) W {k} where D is obtained from premise D' : (' b P; : ny) for some ny, T'(a) = Ch¥(T) for
some k, T s.t. n = max(k, n1);

® Mp(p(x).P1) = Mp1(Py) where D is obtained from premise D' (T, x: Ty b Py : n) for some Ty;

® Mp(Ip(x).P1) = ¥;

Lemma 5.7. Let I" be a typing context, N a multiset of natural numbers and n a natural number. If P = P’ then there exists
D : (I' P : n) with Mp(P) = N iff there exists D' : (I'" = P’ : n) with My (P") = N.

Proof. Easily proved by induction on the derivation of P = P/. O

As reduction in Pazr may involve two kinds of substitutions (for name variables or process variables) the ‘subject substi-
tution’ lemma is decomposed into two properties, which we prove below.

Lemma5.8. IfD: (I',x: Ty = P : n) and I'(q) = Ty, then there exists D’ s.t. D’ : (I' = P[q/x] : n’) for some n’ < n and
My (Plq/x]) = Mp(P).

Proof. We reason by induction on the typing derivation:
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® Cases (Nilp,), (Varp,), (Parp,) and (Resp,) are treated easily using the induction hypotheses (where relevant) as well as
Definition 5.6.
e Case (Locp,). Suppose P = x(Qq) (the case P = [(Q) with | # x can be deduced from the following). Then Ty = loc",
and D is derived using (Locp,) from premise D! : (I, x : Ty F Q; : ny), for some ny s.t.n > n;.
The induction hypothesis gives DV : (I' + @y [q/x] : n}) for some n} < n; and Mpw (Q1[g/x]) = Mp1(Q1). As
I'(q) = Ty = loc™ and n > ny > n), we can construct

D(l)
T FqQilg/xl):n’

D' = (Locp,)

As q and x have the same type, Ty, we can use use Definition 5.6 to conclude.

® Case (Pasp,). Suppose x(X) > Pq (the case P = I(X) >P; and | # x can easily be deduced from the following). There exists
k s.t. Ty = lock and D is obtained by applying rule (Pasp,), with premise D' : (I', X : k — 1,x : Ty - P; : n). Induction
givesDM : (I, X:k—1F P [q/x] : '), for somen’ < n.AsT'(q) = lock we can construct

D

B = Pase) r o e il

As g and x have same type Ty, we conclude using Definition 5.6.

® (ase (InPp,) is treated like case (Pasp,).

® Case (OutPp,). Suppose P = x(Q3).P; (the case P = p(Q).P; and p # x can easily be deduced from the following). There
exists k s.t. T = Ch¥(¢) and D is built using rule (OutPp,), from premises D' : (I',x : Ty F P; : ny) and D? : (I', x :
Ty = Qy : ny), with k > ny and n = max(k, ny) for some ny, ny. The induction hypothesis gives D(l), D(z), n’1, n’2
st. DV 2 (T F Pi[q/x] : ny), D@ (I + Qlq/x] : ny), ny < mq, ny < ny, Mpi(P1) = Mpa (P1lg/x]) and
Mp2(Q2) = Mpe (Q2[q/x]).

Ask > ny > nyandI'(q) = Ch*(¢) , we construct

D(U D(2)
F G(Qalq/x1).(P1[q/x]) : max(k, n})”

D' = (OutPp,) -

We conclude by stating that max(k, n}) < max(k, n1) and relying on Definition 5.6 to obtain the result on the measure.

® Case (InNp,). Suppose P = x(y).P; (the case P = p(y).P; and p # x can be deduced from the following). As our
processes abide the Barendregt Convention, y # x. There exists k, T, s.t. Ty = Ch"(T(,) and D is obtained using (InNp,)
from premise D' : (I, x : Ty, ¥ : T, b Py : n). The induction hypothesis gives p . (T,y: T, F Pi[q/x] : n) for some
n’ < n.AsT(q) = Ch*(T}) we can construct

)

D= AnNe) (o Prlaid

As x and q have the same type, we can conclude using Definition 5.6.
® Case (OutNp,). Suppose P = x(q').P; (the case P = p(q’).P; and p # x can easily be deduced from the following). There

exists k, T, s.t. T = Ch*(T},), T(¢) = T{, and D is obtained using rule (OutNp,) from premise D! : (I',x : Ty = Py : ny)
and n = max(k, n;). The induction hypothesis gives D" : (I" = Py[q/x] : n}) with n} < ny.As, T'(q) = Ch*(T}), we
construct

D(l)
Fq(q").P1lq/x] : max(k, n})"

D' = (OutNp,)
r
We conclude by stating that max(k, nj) < max(k, n), and using Definition 5.6.
® (ase (Repp,) can be deduced from cases(InNp,) and (Locp,). [J
As announced, we then prove a similar property, about substitution of processes instead of substitutions of names.

Lemma 5.9. Suppose D : (I, X :mEFP:n)andD? : (' - Q : m') withm’ < m. Then there exists D', cs.t. D' : (I' -
P[Q/X] : 1) for some n’ < nand Mp (P[q/x]) = Mp(P) + c.Mp (Q).
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Proof. By induction on the typing derivation:

® (ases (Varp,) when P =Y # X, (Nilp,), (Resp,), (Parp,), (Pasp,), (InPp,), (OutNp,) and (InNp,) and are easily treated
using the induction hypotheses (where relevant), as well as Definition 5.6.

e Case (Repy) is treated using the induction hypothesis and Definition 5.6 as we impose the condition n’ < n in the
statement of the lemma.

e Case (Varp,). Suppose P = X. Derivation D is built using rule (Varp,). We set D’ = D¢ and we have D’ : (I' - Q : m’)
with m’ < m. We conclude using Definition 5.6, with ¢ = 1.

e Case (Locy). Suppose P = [(Q1). We have I'(I) = loc” and D is obtained using rule (Locp,) from premise D' : (I", X :
m F Qq : ny), for some n; < k. The induction hypothesis gives P ¢y st. DD T+~ Q1[Q/X] - n’l) for some n’1 <m
and My (Q1[Q/X]) = Mp1(Q1) W .M (Q). Ask > ny > n}, we can construct

DD

D= oers) 0, ta/xD <0

As Mp(X) = @, we conclude using Definition 5.6, with ¢ = c;.

® Case (OutPp,). Suppose P = p(Q3).Py. There exists k s.t. '(p) = Ch*(o) and D is obtained using rule (OutPp,) from
premises D?> : ([,X :mF Qy : ny)and D' : (I'X : m F Py : ny) withn, < kand n = max(k, ny) for some
ni, ny. By the induction hypothesis, we deduce the existence of D@D DD ¢ ¢y s.t. DD (' F Q2[Q/X] : n/z) and
DM (T k= P1[Q/X] : n}) for some ny, ny s.t.ny, < ny and ny < ny, Mpm (P1[Q/X]) = Mp1(P1) W c1.Mpe(Q) and
Mpe) (Q[Q/X]) = Mp2(Q2) W . Mpa(Q). As k > ny > n), we can construct

O pQ

D = (Outha)F - E(QZ[Q/X:DP] [Q/X] : maX(k, n/]) ’

We conclude using Definition 5.6, withc = ¢y. O

We now establish an upper bound property about Mp(P).
Lemma 5.10. IfD : (I - P : n) then Mp(P) <py {n+ 1}
Proof. By induction on the typing derivation:

® Cases (Nily), (Varp,), (Resp,), (Parp,), (Paspy), (Repp,), (InNp,) and (InPp,) are easily treated, using the induction
hypotheses when needed and Definition 5.6.

e Case (Locp,). Suppose P = [(Qq). Derivation D is obtained using rule (Locp,) from premises I'(I) = loc" and pl(I'+
Q; : nq) forsomen; < n.Theinduction hypothesis gives M1 (Q1) <mu 11 + 1.By definition, Mp(P) = Mp1(Qq)W{n}.
We have {n + 1} >mu Mp(P) as Mp (Q1) <mu {n1 + 1} <mu {n + 1} and {n} <pu {n + 1}.

e Case (OutPp,). Suppose P = p(Q).P;. There exists k s.t. T'(p) = Ch*(¢) and D is built by applying rule (OutPp,)
with premises D* : (I' - Qy : ny) and D' : (I = Py : ny), for some nq, ny st. ny; < k, and n = max(k, ny).
By definition, Mp(P) = Mp1(Py) W {k}. The induction hypothesis gives {n; + 1} >pu Mp1(P1). Thus, as we have
{max(k, ny) + 1} >nu {k}, we deduce {max(k, n1) + 1} > Mp(P).

e Case (OutNp,). Suppose P = p(q).P;. There exists k, Ty s.t. '(p) = Ch*(Ty) and D is obtained using rule (OutNp,) from
premise P! : (I' = P; : ny) for some ny s.t. n = max(k, n1). By definition, Mp(P) = Mp1(Py) W {k}. The induction
hypothesis gives {n; + 1} >mnu Mp1(P1). Thus, as we have {max(k, n1) 4+ 1} >pmu {k}, we get {max(k, n1) + 1} >nu
Mp(P). O

Finally, we establish the main property of our type system, that relates typability and reduction.
Lemma5.11. IfD: (' - P :n)and P — P/, then there exists D', n' s.t.n > n/, D : (' = P' : n’) and Mp(P) > My (P).
Proof. We reason by induction on the derivation of P — P'.
® Cases (Congp), (Scopp) and (Spectp) are treated easily using the induction hypotheses (when relevant), Lemmas 5.5

and 5.7, Definition 5.6, the compatibility of the multiset ordering with &, and the compatibility of < with max.
e Case (Locp). We have P = [(Qq), P’ = 1(Q;) and Q; — Q7. The derivation D is obtained, using rule (Locp, ), from premise

Dl (T F Q : mp) with () = loc”, for some n; < n. We have Mp(P) = Mp1(Qq) W {n}. The induction hypothesis
gives DV 1 (I 1= Q] : n}) withn} < ny and Mpm (Q)) <mut Mp1(Qq). Asn > ny > n};, we can construct
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DM

/ —
D= (Locr) 1 1Q)) : n

and My (P") = Mpm (Q)) W {n}. We use the compatibility of <, with & to conclude Mgy (P") <mu Mp(P).
® Case (ComPp). We have in this case P = p(Qq).P3 | p(X).P, and P’ = P3 | P,[Q;/X]. The derivation D is of the form

D' D D?
OutP InPp,)) ——M————
(Ou Pa)F F p{(Qq).P5 : max(k, n3) (InPea) ' pX).Py:ny
(Parp,) :
'EP:n

for some k, ny, n3 s.t. T(p) = Ch¥(0), D3 : (T F Py :n3), D' : (T +Qq : ny) forsomen; < k,D?: (I, X:k—1FPy:
ny) with n = max(k, n3, ny). Ask — 1 > ny, we construct a derivation D® by using Lemma 5.9 with D? and D', and we
get D@ : (T + P,[Q; /X] : ny) for some n, < ny and Mpe (P2[Q1/X]) = Mp2(P2) + c.Mp(Qq) for some c. We can
construct

D p®

D' = (Parp,) )
T+ P’ : max(ns, n})

Clearly max(ns, nj) < max(k, n3, ny). By Definition 5.6 Mp(P) = {k} W Mp2(P2) W Mp3(P3) and My (P') =
Mpe (P[Q/X])WMps (P3). From Lemma 5.10, we know that Mp, (Q1) <mu {n1+1}.Asny < k,wegetc.Mp, (Q1) <mul
{k}. This allows us to conclude Mp(P) <pu Mg (P).

® The case (Passp), with P = [(Qq) | I(X) > P, and I'() = loc® for some k, is treated like case (ComPp) with P =
@(Q1).0 | a(X).P, for some as.t. T'(a) = Ch¥ (o).

o (Trigp,). We have P = p(q).P; | 'a(x).P, and P’ = Py | P,[q/x] | !p(x).P,. The derivation D is of the form

D! D?
Out R _
(Outr) I' - p(q).P; : max(k, ny) ( el)Pa)l“ Flp(x).Py : 0

I'EP:n

(Parp,)

for some k,ny s.t. T'(p) = ChK(T),T'(q) = T,D' : (" + Py : ny),D* : (,x : T + P, : ny) for some ny < k
and n = max(k, n;). Applying Lemma 5.8 to D? allows us to construct D@ : (I" P, [q/x] : n%) withn}, < ny and
Mpe (P2[q/x]) = Mp2(P2). We can then construct

2

D' (Repp)—
(RePra) G0 Py 0

Par D@
(Parea) TP | p(x).Py:ny

[+ P : max(k, ny, ny)

D' = (Parp,)

Ask > ny,wegetmax(nq, ny) < max(k, ny, ny).Bydefinition Mp(P) = {k}WMp1 (Py) and My (P") = Mpe (P2[q/x])
W Mp1(P1).AsT, x : T = P, : np, we can use Lemma 5.10 to deduce Mp@) (P2[Q1/X]) <mu {n2 +1}.Ask > (np + 1),
this allows us to conclude Mp(P) < My (P').

® The proof for case (ComNp) is deduced from the proof for case (Trigp). [

Theorem 5.12. IfI" = P : n, then P terminates.

Proof. We suppose by contradiction that P diverges, which means that we have an infinite sequence (P;)o<; s.t. Pp = P and
for each i, P; — Pit1.

By applying Lemma 5.11 to each P;, we obtain an infinite sequence of typing derivations (D;)o<; such that, for each i,
D (I' = P; = ny) and Mp,,, (Pit1) <mu Mp;(P;). The multiset extension of the standard ordering over natural number
being well-founded, we obtain a contradiction. [J

6. Concluding remarks

In this paper, we have analysed termination in higher-order concurrent languages, using the higher-order i -calculus as
a core formalism to build the basis of our type systems. For future work, we plan to examine how the type systems we have
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presented can be adapted to existing process calculi in which processes can be exchanged in communications or can move
among locations such as, e.g., Ambients [1], Homer [4] and Kells [5,11].

Another question we would like to address is type inference; for this, [2] could serve as a starting point. We believe
that the technique described in the first part of [2] can be used to establish that the problem of inferring types for the
type system of Section 2 is polynomial. Intuitively, checking the typability of a HOpi, process P boils down to checking the
presence of cycles in a graph where nodes are names of P and where there is an edge between a and b if b appears in output
subject position inside a message sent on a. We should be able to reason analogously to establish a polynomial bound for
type inference for the type system for Pasr (Section 5). On the other hand, we show in [2] that the analysis of sequences of
prefixes introduces a combinatorial blow up, and this should be the case for the type system of Section 4. As in [2], reduction
to the 3SAT problem should allow us to show that the type inference problem is NP-complete in this case.
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