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Abstract

We present a domain-theoretic framework for measure theory and integration of bounded real-
valued functions with respect to bounded Borel measures on compact metric spaces. The set of
normalised Borel measures of the metric space can be embedded into the maximal elements
of the normalised probabilistic power domain of its upper space. Any bounded Borel measure
on the compact metric space can then be obtained as the least upper bound of an w-chain of
linear combinations of point valuations (simple valuations) on the upper space, thus providing a
constructive framework for these measures. We use this setting to define a new notion of integral
of a bounded real-valued function with respect to a bounded Borel measure on a compact metric
space. By using an w-chain of simple valuations, whose lub is the given Borel measure, we
can then obtain increasingly better approximations to the value of the integral, similar to the
way the Riemann integral is obtained in calculus by using step functions. We show that all
the basic results in the theory of Riemann integration can be extended in this more general
setting. Furthermore, with this new notion of integration, the value of the integral, when it
exists, coincides with the Lebesgue integral of the function. An immediate area for application
is in the theory of iterated function systems with probabilities on compact metric spaces, where
we obtain a simple approximating sequence for the integral of a real-valued almost everywhere
continuous function with respect to the invariant measure.

1. Introduction

The theory of Riemann integration of real-valued functions was developed by Cauchy,
Riemann, Stieltjes and Darboux, amongst other mathematicians of the 19th century.
With its simple, elegant and constructive nature, it soon became, as it is today, a solid
basis of calculus; it is now used in all branches of science. The theory, however, has
its limitations in the following main areas, listed here not in any particular order of
significance:

(1) It only works for integration of functions defined in R".

(ii) It can only deal with integration of functions with respect to the Lebesgue
measure, i.e. the usual measure, on R”.
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(ili) Unbounded functions have to be treated separately.

(iv) The theory lacks certain convergence properties. For example, the pointwise
limit of a uniformly bounded sequence of Riemann integrable functions may fail to be
Riemann integrable.

(v) A function with a “large” set of discontinuity, i.e. with nonzero Lebesgue mea-
sure, does not have a Riemann integral.

In the early years of this century, Lebesgue and Borel, amongst others, laid the foun-
dation of a new theory of integration. With its further development, the new theory, the
so-called Lebesgue integration, has become the basis of measure theory and functional
analysis. A special case of the Lebesgue integral, the so-called Lebesgue-Stieltjes in-
tegral, has also played a fundamental role in probability theory. The underlying basis
of the Lebesgue theory is in sharp contrast to that of the Riemann theory. Whereas
in the theory of Riemann integration, the domain of the function is partitioned and
the integral of the function is approximated by the lower and upper Darboux sums
induced by the partition, in the theory of Lebesgue integration, the range of the func-
tion is partitioned to produce simple functions which approximate the function, and
the integral is defined as the limit of the integrals of these simple functions. The latter
framework makes it possible to define the integral of measurable functions on abstract
measurable spaces, in particular on topological spaces equipped with Borel measures.
Lebesgue integration also enjoys very general convergence properties, giving rise to
the complete LP-spaces. Moreover, when the Riemann integral of a function exists,
so does its Lebesgue integral and the two values coincide, i.e. Lebesgue integration
includes Riemann integration. Nevertheless, despite these desired features, Lebesgue
integration is quite involved and much less constructive than Riemann integration.
Consequently, Riemann integration remains the preferred theory wherever it is ade-
quate in practice, in particular in advanced calculus and in the theory of differential
equations.

A number of theories have been developed to generalise the Riemann integral while
trying to retain its constructive quality. The most well-known and successful is of
course the Riemann-Stieltjes integral. In more recent times, McShane [22] has de-
veloped a Riemann—type integral, which includes for example the Lebesgue—Stieltjes
integral, but it unfortunately falls short of the constructive features of the Riemann
integral.

A new idea in measure theory on second countable locally compact Hausdorft spaces
was presented in [9]. It was shown that the set of normalised Borel measures on such
a space can be embedded into the maximal elements of the probabilistic power domain
of its upper space. The image of the embedding consists of all normalised valuations on
the upper space which are supported in the set of maximal elements of the upper space,
i.e. the singletons of the space. This upper space is an w-continuous dcpo (directed
complete partial order), and it follows that its probabilistic power domain is also an
w-continuous dcpo with a basis consisting of linear combinations of point valuations
(simple valuations) on the upper space. The important consequence is that any bounded
Borel measure on the space can be approximated by simple valuations on the upper
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space, and we have a constructive framework for measure theory on locally compact

second countable Hausdorff spaces.

In this paper, we use the above domain-theoretic framework to present a novel ap-
proach in the theory of integration of bounded functions with respect to a bounded
Borel measure on a compact metric space. Instead of approximating the function
with simple functions as is done in the Lebesgue theory, we approximate the nor-
malised measure with normalised simple valuations on the upper space; this pro-
vides us with generalised lower and upper Darboux sums, which we use to define
the integral. The ordinary theory of Riemann integration, as well as the Riemann-
Stieltjes integration, is precisely a particular case of this approach, since any partition
of, say, the closed unit interval in fact provides a simple normalised valuation on
the upper space of the interval which gives an approximation to the Lebesgue mea-
sure.

We therefore work in the normalised probabilistic power domain of the upper space
and develop a new theory of integration, called R-integration, with the following results.
e R-integration satisfies all the elementary properties required for a theory of integra-

tion.

e For integration with respect to the Lebesgue measure on compact real intervals,
R-integration and Riemann integration are equivalent.

e All the basic results in the theory of ordinary Riemann integration can be generalised
to R-integration. In particular, a function is R-integrable with respect to a bounded
Borel measure on a compact metric space iff it is continuous almost everywhere.

e When the R-integral of a function (with respect to a bounded Borel measure on a
compact metric space) exists so does its Lebesgue integral and the two integrals are
equal.

Therefore, our theory, which includes the Lebesgue—Stieltjes integral, is a faithful

and sound generalisation of Riemann integration,; it overcomes the limitations (i) and

(ii) mentioned above, while retaining the constructive nature of Riemann integra-

tion. In practice, we are often only interested in the integral of functions which

are not too discontinuous, i.e. R-integration is sufficient at least for bounded func-
tions.

We apply the new theory to obtain a simple approximating sequence for the integral
of a real-valued almost everywhere continuous function with respect to the unique
invariant measure of an iterated function system with probabilities on any compact
metric space.

2. A constructive framework for measure theory

In this section, we first review the domain-theoretic framework for measure theory
on locally compact second countable spaces which was established in [9]. We will
also present some of the background results, in particular from [17], that we need
here.
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We will use the standard terminology and notations of domain theory, as for example
in [18]. Given a dcpo (D,C) and a subset 4 C D, we let

td={deD|3acd4aCd} and fA={deD|3acda<kd},

where « is the way-below relation in D. We denote the lattice of open sets of a
topological space X by £X. Given a mapping f : X — Y of topological spaces and a
subset a C X, we denote the forward image of a by f[a], i.e. fla]l = {f(x)|x € a}.
Finally, for a subset a CX of a compact metric space X, the diameter of a is denoted
by |al.

2.1. The upper space

Recall [25] that given any Hausdorff topological space X, its upper space UX is the
set of all nonempty compact subsets of X with the upper topology which has basic
open sets a = {C € UX | C Ca} for any open set a € 2X. The following properties
are easy consequences of this definition. (See [9].) The specialisation ordering C, of
UX is reverse inclusion, i.e.

AT B &% Yae OX[4Ca= BCa] « ADB.
Furthermore (UX, D) is a bounded complete dcpo, in which the least upper bound of
a directed set of elements is the intersection of these elements and the Scott topology
refines the upper topology. The singleton map

s: X - UX
x +— {x}

embeds X onto the set of maximal elements of UX.

Proposition 2.1 [9]. Let X be a second countable locally compact Hausdorff space.

(i) The dcpo (UX, D) is w-continuous.

(i) The Scott topology on (UX,2) coincides with the upper topology.

(iii) The way below relation B < C holds in (UX,D) iff C is contained in the

interior of B as subsets of X.

(iv) (UX, D) can be given an effective structure. From any countable basis B of X
consisting of relatively compact neighbourhoods' , we can get an order basis of UX
consisting of the finite unions of closures of elements of B.

Therefore, any second countable locally compact Hausdorff space X can be embedded
into its upper space UX which can be given an effective structure. We would like to
have a similar embedding for the set of bounded Borel measures on X. For this, we
use the probabilistic power domain of UX.

VA relatively compact subset of a topological space is one whose closure is compact.
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2.2. The probabilistic power domain

Recall from [7,24,21, 16] that a valuation on a topological space Y is a map v :
QY — [0,00] which satisfies:
(1) v(a) + v(b) = v(aUb) +v(anb).
(i) (@) =0.
(iiil) a € b = v(a) < v(b).
A continuous valuation [21,17, 16] is a valuation such that whenever A CQ(Y) is a
directed set (w.r.t C) of open sets of ¥, then

v( U 0) = sup v(0).

o€ed 0€4

For any b €Y, the point valuation based at b is the valuation n; : (YY) — [0,00)
defined by

1ifbeO,
0 otherwise.

n(0) = {

Any finite linear combination

n
Zriﬂb.-
i=1

of point valuations #,, with constant coefficients #; € [0,00) (1<i<n) is a continuous
valuation on Y, which we call a simple valuation.

The probabilistic power domain, PY, of a topological space Y consists of the set of
continuous valuations v on Y with v(Y)<1 and is ordered as follows:

u T v iff for all open sets O of Y, u(O)<v(0).

The partial order (PY,C) is a dcpo with bottom in which the lub of a directed set
(Mi)ier is given by | |, s = v, where for O € Q(Y) we have

%(0) = sup i (0).
iel

The probabilistic power domain gives rise to a functor P : DCPO — DCPO on
the category of dcpo’s and continuous functions [16]. Given a continuous function f :
Y — Z between dcpo’s Y and Z, the continuous function Pf : PY — PZ is defined
by Pf(u)(O) = u(f~'(0)). For convenience, we therefore write Pf(u) = po f~\.
For later use we need the following property of this functor.

Proposition 2.2. The functor P : DCPO — DCPO is locally continuous, i.e. it is
Scott continuous on homsets.

Proof. Let (f;);c; be a directed family of maps f; : ¥ — Z in the function space
Y — Z. Let f = | |,; fi. It is easy to see that for any open set O CZ, we have
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£7Y0) =, £7'(0). Now let p € PY. Then, we get

(PUf,-) (u)(0)

Il

(PLYR)O) = p(f~1(0) = u (U fi_l(O))

i

sup u(f;(0)) = | J(no 7' X0)

(L__IPfi> (u(0). O

It is easy to see that, if ¥ is a dcpo, the map

Il

n:Y — PY
b —m

is continuous. Furthermore, there is a nice characterisation of the partial order on simple
valuations on a dcpo, aptly called the splitting lemma by Jones.

Proposition 2.3 [16, p. 84]. Let Y be a dcpo. For two simple valuations

H1= 2 Tolb, H2 = Y ScHle
beB ceC

in PY, we have: ui C w, iff, for all b € B and all ¢ € C, there exists a nonnegative
number t, . such that

Y the =, Y the<sc
ceC beB

and ty, . # 0 implies b C c.

Proof. The “if” part is the splitting lemma [16, p. 84]. For the “only if” part, assume
the condition above holds and let O € QY. Put 4 = O N B. Then, we have

w(0) = X re=3 2 the

beA beA bCe
< Y Y hesS ) sc=uw(0)
c€CNTA bCc ceCNTA

Therefore ) C . O

If Y is a continuous dcpo, then there is an analogue of the splitting lemma for
the way-below relation. First we need the following characterisation of the way-below
relation.

Proposition 2.4 [19, p. 46]. Let & =, preny be a simple valuation and u a con-
tinuous valuation on a continuous dcpo. Then & < u iff for all AC B we have

>y < u(4).

beA
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Proposition 2.5. Let Y be a continuous dcpo. For two simple valuations

W= rehe, P2 =3 Sclle
beB ceC

in PY, we have uy < w iff, for all b € B and all ¢ € C, there exists a nonnegative
number 1y, . such that

Z the = Tb, Z the < Sc
ceC beB

and tp . # 0 implies b < c.

Proof. The “only if” part is shown in [16, p. 87]. For the “if” part, assume the above
condition holds for u; and u,. Let 4 C B, then

Zrbz Z th,c

beA bed bk

< Z E tb,c

ceECNid bkc

< Y s

ceCnid
= w(id).
It follows, by Proposition 2.4, that ) < yp. O

The following important result was established in [16, p. 94-98] and appears in [17].

Theorem 2.6. If Y is an (w)-continuous dcpo then PY is also (w)-continuous and has
a basis consisting of simple valuations.

2.3. Extending valuations to measures

We also need some results about the extensions of continuous valuations to Borel
measures. Recall that a Borel measure yu on a locally compact Hausdorff space is
regular if for all Borel subsets B of X, we have

w(B) = inf{u(0) | BC O, O open} =sup {u(K) | B2K, K compact}.

Any bounded measure on a o-compact and locally compact Hausdorff space is regu-
lar [23, p. 50]. In particular any bounded Borel measure on a second countable locally
compact Hausdorff space is regular [20, p. 344]. Furthermore, we have

Proposition 2.7 [9]. On a locally compact second countable Hausdorff space, bounded
Borel measures and continuous valuations coincide.

We also note the following result of J. Lawson. First, recall that the lattice QY of
open sets of a locally quasi-compact sober space Y is a continuous distributive lattice
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and Y is in fact isomorphic with the spectrum Spec(2Y), consisting of nonunit prime
elements of QY with the hull-kernel topology. The Lawson topology on QY induces
a topology on Spec(2Y) and hence on Y which is finer than the original topology of
Y. (See [13, p. 252).)

Proposition 2.8 [21, p. 221]. Any continuous valuation on a second countable locally
quasi-compact sober space Y extends uniquely to a regular Borel measure on Y
equipped with the relative Lawson topology induced from QY.

For an w-continuous bounded complete dcpo Y, the relative Lawson topology in-
duced from QY coincides with the Lawson topology on Y which is compact and
Hausdorff [1, Exercise 7.3.19.8]. We then obtain the following.

Corollary 2.9. Any continuous valuation on an w-continuous bounded complete dcpo
Y extends uniquely to a regular measure on Y equipped with its compact Lawson

topology.

For w-continuous dcpo’s with bottom, which we will only be concerned with in the
next sections, we can give a more direct extension result using a lemma by Saheb-
Djahromi as follows.

Lemma 2.10 [24, p. 24]. The lub of any w-chain {(i;);>0 of simple valuations y; on
a depo Y with u(Y) =1 extends uniquely to a Borel measure on Y.

Proposition 2.11. Any continuous valuation u on an w-continuous dcpo Y with bottom
extends uniquely to a Borel measure on Y.

Proof. If u(Y) = 0, then the result is trivial. Otherwise, we can assume without loss of
generality, i.e. by a rescaling, that u(Y) = 1. By Theorem 2.6, there exists an w-chain
(Mi)izo of simple valuations with | |, u; = p. For each i >0, let yi; = pu+(1—u(¥Y))n,.
Then, it is easy to check that (i );»0 is an w-chain of simple valuations with p;(Y) = 1
and with lub u. It follows by Lemma 2.10 that u extends uniquely to a Borel measure
onY.

2.4. Measure theory via domain theory

In [9], a suitable computational framework for measure theory on a locally compact
Hausdorff space X has been established using the probabilistic power domain of the
upper space of X. We recall the main results here. Since UX is w-continuous so is
therefore PUX.

Propesition 2.12 [9, Proposition 5.8]. For any open set a € QX, the singleton map
5 : X — UX induces a Gs subset s[a] C UX.
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Corollary 2.13. Any Borel subset BC X induces a Borel subset s[B] C UX.

For p € PUX, let yu* be its unique extension to a Borel measure on UX given
by Proposition 2.11 above. Let S(X)C PUX denote the set of valuations which are
supported on the Borel set s[X] of maximal elements of UX, ie. S(X) = {u €
PUX | u*(UX - s[X]) = 0}. We have u € S(X) iff u(Qa) = p*(s[a]) for all a € QX.
Furthermore, S(X') will be a sub-dcpo of PUX. Let M(X) be the set of Borel measures
g on X which are bounded by one (u(X)<1). Define a partial order on M(X) by
u C v iff u(0)<v(0) for all open sets O € QX. Then M(X) will also be a dcpo. Let
M'(X)C M(X) be the subset of normalised measures (u(X) = 1). Similarly, define
P'UX CPUX and S'(X) C S(X).

Proposition 2.14 [9, Proposition 5.17]. If u € S'(X) then u is a maximal element of
PUX.

The main result is the following.

Theorem 2.15 [9, Theorem 5.20]. The dcpo’s M(X) and S(X) are isomorphic via the
maps e : M(X) — S(X) with e(u) = pos~! and j : S(X) — M(X) with j(v) = v* os.
Moreover, these maps restrict to give an isomorphism between M'(X) and S'(X).

We can therefore identify M(X) with S(X)CPUX. But PUX has a basis
consisting of simple valuations which can be used to provide it with an effective struc-

ture. This therefore gives us a constructive framework for bounded Borel measures on
X.

Important note: For convenience, we often identify u with e(u) and write u instead
of e(u). Therefore, depending on the context, u can either be a Borel measure on
X or a valuation on UX which is supported on s[X]. We will also write the unique
extension p* simply as u.

Example 2.16. Let X = [0, 1] be the unit interval with the Lebesgue measure 1. Each
partition

g: O=xp <x1 <+ <xj_| <X <Xxj31 < - <xy_g <xy=1,
of [0,1] gives rise to a simple valuation
N
Hg = 22 1My
J=1
where bj = [xj_l,xj] and rp =Xj — Xj—1,-

Now consider the w-chain (y,,)i>0 of simple valuations which are obtained by the
sequence of partitions (g;)i»0, Where g; consists of dyadic numbers x; = j/2'
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for j =0,1,2,3,...,2°. In more detail,

S j=1
Hy; =j§1 Er’bj with bj = |:—2X—'—,E:|

For any open interval @ C[0, 1], the number p,(Oa) is the largest distance between
dyadic numbers x;; which are contained in a. For an arbitrary open set, the contributions
from individual connected components (intervals) add up. It is easy to see that u, T A
for all i>0. Furthermore, we have

Proposition 2.17. The valuation y = | |, g, is supported in s[X] and j(u) is the
Lebesgue measure A on [0,1].

Proof. Let {a;)rcs,, n=1, be the collection of all open balls in [0,1] with radius at
most 1/n, and put

0,, = U Dak.
keJn

Then, (O,),>1 is a decreasing sequence of open sets in U[0,1] and s[[0,1]] =
(Vus1 On. But for each n>1, p,,(0,) = 1 if 1/28 < 1/n, ie. if i is large enough.
Hence, 4(0,) = sup; yg,(0,) = 1 for all n> 1. Therefore,

#(s1[0, 1)) = inf u(On) = 1,

showing that u € S7([0, 1]). To show that j(u) is the Lebesgue measure, it is sufficient
by Proposition 2.7 to check that they have the same value on open sets. Since any
open set in [0, 1] is the countable union of disjoint open (or half-open half-closed at 0
or 1) intervals, it suffices to check this on such intervals. But since the dyadic numbers
are dense in [0,1], it is easy to see, for example, that

#(B0x, y)) =sup pg(O(x, p)) =y —x = M(x, p)). U

3. The normalised probabilistic power domain

In this section, we consider the subset of normalised valuations of the probabilistic
power domain and extend and sharpen the results in Section 2.2 for this subset.

For any topological space Y, let P'Y C PY be the set of continuous valuations u on
Y which are normalised, i.e. u(Y) = 1. Note that if ¥ has bottom L, then P'Y has
bottom 7, . Let DCPO, denote the category of dcpo’s with bottom and continuous
maps. Define P! on morphisms as for P, ie. for f : ¥ — Z, put Pf(u) = po f~\.
Then

P! : DCPO, — DCPO,
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is, like P, a locally continuous functor, which we call the normalised probabilistic
power domain functor,

We will now extend the results of Section 2.2 to the normalised power domain. In
the rest of this paper, we denote the way-below relations in PY and P'Y by < and
<! respectively. Let Y be a dcpo with bottom. We get the analogue of Proposition 2.3.

Proposition 3.1. For two simple valuations

H= 2ty P2 = ) Sellc
beB ceC

in P'Y, we have: py C uy iff, for all b € B and all c € C, there exists a nonnegative
number t, . such that

Z tb,c =¥bp, E tb,c =S¢

ceC beB
and ty . # 0 implies b C c.
Proof. The “if” part follows from Proposition 2.3. For the “only if” part, we know

from the “only if” part of that proposition that there exist nonnegative numbers ¢ .
such that

E thc = 1p, Z thc <S¢
ceC beB

and t, . # 0 implies b C c. If for any ¢ € C, we have > 1, < s., then we obtain a
b

contradiction, since
1=3r =32 "the=2 0 the <D Sc=1
b b ¢ c b ¢
It follows that ), . =s. forall ce C. O

Define the maps

m*: PY — PY m~:PY — PY
po— ot o= ou
where
e JHO)IEO#Y,
w(o)= { 1 otherwise
and
—r _ J MO) ifO#7,
w(0) = {,u(Y — {L}) otherwise.

Note that Y — {_L} is an open set, and hence yu~ is well defined. The map m* puts
the missing mass of u on the bottom L of Y to produce a normalised valuation u*.
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The map m~ removes any mass that may exist on L. The following properties are
easy consequences of the definitions; the proofs are omitted.

Propositon 3.2. (i) The maps m* and m~ are well-defined, continuous and satisfy:

mtomt=mt* 11l mom =m CI1

mom  =m" mtom™ =m"

where 1 is the identity map on PY.
v p&pePY = v«
Gi)v<ly = v <y Cu

Corollary 3.3. If Y is an (w)-continuous dcpo with bottom, then P'Y is also an
(w)-continuous dcpo with a basis of normalised simple valuations.

Proof. Note that P'Y is the image of the continuous idempotent function m* : PY —
PY. But the image of any continuous idempotent function (i.e. retract) on an (w)-
continuous dcpo is another (w)-continuous dcpo [1, Theorem 3.14]. [

To prove an analogue of Proposition 2.5 for P'Y, we need a technical lemma.
Assume in the rest of this section that Y is a continuous dcpo with bottom.

Lemma 3.4. Suppose p,v € P'Y. Then v <' u implies WY —{L1}) < 1.

Proof. Assume v <! u. For n>1, let u, = (1/n)n + (1 — 1/n)u. We have p(Y) =1
and u,(0) = (1 — 1/n)u(0O) for any n>1 and any open set O # Y. It follows that
(n)n>1 18 an increasing chain with lub p. Therefore, v C u, for some n>1. We
conclude that

WY~ {LP<palY = {L}) = (1~ Un)u(¥Y — {L})<1~1/n < 1

as required. O

Proposition 3.5. For two simple valuations

H = E ¥oMb,s U2 = Z Sche
beEB ceC

in P'Y, we have p; < py iff L € B withry #0, and, for all b € B and all ¢ € C,
there exists a nonnegative number t, . with t; . % 0 such that

Z thc = ¥b, E e = 8¢

ceC beB
and tp. # 0 implies b < c.
Proof. For the “if” part, note that the conditions above imply, by Proposition 2.5, that

My = Z rpfp K Z Sche = U2.
beB—{1} cec
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Now Proposition 3.2(ii) implies p; = (u; )* <! p,. For the “only if” part, first note
that by Lemma 3.4 we must have | € B with r| # 0. Therefore by Proposition 3.2(iii)

/11— = Z rpfp K Z Scle = Ha.
beB—{L} ceC

Hence, by Proposition 2.5, there exists, for each b € B— {1} and ¢ € C, a nonneg-

ative f, . with

rp = th,c (b?éJ-)a Sc > Z tb,c
ceC b#1
such that #, . # 0 = b < c. Put
t.l_,c =S¢ ~— Z tb,c-
b#L
Then, it is easy to check that

Zt_L,c=Z(Sc_th,c)=l_ Z tb,c=1—Zrb=rJ_.
bEL

ceC ceC b#1,ceC bs# L

Furthermore we clearly have

E the =1tic+ Z tpe =S¢
beB pFEL

as required. [

4. The generalised Riemann integral

We will now use the results of the previous sections to define the generalised Rie-
mann integral. In this section and in the rest of the paper, let f : X — R be a bounded
real-valued function on a compact metric space (X,d) and let u be a bounded Borel
measure on X. Let m = inf f[X] and M = sup f{X]. Without loss of generality, i.e.
by a rescaling, we can assume that y is normalised. By Theorem 2.15, u corresponds
to a unique valuation e(u) = pos~' € SY(X)C P'UX, which is supported in s[X] and
is, by Proposition 2.14, a maximal element of P!UX. Recall that we write p instead
of e(u).

4.1. The Lower and upper R-integrals

We will define the generalised Riemann integral by using generalised Darboux sums
as follows.

Definition 4.1. For any simple valuation v =Y, .71y € PUX, the lower sum of f
with respect to v is

S¢(fsv)= 3 ryinf f[b].

beB
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Similarly, the upper sum of f with respect to v is

x(fsv) = > rysup f[b].
beEB

Note that, since f is bounded, the lower sum and the upper sum are well-defined
real numbers. When it is clear from the context, we drop the subscript X and simply
write S’(f,v) and SU(f,v). Clearly, we always have S’(f,v)<S'(f,v).

Propositon 4.2. Let py, > € PLUX be simple valuations with p) C py, then

SUfom)CS/(foue) and  SU(f, ) T SU(f, ).

Proof. Assume

= rphp and py = Y sce.
beB ceC

Let #,. be the nonnegative numbers given by Proposition 3.1. Then,
SU(fom) grg, inf f[b) = ; z ty,c inf £[b)
; z tp,cinf f[c] = E zbj tp,cinf flc] = z sc inf fc]
= S/(f>m).
SYfom) = ;rbsupf[b] = ;;tb,cswf[bl
> ; ; to,csup flc] = ; Zb:tb,c sup flc] = Zc)sc sup f1c]
= S'(fiwe) O

Note that, in the above proof, it is essential that the simple valuations are normalised,
i.e. that we work in P'UX, to deduce that the upper sum decreases. The latter would
not hold in general for simple valuations in PUX.

VAN

Corollary 4.3. If p, o € P'UX are simple valuations with pj,p» <' u, then
SUfo ) <SS m2):

Proof. Since the set of normalised simple valuations way-below p in P1UX is directed,
there exists a normalised simple valuation u3 € P'UX such that ), u; C u3 <' . By
Proposition 4.2, we therefore have

S u)SSUf ) <SS, ) <S (fim). O

Therefore, if we consider the directed set of simple valuations way-below u in P1UX,
then every lower sum is bounded by every upper sum. This is similar to the situation
which arises for Darboux sums in Riemann integration.
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Definition 4.4. The lower R-integral of f with respect to u on X is

R| fdu= sup Sx(f,v).
Jx vl

Similarly, the upper R-integral of f with respect to u on X is
R/fdu = inf Sy(f,v).
X vl

Clearly, R f dp <R[, fdp.

Definition 4.5. We say f is R-integrable with respect to u on X, and write f € Rx(p)
if its lower and upper integrals coincide. If f is R-integrable, then the R-integral of f
is defined as

R/deu=R_/de,u=R/;fdu.

When there is no confusion, we simply write R(u) instead of Ry(u) and [fdu
instead of R [, fdu (similarly for the lower and upper R-integrals). The following
characterisation of R-integrability, similar to the Lebesgue condition for the ordinary
Riemann integral, is an immediate consequence of the definition.

Proposition 4.6 (The R-condition). We have f € R(u) iff for all € > 0 there exists
a simple valuation v € P*UX with v <! u such that

SU(f,v)—Si(fv) <e

There is also an equivalent characterisation of the R-integral in terms of generalised
Riemann sums with its well-known parallel in ordinary Riemann integration.

Definition 4.7. For a simple valuation v = EbEB rofy € PUX and for a choice of
& € b for each b € B, the sum ), 57 f(&p) is called a generalised Riemann sum
for f with respect to v and is denoted by S:(f,v).

Note that we always have

S VSSfLnSSU (S, Y)

for any generalised Riemann sum Sg(f,v). We therefore easily obtain:

Proposition 4.8. We have f € R(u) with R-integral value K iff for all ¢ > 0 there
exists a simple valuation

v= S rys € PUX
beB
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with v <! u such that
K —Se(fov)l < e

for all generalised Riemann sums S:(f,v) of f with respect to v.

Having defined the notion of R-integrability with respect to simple valuations way-
below p in P'UX, we can now deduce the following results.

Proposition 4.9. If f is R-integrable and p = | |, i, where ()0 is an w-chain
in PUX, then

[ au= lim 50 = lim S*CFup) = fim So(f.)
where S¢(f, ;) is any generalised Riemann sum of f with respect to p;.

Proof. Let ¢ > 0 be given. Let the simple valuation v € P!UX with v <! u be such
that S*(f,v) — S?(f,v) < & Since u = ||, i, there exists N >0 such that v T p'
and 4, (UX) > 1 —¢ for all i>N. Therefore, for all i>N, p = w + rix with
r; =1—pu(UX) < & For i =N, we therefore have

S ) = SUf ) = rrin f1X] = rim,

SU(f ) =SS ) = rysup f1X] = riMd
and also the inequalities

SUL NS f o) <SS ) <SS,

s [ raussi s

It follows that |S/(f,ut)— [fdu| < ¢and |SU(f, ;") — [fdp| < ¢ for i=N. We
conclude that for i =N,

|S’(f,u,->—/fdm < (1+ m],

S*Cm - [ £l < 1+ M
and the result follows. O

Corollary 4.10. If f is R-integrable and p = | |, o wi, where {p;)i>o is an w-chain in
P'UX, then S’(f, ) increases to [ fdp and S"(f, ;) decreases to [ f dp.

4.2. Elementary properties of the R-integral

We now show some simple properties of the R-integral.
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Proposition 4.11. (i) If f,g € R(n) then f+g € R(u) and [(f +g)du= [fdu+
Jgdu

(ii) If f € R(u) and c € R, then cf € R(p) and [cf du=cffdu

(ili) More generally, if f,g € R(n) so is their product h : X — R with h(x) =

S(x)g(x).
Proof. We will only prove (i). For any nonempty compact subset b C X we have
sup (/' + ¢)[b] <sup f[b] + supg[b],
inf(f + g)[b] =inf f[b] + infg[b].
Hence, for any simple valuation v <! p, we have
SUS+gMSSHSv)+ 5%, v),
SU(f +g=S(fiv) +5(g).

Let ¢ > 0 be given. There exist simple valuations v,v, <! u with
S“(f,v1)</fdu+a/2, S“(g,v2)</gdy+s/2.

Let the simple valuation v be such that v;,v; C v <! p. Then S*(f,v)<S"(f,v1) and
S*(g,v)<S%g,v2), and we have

SUSf+g.v) <SSy + SN v)SS(fov) +5%(gv2)
< /fd,u-i—/gd;H—s.

Therefore, f(f—i—g)d,usffdy—i—fgdu. Similarly, f[fdu+ fgdu< [(f +g)du, and
the result follows. [

Given the function f : X — R as before, define two functions f*, f~ : X — R by

_ S if f(x)=0 oy [ —fGx)if f(x)<0
ST = { 0 ofherwise 24 /)= { 0 otherwise.

Proposition 4.12. If f € R(u), then f*,f~ € R(p) and [fdu= [fTdu— [f~du
Proof. For any nonempty compact set b C X, we have

sup f1[b] — inf f1[b] <sup f[b] — inf f[b]
and therefore

SU(SF ) =SS <SS, 0) = S ).

By the R-condition (Proposition 4.6), f* € R(u). Similarly, f~ € R(u). Since
f =f*— f~, by Proposition 4.11, we get [fdu= [fTdu— [f~dpu. O
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The following properties are easily shown.

Proposition 4.13. (i) If f is nonnegative and f € R(u) then [ fduz0.
(i) f € R(p) = |f] € R(u) and

’/fdﬂ‘</lf|du- 0

We will make frequent use of the following result in the next sections. As before,
let 4 be a normalised Borel measure on the compact metric space X.

Proposition 4.14. Let {i1;);c; be a directed set of simple valuations

W= Z Fiphp
bEB;

in P'UX with lub u. Then for all ¢ > 0 and all § > 0, there exists i € I with

Z Fip < &,
beB;, b =46

where |b| is the diameter of the compact set bC X.

Proof. Let ¢ > 0 and & > 0 be given. Let {(a)4ey,, n=1, be the collection of all
open balls in X with radius at most 1/n, and put

On = U Dak.
keJ,

Then, for all n=1, we have s[X]Cs[O,] and hence u(0,) = u(s[X]) = 1, since u
is supported in s[X]. Now choose n > 2/6 so that 1/n < d/2. Since sup;c;u:(O,) =
u(0,) =1, there exists i € I with y;(0,) > 1 — ¢. It follows that

Z Fip < &

beB;, b 26

as required. O

5. R-integration and Riemann integration

In this section, we show that Riemann integration is equivalent to R-integration on
compact real intervals with respect to the Lebesgue measure.

Let X = [0,1] be the unit real interval with the Lebesgue measure A. Recall from
Example 2.16 that any partition

g: O=xy<x; < - <X <X <X < -+ <xy-y <Ay =1

of [0, 1] gives rise to a simple valuation

N
Hg = 2 7Nb,
=1
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where b; = [x;_1,x;] and r; = x; — x;_y. Given any bounded function f :[0,1] — R,
the lower and upper Darboux sums of f with respect to the partition ¢ in the ordinary
Riemann integration of f are precisely the lower and upper sums S¢(f, ) and S*(f,4)
of R-integration. We will of course use this fact to show that f is Riemann integrable
iff f € R(4), and that when the two integrals exist, then they are equal, i.e.

1
R fd}t=/0f(x)dx.

[0.1)

However, it can be easily shown that y, is not way-below Aif N > 1. In fact, for i>1,
let v; = (1/i)np0,1) + (1 — 1/i)pg,, where (ug,)i»1 is the w-chain given in Proposition
2.17. Then, we have |_|i21 v; = 4, but there is no i>1 with p, T v;, showing that p,
is not way-below A. But, the following lemma shows that it is possible to obtain a
valuation close to g, which is way-below A.

Lemma 5.1. Let g be any partition of [0,1] inducing the simple valuation pn, as
above, and let 0 < ¢ < 1. Then, v=-enp+ (1 — ey <' A

Proof. By Proposition 3.2(ii), it suffices to prove that (1 — &)y, < 4. Choose a real
number 0 such that ¢ > & > 0. For each j = 1,...,N, let b} = [xj_1 + %5rj,xj -
16r,]. Since b} C(xj-1,x;) C by, it follows that b; < b; holds in UX. Let ' = (1 -
0) Z;V:l rjny - By Proposition 2.5, with £;; = (1 —¢)r; and t;; =0 for j # j/, we have
(1 — &)y < p'. Since the length of b is (1 — )r; and the intervals &}, j = 1,...,N,
are disjoint, it easily follows that y' C A. Thus, (1 — &)y, < ¢’ T 4 as required. [

Theorem 5.2. A bounded real-valued function on a compact real interval is Riemann
integrable iff it is R-integrable with respect to the Lebesgue measure. Furthermore,
the two integrals are equal when they exist.

Proof. Assume without loss of generality that the compact real interval is in fact the
unit interval. For the “if” part, assume f : [0,1] — R is R-integrable. Let ¢ > 0 be
given. By the R-condition, there exists v <! 1 with SU(f,v) — S/(f,v) < & Now
take, for example, the w-chain (u,);>0 of simple valuations of Proposition 2.17 whose
lub is A. Since p, € P'U[0,1] for all i>0, there is i>0 with v C p,,. Hence

SU(fottg) = SIS 1g )SSU(fv) = SU(f.v) < ¢

and therefore the Riemann condition is satisfied and f is Riemann integrable. Since, by
Corollary 4.10, the R-integral is the supremum of S’(f, 1, ) and the latter is also the
Riemann integral of f, we conclude that the two integrals are equal when they exist.
For the “only if ” part, assume f is Riemann integrable and let ¢: 0 = xp < x; <

- < xy = 1 be a partition of [0, 1] with S¥(f, ug) —S’(f,uq) < & By Lemma 5.1,
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v=¢énp + (1 — &)y, is way-below 1. We also have

SULV) = SU(fv) S (M —m)e+(1 —e)e
< M-m+ 1)

It follows that f satisfies the R-condition, and is therefore R-integrable. [

We conclude that ordinary Riemann integration is a particular instance of R-
integration.

6. Further properties of R-integration

In this section, we will show that all the basic results for ordinary Riemann integra-
tion on a compact interval in R can be extended to R-integration. Assume as before
that u is a normalised Borel measure on the compact metric space X. We first show
that continuous functions are R-integrable.

Theorem 6.1. Any continuous function f : X — R is R-integrable with respect to p.

Proof. Let ¢ > 0 be given. By the uniform continuity of f on the compact set X,
there exists > 0 such that d(x, y) < é implies | f(x) — f(¥)| < &/2. By Proposition
4.14, there exists a simple valuation v =3, 571 with v <' y such that

&
S ——— .
&; 2AM —m+ 1)

Therefore,

SU ) = S(fov) = bZ%rb(SUPf (6] — inff[b])
[S

= > r(supf[b] - inff[b])

bEB,|b| <6

+ > ry(supf[b] — inff[b])

beB,|b| =6

s+ (M —m)e
2 2M-m+1)

< &
It follows by the R-condition that f € R(u). O
Next we will prove that a bounded function is R-integrable with respect to a Borel
measure if and only if its set of discontinuities has measure zero. This will generalise

the well-known Lebesgue criterion for ordinary Riemann integration of a bounded
function on a compact real interval.
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We need some definitions and properties relating to the oscillation of a bounded
function f/ : X — R which generalise those of a bounded function on a compact real
interval as presented, for example, in [2]. For convenience and consistency, we will
use the terminology in that work.

Definition 6.2. Let 7 C X. The number

Qu(T)=sup{f(x) - f(¥) | x,y €T}

is called the oscillation of f on T. For x € X, the number
ws(x) = hlir€+ Qr(B(x,h)),

where B(x,h) CX is the open ball of radius A > 0 at x, is the oscillation of f at x.
For each r > 0, let

D, ={xeX|wsx)=1/r}. O

The following properties then are straightforward generalisations of those in [2, p.170~
171].

Proposition 6.3. (i) f is continuous at x € X iff ws(x) = 0.

(ii) If ws(x) < & for all x € X, then there exists 6 > 0 such that for all compact
subsets bC X with |b| < & we have Q(b) < &.

(iii) For any r > 0 the set D, is closed.

If D is the set of discontinuities of £, then using Definition 6.2 and Proposition
6.3(1), we can write D = UD1 D, where Dy CD, CD;C--- is an increasing chain of
closed sets. Hence, D is an F,, and therefore a Borel, set. Recall that we assume u to
be a normalised measure on the compact metric space X.

Lemma 6.4. Let d CX be compact, and let v = ZbeB roflp be a simple valuation in
PlUX.
(i) If vC p then

Y. rp=p(d).
bNd#0

(i) If v<! p, then

. rpzud),
boNd#D

where b° is the interior of b.
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Proof. (i) We have

S o= 1- s since v(UX) =1
bd#0 bNd=0
= 1 - Z rp
bCX—d
= 1— Z ry
bEN(X ~d)
= 1-—v(oX —d))
z 1 —uoX —-4d)) since v C u
= 1 — (u(s[X]) — u(s[d])) since u is supported in s[X]
= u(d).

(ii) By the interpolative property of <', there exists a normalised simple valuation

y =Y e such that v <!y <! u. Let t,. be given as in Proposition 3.5. Then
ceC

wd) € 3 s by part (i)
cNd#0

= 2 D the

cNd#0 b

< Y dtye

b°Nd+#@ ceC

= Z rp. O

boNd+#£p

Theorem 6.5. A bounded real-valued function on a compact metric space is R-
integrable with respect to a bounded Borel measure iff its set of discontinuities has
measure zero.

Proof. Necessity. Let D be the set of discontinuities of f : X — R and suppose
u(D) > 0. Since D = |J,5, D, we must have u(D,) > 0 for some n>1. Fix such n
and let v =), o rpn be any simple valuation with v <! p. Then

SU(fv) - SSv) = %rb(SUPf[b] —inf f[b])
= > r(supf[b] —inff[b])
b°ND,#0

= . ry/n by definition of D,
5D, #0

= w(D,)/n > 0. by Lemma 6.4(ii).

Therefore, f does not satisfy the R-condition and is not R-integrable.
Sufficiency. Assume u(D) = 0. It follows that w(D,) = 0 for all n>1. Fix n>1.
Since y is regular, there exists an open set v € QX with D,Cv and u(v) < 1/n.
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Choose an open set w € X which contains D, and whose closure is contained in
v. Let 4 > 0 be the minimum distance between X — v and the closure of w. For
x € X —w we have ws(x) < l/n. Therefore, by Proposition 6.3(ii) applied to X — w,
there exists ; > 0 such that for any compact subset ¢ CX - w with |c| <, we have

Qs(c) < 1/n. (N

Let 0 < 8 < min(d,,6,). By Proposition 4.14, there exists a simple valuation y =
> pep rohip with y <! p such that

S < UYn (2)

bl =8

Observe that if |bl < 6, then b is contained in at least one of the sets v or X — w.
We also have

POv)y<p@v) = w(v) < 1/n (3)
since u is supported in s[X]. Therefore,

SUS) =Sy = b%rb(sur)f[b] - inff[b])
S

< + Z + ..
6] =8 6] <6,6C v 6] <8,6C X —w
M- M-
< moAmm, % by(2),(3) and (1)
n n ;blsé‘ng_wn
MM -m+1

n

Since n>1 is arbitrary, / € R(u) by the R-condition. O

If u is a bounded Borel measure on X and CCX is a closed subset, then the
restriction u;c is a bounded Borel measure on C. For convenience, we write f €
Re(u) and [ fdp, if f is R-integrable on C with respect to this restriction.

Corollary 6.6. If f € Rx(u) then f € Rc(u) for all closed subsets C C X.

Proposition 6.7. If f € Ry(u) and C,DC X are closed subsets with CN\D = 0, then

/CUDfdu=/Cfd# + /Dfdu-

Proof. By Corollary 6.6, we know that the three integrals exist. Let (v;);»0 be an w-
chain of simple valuations in PUC with lub u;c. Similarly, let (;);»0 be an w-chain
of simple valuations in PUD with lub u;p. Then, it is straightforward to check that
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(vi+7:i)iz0 is an w-chain of simple valuations in PU(CUD) with lub y;cup. For each
i 20, we have

SEop(fsvi + 1) = SE(f,vi) + SH(fL7i)-

Therefore,

fdp

cubD

11_1210 Sc{uo(f Vit 9i)
= lim SE(f,v) +Sp(f. )

= lim S&(f,vi)+ lim S5(f.7:)
1—0C 11— o0

/Cfdu+/Dfdu. O

Next, we consider the R-integrability of the uniform limit of a sequence of R-
integrable functions.

Theorem 6.8. If the sequence (f,),>0 of R-integrable functions f,: X — R is uni-
formly convergent to f : X — R, then f is R-integrable and [ f du = lim;_,oo [ f:dp.

Proof. Let ¢ > 0 be given. We show that f satisfies the R-condition. Let N >0 be such
that | f,(x) — f(x)| < &/3 for all n2N and all x € X. Then for all simple valuations
v € P'UX we have |SU(f — fn,v)| < &/3 and |S/(f — fn,v)| < &/3. Since fy is
R-integrable, there exists a simple valuation v <! u with S*(fx,v)—S‘(fn,v) < &/3.
Therefore,

SU(fv) = SUfv) < 8 = S v) + S (S v) =SS = fa,v) = SU(fn,v)
< |SU(f = fuWIHISSf — [V + 8w v) = S (fnsv)

<E+£+8—a
3 33"

and hence, f € R(y). Furthermore, for all >N, we have

‘/fdu—/fndu} ’/f—fnd#‘

[15 = ralau
s. O

Il

N

N

In the next section, we will also show the generalisation of Arzela’s theorem for
R-integration.
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7. R-integration and Lebesgue integration

It is well known that when the ordinary Riemann integral of a bounded function
on a compact real interval exists, so does its Lebesgue integral and the two integrals
coincide. In this section, we will show that this result extends to R-integration.

In order to show that an R-integrable function is Lebesgue integrable, we construct
an increasing sequence of simple measurable functions which tend to our function. We
do this by considering the set of deflations on UX.

Recall (18] that a deflation on a dcpo Y is a continuous map

d:Y—-Y

which is below the identity d T 1y and its image im(d) is finite. If 4 € B = im(d),
then D = d~!(b) satisfies the following properties:
(W)xCyCz&x,zeD = yeD.

(ii) For any directed set (x;);c; with | |;x; € D, we have x; € D for some i € /.

(iii) For any directed set (x;);c; with x; € D for all i € I, we have | |;x; € D.

It follows [24] that D is a crescent, 1.e. D = v — w for some open sets v,w € QY.
Now consider the map Pd : PY — PY, induced by the probabilistic power domain
functor P on the deflation d T 1y. We have Pd(u) = pod~' C y, since d='(0)C O
for all O € QY. Consider the unique extension of u € PY to the ring generated by the
open sets, i.e. put u(D) = u(v) — p(v Nw) for each crescent D = v — w. Then it is
easily seen that

pod™' =3 rim
beB

with rp, = u(d—'(b)). Hence, for each deflation d and each continuous valuation yx on
Y, we obtain a simple valuation g od~! below u. Note that if u is normalised so is
uod~'. Recall also that if Y is the retract of an SFP domain, then the set of deflations
way-below the identity map is directed and has the identity as its lub [18, p.88]. We
can now deduce:

Proposition 7.1. Any continuous valuation on a retract of an SFP domain is the lub
of an w-chain of simple valuations induced from deflations below the identity map.

Proof. Let Y be a retract of an SFP domain and p be a continuous valuation on Y. By

the above remark, there exists an w-chain (d;);»o of deflations on ¥ with 1y = |, d;.
By the local continuity of P (Proposition 2.2), we have lpy =| |, Pd; and therefore

u=|Pdiw =[ fuodr

as required. [
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We are now in a position to prove the main result in this section. For clarity we
denote the Lebesgue integral of a real-valued function f : X — R with respect to
the Borel measure p by L fX fdu and the R-integral by R fx fdu. We also drop the
subscript X.

Theorem 7.2. If a bounded real-valued function f is R-integrable with respect to a
Borel measure u on a compact metric space X, then it is also Lebesgue integrable
and the two integrals coincide.

Proof. Since UX is an w-continuous bounded complete dcpo with bottom, there exists
by Proposition 7.1 an w-chain (d;);»¢ of deflations d; : UX — UX with | |, uod; ' = p
and each i >0 induces a simple valuation

wi=podt =3 riym,
bEB;

where B, =imd; and r;, = u(di_l(b)). For each i =0, define two functions
i X —-R fF:x-R
x > inff[s7!(d; ! (di(s(x))))] x = supfls™ ! (d; ' (di(s(x))))]

where s : X — UX is, as before, the singleton map. Since for each i>0 and x € X,
we have d; (di(s(x))) = v — w for some open sets v,w € QUX, it follows easily that
s™Hd7 N (di(s(x)))) = s~!(v) — s~ (w) is a crescent of X. Moreover, as the image of
d; is finite, X is partitioned to a finite number of such crescents. Therefore, f; and
fi are simple measurable functions. Is is easy to see that for each x € X we have

m< - SSTES SO L@ Sf @SSO <M,
where m and M are, as before, the infimum and the supremum of f on X. Let
fT:X >R ff:X-R
x o lim f7() x = lim £ ()
Then f~(x)< f(x)< f*(x) for all x € X. By the monotone convergence theorem, f—

and f— are Lebesgue integrable. We will calculate their Lebesgue integrals.
For each b € B;, let

oy = supfs~'(d] ' (B))], Bip = inff[s~"(d; ' (B))].
Since d;l(b)g 16, we have s~'(d; (b)) C b. Hence, for all i>0 and b € B;,

inff{b] < Bip Saip <supf[b].
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We can now obtain the following estimates for the Lebesgue integrals of /7 and f;":

L / frdu= 5 risms

bEB;

> ripsupf(b]
beB;

VAN

= S*(f.m)

and

L / fFdu= X rob

bEB;

A\

> ripinff[b]

bEB;
= S((f,lli)
Since f; < f; implies L [ f; du<L [ f{" dp, we obtain
SCAm<L [ f7 dusL [ 17 duss (s

As f is assumed to be R-integrable, we know by Corollary 4.10 that S(f,u)
increases to R [ fdu and S*(f, ;) decreases to R [ f du. Therefore,

Lffiau—R[ran and L[rrau—nr[rau

as i — 0o. By the monotone convergence theorem, we have
Lfs au=limL [f7au=R [ rau
L/f+du=_lim L/f,-“Ldu=R/fdu.

It now follows that Lf(f* — f~)du = 0 which implies that f* = f~ almost

everywhere. Therefore f = f~ = f* almost everywhere. We conclude that f is
Lebesgue integrable and

L/fdu=L/f’du=L/f+du=R/fdu
as required. [J
We can now also obtain the generalisation of Arzeld’s theorem for R-integration.

Corollary 7.3. Suppose the sequence (f,)n>0 of real-valued and uniformly bounded
Junctions on X is pointwise convergent to an R-integrable function f. Then, we have

R/fdu= lim R/f,,du.
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Proof. This follows immediately by applying Theorem 7.2 and using the Lebesgue
dominated convergence theorem. [

8. Applications to fractals

An immediate area of application for R-integration is in the theory of iterated func-
tion systems (IFSs) with probabilities. Recall [15,3] that an IFS with probabilities,
{X; f1,...s fn: P1,-.., DN}, s given by a finite number of contracting maps f; : X —
X (1<i<N) on a compact metric space X, such that each f; is assigned a probability
weight p; with 0 < p; < 1 and

An IFS with probabilities gives rise to a unique invariant Borel measure on X. If
X CR”, then the support of this measure is usually a fractal, i.e. it has fine, complicated
and nonsmooth local structure, some form of self-similarity and, usually, a nonintegral
Hausdorff dimension. Conversely, given any image regarded as a compact set in the
plane, one uses a self-tiling of the image and Barnsley’s collage theorem to find an
IFS with contracting affine transformations, whose attractor approximates the image.
The theory has many applications including in statistical physics [14, 6, 10], neural
nets [5, 8] and image compression [3, 4].

It was shown in [9, Theorem 6.2], that the unique invariant measure p of an IFS
with probabilities as above is the fixed point of the map

T:PUX - PUX
poo— T(p)

defined by T(u)(0) = Zfil piti(f7(0)). This fixed point can be written as L0 Hm
where pg = ny and for m>1,

N
pm=T"(x)= 3 PP Pinllfi f g i)
0, 0uim=

Therefore, the unique invariant measure of the IFS with probabilities is the lub of
an w-chain of simple valuations in P! UX. This provides a better algorithm for fractal
image decompression using measures [11], compared to the algorithms presented in [4].

Suppose now we have a bounded function f : X — R whose set of discontinuities
has p-measure zero, then we know that its Lebesgue integral with respect to u coincides
with its R-integral with respect to u. Fix x € X and, for each m>1, consider the
generalised Riemann sum

N
S(fotm)= > PiPi-- Pin S (Fifiy-o fin(x))

118250mmim=1
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From Proposition 4.9, we immediately obtain:

Theorem 8.1. For an IFS with probabilities and a bounded real-valued function f

which is continuous almost everywhere with respect to the invariant measure u of the
IFS, we have

L/f du=R/f du = lim Sy(f: im).
foranyxe X O

If f satisfies a Lipschitz condition, then, for any ¢ > 0, we can obtain a finite
algorithm to estimate [f du up to ¢ accuracy [11]. Another method for computing
the integral is by Elton’s ergodic theorem [12]: The time-average of f with respect
to the nondeterministic dynamical system f), f2,...,fn : X — X, where at each
stage in the orbit of a point the map f; is selected with probability p;, tends, with
probability one, to its space-average, i.e. to its integral. However, in this case, the
convergence is only with probability one and there is no estimate for the rate of
convergence. Therefore, the above theorem provides a better way of computing the
integral.

Example 8.2. Finally, we consider a concrete example. Let C = {1,2,...,N}” be the
Cantor space with the following metric

2 0(Xns Yn
() = 3 L)
n=0

where the Kronecker delta is given by

0ifk=1,
1 otherwise.

S(k, 1) = {

This metric is equivalent to the Cantor (product) topology, and is frequently used in
mathematics and theoretical physics. Let {C; f1,..., fn; P1,---, py} be an IFS with
probabilities on C, with ’

kaC—>C
x — kx,

where kx is the concatenation of £ and x. Its unique invariant measure y is defined on
the closed—open subset

[iliz...im]:{x€C|Xj=ij, 1<]<m}
by

wliria...im]) = pi, iy - -+ Pin-
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In fact, we have

N
pm =T"(x)= 5.  pips e vv DipMitizein]-

20 mim=1

Let

fC-R
x — dx,1%)

be the function which gives the distance of the point x to the point 1°. This function
is continuous and therefore its Lebesgue integral with respect to u coincides with its
R-integral with respect to 4. The integral in fact represents the average distance in C
from 1¢ with respect to the invariant measure. The R-integral is easily obtained using
Theorem 8.1 above with x = 1. In fact a straightforward calculation shows that

1

Sto(fs ttm) = 2 (1 - -2;) (I1-p1)—2(1-p1)

as m — oo. Therefore, Lf fdu =R [ fdu=2(1- p).
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