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Abstract

We construct a non-formal deformation machinery for the actions of the Heisenberg supergroup ana-
logue to the one developed by M. Rieffel for the actions of R<. However, the method used here differs from
Rieffel’s one: we obtain a Universal Deformation Formula for the actions of R”" as a byproduct of Weyl
ordered Kirillov’s orbit method adapted to the graded setting. To do so, we have to introduce the notion
of C*-superalgebra, which is compatible with the deformation, and which can be seen as corresponding to
noncommutative superspaces. We also use this construction to interpret the renormalizability of a noncom-
mutative quantum field theory.
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1. Introduction
1.1. Motivations

Inspired by algebraic geometry, noncommutative geometry is a domain of mathematics which
finds its origin in the correspondence between geometrical spaces and commutative algebras.
More precisely, Gelfand’s Theorem establishes an equivalence between the category of locally
compact Hausdorff spaces and the category of commutative C*-algebras. In this way one can in-
terpret noncommutative C*-algebras as the defining data of noncommutative topological spaces.
From this point of view, the noncommutative extension of measure theory corresponds to the
theory of von Neumann algebras, while the extension of Riemannian differential geometry cor-
responds to the theory of spectral triples. Noncommutative geometry, with this very rich way of
thinking, has many applications in various areas of Mathematics and Physics [9].

A special class of noncommutative algebras, closely related to geometry, is provided by defor-
mation quantization of Poisson manifolds. Deformation quantization, initiated by Bayen, Flato,
Fronsdal, Lichnerowicz and Sternheimer [1], consists in introducing a noncommutative product
on the algebra of smooth functions C°° (M) on a Poisson manifold M which is a deformation
of the standard commutative product and which depends on a formal deformation parameter 6
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(see [23] for the existence of such deformations). In the case of a symplectic Lie group G, the
deformed product can be given by a Drinfeld twist [18]. Since the algebra C*°(G) carries a Hopf
algebra structure, such a Drinfeld twist implements a Universal Deformation Formula: it deforms
the whole category of module-algebras of C°°(G)[[#]], the algebra of formal series of functions
on G.

At the non-formal level (i.e. if the deformation parameter 6 takes real values), one speaks
about strict deformation quantization. In the case of an abelian group G, Rieffel has exhibited a
universal twist on C*°(G) [27], which deforms also algebras on which G is acting. This proce-
dure has been extended to non-abelian Kihler Lie groups [3-5].

Quantum Field Theories (QFT) on noncommutative deformed spaces are a very interesting
area of study, as they could exhibit new physical properties at high energy level (for instance
the Planck scale [17]). On the Euclidean Moyal space (a deformation of R"), a new type of
divergence appears in the real ¢* QFT, called Ultraviolet-Infrared mixing. It is responsible for
the non-renormalizability of the theory, which is very problematic in a physical context. It means
that the Moyal deformation (which is universal for the action of R” on C*-algebras, as shown by
Rieffel) is not universal for the ¢*-action: renormalizability is not preserved when deforming.

However, Grosse and Wulkenhaar, by adding a new harmonic term to the scalar action, have
solved this problem of Ultraviolet—Infrared mixing: the resulting action is renormalizable to all
orders [20], in the two- and four-dimensional case. Furthermore, this theory with a harmonic
term has been mathematically interpreted within a superalgebraic formalism [12]. As we will see
in this article, the superalgebra involved in this interpretation corresponds to a deformation of the
Heisenberg supergroup.

Coming from another direction, supergeometry is a mathematical theory in which the ob-
jects are spaces involving, besides the usual commuting variables, also anticommuting variables.
Supermanifolds, which are generalizations of usual manifolds to this anticommutative setting,
can be constructed in two different but equivalent ways: the algebro-geometric approach de-
veloped by Berezin, Kostant, Leites [2,24], and the concrete approach of DeWitt [14] (see [31,
28]). In both approaches, the algebra of functions on a supermanifold is a Z;-graded (super)-
commutative algebra. Note also that the development of this theory has been motivated by and
can be applied to Theoretical Physics; it suffices to think of supersymmetry or of BRST quan-
tization. Representations of the Heisenberg supergroup have been studied in the perspective of
geometric quantization [32,33].

From the noncommutative point of view, since supergeometry leads to graded commutative
algebras, we could interpret noncommutative Z,-graded algebras as corresponding to “noncom-
mutative superspaces”. Such an interpretation has been used in [12] for more general gradings,
but in a purely algebraic setting. Geometric tools like differential calculus and connections have
indeed been introduced for graded associative algebras, as well as Hochschild cohomology in
[10]. However, an analytical characterization in terms of operator algebras of the objects of
noncommutative supergeometry was still missing. Note that Z,-graded C*-algebras have been
extensively studied some time ago [16,26], but we will see in this paper that we have to introduce
slightly different structures.

In this article we construct a non-formal deformation quantization of the Heisenberg su-
pergroup and establish a Universal Deformation Formula within this non-formal setting. The
structure of C*-algebras will be shown not to be adapted to this deformation, forcing us to intro-
duce the notions of C*-superalgebras and Hilbert superspaces, inspired both by operator algebras
and geometrical examples. The structure of C*-superalgebra turns out to be compatible with the
deformation, and can be seen as a definition of a “noncommutative topological superspace” (from
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the noncommutative geometry point of view). We apply the deformation to a certain class of com-
pact supermanifolds and in particular to the supertorus. Finally, within the context of QFT, we
prove that the above deformation (with an odd dimension) is universal also for the ¢*-action.

1.2. What is done in this paper

In Section 2 we start with reviewing the basic notions of supergeometry. We then go on
introducing the notion of a Hilbert superspace adapted to our needs and an associated C*-
superalgebra. The latter (C*-superalgebra) is up to our knowledge not in the literature, while
there already exist notions of Hilbert superspaces [29] but incompatible with our framework. We
end by focusing on the Heisenberg supergroup.

In Section 3 we start with developing Kirillov’s theory for Heisenberg supergroups. We pass
to quantization within the setting of the Weyl ordering. We then introduce the functional symbol
spaces on which our oscillatory integral (within the Z;-graded context) will be defined. These
correspond to weighted super-versions of Fréchet-valued Laurent Schwartz B-spaces defined on
coadjoint orbits of the Heisenberg supergroup. Next, we use the oscillatory integral to prove
that Weyl’s correspondence extends to the required symbol spaces. Intertwining the operator
composition under a super-version of the Berezin transformation, we then end by defining our
Z,-graded symbolic composition product (3.13).

In Section 4 we prove that the symbol regularity established in Section 3 allows us to compose
smooth vectors of any given strongly continuous subisometric linear action of the Heisenberg su-
pergroup on a Fréchet algebra. The result of such a composition being again a smooth vector,
one gets an associative deformed product on the smooth vectors. The latter being valid for ev-
ery Fréchet algebra on which the Heisenberg supergroup acts, we call this abstract composition
product formula a Universal Deformation Formula. Starting with a C*-superalgebra, we then
construct a compatible pre-C*-superalgebra structure on the deformed algebra of smooth vectors.

In Section 5 we use what we have done in Sections 3 and 4 to define a deformation theory of
compact trivial Heisenberg supermanifolds and focus on the case of the supertori. It is important
to note that the natural notion of supercommutative operator algebra corresponding to compact
trivial supermanifolds is indeed our notion of C*-superalgebra.

In Section 6 we apply our construction to noncommutative renormalizable theories by show-
ing that our Universal Deformation Formula produces the Grosse—Wulkenhaar model when
applied to the ¢*-setting, which is not the case for Rieffel’s (non-graded) construction. In other
words, replacing in the commutative ¢*-model the multiplication product by our graded de-
formed product yields directly the Grosse—Wulkenhaar model without adding a harmonic term.
This provides an interpretation of the harmonic term responsible of the renormalization of this
quantum field theory.

2. Notions of supergeometry

The Heisenberg supergroup is a supermanifold with a smooth group law depending on an
even symplectic form. In this section, we start giving, in Section 2.1, some basics about linear
superalgebra, and in Section 2.2 some properties of even symplectic forms on a superspace. The
definition of a supermanifold and smooth superfunctions is recalled in Section 2.3.

We then proceed to introduce some structures adapted to the space L*(M), for a “trivial”
supermanifold M (a notion that will be defined) such as a scalar product and a Hodge opera-
tion. Inspired by the space LZ(M) equipped with these structures, we give a new definition of
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a Hilbert superspace in Section 2.4 and show some of its properties. From this definition of a
Hilbert superspace in mind, we introduce in Section 2.5 the notion of a C*-superalgebra, which
is adapted to describe operators on a Hilbert superspace as well as the space L°°(M) for a trivial
supermanifold M. This notion of a C*-superalgebra will be also compatible with the deforma-
tion. Finally, we recall the definition of the Heisenberg supergroup, its Lie superalgebra, and its
coadjoint orbits in Section 2.6.

2.1. Linear superalgebra

We recall here some basic notions of linear superalgebra (see for example [31,28] for more
details). We use in this article the concrete approach to supergeometry, whose essence consists
to replace the field R of real numbers by a real supercommutative algebra.

Let A= Ay @ A; be areal supercommutative superalgebra such that A/AN 4 ~ R, where N 4
is the set of all nilpotent elements of 4. For instance, we can consider A4 = /\ V, where V is a
real infinite-dimensional vector space. We choose such a superalgebra A for the rest of the paper
and we denote by B : A — R the quotient map, which is called the body map.

Definition 2.1.

e E is called a graded .A-module if it is an .A-module with decomposition E = Eo & E |, and
such that Vi, j € Z», A,‘Ej C Ei+j.
e F is a graded submodule of E if it is an .A-submodule of E, F = Fo @ F1, and Vi € Z;,
F,=(FNE)).
Proposition 2.2. Let E be a graded A-module and F a graded submodule of E. Then the
quotient G = E/F has a natural structure of a graded A-module: if w : E — G denotes the
canonical projection, then the grading is given by m(x) e Gi < 3Iye F:x —y e E;.

We recall that a graded A-module E is free if and only if it admits a homogeneous .A-basis; it
is called of finite dimension if such a basis is finite. The number n of the elements in a basis does
not depend on the choice of a homogeneous basis, nor does the number p of its even elements.
We call dim(E) = p|(n — p) the graded dimension of E; it totally characterizes a free graded
A-module.

Remark 2.3. A graded submodule of a free graded .A-module does not have to be free. However,
if it is free, it will be called a graded subspace.

Proposition 2.4. Let E be a free graded A-module of finite dimension and let F be a graded
subspace of E. Then F admits a supplement in E:

aF graded subspace of E, E=F & F.
Moreover, E/F is a free graded A-module isomorphic to F.
2.2. Symplectic superalgebra

In this subsection E denotes a free graded .A-module of finite dimension dim E = m|n.
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Definition 2.5. An even map w : E x E — A is said to be a symplectic form if it is:

e bilinear: Va € A,Vx,y € E, w(ax,y) =aw(x,y) and w(xa, y) = w(x, ay).
e superskewsymmetric: Vx,y € E, w(x,y) = —(—=DP¥ e (y, x).
e non-degenerate: (Vy € E, w(x,y) =0) = x =0.

Proposition 2.6. Let w be a symplectic form on E. Then necessarily m is even and there exists
a homogeneous basis (e;, fj, 0k, n) of E (with 1 <i, j < % 1<k<<ng, and 1 <1 <n_, the
elements e; and f; even and the elements 0 and n; odd) satisfying

w(e;, fj) =0ij, @Ok, O) =28k, o, ny) = =241,

and the other relations vanishing. The numbers n and n_ depend only upon the symplectic form
and not on the particular choice of the basis. Note that we have in particularn =ny +n_.

0710 O
. . . . [(-100 0
In this particular basis, the form w can be represented by the matrix ( 0021 0 ), where
000 =27
I denotes the unit matrix. In the sequel we will denote by wg the restriction of w to the graded

subspace generated by the even basis vectors and by w; the restriction of w to the graded subspace
generated by the odd basis vectors.

Definition 2.7. Let F be a subset of E. We define the symplectic orthogonal of F as
orth(F) = {x eE, VyeF, wx,y) =0}.

Proposition 2.8. Let F be a subset of E. The symplectic orthogonal of F has the following
properties.

1. orth(F) is a submodule of E.

2. If F is a graded submodule of E, then orth(F) is one too.

3. If F is a graded subspace of E then the map ¢ : orth(F) — (E/F)*, defined by ¢(x) =
w(x, ), is an isomorphism.

Proof. 1. Let x1, x € orth(F). Then Yy € F, w(x1 + x2,y) = w(x1,y) + w(x2,y) =0, and
Vae A, w(axy,y) =aw(xy,y) =0.

2. Let x € orth(F), with x = xo + x1, where xg € E¢g and x; € E|. We want to show that xg
and x; are in orth(F).

Vyo € Fo,0=w(x, y9) = w(xg, o) + @ (x1, yo). Since w is even, we deduce that w (xq, yp) =
w(x1, y0) = 0. In the same way, one has: Yy; € F1, w(xo, y1) = w(x1, y1) = 0. It then follows
by linearity that Vy € F, w(xp, y) = w(x1,y) =0.

3. By Proposition 2.4, if F is a graded subspace of E, then there exists a graded subspace F
which is a supplement to F and E/F is a free graded .A-module isomorphic to F.

Vye E,Vz € F,Vx €orth(F), w(x,y +z) =w(x, y), so that ¢ is well defined.

If x € Kerg, then x € orth(F) andVy € E, w(x,y + F) =0, so that x = 0.

For ¢ € (E/F)* we define y € E*byVz € F, Y(z) =0 and Vy € F, ¥ (y) = ¥ (y + F).
Let xy = Y (), where fw : E* — E exists since o is non-degenerate. Then, Vy € E, ¥/ (y) =
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w(xy,y), and Vz € F, w(xy, z) = 0. We conclude that xy, € orth(F) and v = ¢(xy). Hence
¢ is an isomorphism and orth(F) is a graded subspace of E with the same graded dimension
as F. O

Definition 2.9. Let F be a graded subspace of E.

F is said to be isotropic if F' C orth(F).

F is said to be coisotropic if orth(F) C F.

F is said to be Lagrangian if F = orth(F).

F is said to be symplectic if F North(F) =0.

Proposition 2.10. Let w be a symplectic form on E and let F be a maximal isotropic graded sub-
space of E. Then there exists a homogeneous basis (e;, f}, 0k, n) of E satisfying Proposition 2.6
and such that the vectors

m

e, O +m, 1<i< > 1 <k<min(ny,n_)
form a basis for F. The graded dimension of F thus is % |min(ny,n_); F is Lagrangian if and

onlyifny =n_.

Proof. For n =0, it was already known in the non-graded case. For the part w; of w correspond-
ing to the odd generators, we use the decomposition

2 0)Y) (1 1 0 1 1 1
0o -2/ \1 -1 1 0 1 -1
to obtain the result. O

2.3. Supermanifolds

We refer the reader to [14,2,31,28] for a complete exposition on supermanifolds. We just recall
here some basic definitions.

We define the superspace R™!" = (Ap)™ x (A;)" by using the Z,-decomposition A = Ay @
Ay of the superalgebra A. Then R™" ~ E for each free graded .A-module E with m even
generators and n odd generators. The body map can be trivially extended to B : R™" — R™.

Definition 2.11. A subset U of R™" is called open if BU is an open subset of R” and U =
B~ (BU), namely U is saturated with nilpotent elements. The topology associated to these open
subsets is called the DeWitt topology. It is the coarsest topology on R”!" such that the body map
is continuous. Endowed with this topology, a superspace is locally connected but not Hausdorff.

The following lemma allows us to make a connection between R™® = (4p)™ and R™ at the
level of smooth functions.

Lemma 2.12. To any smooth function f € C®(R™) one can associate the function f : R™0 —
Ao defined by the following prescription: ¥x € R™0 = (Ag)™, with x = xo + n, xo = B(x) € R™
andn e RO ¢ nilpotent element, we have
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~ 1
feoy= 2 —o" fon”,

aeN”

with the usual notations for the multi-index a. Note that the sum over o is finite due to the
nilpotency of n.

We can now give a characterization of smooth functions on superspaces that could be used as
a definition of such superfunctions.

Definition 2.13. Let U be an open subset of R”". A map f : U — A is said to be smooth on U,
which we will write as f € C*°(U), if there exist unique functions f; € C*°(BU) for all ordered
subsets I of {1, ...,n}, such that V(x, &) € R"I" (x € R™0 and & € ROI"),

[ B =) fing!,
1

where &/ denotes the ordered product of the corresponding coefficients. More precisely, if I =
{i1,.... ik} withl <ij <--- <ip <n,then &' := [lic; & =& - &, & As aspecial case we
define £” = 1. We extend this definition in the usual way to functions with values in a superspace.

Definition 2.14. Let M be a topological space.

e A chart of M is a homeomorphism ¢ : U — W, with U an open subset of M and W an open
subset of R™" for m,n € N.

e An atlas of M is a collection of charts S = {¢; : U; — W;, i € I} where Uie[ Ui =M and
Vi,jel, giog;! € C®(p;UiNU)), Wyo.

e If M is endowed with an atlas, we define its body as:

BM = {y € M, ¢; with y € U; and ¢; (y) GIB%W,'},

and the body map B : M — BM on each subset U; by: By, = (pl._l oBog;.

e Endowed with an atlas such that BM is a real manifold, M is called a supermanifold. The
condition on BM means that this space is in particular a second countable (or paracom-
pact) Hausdorff topological space, a condition that could not be imposed on M itself as the
topology is highly non-Hausdorff.

e Let M be a supermanifold. A function f on M is called smooth, and we write f € C*° (M),
if and only if for any chart ¢; in an atlas for M, f o goi_l € C®(Wy).

Definition 2.15. A Lie supergroup is a supermanifold G which has a group structure for which
the multiplication is a smooth map. As a consequence, the identity element of the supergroup has
real coordinates (lies in BG), and the inverse map is also smooth.

Batchelor’s theorem allows us to get a better understanding of a supermanifold. It says that a
supermanifold can be seen as a vector bundle over an ordinary (real) manifold.
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Theorem 2.16 (Batchelor). Let M be a supermanifold of dimension m|n. Then, there exists an
atlas S ={¢; : U; — W;, i € I} of M such that transition functions (xj, ;) = (¢; o<pl._1)(x,~, &),
fori,jel x;je R™IO0, & j€ RO are of the form:

=) and §0 =" ghxsf,

c=1
foreachae{l,...,m}, bef{l,...,n}, and for f* and gé’ real smooth functions.

One can interpret the functions f¢ as transitions functions between charts of the manifold BM
and the functions gf as the components of a matrix-valued function of B(U; N U;), which in turn
can be interpreted as the transition functions of a vector bundle £ of rank n on BM. Different
atlases satisfying Batchelor’s theorem give rise to equivalent vector bundles: the equivalence
class of the vector bundle £ is completely determined by the supermanifold M. Conversely, to
any vector bundle over an ordinary manifold one can associate a supermanifold in this way.
Moreover, the algebra of smooth functions on M is isomorphic to the algebra of smooth sections
of the exterior bundle of the vector bundle £ — BM:

C“(M):F”(/\E).

Remark 2.17. As the proof of Batchelor’s theorem relies heavily on a partition of unity argument,
it is not generally valid for complex supermanifolds. If it applies, one speaks of a split complex
supermanifold, but there do exist non-split complex supermanifolds.

From now on, instead of looking at .A-valued functions, we will consider “complex”-valued
smooth superfunctions, i.e., with values in Ac = A® C = A @ i.A. However, we will denote the
space of all complex smooth super functions still by C°°(M). Note that the complex conjugation
on Ac is given by: Va € A, VA € C,

AQr=a A,
and satisfies: Va,be Ac,a-b=a-b=(—1)4blp. g,

Lemma 2.18. Let M be a supermanifold of dimension m|n and U be an open subset of M. Then,
the smooth superfunctions C°°(U) form a complex Z,-graded Fréchet algebra.

Proof. By Batchelor’s theorem there exists a vector bundle £y — BU of rank n such that
C®U) ~ I'*°(A\ £u). Then, the property (xx) of p. 230 of Ref. [15] applied to the bundle
A\ Eu — BU ensures that there exists a frechetic Hausdorff topology on C*°(U). The Z;-grading
of C*®(U) corresponds to the one defined by the exterior algebra in I"*°( A\ £y) and is therefore
compatible with the product.

An explicit formula for the seminorms used to construct the Fréchet structure, equivalent to
formula (17.1.1) on p. 227 of [15], is given by

psk(f)= sup [[(D"f))|

xeBK, [v|<s

3
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where K is a compact subset of a coordinate chart and where DV is a multi-derivation including
derivatives with respect to the odd coordinates. Taking derivatives with respect to the odd coordi-
nates and then restricting to the body of K implies that the odd coordinates are set to zero. In this
way one recovers the components f; of the function f as given in Lemma 2.12, which are the
(local) components of the vector bundle A &y — BU. This explicit formula shows at the same
time that the Fréchet structure does not depend on the particular choice for the vector bundle
Eu—BU. O

Definition 2.19. In the sequel we will say that a supermanifold M of dimension m|n is trivial if
the vector bundle £ — BM associated to M is (isomorphic to) the trivial bundle £ =BM x R".
This is equivalent to saying that M is isomorphic as a supermanifold to the direct product M,, x
RO where M, is the supermanifold of dimension |0, which is completely determined by BM.

In the rest of this subsection M will denote a trivial supermanifold of dimension m|n. We also
assume that BM is endowed with a volume form, which we will use for integration. Then, as for
a superspace, we have an identification:

C¥(M) ~C*BM) & /\R",
and we define L2(M) = L2(BM) ® /A R”", using the above identification.

Remark 2.20. In fact, the above definition of L?(M) is appropriate in the sheaf approach [2,24],
but not in the concrete approach: elements of these spaces are not defined as superfunctions on M
(Lemma 2.12 does not apply to non-smooth functions).

We now recall the definition of Berezin integral for odd variables: if f € C°°(M), then we
have

In this paper we will mean by integration on M (a trivial supermanifold) the process of Berezin
integration over the odd variables end usual integration (with respect to the volume form) on
BM. Note that it is the Berezinian and not the Jacobian which appears in the change of variables
formula in (super)integration (see [28]).

In order to relate (Berezin) integration on M with the space L?(M) defined above, we need
some structure. Let {#'} be a basis of R”. For any (ordered) subset I = {iy, ..., it} C{1,...,n}
(thus with 1 < i} < --- < iy < n) we define |I| = k to be the cardinal of I/ and we define
0 = N\;c; 0/ =01 A---AO% € \R". For I = we define 6” =1 € A\ R" = R. For any two
(ordered) subsets I = {iy,...,i;}and J ={ji, ..., je}of {1,...,n} wedefine ({1, J) to be zero if
I NJ # @ and (—1) to the power the number of transpositions needed to putiy, ..., ik, ji,-.., je
into order if / N J = ¢J. The quantity ¢ verifies the relations

eI, J)=(=D"Wlgy, D), eI, JUK)=¢(I, N)e(I,K) ifJNK=0.
It follows that the product in A R" is given by: 87 - 0/ = e(1, J)8'"/ . Since the “products” '

form a basis of /A R" when [ runs through all (ordered) subsets of {1,...,n}, we can define a
supersymmetric non-degenerate scalar product by the formula
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(o', 07)=e, 18, ¢, 2.1)

which satisfies: (67,07) = (=D lg7 g7y,
We also introduce the Hodge operation: *x0! = e(I,C1 )001 , which allows us to deduce a
symmetric positive definite scalar product from the supersymmetric one:

(0',07)=(0",x07) =5, . (2.2)

These scalar products can be extended in a natural way to L*(M) ~ L*(BM) ® /A R". The
supersymmetric one corresponds to integration with the Lebesgue measure (with respect to the
volume form) and Berezin integration. And indeed, in the given identification we have L:BM)®

AR =3, 1®0" = f(x,6) =Y, fi(x)E" € L2(M). Then for f, g € L>(M), we have

(fg) = [ dede PG Bige.£) = 3 e(1.81) [ dx Fiise, o

I

(f.8) =/dxd$f<x,s><*g>(x,é) =Z/dx%g1(x). (2.3)
1

The second scalar product, which is Hermitian positive definite, allows us to define the L2-norm:

If 1=~/ Cfs £

Lemma 2.21. For £, &y € R and o a complex parameter, ia & - &y € Ac ~ R0 ® C. So the
extension of the exponential function to this element is defined (see Lemma 2.12) and we have:

1aJs

9580 =3 (i)~ 1) P e,
J

where the sum is over all (ordered) subsets J of {1, ...,n}.
2.4. Hilbert superspaces

There are many possibilities to define the notion of a Hilbert superspace [29]. We will use one
which is compatible with the description of the space L?(M) given in Section 2.3 for a trivial
supermanifold M (see Definition 2.19). We will see in the sequel that it is also compatible with
deformation quantization.

Let H = Ho ® H1 be a complex Z,-graded vector space, endowed with a scalar product1 (-,
such that A is a Hilbert space? and (Ho, H) = 0. Let J € B(#) be a homogeneous operator of
degree n € Z satisfying, for all homogeneous x € H,

JHx) = (=D ) = (DD (x), (2.4)

where J* is the adjoint operator of J with respect to the scalar product (-,-). Then the sesquilinear
product (-,-) on H defined by:

' This scalar product is chosen left-antilinear and right-linear by convention.
2 The scalar product (-,-) is therefore assumed to be Hermitian positive definite.
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(x.y)=(J(x).y), (2.5)

is non-degenerate and superhermitian: (x, y) = (— DRIy ) for homogeneous x, y. Note that
the operator J is unitary for both scalar products.

Definition 2.22. A 7Z;-graded Hilbert space H, endowed with an operator J of degree n satisfying
(2.4), will be called a Hilbert superspace of parity n. We will denote it by (H, J, n).

Example 2.23.

e In Section 2.3 we have defined the space H = /\ R". If we endow it with the Hodge operation
J = %, and with both scalar products (2.1) and (2.2), it becomes a Hilbert superspace of parity
n mod 2; an orthonormal basis is given by (7).

e For M a trivial supermanifold of dimension m|n, the space L*(M) = L>*(BM) ® AR,
endowed with the operator J = ¢ and its two scalar products (2.3), is a Hilbert superspace
of parity n mod 2.

Remark 2.24. Any Hilbert superspace of parity 1 is a Krein space (see [6]).

Proof. For n = 1 we have J? =id and J* = J, but also (Ho, Ho) = (H1,H1) = 0. Let us
define the spaces H4 = Ker(J —id) and H_ = Ker(J + id). Then any x € H can be written as
x =x4+x_ withxy = 1 (x+J(x)) € H4 and x_ = 4 (x — J (x)) € H_. For this decomposition
we have the equalities

1
(x+,x+>=5((x,x)+(x,](x))), (x4,x-) =0,
1
(x_,x_)= 5(—(x,x) + (x, J(0))), (x_,x4) =0,
which shows that H is a Krein space. 0O

Remark 2.25. Let H = Hy & H1 be a Hilbert superspace of parity 0. Then, Hy is a Krein space
and (Ho, H1) =0.

Proof. For n =0 we define Jo = J|3,, and J; = Jj3,, which satisfy, Vxo € Ho, Vx| € Hj,

JExo) =x0,  Jxo)=J(x0),  JEGxD) =—x1,  Jf(x) =—Ji(x1).

It follows that Jy and J; are unitary, that Jy is selfadjoint and that J; is antiselfadjoint. Hence
both are diagonalizable: +1 and —1 are the eigenvalues of Jy corresponding to the decomposition
Ho = ’H,(‘)" ® H, , and +i and —i are the eigenvalues of J; corresponding to the decomposition
Hi=H ®H,.

More precisely, Vxg € Ho, Vx1 € H1, we have xg = xa' +x, and x; = xf' +x,, with xar =
Lo+ J(x0)) € HY L xg = 2(xo — J(x0)) € Hy o x| = S(x1 —iJ (x1)) € H] and x| = S (x1 +
iJ(x1)) € H| . With these decompositions we can compute:
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(x0,x1) =0,

1
<xJ,xS’) = E((xo,X()) + (XO, J(XO))), (x(T, xo_) =0,
1
(xo_, xo_) = 5(—(}60, x0) + (xo, J(XO)))’ (xo_’ xg') =0,

i) = S il s@). () =0

(xr.x7) = %((qu) +i(x1, I (), (121} =0,
which shows the result. O

Remark 2.26. One can endow the space B(#) of bounded operators (continuous linear maps)
on a Hilbert superspace H with the following Z;-grading: f € B(#) is homogeneous of degree
i €ZpifVjeZy f(Hj) CHiyj. Then B(H) is a Z;-graded algebra.

Proof. Let us introduce the parity operator P : H — H by P = 7y — 7y (with 7; the canonical
projection 7; : H — H;) or equivalently Px = (—1)"x for all homogeneous x € H. It is a
bounded operator since its operator norm ||IP|| can be shown to be 1. Then, for any f € B(#H) we
define the maps f; : H — H,i =0, 1by

1 1
folx) = E(f(x) +Pf(Px)),  fikx)= E(f(x) —Pf(Px)).

They satisfy f(x) = fo(x) + fi(x) and f; maps H; into H; ;. It follows that fo and f; are
bounded operators, so that B(#) is a Z;-graded vector space. It is straightforward to see that the
grading is compatible with the composition of operators. 0O

Proposition 2.27. Let (H, J, n) be a Hilbert superspace of parity n and let B(H) be the space of
its bounded (continuous linear) operators (with respect to the positive definite scalar product).
For any T € B(H), there exists a superadjoint T € B(H) (with respect to the scalar product
(-,)), ie, Vx,y € H,

(T7(x), y) = (=DTH(x, T(y)).

An explicit expression is given by
TT(x) — (_1)(n+1)(\T|+|X|)+|THX|JT*J(x)_ (2.6)

Moreover, its operator norm satisfies: ||77|| = ||7*|| = ||T|| (where T* denotes the adjoint
operator with respect to the positive definite scalar product).

Proof. For any T € B(H) we have the equality of degree |T*| =|T|,and Vx,y € H, (x, Ty) =
(T*x, y). It follows that we have (— 1) DI (J2x Ty) = (=1)@+DUATIHXD (g27*x | y), which
means that we have (Jx,Ty) = (—1)+DITL (jT*x y). By writing x’ = J(x) (ie. x =
(—1)@+DIXl 7 (x")), we obtain the result. The unitarity of J gives the property on the operator
norm. [J
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Definition 2.28. Let (H", J1, n1) and (H®, J5, n2) be two Hilbert superspaces. By a morphism
of Hilbert superspaces between H () and H® we will mean a continuous linear map & : H(D) —
H® of degree 0 satisfying: Vx, y € H,

Vi, ye HD: (@), ®(»)=(x,y) and PoJi=lo®.
If a morphism @ exists, it is necessarily injective and the parities of H" and £ must be equal.

Moreover, @ also is unitary with respect to the associated superhermitian scalar products (2.5)
of HV and HP:

Vr,ye HV: (@(x), @(») = (x, ).
Proposition 2.29. Let (HWD, Jy,ny) and (H®P, 1, ny) be two Hilbert superspaces.
o (Construction of the direct sum.) If the parities are equal, n1 = ny = n, then the direct sum:
H=HD ®HP, endowed with the homogeneous operator J = Ji + J» of degree n is a
Hilbert superspace of parity n.

e (Construction of the tensor product.) We will denote by H = HD @ H?P the completion of
the algebraic tensor product with respect to the scalar product given by

Var, y1 € HY Vag, yo e HP: (31 @ x2, 31 ® y2) = (x1, y1) (32, ¥2).
It is a Z»-graded Hilbert space with respect to the total degree. We can endow it with the

structure of a Hilbert superspace of parity n = n| + ny by defining the operator J € B(H)
of degree n by:

J(x1 ® x2) = (=)Dl gy (x 1) @ Jh(x2).

This operator satisfies the conditions (2.4), and the associated superhermitian scalar product
has the following natural property:

(x1 ®x2, 1 ® y2) = (=D ey y1) (2, 32).
Proof. A direct consequence of the conditions in Definition 2.22. 0O
2.5. C*-superalgebras
In this subsection we define the notion of C*-superalgebras, appropriate for deformation quan-
tization. To do so, we will in fact follow the example of the function space L°°(M) acting by
(usual) multiplication on the Hilbert superspace L?(M).

We start by recalling that, in the non-graded case, if BM is a smooth manifold endowed with
a volume form, then the map w : L>°(BM) — B(L*(BM)), defined by

VfeL®BM) Ve e L>BM): us(p)=f-9, 2.7

is an isometric C*-algebras morphism for the essential sup-norm || - | oo of L (BM).
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Definition 2.30.

e Let A be a complex Z,-graded algebra. By a superinvolution on A we will mean a homoge-
neous antilinear map of degree 0 on A, denoted by 7, satisfying

Va,beA: (a")'=a and (@ b =(=1D"pt. 4.

If A is a Z»-graded Banach algebra, we will also require that ||a'|| = ||a|| for all a € A.

e A C*-superalgebra A is a superinvolutive Z,-graded Banach algebra which can be isomet-
rically represented on a Hilbert superspace (H, J,n) by a map p : A — B(#) of degree 0,
satisfying3 pa@) =pa) foralla e A.

e A morphism of C*-superalgebras is an isometric superinvolutive algebra-morphism of de-
gree 0 between two C*-superalgebras.

Note that Remark 2.26 and Proposition 2.27 tell us that the algebra of bounded operators on
a Hilbert superspace satisfies the axioms of a C*-superalgebra.

A C*-superalgebra can be seen as a complete, closed for the superinvolution, graded subal-
gebra of a Z,-graded C*-algebra endowed with a continuous superinvolution, where the relation
between involution and superinvolution is of the type (2.6). Note that the subalgebra is not re-
quired to be closed under the involution of the C*-algebra.

Remark 2.31. Using the notations of Definition 2.30, any C*-superalgebra A can be seen as
a subalgebra of the C*-subalgebra A of B(#H) generated by p(A), J and the parity operator P
introduced in the proof of Remark 2.26. Moreover, we have the following relations:

VT €A, PT=(-DTITP,
P>=1, P' = (—1)"P, J2 =P, Ji=Jp.
Example 2.32.

e Any C*-algebra A is a C*-superalgebra, whose even part is A and whose odd part is {0}.
o The algebra A = /\ R" acting on H = /\R” by multiplication: 87 - 87 = (1, J)0'"/ (see
Section 2.3 and Example 2.23) is a C*-superalgebra. Here we have the relations

©"'=6!,  (8")"(0’)=ed, 7\ DO'N forlcl,
[l =1 (") 6" =0. (") 0" =[e"|.
It follows in particular that the operator (97)* is not in the algebra A C B(H), only in B(H).
e Copying (2.7) to the case of a trivial supermanifold M of dimension m|n (see Defini-

tion 2.19) gives us a map u : L°(M) — B(H), where H = L>(M) (see Example 2.23).
This map w is an isometric representation of the supercommutative C*-superalgebra

3 Where the T on the RHS is the superadjoint defined in Proposition 2.27.
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A = L°°(M). One can show that the operator norm of u(f) (for f € L°°(M)) on B(H)
is given by

O] =D 1l |07 =D 1 frllco-
1 1

One can also show that (f)" = w(f) and || f|| = || fI.

Lemma 2.33. If @ : 11 — H; is a Hilbert superspace isomorphism, then the map @ :B(H,) —
B(H>) defined by B(H1) > T +— ®(T) = ® o T o &~ lis a C*-superalgebra morphism.

2.6. Heisenberg supergroup

Let E be a free graded .A-module of finite dimension m|n endowed with an even symplectic
form w. As in Proposition 2.6, we denote by wg and w; the restriction of @ to the subspace
generated by the even, respectively odd, basis vectors.

Definition 2.34. The Heisenberg superalgebra associated to (E, w) is given by the A-module
g=E @ AZ, where Z is an even generator, and by the relations:

Vx,ye EVa,be A: [x+aZ,y+bZ]l=w(kx,y)Z.

It is an A-Lie algebra of dimension m + 1|n. Its center is given by Z(g) = AZ = ¢/, with ¢’ =
lg, 9.

As in the non-graded case, the Heisenberg supergroup G is homeomorphic to the even part of
the Heisenberg algebra gg. Its group law can be computed from the Baker—Campbell-Hausdorff
formula:

1
Vx,y € EgVa,be Ay: (x+aZ)~(y+bZ):x+y—|—(a—i—b—i—ia)(x,y))z.

G is a non-abelian group with neutral element 04 0Z and inverse given by: (x +aZ)™! = —x —
aZ. Note that the Heisenberg supergroup as defined above is a particular case of “Heisenberg
like groups” treated in [32].

We define a linear isomorphism from g to its (right) dual g*, denoted as x +aZ — ?(x +aZ),
by the formula:

Vx,ye EVa,be A: "(x+aZ)(y +bZ) = w(x,y) +ab.

Using this isomorphism, the adjoint and coadjoint actions are given by the formula (with y € E,
beAandx € Eg,ac Aysox+aZegy=0G)

Ad(x+aZ)(y +b7)= y +bZ+[x+aZ, y +bZ] =y+ (b+a)(x, y))Z,
Adfy1az) Py+bz)="(y —bx +b2).
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It follows that the coadjoint orbit Oy = {Adz, ¢, g€ G)of £ ="(y +bZ) e Bg* is in bijection
(via the isomorphism ?) with the even part E of the module E, provided b # 0. For b = 0, the
coadjoint orbit O, is a single point.

3. Deformation quantization

To perform the deformation quantization of the Heisenberg supergroup, we adapt the general
method of [5] to the graded setting. First, in Section 3.1, by using Kirillov’s orbits method,
we associate to each coadjoint orbit O, (with ¢ € Bg*) a unitary induced representation of the
Heisenberg supergroup. Note that the unitarity of the representation refers to the supersymmetric
scalar product, not the positive definite one. Using this induced representation, we define in
Section 3.2 a first quantization map on the supergroup which is operator-valued. The fact that
we need the odd Fourier transform in this definition is an important difference with the non-
graded case [5]. We then define a second quantization map, which associates bounded operators
to functions in L' (M) (with M a quotient of the supergroup). In Section 3.3 we give some details
of the functional spaces used in this theory; in particular we prove the existence of a resolution
of the identity and we give the definition of a supertrace.

Next we want to enlarge the quantization map on L' (M) to be defined also on B (M) (smooth
functions all of whose derivatives are bounded), and to allow these functions to take their values
in a Fréchet space E. That is why we introduce, in Appendix A, the symbol calculus B]‘;(M )
and, in Section 3.4, the notion of an oscillating integral which allows us to give a meaning
to the integral of non-Lebesgue-integrable functions (using a phase and integrations by parts).
With this oscillating integral we extend in Section 3.5 the quantization map to Bg (M), but the
images are now in general unbounded operators. However, for u = 1 and a Fréchet algebra A,
this quantization map on 3 }&(M ) maps to bounded operators. Finally, in Section 3.6, we define
the deformed product on B }& (M) which corresponds to the composition of operators via the
quantization map, and we give some properties of this product.

3.1. Unitary induced representation
In order to construct a unitary induced representation of the Heisenberg supergroup using
Kirillov’s orbits method [22], we let ¢y = ao’Z be a non-zero fixed element in g*, where we

assume that ag is real.

Definition 3.1. A polarization of ¢ is a maximal free graded Lie subalgebra b of g such that
8, (b x b) =0, where 8¢, : g x g — A is defined by

Vx,ye EVa,be A: §;(x+aZ,y+bZ)= ({0, [x+aZ,y+ bZ]) =apw(x, y).
In our case, any polarization b of ¢ is of the following form:
b=Weo AZ,
where W is a maximal isotropic subspace of E (see Proposition 2.10). b is an abelian 4-Lie

subalgebra of g and an ideal. Since it admits a (non-unique) supplement ¢ in g (which we now
fix once and for all), the short exact sequence of graded .4-modules
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0 b g g/b 0

is split. Note that it is also a short exact sequence of A-Lie algebras. However, as such it is not
(necessarily) split (unlike the non-graded case), because, even though ¢ is a graded subspace
of g, it is in general not a Lagrangian subspace nor a Lie subalgebra.

We now define B = exp(bg) =~ bg and Q = exp(qo) =~ G/B == qp and we note that Q is not a
subgroup of G. Let x : B — Ac = A ® C be defined by

Ywe WoVae dy:  x(w+aZ)=e0W+a?) = pidoa,

It is a unitary character of B (BIm y C U (1)), canonically associated to ¢o. Let us construct the
representation of G induced by .

From now on we will assume that the odd dimension of B is zero, which means that w; is
positive definite or negative definite on the body of the space generated by the odd generators
of E (see Proposition 2.10). Thus, an element of B is of the form (w, 0, a) with w € W and
a € Ap while an element of Q is of the form (x, &, 0) with x an even linear combination of even
generators of ¢, and £ an odd linear combination of odd generators of . Moreover, the map
0 x B — G given by group multiplication is a global diffeomorphism.

The group G acts on itself by left translations, and we look at the left regular action A on the
B-equivariant functions on G:

C™®(G)P ={¢:G— AcC™®Vge G, Vbe B: ¢(gb) = x(b"")d(9)}.
Vg e GVGeC®(G)E: 10 = L= o(g7").
Note that the space C*°(G)? itself is not invariant under the left regular action, because nilpotent

constants (coming from elements of G) are not C* functions. However, tensoring with A gives
us the space C*°(G)® ® A, which is invariant under the left regular action.

Proposition 3.2. The map A : G x (C®(G)? ® A) — C>®(G)B ® A is an action. When we

restrict the function Ag( to Q C G, we get the following formula: Vg € G, ¥ € C™ (G)E,
Vqo € O,

(hg®)(go) = el W@Tenl—xow+ 301 EED) 6y — x £y — £.0)

where g =¢q -b, ¢ = (x,£,0) € Q, b= (w,0,a) € B and qo = (x9, &0, 0). Remember that wg
and wq are the diagonal parts of w (see Proposition 2.6).

Proof. If g = (x,£,0), b= (w, 0, a) and go = (x0, &0, 0),

hgb®(qo) = (b~ 'q ' q0) = @(q_lquqO_lq(b_l)),

where qulq(b_l) = qo_lqb_lq_lqo € B because B is a normal subgroup of G. However, unlike
0

to the non-graded case, ¢ !go ¢ Q. In the above notation,
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_ 1 1
q lqo = (_xs _ss 0) : (-x()v ‘5;:07 O) = (_x +-x0s _s + EO! Ewo(_-xv XO) + Ewl (_59 50))
= (qo - Q) : ﬂ’
where g = (0,0, %a)l(—é ,€0)). Indeed, wo(x, xp) = O since the part involving only the even
generators of ¢ is Lagrangian (with respect to the even generated part of g), see Proposition 2.10.

But there is no reason that w; (€, &) =0, as q is not Lagrangian. By taking this into account, we
obtain:

hab®(q0) = X (Co1, ) ™1)d(q0 = ).
—1y _ iao(atwo(x—xo,w)+1w; (£.&))
and X(qu—lq(b)ﬂ )=e 2 .o

We already said that the group multiplication Q x B — G is a global diffeomorphism. It
follows that there is an isomorphism between C*°(Q) and C*°(G)®?, which we will denote as
@+ ¢, and which is given by @(q - b) = x(b~")@(g) (with ¢ € Q and b € B). Transferring the
action A to C°°(Q) we obtain an action U : G x (C®(Q) ® A) — C®(Q) ® A, which has,
using notation as above, the following explicit form:

(0 (2)¢)(qo) = e 0@rm—x0wt301E80) G (g0 — g). 3.1)

Now define D(Q) ~D(BQ) ® AR”", where n is the odd dimension of Q, and D(BQ) is the
space of complex-valued functions on BQ with compact support. Using the expression (3.1), it
is not hard to see that D(Q) ® A is an invariant subspace of C*°(Q) ® A under the action U.In
this way we obtain the following induced representation of G:

ﬁ:G—>£A(D(Q)®A),

where L 4 is the space of A-linear maps. This induced representation is unitary for the super-
symmetric scalar product.

Proposition 3.3. For ¢,V € D(Q), one has: Vg € G,
(U()¢, U@ V)= (@, V).
Proof.
(U@)¢, U@)¥)= f dg dgg e 10 —R0 301 ES G (o Fy — 8)
x ela0@+oo(r—x0.w)+3016.80) 7 (xo — x, £ — £).

The quantity wi (&, &p) is even and thus commutes with all other terms. By a change of variables
X0 > xo + x, &g — & + & the result is obtained. O

We see that the induced representation U of the Heisenberg supergroup constructed with the
Kirillov’s orbits method is naturally unitary with respect to the supersymmetric scalar product
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(-,-). This structure, and thus the notion of Hilbert superspace (see Section 2.4) appears to be
adapted for the harmonic analysis on the Heisenberg supergroup.

3.2. Quantization

In the sequel of this paper we will assume that we have chosen the particular homogeneous
basis of E described in Proposition 2.6. This means in particular that we have wo(x, w) =x - w
and w1 (&1, &) =2& - & for all (x;,&;) € Q and all w € W(. Adding a free parameter « to the
(even and odd) Fourier transform, we obtain the following expressions for the Fourier transform
of the function constant 1:

/dw e2ia0amo(x,w) _ roof%a(x),

Faleo) = [ ds e Heoreio —pangflon) (32)

. n(n+1)
where ro = (Z) and ry = (iag)" (=)~ 7 .

Let us now consider the .A-linear map o : g — g defined by

Vxe EVacA: o(x+aZ)=—x+aZ.

It is an involutive automorphism of g (and of G =~ go). The pullback o* : C*®(G)? — C>(G)8
is defined by (6*¢)(g) = ¢(c(g)) (for g € G and ¢ € C®(G)?). Using the isomorphism
C®(G)B = C*(Q) we obtain an involution, denoted by the same symbol, o* : C®(Q) —
C°(Q). We then introduce the operator X' = F,0* as o followed by an odd Fourier transform
given by

Vg € C°(Q) V(xo, &) € Q:  (2@)(x0,80) =y / deg e~ T O E8 G(xg 1),

where we interpret o as a free parameter and y as a fixed complex constant to be determined
later. This operator X' satisfies the relations

2= yzr]ozn id,
G, U e C®(Q): (X@, V) = |y Pria" (= 1)"1PHD(g iy,

where n is the odd dimension of Q (or of E since we assumed B has no odd dimension). By
choosing y = % (this will be explained in Eq. (3.12)), we have in particular y = (—1)"y
(see Eq. (3.2) for the definition of r¢, r1). Then, we denote r = yzrloz”, and we obtain:

2 ri, > =rx.
If we now define K C G as the subgroup invariant under o, K = G° ={g € G, o(g) =g},
then, K = ApZ,and M := G/K ~ E| is a supermanifold. With these preparations we can finally
define the quantization map 2 : G — L 4(D(Q) ® A) by

VeeG: ) =U@ZzU(g").
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Proposition 3.4. The explicit formula for the quantization map is given by:

(2(q - b)@)(q0) =y/d$1 19020 (x—x0.w)+ 301 (§.50)—§ w1 (1.50)— 3 (@ + D (€.61)
X @(2x —x0,§ +&1),

for any ¢ € D(Q), g = (x,£,0) € Q, g0 = (x0,%0,0) € Q and b = (w,0,a) € B. It has the
following properties:

1. $2 is constant on the left classes of K.
2. Forany g € G we have 2(g)" =r$2(g).

Proof. 1. This is immediate, as the explicit expression for §2(g - b) does not depend on a.
2. This is a direct consequence of the analogous property for X' and the unitarity of U. O

Let us now introduce the set M of all left classes of K: M = G/K, which is a trivial su-
permanifold of dimension m|n (see Definition 2.19). By the point 1 of Proposition 3.4 the map
£2 descends to this quotient, giving a map 2 : M — L 4(D(Q) ® A), which we will still de-
note by the same symbol. If, for any x € M, we introduce the symmetry s, : M — M by
sy(y) =xo(x~!.y)forall y e M, then, (M, s) becomes a symmetric space, namely:

2 .
sy=1idy and sySysy =S5, (y)-

Proposition 3.5. For any o ¢ {—1,0}, the map 2 : M — L A(D(Q) ® A) is a (twisted by r)
representation of the symmetric space (M, s), meaning that we have, for all x,y € M,

1. 2x)*=rid.
2. Q)N (KX) =rR2(s(y)).

Proof. To show 1, it suffices to note that for g € x - K, we have
2’ =U@20(g")U@=EU0(g")=rid.
The identity 2 is a direct computation using the expression of Proposition 3.4. O

Let us now “extend” the quantization map £2 to functions on M, by defining £2 : D(M) —
LA(D(Q) ® A) by

VfeDWM): $£2(f) :/dzf(z).Q(z).
M
For any ¢ € D(Q) and go € Q, the explicit expression is given by

(9<f>¢)<qo>=y/dxd§dwf<x,s,w>

M
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% / dE; el@0Ceo(x—xo.w)+301E 50— o1 (E1.80) 3 @+ Dw1 §.6)

X ¢(2x — x0,§ + &1). (3.3)
Since ag € R* and since f has a compact support with respect to the variable x € BQ, it follows
that 2(f)@ € D(Q). Contrary to the case of the map £2 on M, where §2(x)¢ does not lie in
D(Q) but only in D(Q) ® A, here there is no need to take the tensor product by A. This means
in particular that we can consider the quantization map as a map £2 : D(M) — L(D(Q)). Note

that the degree of £2(f) (with respect to the Z; grading) is the same as the degree of f.

Lemma 3.6. For all f € D(M) there exists a constant C ¢ € R’} such that

Vo eD(Q): (2(H. 2()) < Cr(@, d).

Proof. Using formula (3.3) we compute:

(2(H¢. 2()9)
=y2fdx0dgodxdgdw 70 & w)dg

x e~ 100 Qo0 —x0.w)+ 501 E &)= 5 w1 Enb)— 3 @ DerEED G0 — x0E 1 )
*g, /dx’dg’dw’f(x’,s’, w') d&;

x £ 0Q00 =00+ 301 € 80§ @803 eV €8 5 (0 — g £+ &),

where ¢, is the Hodge operation with respect to the variable &y. Expanding this formula and
integrating over the odd variables &, &/, &1, & and & gives us the formula

(@Hg.2NP) = 3 el i) / dxo dx dw dx’du’ f7,Ce, w) fi, (x', w')
I1,12,J1,J2
« eZiuo(wo(x’fxo,w/)fa)o(xfxo,w))

@1, 2x — x0)@1,(2x" — x0),

where I, I, Ji, Jo are subsets of {1,...,n} with some constraints between them that we do
not write explicitly, and a (11, I», Ji, J2) is a real number independent of f and ¢. Let us now
denote by |«| the supremum (maximum) of all |« (I, I, J1, J2)|. By using the triangular and the
Cauchy—Schwartz inequalities, we obtain

(RNHE.2NHF) < D IaI/dxdwdx/dw’|f11(x,w)f12(x/,w’)|ll¢11||2I|¢lelz

11,12,J1,2

S A AN A P2 P

I, J1,02
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But (3.9) = Y., 16113 > sup, 16113, hence
(203, 2()P) < C1@. 9.
with Cr =Y, 1 o lellfn i fnlli. ©

Corollary 3.7. The quantization map §2 : D(M) — L(D(Q)) can be continuously extended in a
unique way to a map

2:L'(M) - B(L*(Q)),
where we recall that LZ(Q) is a Hilbert superspace (see Section 2.4).

Proof. We have shown in Lemma 3.6 that for any f € D(M), £2(f) is a continuous operator
on D(Q). Since D(Q) is dense in Lz(Q), we can extend £2(f) in a unique way to a bounded
operator on L%(Q). Moreover, if we denote by || fIl1 thenormof f € L'(M)=L'BM)® AR

171=3 [ arlsie| =1l
1 BM 1

then it is immediate from the proof of Lemma 3.6 that the constant C s verifies Cy < <C?IfI3,
with C% = Z] o laf It follows that we have, for any ¢ € L%(0),

J@phi.2H@) < V@ plflh.

which means that £2 is a continuous map on D(M) for the topology of L'(M) and for the
operator topology of B(L?(Q)). Since D(M) is dense in L' (M), we can extend £2 in a unique
way to a continuous map: £2 : L'(M) — B(L*(Q)). O

3.3. Preliminaries concerning functional spaces

We start this subsection with a result concerning Schwartz functions on Q, where the space
S(Q) of these functions is defined (as usual) by S(Q) = SBQ) ® AR" with n still the odd
dimension of Q and S(BQ) the standard space of Schwartz functions (recall that BQ is a (real)
vector space).

In the rest of this section, we will use the notation for the variables:

x€Q, £eRM, g=(x.£)€ 0,
weWy, z=(x,&w)eM, y = (Bx, Bw) e BM, 3.4

where we recall that M ~ M, x R%" ~ 0 x W, O ~ Q, x RO and that the odd dimension of
Wy is zero.

Lemma 3.8. For any ¢ € S(Q) and any (x,&,w) € M, we define the functlon Oxew) =
U((x £,0)-(w,0,0))@. Then, faranylp eLZ(Q) the map (x,§, w) = (@(x.£,w) lﬂ) belongs to
S(M).
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Proof. We start with the computation

~ ~ _; _ 1 —0———— ~
(@x.ku)s W) / duxg dgg e 0@ X0 F 301 E80D G (g — x &) — E) (x0, £0)

Z a(l, J, K)/dxoe_i“"w()(x_xo’w)@(xo — )P (x0)EX,

1,J.K
where, using notation as in the proof of Lemma 3.6, we integrated over &y (and just as in the

proof of Lemma 3.6, there are some constraints among I, J and K).
Let us now consider the quantity Z defined by

1= / dx dw (Dfi,u» / dxoe‘i“°“’°"“x°'”’)ml/7j(xo>)P(x,w),

BM

where P is an arbitrary polynomial function and 8 a multi-index. If we can show that |Z| < oo,
then we will have proved the lemma, as it shows that the map (x,&, w) = (@x.£,w), ¥) is
Schwartz. To do so, we start with the obvious observation that we have

IT= / dx dw dxg (Dg,w)eiaowo(xww)@l(xO)J,J (xo0 + x))P(x, w).

We then introduce the operator Oy, = lez(l — alexo), which has the property
0

Oy, (e! 90200, w)y — pidon(x0,w) simply because dy, e 0X00:W) = jggwel 00 X0:) Tnserting the
k-th power of this operator on the exponential and integrating by parts gives us:

I= / dxdwdxo (DL, e 000 X (G (o) (xo +x))) P(x, w).
We then note that we have the equality

D (1400002 Ok (G ey (xo + x)))

1 | o
= ATk Zb}’i (X0, w)ezaowo(xo,w)a))r’é o1 (xo)a)lc/g 8;/3 T (xo + x),
Yi

for multi-indices y; (a finite sum) and functions b, (xo, w) which are bounded by a polynomial
in x¢ and bounded in w. We thus can make the estimation

|by,; (xo, W) P (x, )| |y =—— =

21< Y [ dvdwan P o GGl o b o+ ).
Vi

This will be finite whenever k is greater than dim(BM) + 1+ d (d the degree of P in w) because

with such a k the integrand will be integrable in w and because the integrand is Schwartz in x

and xg. O
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Using the same notation and the same arguments, one can show that the function (x, &, w) —
(@(x,&,w)» ¥) also belongs to S(M). See also [5] for the analog in the non-graded case. Let us
now show that there exists a resolution of the identity in this context.

Theorem 3.9 (Resolution of the identity). There exists a constant C € C* such that

Vg € SBQ) VY € S(Q) Yq1 € Q: /dz@z,t/?m(ql)=C||¢||%1/7(q1). (3.5)
M

Proof. By Lemma 3.8 the integrand is Schwartz on M, so the integral is well defined. Denoting
z=(x,&,w) e M and q; = (x1, &1) € Q, we then compute:

/dx dé dw ((B(x,é,w)v '&)‘;’(x,s,w) (x1,&1)
M

— / dx d& dw dxo d& e—iao(wo(xl—XO»w)+%w1(§,$o—$|))¢(xO _ x)l/?(xo, £0)@(x1 — x).

Using Egs. (3.2) we then obtain

/ o & dw (.0, D) Pir.ooy (1. £1)
M

=ri(—1)" / dx dw dxo g (&9 — &)1 e 7100201 =X0W) G (" ) (x0, £0) (X1 — X)

— (=) / e dw dg e~ 9000 ST 0 (k0. DG (r — x).

Since f dw e~ ia0@0(x1—x0.w) — r02%8(x1 — X0), we get the announced result:
[ e dw Gus o, D160 = € [ axGEBOTC ).
M

with C =rori2%(=1)". O

For any ¢ € S(BQ) the map S(Q) — L2(Q) defined by
¥ /dz@(cﬁz, ¥) =Clgl3v,
M

is a dilation, hence continuous. It thus can be extended to L2(Q).
Note that the resolution of the identity only uses functions ¢ defined on the body of Q. Note
also that for ¢ € S(BQ) and Vz € M, the function ¢, is even but that it may contain nilpotent
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elements, and thus in general belongs to S(Q) ® A, not to S(Q). Note however that we have
VT € B(L*(Q)) ¥§ € SBQ) ¥(x, w) € BM: /dg (G tw)> TPr.tw) €C. (3.6)

Definition 3.10 (Supertrace). Let ¢ € S(BQ) have a non-vanishing norm. We define the trace-
class operators as those (unbounded) operators of LZ(Q), T € O(LQ(Q)), satisfying

e S(Q) C Dom(T). Since S(Q) is dense in L>(Q), the adjoint T* of T with respect to the
positive definite scalar product exists.

e S(Q) Cc Dom(T™).

o [dxdw]| [dE (@(x.tw), T Pxe,u)| is finite. Note that it makes sense due to Eq. (3.6).

For T a trace-class operator, we then define its supertrace by

sTe(T) = %/dz (2. T@). (3.7
o113 A

Proposition 3.11. The supertrace has the following properties:
1. It is independent of p € SBQ) used (twice) in its definition.
2. If Ty and T, are trace-class operators such that T\ T, and T, T are also trace-class, then we
have

STH(TY 1) = (— D2 T (T Ty).

Proof. 1. For T € BY(L?(Q)) and ¢, ¥ € S(BQ) we compute,

1 —_—
T = / dz dgo - @0 T (o)
2

1 / N o
= ———>—=— [ dzdqodz1dq2 ¢.(q0) ¥z, (92)T ¢ (q2) V7, (q0)
CleI217 12 0T TR PR T Vo

1
Cllgl31vI3

/ dzy dga V2, () T2, (q2)

/ dz; dg dzdqo - (q0) V2, (q0)§: (@)TT@_@(%)

_ 1
19113
1 _ -
= ~—2de1 qu wzl(qZ)T“/fm(‘ZZ)’
¥ 115

where we used Theorem 3.9 successively with 1 and @. We also used that there exists a super-
adjoint of T': the adjoint T* exists and has a domain containing S(Q), so as the superadjoint 7'
(see Proposition 2.27).

2. To prove the second property, one uses exactly the same method as for the first: two reso-
lutions of the identity and the use of both superadjoints TlT and T;. m|
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Lemma 3.12. Let T € B (L*(Q)) be an operator admitting a kernel, i.e. there exists a mea-
surable function K : Q x Q — C such that Yy € L*(Q), Yqo € Q, we have TV (qo) =
fQ dg K(q, qo)¥(q). Then its supertrace is given by

sTr(T) = C/dq K(q,q),
o

where C is the constant defined in Theorem 3.9.
3.4. Integration

We now consider a complex Fréchet space (E, | - |;) with its family of seminorms indexed
by j € N. We refer the reader to Appendix A for the definitions of a weight p, of the functional
spaces Dg (M), L}E (M) and Bg (M), and of the E-valued integral. With these notions we observe
that, since L}E (M) = L"(M)® E, the quantization map can be extended by the projective tensor
product [21]:

2:LL(M)— B(L*(Q))®E.
We then attack the notion of the oscillating integral, which allows to integrate functions which
are not Lebesgue-integrable (for example functions in Bg (M) when i ¢ L' (BM)), by using the

phase and integration by parts. See also [5] in the non-graded case.

Theorem 3.13. The functional Dg (M) — E, called an oscillating integral and defined by

f [dx dé dw e210®0EW) £ (x £ ), (3.8)
M

can be extended to a continuous linear functional B’g (M) — E, for any weight u bounded by a
polynomial function.

Moreover, there is only one such extension which is continuous for the topology induced on
BZ (M) by the topolo(g))/ of Bg (M) for any weight ' > wu bounded by a polynomial function
such that limy| o0 L5 = 0.

Proof. For this result, we may assume, without loss of generality, that we have 2ayp = 1, which
simplifies the notation.

e Let f € Dp(M). We will use the basis of Proposition 2.6, so that wy is given by the expres-
sion wo(x, w) = xw (usual scalar product). If we define the operator O by

1
O-NHx,&Ewy=01~- A(x,w))<mf(x’5’ w)>,

then, as in the proof of Lemma 3.8, an integration by parts gives
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/dxds dwein(x’w)f(x,s,w):/dx dg dw "W (0K . f)(x,6,w),  (3.9)
M

M

for any k € N. Moreover, it is not hard to show that there exist functions b* € Bé: (BM) such
that

! > b (x, w)D.

o= —
(1 +x2 +wdk &

e Since p is bounded by a polynomial function, there exist N € N and a constant C > 0
such that V(x, w) € BM, u(x, w) < C(1 + x% + w?)VN. Hence for any f € B’E(M) and
I ={1,...,n}, we have

1 _
T Z 6% (x, w)|Cj i (x, w) < C'(1 +x% 4 wz)N k

k
0% fix,w); < STTe TR 2

with C’ a positive constant and C; j,a,1 asin Definition A.3. It follows that ok . fe L! (M),
provided k — N > dim(BM) + 1. As a consequence, the right-hand side of (3.8) does exist
for f € B’g(M).

e Since |D*f|;, = supyeEM{ﬁy) > 1 IDY D fr()j} =1 flj.y+a, it follows that the map
D“ : Bi.(M) — Bl (M) is continuous.

o Let f e B! (M) and F e B“ (M). By using the Leibniz rule and the equality (f - F); =
Y e, [:J)fj Fgr ., we can compute:

|f'F|j’a=yse%€w w(y) Z‘DQ<JC1 " F )fj(y)ch(y))‘j}
:ysell?agw ﬁ I <Dc§c1 i EI)D?l)f](y)DQ)F% j}
<l , 2 ol
-5 s B
< Z f1pe ,Su { 5 Z|D(2)FK(y)|j} < Z |f1pe 1F1j.Dg, s
& (D)

where we have used the Hopf algebra approach/notation of the Leibniz rule and the fact
that ), |D )fJ | < |f|Da This tells us that the product of functions map Bl (M) x

Bl (M) — B“(M) is contmuous

’ ’
e In exactly the same way one can show that the map Bfé (M) x B% (M) — Bg“ (M) taking
the product of two functions is continuous. Moreover, from the above expression of 0%, one
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nx,w)
deduces that the map O : BX(M) — BUH 7 (M) is continuous as it consists of products
p E E p

and derivations. ,
Let 1’ € L'(BM) be a weight and f € Bl (M) C L} (M). Then:

/

It follows that the integration map Bg/(M ) — E is continuous. By choosing u'(x, w) =

% € LL(M) and assuming that k — N > dim(BM) + 1, we thus have shown that

the map B (M) — E given by

< [avael o0l < [ avifiano) =1l
Tom BM

f /dxdg dw e/ (k. £)(x, & w)

is continuous. Moreover, it is an extension of (3.8) due to Eq. (3.9).

We now will prove that BZ(M) C ath,L/(M)(DE(M)) when u' > u is another weight
E

bounded by a polynomial function and satisfying lim)y| oo m (();) =0.Forany f € B“ (M)
and for any seminorm | - |; pe on B’g (M), we have

‘ﬁ,f D“(“f” fz(y)> }
2 w'(y) j

< D D% D%
>sé11155w{u(y) ,%;J (I)M(y)|’ @y )‘| & 1) }

M(y) D
<) s 2 .
{u(y) Cot, oty iy 1P <3>f’(”|f}

(DY) yeBM

j.D¥ ye]BM w(y)

<) Cog Cog I f1.02

(D%)

where |f];, D, is a seminorm of B” (M). Moreover, |D(1)M| < CD?I)/L because u is a

weight, and D(z) 7 < Cpe - because Df‘z) i is a term of the form % times a sum of prod-

G w
M," . We thus have shown the equivalence f € Bg M) & % fe

ucts
Bl (M).

Now let x, : BM — [0, 1] be a smooth function with compact support and taking the value
1 on the ball of radius p € N* in BM. Then the limit llmpﬁoo( 7 Xp) = <7 is uniform since

llml‘f = 0. It follows that the sequence ( 7 xpf) in Dp(M) converges (for p — 00) to

u/f O
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3.5. Extension of the quantization map

Lemma 3.14. If 1 is a weight bounded by a polynomial, then there exists a weight i >  also
bounded by a polynomial such that

VfeBy(M)Vy eBM: L%f eBRiM),
where Ly, denotes translation over y.

Proof. For any y, yo € BM we have

|D*LY f1b0)|; = L3 DY f100)|; = [D* f1(y +y0)|; < Cjarie(y + y0).

Moreover, there exists a weight i > p bounded by a polynomial such that for all y, yo € BM we
have p(y + yo) < (y)it(yo). Note that /i is independent of y and yo. Then, introducing C ' =

Cj.a,1/1(y), we obtain |D“L;‘,f[ (yo)lj < C'ft(yo). We thus have shown L;f € Bg(M). O
Theorem 3.15. Let i be a weight bounded by a polynomial and 1 € D(Q). Then:

Forany f € Bg(M) and z € M, the element (2(f)n, ;) is well defined in E.

The map z +— (2(f)7n, 1,) is in Sg(M).

The linear map Bg (M) — Sg(M) given by f +— (2(f)n,1n.) is continuous.

For any y € BM, the map ($2(LY /)7, 7.) is in Sg(M), and the map y — ($2(L} f)7,7.) is

.l
in BSE(M)

b

(BM), where i is the weight associated to . by Lemma 3.14.
Proof. Remember that we use the notation (3.4) for the variables.

1. As in the proof of Lemma 3.6, we integrate over the odd variables and obtain* (using the
change of variable x| — x| + xp):

(2(H7.72) = /dxodifo (82(f)) (x0, o) *z, 712 (x0, &0)
0
= V/dXOdEOdX1 dé1 dwy f(x1, &1, wr) d&
—iapQuwy(x1—x0,w1)+ w1 (§1.8)— S 01 (52,60)— L w1 (£1,£2))

xXe

. 1
X 7(2x1 — X0, &1 + &) xg [/ 0TI TI1EIN (g — x £ — £)],

(2N, 7i;)

= Y al. J,K,L)/dxodxldwl Fr(x1, wy)e @00 =000 5 Dy xg)
1,J,K,L

4 As before, we do not write the constraints between the subsets 7, J, K, L.



P. Bieliavsky et al. / Journal of Functional Analysis 263 (2012) 549-603 579

x 00y (g — )

= Y a(.J.K,L) f dxodx; dwy f7 (er + xo, wi)e OV Qx) + x0)
1,J,K,L

x ezaoa)o(x X0, W)

ik (xo — )& (3.10)
But ﬁ_j is bounded, xo — 1k (xo — x) is a smooth function with compact support, and (using
Lemma 3.14) there exists a weight EL independent of xg and bounded by a polynomial such that

(x1, wi) — f1(x1 +xo, wy) is in B (BM). Hence the function

(x1, wy) > / dxo f1(x1 + X0, w7 (2x1 + x0)e  WNETI0OW e (x5 — x)

is in Bl’j- (BM). By using Theorem 3.13, we conclude that the element (£2( f)7, 17;) belongs to E
(see Appendix A for the definition of the E-valued integral).

2. We now recall the definition of the operator Ox; w) used in the proof of Theorem 3.13, but
in the variables (x1, wl): OGupf =0~ " 2 Ay, w]))( 2+ ———— f). We insert the k-th power

of the operator ( 2+ s)(1 — 12 A(x;,wy)) on the phase in (3.10) (on which it is the identity)
0

and we integrate by parts. This gives us terms involving factors of the form 0{;1 wl)(m). Just
as in the proof of Theorem 3.13 one can show that

O, oy (Fr e+ %0, w1)its 21 + x0)
1
T a+ X7+ whk

Zby, (er, wDAZ ) FTe + x0, w)3T 77 2x1 + X0),

for multi-indices y; (a finite sum) and bounded functions by, (xo, w). Now remember that, in order
to investigate the nature of the function (x, &, w) =z +— (£2(f)7, 11;), we have to investigate the
coefficients (functions of x and w) with respect to an expansion into powers of £. What we thus
have obtained so far, introducing the abbreviations f (x1 + x0, w1) = 8();]1 wy) f1(x1 + xo, wy)

(which is in Bg (BM)) and n(2x; + xg) = 8y2n1(2x1 + x0) (which is in D(BQ)), is that these
coefficients are finite linear combinations of terms of the form:

by,- (xlv wl)
(14 x{ +wH*

iapwo(x —xo,w)

/ o dy; duy e =200 10D 1 1 xo, w)A2x + x0)

xe Nk (xo — x).
Let us now use the operator Oy, for the variable x¢ just as in the proof of Lemma 3.8: Oy, =
(11— al—gA xo) 1+1W (note that this is not an exact equivalent of the operator O(y, ) because here

the function 1/(1 + w?) commutes with the Laplacian). As it acts as the identity on the phase
el 0®0(x—X0,w) "we can insert the [-th power of it and integrate by parts. We can also prove (just
as before) the equality
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0L (f Ge1 +x0, w)AQ2x1 + x0)iik (x0 — X))

1 ~ . -
= T5wy > 508 f (er + x0. wi)AZH (21 + x0)8% 7k (x0 — x),
3

for multi-indices §; (a finite sum) and constants c5,. We now introduce yet another set of abbre-
viation by writing F (x] 4+ xo, w1) = 8)‘35 f(xl + x¢, wq) (which is in Bl’j-(]B%M)), ©(2x1 + x0) =
922/(2x1 4 x0) (which is in DBQ)), ¥ (xo — x) = 3237k (xo — x) (which is also in D(BQ)) and
b(x1, w1) = cs;by, (x1, w1) (which is in B 1(BM)). With these abbreviations the coefficients of
(£2(f)n, n,) with respect to the powers of the variables £ are finite linear combinations of terms
of the form:

b(x1,wr)
(1+x? + whHr 1 + w2y
x F(x1 + x0, w)@2x1 + x0)¥ (xo — X).

e—2ia0wo(x1,wl)eiaowo(x\f—xoyw)

I(x,w) =/dxodx1 dw

To prove that (£2(f)7,7.) is a Schwartz function, we will show that the quantities |Ip g|; are
finite, where P is any polynomial function on BM, f any multi-index and /p g defined as

[P’ﬁzfdxde(x,w)Dﬂ I(x, w),

(x,w)

simply because a function is bounded if its derivative is integrable. We start by giving the explicit
expression of Ip g:

8 b(x1,wy) —Diagwo(x1,wy)
Ipg= [ dxdwdxgdx; dw; P(x, w)D e TR
P.p / 0dx1dwn P(x, w) <X~w><(1+x$+w%)k(l+w2)l

x ' 0NN E () 4 x0, w1)@(2x1 + x0) ¥ (X0 — x)>.
Next, as before, we write

B
D(x,w)<(1 + w?)!

1 v (r—
T+ w?) D di(x —xo, w)d Y (xg — x)el WO,
A

eiaowo(x—xo,w)w(x() _ x)>

with A a multi-index and d, a function bounded by a polynomial of degree |S|. Using this ex-
pression we obtain

P (x, w)b(x1, w)dy(x — xp,
(1 +x7 +whHk A+ w?)!

w)e—2ifl0wo(xl,w1)

Ipp :Z/dxdwdxodxl dwy
A

x 100000 By 4 xo w1 )@ (2x1 4 X082 Y (X0 — x).



P. Bieliavsky et al. / Journal of Functional Analysis 263 (2012) 549-603 581

It follows from Lemma 3.14 that | F (x| 4 xo, wy)|; < |F| D i1, wi) i (xo, 0), hence|F|("g<

|F |(“ ) By performing successively the changes of vanables. X0 > x0 — 2x1 and x — x9 —
2x1 — x, we obtain

|(,L) [ (x1, wi)ii(xp, 0) P (xp — 2x1 — x, w)|

1 dx dwdxgdx;dwy |F
lppli < Z/ odx;dwy | 0+ 22 + wE( F 0

x |b(x1, wi)dy(=2x1 — X, W) (x0)d} ¥ (x)|.

Using appropriate values for k and /, and because ¢ and ¢ are functions with compact support,
it follows that the above expression is finite, so that (£2(f)#, 11.) is indeed a Schwartz function.
3. From 2 we deduce that [(£2(f)7,7.)|v,j,s (Which is bounded by terms of the same form
but with seminorms | - |U j.p see Appendix A) is bounded by terms of the form | f]; , which
proves continuity.
4. If we replace f by L*f in 3 and if we use w(y + yo) < (y) (o) (see Lemma 3.14), we
obtain:

o, B [(2(L5 )i i) W\anmmﬁ“;,

where the sum over the multi-indices « is finite, and the C, are positive constants. 0O

In the rest of this section we will no longer consider an arbitrary Fréchet space E, but only the
particular case of a complex Fréchet algebra’ (A, | - | 7). We also assume that A is endowed with
a continuous involution denoted by a > a. On the space L>(Q) ® A we will use the topology

defined by the seminorms | - |3.h) defined as

Vo LX(Q) @A || = ‘f
M

where *¢ denotes the Hodge operanon with respect to the variable & (see Section 2.3). Its com-
pletion will be denoted by L2 (Q) ®n) A where we added (h) to differentiate this completion

from other types of topological tensor products (see [21]).

A priori, for any f € BK(M), the map £2(f) is an unbounded operator from L%(Q) to
L*(Q) ®m) A. Theorem 3.15 shows that S(Q) C Dom(£2(f)). In fact, we will prove that
for u=1(f € B}X(M)), the map £2(f) is a bounded operator. We thus consider the space
L(L*(Q), L*(Q) ®n) A) of continuous linear applications, endowed with the topology of
bounded convergence (see [8]).

Theorem 3.16. The quantization map
2:By(M) —> L(L*(Q), L*(Q) ®a) A)

is continuous.

5 This means in particular that the product is continuous for the topology determined by the seminorms. We do not
assume that each seminorm is submultiplicative.
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Proof. First, note that (¢, 2(f)V) = (@, *Q2(/)Y) = (—DIPIOTD (xg Q2(f)), so that it
suffices to consider (@, 2(f)¥) (@ — (—D!?1+D 4 G is a bijection). We then write z; =
(xi, &, w;) € M and y; = (x;, w;) € BM and we denote by (-,-) the scalar product of func-
tions on BM. With these notations we use the resolution of the identity (see Theorem 3.9) on

(@, 2(f)¥) giving

- - 1 SR - Ve
(720 = i [ 421422 @i 2R
2
a(l, J, K) -~ . - - ~
= Z o | S i) (1 2(F1)ilyy) Gy ¥k,
where I, J, K are subsets of {1, ..., n} with some unspecified constraints among them, where

a1, J, K) is a real number, and where 7 is an element of S(BM) with non-vanishing norm. We
then can make the following estimates:

3 la(Z, J, K)|

(g, 2Hv)|, < dy1 dy2 (@1, Fiy) || (fiyes 2FD )] | Giyss 0|
J J

T Clial

1

1,J,K 5.7 i 1 Z

< M(/dm dyz!(wz,nyl)|2|(’7>’wmff)”””/’)
S CRlil3

1

< ([ anarn | 20|l 0l )

1
I,J,K 7 ] 2
<) |Ol(c2||n||4)|</dy1|(<p1 )| ) suP(/dy2|(ny“9(fj)ny2)|f>

1,J.K
x SUP</dy1 |(ﬁy1,s2(fj>ﬁyz)|j)2(/dyz|(ﬁyz,&m}2)2. (3.11)

y2

Looking at the factor f dy1 |(¢r, f;y|)|2 we have

/dyl (@1, ny1)| = C'il3 161113 < Clallz 1115,

where we used the resolution of the identity just on BM (with another constant C’) and the fact
that [|¢113 = 3=, g1 13- In the same way one can show that [ dy2 |(7ly,, ¥x)I* < C'IFII3 1113
Next, by definition of 7, and §2, we have

(ﬁYI"Q(fJ)ﬁYZ) (nHvU(yZ)‘Q(L)sz) ) (ny v’ (L;ij)ﬁ)

Using point 4 of Theorem 3.15, we deduce that, for all j and for all polynomial functions v on
BM, there exist constants C,, > 0 (where « runs through a finite set of multi-indices) such that
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1
0 P < C—
| (v (£ )|, Z o= e

simply because it = 1 when u = 1. When we plug all these inequalities in (3.11) we obtain that,
for all j, there exist constants C, > 0 (and remember, « takes values in a finite set of multi-
indices) such that

VfeBr(M) Vg, ¥ e LX(Q): (6. 2(NT)|; <D Calgll¥lal flja- O

3.6. Construction of the deformed product

First, we consider the space B(}:(M ) which contains the constant function z +— 1. We assume
in the following that the map 2 defined on this space (see Theorem 3.16) is compatible with the
unit, i.e. £2(1) = 1. This corresponds to fix the constant y as

(_l)ﬂ

= - 3.12
4 ror1(1 4+ a)” ( )

in the expression of £2 (3.3). Remember that 7y and r; have been defined in (3.2).
Using the notation of the previous subsection with the Fréchet algebra A, we now introduce
the deformed noncommutative product.

Proposition 3.17. Using two independent parameters ) and k, we define the bilinear map * :
Da(M) x DA(M) — C*(M,A ® A) by

(f] * fz)(Z) — K/dzl dZQ fl (Zl)fz(zz)eZiao(wo(xz—x,wl)+w0(x—x1,w2)+w0(x1—x2,w))

x 62iao)~(w1(§,$1)+w1(§|>52)+w|($2,§))’ (3.13)

forany fi1, f>» € Da(M) and any 7 € M, using the notation (3.4). This map can be extended:

o to Schwartz functions x : SA(M) X SA (M) — Sa(M);
o to the symbol calculus * : BK(M) X BZ (M) — BK“ (M) by using the oscillating integral
with . and p' weights bounded by a polynomial and [i and i’ the associated weights ac-

cording to Lemma 3.14;
® asx: BZ(M) X SA(M) — SA(M) and x : SA(M) x BX(M) — SA(M).

Moreover, in each case the extended bilinear map is continuous for the topologies involved.

Proof. e By using the continuity of the undeformed product of A and operators O§1 and O,IH , on
the phase as in Theorem 3.15, one finds that | f dz P(z)Df(fl * f2(z))|; is bounded by a linear
combination of seminorms of f] and f; in Sp (M), for any polynomial function P on BM and
any multi-index 8. This proves the existence of the product f| x f>, the fact that it is in Sa (M),

and the continuity of .



584 P. Bieliavsky et al. / Journal of Functional Analysis 263 (2012) 549-603

e By a change of variables, we can express the product as:
(fl * f2)(Z) =K / dZ] dZ2 fl (Zl + Z)f2(Z2 + Z)ezmo(a)o(xz,wl)*wo(m,wz)+kw1(%‘1,§2)).

As we have the estimate [0 (f1)7(x1 +x, w1 + w)|x < |f1|(”),u(x1 wi) i (x, w), it follows that

| f1* f2|§f2 g ) is bounded by a linear combination of seminorms of f1 and f>.
o This follows in the same way as the first extension. 0O

Proposition 3.18. If we choose the values )\ = —% and k = W’ then the product de-

fined in Proposition 3.17 corresponds to the product of operators via the quantization map S2:

VieB\(M)Vfre Bfi/(M): Q(f1x f2) =2(f1)82(f2).

In the sequel we will always assume that A and k have these values and we recall that y is given
by (3.12).

Proof. After some elementary computations, by using Eqgs. (3.3) and (3.13), we obtain, for ¢ €

S(Q),

Q(fi* £)¢(g0) = yxro / d dzy dzp fi(21) f2(z2) ds €020t 0 ) F 2002000 02)
2140 (2201 (§.81)+21w1 (§1,62)+22w1 (52, ) +301(.80)— S 1 (€5.50)— 3 (@t Doi (§.55))
X @(2x2 = 2x1 + x0, & +&5),

and

2(f1)22(f2)@(qo)
= (-1)"y? / dg3 dz1 ez f1(21) f2(22) dég €000 F200 (7 H0. 1))
% elao(zwl(él £0)— G w1 (£3.£0)— 3 (@+ Doy (£1.63)+ y o1 (E2.61+£3)— G o1 (E4.61+E3) — 3 (a+ D) (82.4))
X @(2x2 — 2x1 + x0, &2 + £4).

In the above expressions, we used the notation z; = (x;, &, w;) € M (fori = 1,2), &, &3, &4, &5
are odd coordinates of M and go = (xo, &0) € Q. It then suffices to apply the change of variables
(,&) > (&= ——E + 51 +&s5,&4 = &5+ & — &), whose Berezinian is (—1)" (1+ , to obtain
the result. O

Note that if A is unital, then 1 « 1 = 1 (of course for the given values of A, «, y). If « = 1, the
product is given by the formula

(fl * f2)(Z) =K / le dZ2 fl (Zl)fz(ZZ)e—2iaO(w(ZlyZZ)"l‘LU(ZLZ)"l‘C()(Z,Zl))’

which is a unified expression in the even and odd variables.
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Proposition 3.19. If A is endowed with an involution (satisfying a -b=b - a), then:

VAeBAMYEH eBY (M) Fix o=DNIARLR ) =20.

Proof. This is a direct computation using the given expressions for the product (3.13) and for
the quantization map (3.3). O

Lemma 3.20. For f € BK(M), with (. a weight bounded by a polynomial, and for 71 € M, the
operator $2(f)$2(z1) is trace-class (see Definition 3.10).

Proof. For ¢ € S(Q) and z = (x, &, w) € M, an elementary computation gives

f d& (¢ R(H)REDG)= Y BU.J.K) f dixo dxa dwa @7 (xo — x) f7 (x2, w2)

1J.K
X @k (xo — x +2x1 — 2x3)

% @2ia0(@o(xa—x0,w2)+wo (x1 —=2x2+x0, w1)+wo(x1—x2,w))

We then apply the same techniques as used in the proof of Theorem 3.15: using the operators
Oy,, Oy, and O,,, and applying the change of variables x — xp — x in

J

fdxdw‘fdé(@z,ﬂ(f)ﬂ(m)@z) ;

we can insert arbitrary powers of L o L 5> and 1 > into the above integral, allowing us to
1+w I+xg I+w3

show that it is finite. O

If one computes the supertrace (see Eq. (3.7)) of the operator £2(f)$2(z1) (with f € BK(M )
and z1 € M), one finds zero. Therefore, we will twist the supertrace by an odd Fourier transfor-
mation to define the Berezin transformation.

Definition 3.21. We define the Berezin transformation by sTr(£2(f)$2(z1)Fp), for f € BK(M )
and z; € M. This expression makes sense because of Lemma 3.20. Here Fg denotes the odd
Fourier transformation with parameter g:

V§ e L2(Q): Fpp(xo.Eo) = / dt e V051 ). (3.14)

Proposition 3.22. The Berezin transformation is equal, up to a numerical factor, to the identity.
More precisely, if i is a weight bounded by a polynomial, then

VfeB(M): sTr(2(f)$2(z1)Fp) =r1(u> D" £ @z).

l+a
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Corollary 3.23.

e The quantization map S2 is injective on BK(M ), for any weight u bounded by a polynomial.

e The product * : BZ(M) X BK,(M) — Bgﬂ, (M) is associative (needs Proposition 3.18 and
the injectivity of §2).

Example 3.24. We compute here the deformed product at low odd dimensions. On the right-hand
side, the product f; x g; (for functions f; and g; of the even variables only) denotes the usual
Moyal deformed product (see (6.2)).

e For n =1, we have for any f € S(M) the decomposition f(x,&) = fo(x) + f1(x)&. And
then the deformed product is given by the formula

(f*8)(x, &) = (foxgo)(x) + a)z(fl *g1)(x)

i
ap(1 +
+ ((forg)(x) + (f1 % g0)(x))E. (3.15)

e For n =2, we have for any f € S(M) the decomposition f(x,&) = fo(x) + fi(x)&' +
fr(x)é 24 fa(x)& 1 & 2 In this case the deformed product is given by the formula

2

s(f1xg1+ faxg2) + f3%83

io o
ap(1+a) a3 (l+a)?

(f*8)(x,8) = [fo*go +

5(faxg3—f3 *82)>$]

i
+<f0*gl+fl*80— m

a)z(f3 *g1— fi *g3)>5§2

o
+(forxga+ orgo— ——s
(fo g2+ f2* 8o T

+(foxgs+ fxgo+ fixgr — fz*gl)éléz}(n

Note that the algebra (S(M), x) has a (Zz)z-grading, which is isomorphic to the space of
quaternions H when the even dimension m is zero. This result can be generalized for arbi-
trary n, as we will see in the next theorem.

Theorem 3.25. The product introduced in Proposition 3.17 generates a Clifford algebra, when

restricted to the odd coordinates of M. More precisely, if S(M) is endowed with the deformed
product, we have the following isomorphism of graded algebras:

S(M) =~ Cl(n,C) ® SBM),

where the grading of S(M) corresponds to the usual Z;-grading of Cl(n, C), and where S(BM)
is endowed with the Moyal product.

Proof. The proof of this theorem will be given in Appendix B. O
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Note that this result is already given at the formal deformation level in older papers (see for
instance [25], where the deformed algebra is isomorphic to the Clifford—-Weyl algebra). If the
parameter « goes to 0, the part A\ R” in S(M) ~ A\ R" ® S(BM) remains undeformed while the
part S(BM) is endowed with the Moyal product.

Proposition 3.26 (Tracial identity). Let . and (' be weights bounded by a polynomial and let
fe BZ(M) and g € BK (M) be such that f xg € Lk(M). Then we have the equality

/ Az (f x8)(@) = / dz ()5 (2).

M M

Proof. This follows from direct computation using the identities (3.2) and the given value of the
coefficientk. O

Corollary 3.27. (D;1(M), ) is an associative Fréchet Z;-graded algebra, endowed with the
integration as a supertrace: str(f) = fM dz f(z) for f € D1 (M).

Proof. We refer to Appendix A for the definition of D;1(M). Since D;1(M) C D;2(M),
D;1(M) is an algebra for the usual supercommutative product. The deformed product is de-
fined on it and the tracial identity of Proposition 3.26 shows that this space is stable under the
deformed product. Moreover, the product is continuous for the topology of D;1(M). O

4. Universal Deformation Formula

The deformed product introduced in Section 3 will allow to deform algebras A on which the
supergroup M acts, and the deformed product on A (or rather on the subspace of its smooth
vectors) will be called the Universal Deformation Formula (UDF). We first give in Section 4.1
the conditions that an action of the supergroup on a Fréchet algebra A has to satisfy for the UDF
to be applicable, and we show that the smooth vectors of A for this action are dense in A. Next
we associate in Section 4.2 to each smooth vector an element of B}&(M ). Using the deformed
product of Section 3, we then construct a deformed product for the space of smooth vectors of A.
Finally, in Section 4.3, from a C*-superalgebra A, we can complete the smooth vectors’ space
endowed with the deformed product, into a new C*-superalgebra.

4.1. Action of the Heisenberg supergroup

Recall that M = G/(ApZ) ~ R™" (see Section 3.2). As AgZ C G is normal, M has a group
structure which turns out to be abelian: Vz,7 e M, z- 7/ =7+ 7.

Now let A be a complex Fréchet algebra and let p: M x (A ® A) - (A ® A) be an action
of M,ie.:

po=1id and Vzi,z20 €M, .7 = 0z 0z,

such that Vz e M, p, : (A ® A) > A ® A is an A-linear algebra-automorphism. By writing
z=(y, &) and expanding into powers of £: p(, &) (a) =D, py (a)7&! fora € A, we assume also
that p is strongly continuous in the sense that
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VyeBM, VI, Yac A, py(a); €A,

YaeA, p%:z+ p;(a)iscontinuous (for the DeWitt topology),

and that p is subisometric:
3C >0, Yac A, VI, Vj, 3k, Yy e BM, |py(a),|]. < Clal.

Note that one could interpret p as an action of the Heisenberg supergroup G on A ® A with a
trivial action of K = AyZ. See [34] for the non-graded case.

Definition 4.1. The set A® of smooth vectors of A is defined as
A® = {a €A, 2 p.(a) e COO(M,A®A)}.
Proposition 4.2. The set of smooth vectors A% is dense in A (for the topology of A).

Proof. e For any a € A and f € D(M), we define

b= / dz0 £ (20)pzg (@)-

M

As we integrate in particular over the odd variables in zg, a belongs to A. And then, forall z € M,

pa(@) = / dzo fz0) (=D oo (a) = f dzo £z (DD 5 (a)

M M
= f dzo f(z7" - 20) (= DFI D, ().
M

Since f € D(M), 7+ p;(a) e C*°(M,A® A) and a € A*°.
o Now let x € D(BM) be such that f]BM dy x (y) = 1. If we define, for p € N*, the function
x1 by x1(y) = p" x(py), then it gives us an approximation of the identity: x 1 (¥) = p— o0 (3).
14 4 V4

If we define f,(y,&) = x1 (»)&" with (y, &) € M, then f, € D(M) and the elements
P

ap 3=/dyd§ fp(3. &) oy, (@) = / dy X%(Y);O(y,O)(a)

M BM

have the property lim,_, oo @, = p(0,0)(a) = a (in the topology of A) because p is strongly con-
tinuous. For any a € A we thus have constructed a sequence (a,) of smooth vectors converging
toa. O
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4.2. Deformation of Fréchet algebras

With notation as in Section 4.1 and using the action of M, we will construct a deformed
product on A®°.

Lemma 4.3. For any smooth vector a € A*°, the map p® = 7+ p;(a) belongs to B}&m (M).
Proof. We start by recalling the definition of the set of bounded functions on M:

B\(M)={feC®M,A®A), VDP, ¥j, VI, 3C; 5, >0, ¥y € BM,

IDP fi»|; < Cjpa)-

The differential operators D? can be realized as tensor products of vector fields on M generated
by elements of Bgg. We note Df = P with P € U(Bgo). Then, for any g = (h,£) € G and
X € Bgo, we have

~ d
Xg'pazd_pgetx(a) :Pg(Xﬂ),
! =0

where X.a := %,oerx (a)|t=0- In the same way, for P € U(Bgo), we find ISg.p“ = pg(P.a).
~Since P € U(Bgp) does not contain odd variables, we have for any & € BG, I;;,.(,oal) =
(Pp.p") 1 = pn(P.a);. And thus, Vy € BM,
iﬁypal|j <

{1Puo1];} {[en(P.a)1|;} < CIP.alk

sup = sup
heBG heBG

for C and k coming from the subisometry of p. This shows that p? € B [L(M ).

It is immediate to see that Yy € BM, Va € A, VI, we have p,(a); € A*, and thus p¢ €
Blw(M). O

Corollary 4.4. (A®, -) is a Fréchet algebra for the seminorms

3 . al®
|a|P,j—y:ﬂ;ﬁlj)l{ypy'(pal)}j}_}’Oa j.B

with a € A® and P = DP, where P € UBgo).
Proof. It is straightforward to adapt the proof in [34] to the graded case. O
Lemma 4.5. We have the following identities (using notation as before):
o Vfi € By(M), Vz,20 € M, we have p;,((fi1 * f2)(2)) = (0z(f1) * pz,(f2))(2), where we
define p,(f)(2) = pzo(f(2)).
o Ya,be A®, Yz e M, we have (p x pP)(z) = ((p.p%) * (p20?))(0).

Proof. This is a direct computation using the explicit form of the product (3.13). O
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Proposition 4.6. Using the product x (3.13) on B}qoo (M), we define a product x, on A by:
VYa,be A™: ax,b:= (,oa * pb)(O).

This product is associative and (A*, x,) is a Fréchet algebra. It is called the Universal Defor-
mation Formula (UDF) of the Heisenberg supergroup for Fréchet algebras A.

Proof. By using successively the two identities of Lemma 4.5, one can compute that we have,
VYa,bec A®,VzeM,

pz(p" % 07(0)) = ((p:0%) * (p20")) (0) = (0 * °) (2). 4.1

b L .
We thus have, p®®***")O) = pa 4 pb To prove associativity we write, Ya, b, c € A,

(a *p b) *p ¢ = (p(Pa*Ph)(o) *pC) (0) — (pa * pb *pc) (0)’
where we used the associativity of the product (3.13). O
4.3. Deformation of C*-superalgebras

Let A be a C*-superalgebra. It is in particular a Fréchet algebra so that we can use the results
of Section 4.2 for A.

We will consider the minimal tensor product B(L*(Q)) ® A, which means the completion
with respect to the operator norm of B(L*(Q) ® H) if A is embedded in B(H). It is a C*-
superalgebra since L%(Q) ® H has the structure of Hilbert superspace (see Proposition 2.29).

We consider A ® A as a graded vector space for the total degree (sum of the degree of A and
the one of A) of this tensor product. Then, we can endow it with a product and a superinvolution
(see Definition 2.30): Va, b € A, Vn,n' € A,

@en-(ben)==D""a-»emHhy), (@on'=(@")en

Lemma 4.7. (B}&(M),*) is a graded associative algebra for the total degree: if f(y,&) =
Zl’j fl,j(y)gl with f1 j(y) € Aj, then | f j| = |I| + j. Moreover, the superinvolution on A
can be extended to a superinvolution for the total degree on B}A(M ).

Proof. Due to Corollary 3.23, we already know that (B[L(M ), %) is an associative algebra. It
is immediate to see that the product x given by (3.13) is compatible with the total grading.
Since A ® A is endowed with a superinvolution (see the beginning of this subsection), we can
extend it to the graded algebra B[L(M) by defining: iy, &)= Zl’j fl,j(y)Tél. Then, a direct

computation shows that Vf, g € B};(M), (f*g)F = (=D lglg™ « £T for the total degrees | f|
and |g| of the functions f and g. O

Proposition 4.8. The quantization map
2:By(M) — B(L*(Q)) ®A

is a homogeneous superinvolutive injective continuous morphism of algebras of degree 0.
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Proof. The norm on the algebra B(L?(Q)) QA is given by
(D, TY)|
ITI= s S
o wer2@erno 12NV

We proceed here with the same philosophy as in the proof of Theorem 3.16. We first notice that
we can deal with the superhermitian scalar product. Then, we can make use two times of the

resolution of the identity. For @, ¥ € L*(Q)®Hand f € B); (M), it gives

1,J,K - - - -
(@, 2(Hw)| = Z 01(27~4) dy1dy2 (@1, 1y)s (yy> 2FD71y) gy WK )y,
la(l, J, K)| - - - -
= Z C2 ~14 dyldy2 ||(¢Iv ny1)”H||(ny17Q(f])nm)”A”(nyz, lIIK)”H

which corresponds to the first line of Eq. (3.11). By using two analogous arguments:
/dyl [(@1. i) |5 = ClIaI31®11> < Clal I 11,

1
|f|0{a

5 ,Q - < C/ -
|G- 205 < 2oy,

o

where | f|q = SUP R M >/ IID* f1(»)lla, we arrive at the conclusion:

VFeBY\M VO, ¥ e LX(Q)@H: [(@.2(H¥)| <D Call® @]l fla-

which shows the continuity of £2.
Furthermore, the algebra-morphism property is given by Proposition 4.6 and the injectivity by

Corollary 3.23. Proposition 3.19 shows the superinvolutive property, whereas Eq. (3.3) expresses
the fact that §2 is of degree 0. O

Let us now make the additional assumption on the action p : M X (A® A) — (A ® A) that it
is compatible with the superinvolution and the total degree:

1 f
VaeA: (p")'=p, o =lal, (42)
just as we did for C*-superalgebra morphism in Definition 2.30.

Lemma 4.9. With this additional assumption, the map p : (A%, x,) — (B}&(M), *) defined by:
0 a > p%, is a superinvolutive (injective) isometric morphism of algebras of degree 0.

Proof. Isometry is immediate from the definition of the seminorms on A in Corollary 4.4. The
algebra-morphism property can be shown in the following way: Va,b € A*°,Vz e M,

pelaxp b) = p(p® % p" () = (0“ » ") (2,

using Eq. (4.1). It follows that we have p@»? = p% x p?. O
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Theorem 4.10. The map 2 0 p : (A, x,) — B(L*(Q)) ®A is an injective superinvolutive mor-
phism of graded algebras of degree 0, and is continuous with respect to the Fréchet topology
of A®°. Using this map we can define the norm

lall, = $2(o")]

on A%, Denoting by A, the completion of A* with respect to this norm, (A, *,, - o) isa
C*-superalgebra.

Proof. This follows directly from Proposition 4.8, Lemma 4.9 and the fact that 3 (L3(0)®A
is a C*-superalgebra. The isometry property of the superinvolution also holds:

T

vaeA: |a'|, =20 =20 =20 =lal,. ©

The expression of the product *, given by Proposition 4.6, together with the construction of
the deformed C*-superalgebra of Theorem 4.10, is called the Universal Deformation Formula
(UDF) of the Heisenberg supergroup for C*-superalgebras.

5. The quantum supertorus

In this section we apply the UDF on some geometric examples. We first consider in Section 5.1
an action of the supergroup M on a compact trivial supermanifold X with certain conditions on
this action. This induces in a natural way an action of M on the C*-superalgebra C(X), which
we then deform into another C*-superalgebra but now non-supercommutative. As a particular
example we consider the case where BX is the 2-dimensional torus in Section 5.2.

5.1. Deformation of compact trivial supermanifolds

We consider a trivial compact supermanifold X = X, x R% of dimension p|g (and thus X,
is a supermanifold of dimension p|0 completely determined by BX, = BX which is compact).
We also consider a smooth action 7 : M x X — X of the abelian supergroup M ~ R™!" on X.
As we have the direct product X = X, x R%, any element u € X is a couple u = (v, n), with
v e X, and n € R%_ If we decompose an element z € M = R™" in even and odd coordinates
z=(y,&) with y e R™9 and &£ € R%”, we can decompose the two entries of 7. (u) € X, x R4
with respect to powers of the odd coordinates as follows:

Vz= (&) eM=R" zu= (09,60, x,v)},&07),

with (ryv)", ; smooth functions on BX x R™, such that (tyv)(,) ; and (tyv)} ; take values re-
spectively in BX and in R?. Due to parity, we must have in particular (ryv)‘} 7 = 0 whenever
i+ I+ |J]=1.

We now make the additional assumption that V(I, J) # (4, ¥) we have (zy v)(} ;7 =0. We thus
have (7,v)%,6/n’ = (t,v){),, which we will shorten to (ryv)? € BX. This means that we assume
that the elements of the form (0, £) € M do not act on X,,. We also assume that every component
(tyv)yy (k€ {1,...,q}) of (zyv)}, is uniformly bounded in y.



P. Bieliavsky et al. / Journal of Functional Analysis 263 (2012) 549-603 593

We finally define C(X) ~ C(BX) ® /\RY to be the completion of C*°(X) (complex super
smooth functions) with respect to the norm || f|l = Y, | filloo (see Remark 2.20). Note that
C(X) does not correspond to the space of continuous functions X — A for the DeWitt topology.

Proposition 5.1. The algebra A = C(X) is a C*-superalgebra. If we denote by p : M x (A ®
A) = (A ® A) the natural action of M on A:

VieCX)VzeMVueX: p(f)w) = f(t1u) = f(1_.u),

then we have the inclusion C*°(X) C A®°, and Theorem 4.10 applies, yielding a deformation
(Ap,%p, T, 11+ || o) of A. The deformed product is given by the following explicit formula: for all
frg €A™,

(f *p )=« / dz1dzs f(-[_z] u)g(r_zzu)ezmo(wo(xz,wl)—wo(xl,w2)+kw1(§1,Sz))’ (5.1)

where k and A are given by Proposition 3.18.

Proof. We first note that we have the inclusion C(X) C L°°(X) and that L*°(X) is a C*-
superalgebra multiplicatively represented on L?(X) (see Example 2.32). Since C(X) is a com-
plete subalgebra of L°°(X) which is closed with respect to the superinvolution (which here is
complex conjugation), C(X) is also a C*-superalgebra.

Next we check that the action p : M x (A ® A) — (A ® A) satisfies the conditions given
in Sections 4.1 and 4.3. Using notation as before we have: Vz = (y,§) e M, Vu = (v, n) € X,
VfeA,

K
p (W)=Y fi((T-yv)°) (Z(r_m},(—s)’nf)
K 1,J

=3 fx (@) T D2 ey, (—&) i, (5.2)
K

kekK Iy, Jy

e Since 7 is an action, it follows immediately that we have Vz,z2 € M, p;,47, = pz, Pz, and
po = id.
e By definition of the product of functions we have:

ViigeAVzeMVYueX: p(f -g)w)=(f 8 (T—u)=f(r_u)g(t_u)=p,(f)p:(g).

e Since T is smooth, since f € A, and because of (5.2), the coefficient (a function!) of &/ in
pz(f): py(f)1 belongs to A for all y € BM and all /, and the map z — p,(f) is continuous
with respect to the DeWitt topology.

e VyeBM,VI,

loy(Hef ="

J

S k(@) [T Yo ayoh (—nf H :

K keK I,Jx
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where § is some integer depending on I, Ji, and where we have, for the summation, the
constraints | |,.x Ix =1 and |_|;cx Jx = J. Then,

1_[ Z(T* .)Ik-]k( 1)ﬂH

keK I,Jx

|y (]l < anKnoo

Using that (7_yv) }Jk is uniformly bounded in y, v, I, J, k, we obtain the subisometry prop-
erty: there exists C > 0 such that

VyeBMVIVfeA: |py(fi] < CZ I fx loo = CIlI£1I-

e Careful inspection of (5.2) tells us that the non-vanishing terms must satisfy » ", (| /x| +
|Jk) = | K|, which 1mmed1ately implies that we have o= fl-

e As the terms (r_yv)” are real, we have ,of ,of

We thus have shown that all hypotheses needed for Theorem 4.10 are satisfied: conditions on
p at the beginning of Section 4.1 as well as Eq. (4.2). Hence we can construct a deformed C*-
superalgebra (A, x,, - ll,). Note that for f € C*°(X), the map z — p,(f) is smooth, because
the action 7 is smooth. O

Note that in the above proof, if each derivative of y — (7_ yv)o is non-vanishing, the theorem
of composition of functions implies that A = C*°(X).

5.2. Deformation of the supertorus

Let us now consider the special case of the trivial supertorus X = T2, i.e., the (unique)
compact trivial supermanifold of dimension 2|n such that BX = BX, = T? = R?/Z? and
X = X, x RO We will describe X by the global “chart” whoi gt e A(z) x A with
periodicity conditions

(vl +1,02, n) = (vl, v2, n) = (vl, V241, n).

On X we define an action of M = R?/" by translations:

Vi=(y,§)eMVu=w,nNeX: ju=u+z=wW+y,n+§).

It follows that we have

1.k 1.k
(Tyv)(y)jg =v+Yy, (fyv){i}@ = ik, (Tyv)g){j} = 8jk9

for i, j,k € {1,...,n}, while all other terms vanish. Hence the conditions of Section 5.1 for ©
are satisfied. We thus can apply Proposition 5.1 to obtain that A = C(T?") ~ C(T?) ® A\ R" is
a C*-superalgebra and that we have the equality A% = C*°(T?") (note that each derivative of
y = v 4+ y is non-vanishing). By defining the action p of M on A by p,(f)(u) = f(t_,u), we
thus can deform A® into a noncommutative C*-superalgebra (A, %, - o). We will denote

the deformed algebra by T;ln and call it the quantum supertorus.
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Let us now describe, for n =1, 2, the deformed produc_t of generators of C Oo(’]I‘2|”). Our first
observation is that C*°(T?) is generated by ¢*™* and ¢%” (changing notation to x = v! and
y = v?), because of the periodic conditions satisfied by elements of C*(T?).

e The case n = 1: the generators are the functions eHmY G2y and Ee RO A direct compu-
tation shows that we have (up to a multiplicative factor and introducing 6 = 1/ag):

e217ry *eZlnx — 8217196217”7 *eZlny’ %.*%. — 1’

e2inx*$:$*62inx’ eziﬂy*%-:%-*eziﬂy'

e The case n = 2: here the generators are the functions e2mx G2y and & ne ROZ, Using the
same notation as for the case n = 1, we obtain (again up to a multiplicative factor):

eZmy *eZznx 21719e2171x *e2z7ry’

=e ExE=nxn=1 Exn=-nx*§,
€2iﬂx*§ =§.*62iﬂx’ eZiﬂy*S =$*62iﬂy’
e2i7rx"(77 — 77*621'71)c’ eZiny*77 =77*821'7ry.

6. An application to a noncommutative quantum field theory

In this section we will re-interpret the renormalizability of a certain model of noncommutative
quantum field theory. After having introduced a trace in Section 6.1, which we will need to define
an action functional, we interpret in Section 6.2 the renormalizable action with harmonic term
[20] as a ¢*-action on a deformed superspace. We show that the Universal Deformation Formula
is indeed universal for the ¢*-action with respect to renormalizability only if an odd dimension
is added to the space which is to be deformed.

6.1. A twisted trace

We have seen in Corollary 3.27 that str(f) = [ 1y 9z f(2) is a supertrace on the algebra
Dy 1(M). Motivated by Section 3.2 and Proposition 3.22, we will twist this supertrace.

Proposition 6.1. The formula tr = r]—lstr oF1 (see (3.14)) defines a (non-graded) trace on the
algebra D;1(M). For f € Dy1(M) the explicit expression is given by:

tr(f):/dxdwf(x,o, w). (6.1)

BM

Proof. For f, g € D;1(M) we compute, using Lemma 2.21:

tr(f *g) :V(%K/dzdgo f(Z)g(x,Eo,w)e2ia0m1(5’50)

n(n+1)+\1\(\£\*1)

=rgk ) / dxdw f7(x, w)gr (x, w)(@iagn)"M(=1)">
1

It follows immediately that we have tr(f x g) =tr(gx ). O
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Note however that the deformed product does not satisfy a tracial identity as in Proposi-
tion 3.26 with respect to this non-graded trace.

6.2. The action of the noncommutative quantum field theory

For several years there has been an increasing interest in noncommutative quantum field
theories as candidates for new physics beyond the existing theories of particles physics as the
Standard Model. In noncommutative quantum field theory one considers an action functional of
fields on a noncommutative space. In the case of the Euclidean Moyal space Ry’ (which, in the
context of this paper, corresponds to the case with odd dimension zero), the product f x¢ g for
f, g € S(R™) is given by:

(f %0 &) (x) = t/dydzfb»gcoe%““*”+w@lﬂw@ﬁ”, 6.2)

(o)™

where w denotes the standard symplectic form and where, as before we write ag = 0%. Note also
that we have x, y, z € R™.

Since all derivatives are inner: 9,,¢ = [—éfﬂ, @1y, With X = (%a)(x, -), the standard action on
this noncommutative space given by®

1 M2
S(¢p) = /dx (5(3;@) *g (0.0) + 7¢*9 D+ A *g P *g P *g ¢>)

can be reexpressed as:

1 .
sor= [ (3| 57e]

where M and A are the parameters of the theory. This action is not renormalizable because of a
new type of divergence called Ultraviolet—Infrared (UV-IR) mixing. By adding a harmonic term
to the action, Grosse and Wulkenhaar solved the problem of UV-IR mixing: the action

S V. )
+ 51017+ AP xo Sl ) (6.3)

1 22
ﬂ@=/w<§%@m@mH~5@mwumw

M2
+7¢*9¢+)~¢*9¢*9¢*9¢) (6.4)

is renormalizable at all orders in perturbation [20] in dimension m = 4. See [10] for an intro-
duction to the subject of renormalization of Euclidean noncommutative quantum field theories.
There are several mathematical interpretations of the harmonic term (see [11] for a review), but
one of the most promising uses superalgebras [12]. Moreover, it admits a geometrical interpreta-
tion of the gauge theory [13,19] associated to (6.4).

Let us now provide some details on the interpretation exposed in [12]. We define A = Ag D A
to be the Z;-graded complex algebra given by Ag = A| = My, where My is the Moyal-Weyl

6 We use the Einstein summation convention.
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algebra’ equipped with the following product:

Va,b,c,d e Mg: (a,b)-(c,d)=(axgc+ybxgd,axgd+bxgc), (6.5)

where y is a real parameter. In [12] a differential calculus based on the graded derivations of A
was constructed, and the action (6.4), as well as its associated gauge action, has been obtained in
terms of this differential calculus.

However, there was no explanation to the construction of A. Here, we will show that it is a
deformation of R™!!. Indeed, it can be shown that A is the universal enveloping algebra of the
complex Heisenberg superalgebra of dimension m + 1|1: A =U(g). Then, the deformed product
of R™! is given by (3.15) (extended to polynomials), and up to a factor and a redefinition of y,
it corresponds exactly to (6.5).

Proposition 6.2. The action (6.4) can be expressed in terms of the deformed product of R and
of the trace (6.1):

1
S(¢) =tr<§ >

m

2 M2 2 )
+—-lon + Al (@n) * (¢n)] ) (6.6)

i
[—Exw,am]

up to a redefinition of the parameters, and with n = a + b§, a, b € R.

Proof. One can easily verify that we have

2
[——Lm«fm — 20,0 +2ab(0,$)E + —22_ %4,
2 L WO Uray2 ™
ia0b?
(@) * (¢n) = (a2 +2abt + (iOfT)Z)“” %0 ).

Since one can show, by integration by parts, that [ $X,9,,¢ = 0 for a real field ¢, we obtain that
the action (6.6) is given by:
o202

~ M?
m(xufﬁ) *g (Xp @) + ﬁ¢ *g ¢

1
S(¢) =a* f dx (5(3”‘”) 0 (9,0) +
a202pt

M1+ ——
- ( NPT

)¢*9¢*9¢*9¢)~ O

Let us analyze the consequences of this result. One can easily see that (6.6) is exactly a ¢*-
type action, as in (6.3), but now on the deformed superspace IR{:,"“. The parameter 7 is the most
general element of L% (R™!1), which is independent from the even variables. Hence 7 does not
add any degrees of freedom: the quantum field, as in the theory on RY', is ¢ € D1 (R™). To
summarize, we can say that to renormalize the scalar theory on R}, one usually changes the
¢*-action (6.3) by adding a harmonic term (in (6.4)). In our approach, we do just the opposite:

7 The algebra of polynomials of R” endowed with the Moyal product (6.2).
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the framework is changed by the addition of an odd dimension to the deformed space, but the
action is still the ¢*-action. It is a kind of universality for the renormalizable ¢*-action. However,
the right transition from the commutative setting to the noncommutative one then should be the

transition R” — R'!",

7. Conclusion

In this paper, after some recalls about supergeometry, we studied in Section 2 the structure
of L2(M) and L*° (M), where M is a trivial supermanifold, which led us to introduce the new
notions of Hilbert superspaces and C*-superalgebras. These categories possess good and consis-
tent properties for operator algebras. We then computed the coadjoint orbits of the Heisenberg
supergroup G and find that a generic orbit is diffeomorphic to R”/".

We then built in Section 3 an induced representation of the Heisenberg supergroup G by using
Kirillov’s orbits method, and we saw that the notion of Hilbert superspace appears to be natural
in the context of harmonic analysis on the Heisenberg supergroup. This representation allowed us
to define a quantization map, which is a graded generalization of the Weyl ordering, and which is
valued in operators on a Hilbert superspace. By using the oscillatory integral, we could extend the
quantization map to functional symbol spaces defined on the coadjoint orbits of G (i.e. on R”"),
Consequently, we defined a deformed product on these symbol spaces, which corresponds to the
operator product via the quantization map. It turns out that the space of Schwartz superfunctions
on R™" endowed with this deformed product, is then isomorphic to the tensor product of the
(non-graded) Moyal algebra with the Clifford algebra Cl(n, C).

This non-formal deformation of the Heisenberg supergroup G provides also a Universal De-
formation Formula (UDF). We indeed considered in Section 4 a strongly continuous action of
G on an arbitrary Fréchet algebra A. Then, the regularity of the product introduced in Section 3
allowed us to deform the product of the vectors of A which are smooth for the action of G.
Moreover, the deformation is compatible with the structure of C*-superalgebra, but not with the
one of C*-algebra: from a C*-superalgebra A, one can construct a structure of deformed pre-C*-
superalgebra on the smooth vectors of A.

As a first application of our construction, we considered in Section 5 a Heisenberg trivial
supermanifold X. We next defined a space of continuous superfunctions C(X), which carries a
structure of C*-superalgebra and on which G acts. Thanks to the UDF of Section 4, we then
deformed the supermanifold X via its C*-superalgebra of functions. In particular, the example of
the supertorus is described.

As a second application, we reexpressed the renormalizable quantum field theory on the
Moyal space with harmonic term as a standard scalar action with our deformed product, on
the deformation of the superspace R™!!. This provides a better understanding of the origin of this
model with harmonic term. Moreover, our construction may also be applied on other noncom-
mutative spaces to exhibit renormalizable field theories.

Appendix A. Functional spaces

In this appendix, we recall the notion of the space L}E(M ) [7], where (E, | - ;) is a Fréchet
space (E, | - |;) with its family of seminorms indexed by j € N. We adapt it here to the type of
supermanifolds M considered in this article. D (M) will denote the space of smooth E-valued
functions on M. We also introduce the symbol calculus Bg(M ) for M.
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Definition A.1. Using notation previously introduced, we define the seminorms:

1fh.j —Z/dxdwm

I gy

for f € Dg(M). Then, the space L (M) can be defined as the completion of Dg (M) with
respect to these seminorms (quotlented by the functions vanishing almost everywhere on BM).

For f € Dg(M) we define the integral | v 4z f(2) € E'* (the algebraic dual of the topological
dual of E) by:

Vo e E, </dzf<z>, ¢> = [dz(f(z), ®).
M M
where (-,-) denotes in this context the duality bracket. As E is complete, this integral actually

belongs to E: [,,dz f(z) € E.

Proposition A.2.(See [7].) The integration map [ : Dg (M ) — E is continuous for the topology
ofL (M). Hence it can be extended in a umque way to LE(M) Since E is a Fréchet space, this
extension also takes values in E:V f € L} p(M): fM dz f(z) € E.

Definition A.3. Let u € C*°(BM, R be arbitrary.
e The space of u-bounded functions on M is defined as:
Bl(M) = {f €eCPM,E®A), VD% Vj, VI, 3Cj o1 >0, Vy e BM,
D% 1] ; < Cjain}-

If we endow it with the seminorms

|f|§’2— su p{ 5 )Z\ “f1)] }

then B“ (M) becomes a complex Fréchet space, isomorphic to B” (BM) ® A\ R". If no con-
fusion is possible, we will denote the norm | f |(“ ) also by | flj.a-

o A function u € C*°(BM,RY) is called a Welght if u e B (M).
e The space of Schwartz functlons [30] is defined by:

Sg(M) = {f €eC®(M,E®A), VD% Vj, VI, Yv e Pol(BM), 3Cj a1, >0,
Vy e BM, fi|; < Craun}.

If we endow it with the seminorms

|flv.jp = sup { v(y)!Z!Dﬂfz(y)|j},
1

yeB
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where v is a polynomial function on BM, then Sg (M) becomes a Fréchet space, isomorphic
to Sg(BM) ® /\R". Note that we also could have used the seminorms:

Flss= [ arbol L0850,
1

BM

Definition A.4. We define (see [30]) Dz» (M), for 1 < p < 00, to be the space of complex smooth
functions whose derivatives all belong to L? (M). It is a Fréchet space when we endow it with
the seminorms:

|f|p,a=2(/dxdw|D“f1<x,w>|”)”.
I gy

Note that we have the the property: Dy» (M) C Dra(M) for p < gq.
Appendix B. Fine graded division algebras
In this appendix we recall the concepts associated to fine graded algebras (see [12,10]). Let
I’ be an abelian group, K a field, K* its multiplicative group, and A a I"-graded associative
K-algebra. We denote A = P, Aq.
Definition B.1.
e A is said to be a graded division algebra if any non-zero homogeneous element of A is
invertible.
e A is called fine-graded if dimg (Ay) < 1 for all @ € I'. If that is the case, the support of the
grading is defined as Supp(A) ={o € I, A, #0}.
The notion of a (Schur) multiplier will be useful to characterize fine-graded algebras.
Definition B.2.
e A factor set is an application o : I" x I" — K* satisfying:
Vo, B,y el's o, p+y)o(B,y)=0(a,plo(a+p,y).
e Two factor sets o and ¢’ are equivalent if there exists a map p : I' — K* such that

Va,Bel: o' (o B)=0c( B)pla+Bp@) ' pB)".

The quotient of the set of factor sets by this equivalence relation is an abelian group, and
each equivalence class [o] is called a multiplier.

Remark B.3. If I" is finitely generated and K is algebraically closed, then a factor set o is
equivalent to the trivial factor set 1 if and only if ¢ is symmetric.
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Proposition B.4. A fine I'-graded division algebra A is totally characterized by its support
Supp(A) which is a subgroup of I', and its factor set o : Supp(A) x Supp(A) — K* defined by:

eq-eg=0(a, Begip,

with o, B € Supp(A) and (ey) a homogeneous basis of A. Moreover, two fine I"-graded division
algebras are isomorphic if and only if their supports coincide and their factor sets are equivalent.

Example B.5. The complex Clifford algebras Ci(n, C) are fine (Z,)"-graded division algebras.
If we denote the generators by eg = 1, ey, .. ., ey, then the relations are given by

(ep)2=]l, I<p<n and ep-e;,=—e;-¢p, 1< p<g<n.

The associated multiplier can be represented the factor set:

oafe, py=[] (=D%F

I<p<gsn
for «, B € (Zy)".
Proof of Theorem 3.25. In order to show the isomorphism S(M) = Cl(n, C) (when m = 0), it
suffices to show that S(M) is a fine (Z,)"-graded division algebra whose associated factor set is

equivalent to the one of Cl(n, C) as described in Example B.5. To do so, we first observe that we
have

(/> :"/ a1 42 f (51 g(En)el e Ertirated)

noo. \k
:K/d§1 dészngSfézjz te) E &1 +&-E+E& &)

1,J k=0 ke
where ¢ = 4agA, and I, J are summed over subsets of {1, ...,n}. We then use the identity
@+b+of= Y K rpagrg,
o< prg<k P4k —p—q)!

valid for complex numbers a, b, c, to express the coefficient ¢y of kg, in the above expres-
sion, giving us

n . Nk
cry = f d& derglel Y Y )£ £,

1g! — — |
k:oo<p+q<k”'q'(k P—q)!

Now note that we have



602 P. Bieliavsky et al. / Journal of Functional Analysis 263 (2012) 549-603

EZ)p Z %- gipséﬂz Z ZEY(I)ES(I)SY(P)SZ(P)

[15ee0sip L:|Ll=p o
pp=h pp=)
Do =TT Plgfe = pt 3 ()T g,
L:|Ll=p © L |L=p
where o is summed over all bijections from {1, ..., p} to L. Using this, we get

n
. k(k—1) _
cu=/d$1 dézz Z oy Z(_l) T pathtpkH-p DU g (7 KLU K)

k=0 0<p+q<k K;

x e(K1, K3)e(I, Ky U K)e(K1, K2)e(Ka, K3)g) K105 g KUK g KoUKs

where the sum over the subsets K; are constrained by the conditions |K1| =k —p —q, |K2|=p
and |K3| = ¢, and where we used the definition of the product £/ - £/ = ¢(1, J)&'Y/. When we
perform the integration over &1 and &;, only the terms with K| = CauJ), Kr=1J \(INJ)and
K3 =1\ (INJ)contribute. If we denote d = |I N J|, then we finally obtain

= (o) (=) T (1 (1 gy, I\ AN D) e(IN T UD\UIN D))
« ETUDNUND),

On the other hand, the multiplier associated to the Clifford algebra Ci(n, C) is given by
oci(l, J) = (—)HGDExT i<j}

for I, J C{l,...,n}. Using the fact that (1, J) = (—DHHGHEIXT i> ]} whenever [ N J =@, we
deduce that

d(d+1)
2

oo, )= (=12 MWle(r\ann,7\NanD)e(INJ,TUIH\UIND).

) .
, We obtain

By choosing p(I) = (ic) 7 " (
VI,J: ey =oal, De(IUDH\NUIND)p) ™ p()~ NN,

which shows, using Proposition B.4, that the (Z;)"-graded algebras S(M) and Cl(n, C) are
isomorphic. O
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