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In the present study, a two sided lid-driven mixed convection nanofluid flow with discrete heat sources
have been numerically investigated. A two dimensional computational visualization technique is used to
study the flow behavior using four different cases; depending on the direction of moving vertical walls
with fixed upper and lower walls. Two discrete heat sources of equal lengths are taken on the lower wall
and the rest of it is kept insulated. The other walls are kept at constant low temperature. The effect of flow
governing parameters such as Reynolds number 1 6 Re 6 100, Richardson number 0:1 6 Ri 6 10 and
solid volume fraction 0:0 6 / 6 0:2 with Prandtl number Pr ¼ 6:2 is studied to understand the fluid flow
pattern and the heat transfer effect using isotherms and average Nusselt number.
� 2016 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Nowadays a study of mixed convection and heat transfer in
enclosures is invariably encountered in many industrial heating
or cooling applications including cooling of electronic devices,
solar collectors, float glass production, drying technologies, chem-
ical processing equipments, etc. and is of great interest for
researchers. This type of fluid flow and heat transfer represents a
complicated flow phenomena due to the movement of one or more
walls which involves forced convection and the temperature differ-
ence causing secondary buoyancy driven flow. Fluid flow and heat
transfer in square or rectangular cavities driven by shear and buoy-
ancy effects have been studied extensively. In the application point
of view an enormous amount of heat needs to be emitted from a
considerably small surface, the coolant should have more effectual
heat transfer properties. But due to the low thermal conductivity
the conventional heat transfer fluids such as water, ethylene glycol
mixture has foremost limitation in enhancing the heat transfer
performance and the compactness of many industrial and engi-
neering electronic devices. Heat transfer capabilities of the conven-
tional fluids can be enhanced effectively using nanofluids, owing to
their high thermal conductivity and better stability properties. To
improve thermal conductivity, nano-scale metallic particles are
suspended within the fluid. The resulting mixture is referred to
as nanofluid that possesses a significant larger thermal conductiv-
ity compared to the conventional fluids [1].

In the last several years, an extensive numerical, analytical and
experimental study has been done on the problem of natural and
mixed convection heat transfer in cavities filled with nanofluid.
The natural convection problem in a differentially heated square
cavity is first numerically studied by Khanafer et al. [2], with the
consideration of dispersion effect. In this work, a better model
for nanofluids is developed by determining the dispersion coeffi-
cient experimentally. The effect of dispersion element in a nano-
fluid is discussed by Khaled and Vafai [3]. The volume fraction
distribution is governed by the properties of dispersive elements
combined with the flow parameters such as Reynolds number
and Prandtl number for optimum heat transfer. In the case of uni-
form flow the maximum Nusselt number distribution is found to
be 21% higher than that of the dispersed distributed element flow.
Maiga et al. [4] numerically studied nanofluids in a uniformly
heated tube for laminar and turbulent flow. They tried to correlate
the numerical results with the experimental data and observed
that for increase of Reynolds number, the heat transfer effect is
increasing due to the presence of nanoparticles and becomes more
important in the case of turbulent flow regimes. Tiwari and Das [5]
numerically simulated the problem of mixed convection in two
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Nomenclature

Cp specific heat capacity (J/K)
g gravitational acceleration (m=s2)
k thermal conductivity (W/mK)
Pr Prandtl number
Re Reynolds number
Gr Grashof Number gbDðTH�TC ÞL3

m2

� �
Ri Richardson number
P dimensionless pressure
p pressure (N m�2)
T temperature (K)
h dimensionless temperature
t time (s)
x; y Cartesian coordinates (m)
X;Y dimensionless Cartesian coordinates
u; v components of velocity in x and y directions (m=s)
U;V dimensionless of velocity components in X and Y direc-

tions
L width of cavity (m)
Vl left wall velocity
Vr right wall velocity
Nu Nusselt number

Num average Nusselt number
Vr right wall velocity

Greek letters
s dimensionless time
w stream function
a thermal diffusivity (k=ðqCpÞ) (m2=s)
b coefficient of volume expansion (K�1)
/ solid volume fraction
l dynamic viscosity (Pa s)
q density (kg=m3)

Subscripts
f fluid
m average
nf nanofluid
o reference state
s solid
C cold
H hot
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sided lid-driven differentially heated square cavity filled with
copper–water nanofluid. They observed that the average Nusselt
number increased substantially with the increase of the volume
fraction of the nanoparticles, for a fixed Richardson number. The
effect of nanoparticle concentration and the viscosity effects are
found experimentally by Nguyen et al. [6] and Angue Minsta
et al. [7] for various temperature values. It is found that on incre-
ment of concentration of the nanoparticles, the viscosity and tem-
perature decrease sharply. Recently, Selimefendigil and Oztop [13]
studied natural convection of nanofluid flow with different shaped
obstacles including diamond, square and circular and discussed the
affect of solid volume fraction and obstacle shapes on thermal pat-
terns. In another study, Selimefendigil et al. [14] investigated the
heat transfer and fluid flow in the presence of magnetic dipole in
a partially heated cavity. They observed that the averaged heat
transfer along the heat source is found to be minimum when mag-
netic dipole source is placed at the middle of the vertical wall.

Muthtamilselvan et al. [8] numerically investigated the mixed
convection and heat transfer in a lid-driven enclosure filled with
copper–water nanofluid, and observed that the heat transfer has
a large effect on solid volume fraction and aspect ratio of the enclo-
sure. Abu-Nada et al. [9] studied the heat transfer effect in a differ-
entially heated enclosure using variable properties of CuO–water
and Al2O3–water nanofluids due to natural convection. They found
that for high Rayleigh number variation of average heat transfer is
less sensitive in the case of thermal conductivity model than that
of the viscosity model. Abbasian et al. [10] numerically studied
the mixed convection with Cu–water nanofluid in a lid-driven cav-
ity, where the horizontal walls are kept insulated and vertical walls
are heated sinusoidally. They observed that with a decrease of
Richardson number and an increase of volume fraction of nanopar-
ticles there is an increase of heat transfer. Also, it is found that for a
constant Reynolds number, the rate of heat transfer increases with
the increase of Richardson number. Talebi et al. [11] numerically
studied the problem of mixed convection flow of copper–water
nanofluid in a lid-driven cavity with differentially heated vertical
walls and shown the increment of average Nusselt number with
the solid volume fraction over constant Reynolds and Rayleigh
numbers. Mahmoudi et al. [12] studied the problem of mixed
convection in a vented square cavity filled with copperwater
nanofluid. It is observed that for higher Reynolds and Richardson
number the presence of nanoparticles have more effect on increas-
ing the heat transfer performance. A extensive study of mixed con-
vection has been conducted by Selimefendigil et al. [15–23] for
various geometries.

A finite volume approach is used by Sebdani et al. [25] to inves-
tigate the fluid flow and heat transfer in a square cavity filled with
Al2O3–water nanofluid with a bottom wall heated source. Both the
vertical walls of the cavity are maintained at cold temperature and
moving downward with constant velocity whereas the horizontal
walls are taken to be adiabatic and fixed. On addition of
nanoparticles it is observed that heat transfer effect is enhanced
with increase of Reynolds number, for a fixed Rayleigh number.
Garoosi et al. [26,27] applied finite volume approach based on SIM-
PLE algorithm for simulation of mixed convection of nanofluid and
concluded that at low Richardson number the nanoparticle distri-
bution remains almost uniform. Moumni et al. [31] studied the
heat transfer characteristics of various water-based nanofluids in
a two-sided square lid driven cavity, using a pair of discrete heat
sources with different locations at the bottom wall of the cavity.
The heat transfer rate increases with an increase in Reynolds num-
ber, Richardson number and solid volume fraction, and rate of heat
transfer increment is found to be higher in the case of Cu–water
and Ag–water nanofluids as compared to Al2O3–water and TiO2–
water nanofluids.

Generally, two approaches are employed for the numerical
study of the velocity field, heat transfer and temperature distribu-
tion in nanofluids namely; single phase and two phase models. In
the former approach, it is assumed that the nanoparticles and the
continuum phase are in thermal equilibrium and have the same
velocity. Many researchers oppose the validity of single phase
models as the slip velocity between the base fluid and nanoparti-
cles may not be zero. Therefore, they encouraged the two phase
model which is a more complex approach. For nanoparticles hav-
ing higher thermal conductivity such as Cu (K = 400) which have
also been used in the present study, Garoosi et al. [24,32] validated
the use of a single-phase model, showing that for the nanoparticles
with higher thermal conductivity the thermophoretic effect is neg-
ligible. Moreover, in another study Garoosi et al. [33] stated that for
a low Richardson number the effect of drag, gravity and buoyancy



Table 1
Thermophysical properties of water and copper.

Property Water Copper

Cp 4179 383
q 997.1 8954
k 0.6 400
b 2:1� 10�4 1:67� 10�5
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forces on nanoparticle distribution is negligible, which again
validates the use of a single phase model in the present study.
Recently, Garoosi et al. [34,35] used the single phase method for
the simulation of nanoparticles.

Based on the above studies it is found that there is lack of stud-
ies for the complete heat transfer effects based on mixed convec-
tion for differentially heated horizontal walls with moving
vertical walls. It is also observed [36] that the heat transfer effects
are mostly influenced by the movement of walls. The heat transfer
rate is less when vertical walls are moving upward in comparison
to the movement which is in the opposite direction. The present
study deals with the comparative study of mixed convection flow
of Cu–water based nanofluid in a two-sided lid-driven cavity. Both
the horizontal walls are kept fixed and the vertical walls are mov-
ing. Four different cases of study have been made on the basis of
direction of moving walls with a fixed location of two discrete heat
sources on the bottom walls, keeping the other walls at lower tem-
perature. The effective thermal conductivity and the viscosity of
the nanofluids are determined using Maxwell model [28] and
Brinkman model [29] respectively. The effect of various flow gov-
erning parameters (Re;Ri;/) with a fixed value of Prandtl number
(Pr = 6.2) on the flow and heat transfer has been investigated. Heat
transfer enhancement is analyzed based on different physical
parameters.

2. Problem definition and mathematical modeling

In the present study two sided lid-driven square cavity of length
L, filled with nanofluid is considered as shown in Fig. 1. Two equal
portions of length L/4 of lower walls are maintained at a higher
temperature TH and rest of the bottom wall is kept insulated. All
other walls are maintained at relatively lower temperature (TC).
We have considered four cases: In Case I, left vertical wall is mov-
ing upward and the right one is moving downward. In Case II, the
left wall is moving downward and the right one is moving upward.
In Case-III, both the vertical walls are moving downward and in
Case IV both the walls are moving upward.

Thenanofluidflow is assumed to be steady, laminar, and the fluid
is assumed to be Newtonian, incompressible and is in thermal equi-
libriumwith no slip condition between two phases. Except density,
the thermophysical properties of the nanofluid are assumed to be
constant. The density variation is based on Boussinesq approxima-
tion. Further, the shape and size of the nanoparticles are assumed
to be uniform. The thermophysical properties of water and copper
at the reference temperature are presented in Table 1 [12].

The governing equations for a unsteady, two-dimensional lam-
inar and incompressible flow are expressed as:
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where, the thermal diffusivity anf , the effective density of nanofluid
at reference temperature qnf and the heat capacitance of nanofluid
ðqCpÞnf are given as [10],

anf ¼ knf =ðqCpÞnf ; ð4Þ

qnf ¼ ð1� /Þqf þ /qs; ð5Þ

ðqCpÞnf ¼ ð1� /ÞðqCpÞf þ /ðqCpÞs; ð6Þ

ðqbÞnf ¼ ð1� /ÞðqbÞf þ /ðqbÞs: ð7Þ
where, qnf ;qf ;qs and / are the density of nanofluid, density of base
fluid, density of nanoparticle and volume fraction of the nanoparti-
cles, respectively.

The effective thermal conductivity of the nanofluid is approxi-
mated by the Maxwell self-consistent approximation model. For
the two-component entity of spherical-particle suspension, the
Maxwell model [28] gives,

knf
kf

¼ ks þ 2kf � 2/ðkf � ksÞ
ks þ 2kf þ /ðkf � ksÞ : ð8Þ

The effective viscosity of nanofluid is given by Brinkmann [29]
as follows,

lnf ¼
lf

ð1� /Þ2:5
: ð9Þ
geometry.
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The given formulation of the effective thermal conductivity and
effective viscosity is found to be appropriate by various authors
[5,8–10,31].

The above mentioned equations can be expressed in non-
dimensional form by incorporating the following dimensionless
variables,

X ¼ x
L
; Y ¼ y

L
; U ¼ u

U0
; V ¼ v

U0
; h ¼ T � TC

TH � TC
;

s ¼ tU0

L
; P ¼ p

qnf U
2
0

; Re ¼ U0L
mf

; Pr ¼ mf
af

; Ri ¼ gbLðTH � TCÞ
U2

0

:

ð10Þ
The governing equations in dimensionless form by considering

the above mentioned assumptions can be rewritten as,
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The relevant boundary conditions are given by,

U ¼ 0; V ¼ Vl; h ¼ 0 if X ¼ 0; Y 2 ½0;1�; ð14Þ
U ¼ 0; V ¼ Vr ; h ¼ 0 if X ¼ 1; Y 2 ½0;1�; ð15Þ
U ¼ V ¼ 0;
h ¼ 1 if X 2 ð1=8;3=8� [ ð5=8;7=8�
@h
@Y ¼ 0 elsewhere

(
;Y ¼ 0
U ¼ 0; V ¼ 0; h ¼ 0 if X 2 ½0;1�; Y ¼ 1: ð16Þ
Four different cases are discussed according to boundary condi-

tions on the left and right wall given by,

Case I: Vl ¼ 1, Vr ¼ �1,
Case II: Vl ¼ �1, Vr ¼ 1,
Case III: Vl ¼ 1, Vr ¼ 1,
Case IV: Vl ¼ �1, Vr ¼ �1.

In order to calculate the heat transfer enhancement, we have
calculated Nu (Nusselt number) and Num (average Nusselt number)
along the heated surfaces as,

NuðXÞ ¼ � knf
kf

@h
@X

� �
hot wall

; ð17Þ
Numsi
¼
R
hot wall NuðXÞdXR

hot wall dX
: ð18Þ

The overall surface average Nusselt number is the average of Nums1

and Nums2
.

3. Numerical procedure

A finite volume approach [30] is used to solve the set of govern-
ing equations using the staggered grid algorithm with uniform grid
arrangement. Semi-implicit method for pressure linked equations
(SIMPLE) is used to couple the continuity equation with Navier–
Stokes equations in their discretized form. To solve the discretized
system of momentum and energy equations we used the Thomas
algorithm (TDMA). When flows are dominated by convection
effects then the numerical instability will be achieved for higher
Reynolds number. The implicit scheme is used for time steps. In
order to linearize the nonlinear system of partial differential equa-
tions, a quasi-linearization approximation has been employed.

At every time step, we approximate the nonlinear term as

u
@u
@x

� �nþ1

¼ un @u
@x

� �nþ1

; ð19Þ

with n P 0, is the iteration index. The convective terms are dis-
cretized by third-order accurate upwind difference scheme given by

uij
@u
@x

� �
¼ uijðuiþ2j � 2uiþ1j þ 9uij � 10ui�1j þ 2ui�2jÞ=ð6dxÞ ð20Þ

for uij positive and,

uij
@u
@x

� �
¼ uijð�2uiþ2j þ 10uiþ1j � 9uij þ 2ui�1j � ui�2jÞ=ð6dxÞ ð21Þ

for uij negative.
The truncation error of this scheme is given by

1
4
ðdxÞ3 uij

@4u
@x4

 !
: ð22Þ

The expression for u, near the wall is obtained by a second order
central difference scheme as,

uij
@u
@x

� �
¼ uijðuiþ1j � ui�1jÞ=ð2dxÞ þ Oðdx2Þ: ð23Þ

The diffusion terms are discretized through a second-order
accurate central-difference scheme, which is conducive to a stable
solution as,

ðuxxÞij ¼ ðui�1j � 2uij þ uiþ1jÞ=ðdxÞ2;

ðuyyÞij ¼ ðuij�1 � 2uij þ uijþ1Þ=ðdyÞ2:
The second order Poisson equation is discretized through a

upwind spatial difference scheme. The resulting algebraic equa-
tions are solved using the successive over relaxation (SOR) method.
SOR method is used to combat the non-linear nature of governing
equations. The convergence criterion used throughout the calcula-
tion velocities, temperature and pressure correction is defined by
the expression,

� ¼ snþ1
i;j � sni;j

��� ��� 6 10�5 ð24Þ

where, � is the tolerance in any time level and s represents the flow
variables.

4. Grid independency test and code validation

A grid independency test is performed for grid sizes varying
from 61� 61 to 121� 121. A comparison of grid size effect is made
with Muthtamilselvan et al. [8] and is presented in Fig. 2(a). A lid
driven cavity filled with nanofluid is considered in which the upper
lid is maintained at high temperature, lower lid with low temper-
ature and all other walls are kept adiabatic. The results for vertical



Fig. 2. Comparison of (a) vertical component of velocity at mid section of cavity due to Muthtamilselvan et al. [8] for Ri ¼ 1;Ra ¼ 100;/ ¼ 2%, for various grid size from
61� 61 to 121� 121, (b) average Nusselt number with results due to [31] with Pr ¼ 6:2;/ ¼ 2%;Re ¼ 100 and 1 6 Ri 6 10 for various grid size from 61� 61 to 121� 121, (c)
average Nusselt number with results due to [31] with Pr ¼ 6:2;Ri ¼ 10;Re ¼ 100 and 0:05 6 / 6 0:2.
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v-velocity are compared for Ri ¼ 1;Ra ¼ 100 and / ¼ 2% and for
grid size 81� 81, our results are found to be optimum and in good
agreement with results due to Muthtamilselvan et al. [8]. Another
grid independency test is performed for grid sizes varying from
61� 61 to 121� 121. A average Nusselt number comparison of
grid size effect is made with Moumni et al. [31] with
Pr ¼ 6:2;/ ¼ 2%;Re ¼ 100 and 1 6 Ri 6 10 and is presented in
Fig. 2(b). Our results for grid size 81� 81 are found to be optimum
and in good agreement with results due to Moumni et al. [31].
Hence, the grid size 81� 81 is chosen for all of further computa-
tions. A comparison of average Nusselt number for different solid
volume fraction is made with Moumni et al. [31]. A mixed convec-
tion flow with Cu–water nanofluid is considered in a two-sided
lid-driven square cavity . Fig. 2(c) shows the variation of average
Nusselt number with different solid volume fractions for
Ri ¼ 10;Re ¼ 100 and / ¼ 0:2. The maximum percentage differ-
ence of average Nusselt number from the result due to Moumni
et al. [31] is 0.7%.
5. Results and discussion

Mixed convection in a two sided lid-driven cavity filled with
Cu–water nanofluid is examined for the heat transfer effect, in
which two discrete heat sources of length L/4 are placed at the bot-
tom wall at a distance L/8 and 7L/8 from the left wall respectively.
The flow governing parameters are Richardson number, Rayleigh
number and solid volume fraction ratio and the ranges are
0:1 6 Ri 6 10;1 6 Re 6 100;0 6 / 6 0:2. Four different configura-
tions are chosen based on the direction of moving lids. In the fig-
ures of streamlines, dashed lines show the clockwise direction
(i.e. negative stream function values) of fluid flow whereas the
plain lines show the anticlockwise direction (i.e. positive stream
function values) of fluid flow in the streamline plots.

Case-I: In Case-I, the left lid is moving upward and the right lid
is moving downward. Figs. 3 and 4 represent the streamlines (left)
and isotherms (right) for Ri ¼ 0:1;10 with 1 6 Re 6 100 and
/ ¼ 0:2. It is found that due to heat source strength along the lower
boundary the flow is symmetric along vertical mid-line for low
Reynolds number (Re ¼ 1, Figs. 3(a) and 4(a)) and it is dominated
by natural convection. A conductive regime is formed with two
inner cells at the center of the cavity. But with increase in Reynolds
number, the forced convection comes into effect and the fluid
starts moving upward from the left and downward from the right
side (Figs. 3(c,e) and 4(c,e)). The effect can be easily seen at the core
of the cavity where the eddy is no more horizontal as observed for
Re ¼ 1. As the Reynolds number increases, the flow develops a con-
vective cell and tiny inner cells vanishes as the flow is dominated
by forced convection. As Richardson number increases with
/ ¼ 0:2, the eddy size increases due to buoyancy effect as observed
in Fig. 4(a). From Figs. 3(b) and 4(b), it is observed that small clock-
wise rotating hot cells appear close to the bottom heating location
and isotherms are parallel to the heat sources. The uniform distri-
bution of the isotherm indicates the conduction mode of heat
transfer and represents a hyperbolic pattern. As Reynolds number
increases, the clockwise rotating cells grow in size, move away
from the boundary layer and forced convection dominates the heat
transfer effect. Due to the movement of lids the cold fluid moves
toward the right wall and hot fluid is confined to the boundary
layer entrained to the whole cavity.

From Figs. 3(c,e) and 4(c,e), it can be observed that the vortex
length gets stronger as Reynolds number increases. The values of
flow lines increases up to 1.6% for Reynolds number varying from
50 to 100 as observed from Fig. 3(c) and (d) for a fixed value of
Richardsonnumber and solid volume fraction. The flow is completely
dominated by forced convection rather than natural convection.

The heat transfer changes its pattern at higher Reynolds num-
ber. The cold fluid adjacent to left vertical wall moves toward the
top wall and return to the core section of the cavity due to the fric-
tional effect of the right moving wall. As Reynolds number
increases from 50 to 100, cold fluid remains centered at the middle
of the cavity and the heat transfer lines are more circular as
observed in Fig. 3(f) compared to Fig. 3(d) where the isothermal
lines are parallel to the top wall. The heat transfer effect due to
forced convection is more significant as compared to the natural
driven effect. Similar effect of heat and flow transfer is also
observed as Richardson number is increasing from 0.1 to 10 for
higher Reynolds number.

As Richardson number increases for 0.1–10 for Re = 50 the vor-
tex along the core tilted downward and gets stronger as compared
to Ri = 0.1. The flow strength is increasing up to 2.7% as observed
from Figs. 3(c) and 4(c). This signifies that buoyancy driven flow
is more effective than forced and natural convection effects.

Case-II: In this case left side wall is moving downward while
the right wall is moving upward which represents aiding shear
and buoyancy effects. Figs. 5 and 6 represents streamlines and iso-
therms for Ri ¼ 0:1 and Ri ¼ 10 and are observed to be the same
profile as obtained in earlier case but the circulation pattern
changes from anticlockwise to clockwise direction due to the
movement of lids in the opposite direction. For the validation if



Fig. 3. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 0.1, 1 6 Re 6 100 for Case-I.
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we are comparing the result obtained by Oztop and Dagtekin [36]
for a clear fluid case it can be found that our result has a very good
agreement with them. For Fig. 5(c,e) it can be observed that the
vortex strength remains the same but the vortex is tilted down
toward the left vertical wall and the cell center moves toward
the left vertical wall due to the forced convection. From Fig. 5(c)



Fig. 4. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 10, 1 6 Re 6 100 for Case-I.
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it is observed that jwcentrej ¼ 0:129 at x = 5.62 and y = 5.1 and from
Fig. 6(c) jwcentrej ¼ 0:162 at x = 5.2 and y = 4.5. From Figs. 5(c,e) and
6(c,e) it is observed that for higher Reynolds number the stream
function values increases. On increasing Ri values from 0.1 to 10
an increment of 25% and 21.02% in stream function values is
observed for Re ¼ 50 and Re ¼ 100 respectively.



Fig. 5. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 0.1, 1 6 Re 6 100 for Case-II.
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The flow pattern of isothermal lines are completely opposite at
the higher Reynolds number (Fig. 5(d,f)). At Re = 1 the flow pattern
and isotherms are unaltered but the energy transfer in the central
region is not much altered. From Fig. 6 it can be observed that vari-
ation of Ri does not affect much compared to earlier case. For
higher Reynolds number the stream function values (Fig. 6(c,e))



Fig. 6. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 10, 1 6 Re 6 100 for Case-II.
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are increasing toward the cell center of the cavity due to strong
buoyancy driven effect.

Case-III: In this case, both the vertical walls move downward
in which the shear force is supported by the buoyancy effects.
Figs. 7 and 8 represent the streamlines (left) and isotherms (right)
for Ri = 0.1 and Ri = 10 respectively with the variation of Reynolds
number from 1 6 Re 6 100. The streamline profiles Fig. 7(a,c,e)
shows the development of Rayleigh–Benard convection cell above
each heat source. Also with the increase in the Richardson number
from Ri = 0.1 to 10 the stream function value increases by 23.56% in
the core of the cavity for higher Reynolds number (Re = 100) which
shows the buoyancy dominated effect on shear effect. The temper-
ature profiles (7(b,d,f)) shows heat plums developed above each
heat source. Buoyancy forces drive the heated fluid toward the
upper cold surface from the heat source and upper cold fluid move
downward. The temperature of cold fluid again rises due to the
heat source and move upward which repeats the flow pattern.
The closest layer of fluid makes a stable recirculation zone centered
along the edges of each heat source. In this case it is clearly
observed that buoyancy forces are supporting the shear forces.
From Fig. 7(b) the heat transfer lines parallel to the heat sources
but as Reynolds number increases, the lids drag the cold fluid
toward the hot surface forming a sharp paraboloid profile. This sig-
nifies that hot fluid passes toward the center and upper cold region
of the cavity only in the middle section where the shear effect is
minimum.

From Fig. 8, similar configurations for streamlines are observed
for higher buoyancy forces Ri = 10. The flow profiles show two anti-
clockwise vortices as observed in case of Fig. 7 but the strong vor-
tices signifies the larger velocity values. From Fig. 8(a,c,e) it is
observed that flow velocity is increasing as Reynolds number is
increasing but stagnant flow is observed at Re = 50 and Re = 100.

The heat transfer effect is found to be significant at higher
Reynolds number for Re = 100 (Fig. 8(f)). At higher Reynolds num-
ber Re = 50 and Re = 100 (Fig. 8(d,f)) it is found that shear force is
dominating the heat transfer effect and most of the cold fluid tries
to store close to the lower left and right corner of the cavity. The
heat transfer rate is found to be less as Re increases. The central
heat transfer value at Re = 50 is 0.335 at (0.5, 0.42) but this moves
to the position (0.5, 0.34) for Re = 100.

Case-IV: Streamlines and isotherm lines for Case-IV is pre-
sented in Figs. 9 and 10. In this case two vertical parallel lids are
moving in the upward direction in which shear effect is opposed
by the buoyancy driven flow. Since two lids are moving in the same
direction and effective velocities are influenced by the buoyancy
effects. From 9(a,c,e) it is observed that for Ri = 0.1 as Re is increas-
ing the fluid circulated vortices are moving upward supporting the
shear effect as compared to buoyancy effects and magnitude of
velocities are decreasing as compare to earlier case. An increment
of 7.21% in stream function value at the center of the eddy is
observed for Re = 100 on increasing Ri values from 0.1 to 10. The
heat transfer lines presented in Fig. 9(b,d,f), shows that at low Rey-
nolds number the flow is dominated by buoyancy effect and found
to be similar profile as obtained in earlier case. But as Re increases
the flow is dominated by forced convection effect and buoyancy
has minimal effect. The cold fluid parallel to the moving bound-
aries forced to move to the core region of cavity and heated fluid
moves toward the moving boundaries to fill the portion. Hence
heat transfer is minimized at higher Reynolds number. The flow
is completely forced dominated at larger Reynolds number. From
Fig. 9(d,f) it is found that the heat transfer values in the core is
reduced from 0.0060 at (0.5, 0.4) to 0.0055 at (0.5, 0.4). Fig. 10 rep-
resents the flow and isothermal lines for Ri = 10, where similar flow
profiles are obtained as observed in Fig. 9. These figures are mirror
images of earlier Case-III but the flow circulation are reversed in
order due to the opposing shear effect. Streamlines are symmetric
about the right and left half of the cavity which is also same for
Case-III but the orientation is opposite. From Fig. 10(a,c,e) it is
observed that vortex strength is increased with increase of
Reynolds number but shifts upward.

The heat transfer lines presented in Fig. 10(d,f) heat
transfer rate is increasing due to the increase of Ri values. From
Fig. 10(d,f) it is found that cold fluid forces to enter near to heat
source for higher Reynolds number. For the higher Reynolds num-
ber as Ri is increased the isotherms are clustered close to the sliding
wall and forming vortices along the upper section of the enclosure.

Overall flow and heat transfer: The flow and heat transfer in all
the four different considered configurations are found to be natural
convection dominated regimes when Ri = 10 and forced convection
dominated regimes when Ri = 0.1. The increment of Re shows the
dominating effect of forced convection over natural convection.
For Case-I and Case-II the flow and heat transfer are identical irre-
spective of the variation of Ri. The isotherm plot shows that heat
transfer is mostly carried out by the moving lids in upward direc-
tion, the heated fluid is transported to the colder part and cold fluid
comes down along the downward moving lid. In Case-III and Case-
IV we can observe that heat transfer is reduced in comparison to
Case-I and Case-II. This signifies that heat transfer is increasing
when the lids are moving in opposite direction. In all the four cases
it is found that heat transfer lines are almost similar for Re = 1. This
signifies that heat transfer is almost constant in lower Reynolds
number for different Ri values and also independent of the direction
of moving lids. In the final form, the average Nusselt number for
four cases and different solid volume fraction are calculated and
presented in Fig. 11 using Eq. (18). From Fig. 11(i), it is observed that
the heat transfer efficiency is increasing with the increment of solid
volume fraction value /. A sudden variation of average Nusselt
number is observed when Re is increased from 1 to 50 and 50 to
100. It is observed that average heat transfer at Re ¼ 50 with high
nanofluid concentration is higher than at Re ¼ 100 with clear fluid.
This implies that nanoparticles are very much responsible and cap-
able to change the flow features. For Case-II, Case-III and Case-IV
the average Nusselt number represented by Fig. 11(ii,iii,iv) shows
that average Nusselt number is increasing with Richardson number
and solid volume fraction.

For all the cases it is observed that average Nusselt number is
almost constant at Re ¼ 1 for all the Richardson number but with
increase in Re the variation due to Richardson number is clearly
visible except in Case-IV at Re ¼ 10. The Nusselt number is found
to be increasing for all values of Richardson number and Reynolds
number with solid volume fraction.

From the above observations we can conclude that average
Nusselt number along the cavity floor is found to be highest in
Case-II in comparison to all other considered cases for all Ri and
/ values. Increment of solid volume fraction increases the heat
transfer rate of nanofluid very efficiently. In Case-I, heat transfer
rate increment is found to be 47.52% with Ri = 0.1 and 45.8% with
Ri = 10 for Re = 100 in Cu–water nanofluid where the solid volume
fraction is changing from 0.0% to 20%. Similarly in Case-II the vari-
ation is found to be 47.73% for Ri = 0.1 and 40.65% for Ri = 10, in
Case-III it is about 49.82% for Ri = 0.1 and 39.12% for Ri = 10 and
in Case-IV, the variation is 44.07% and 30.39% for Ri = 0.1 and 10
respectively. The maximum value of average Nusselt number in
Case-I to IV are found to be 4.5308, 7.7599, 6.9914 and 6.1112
respectively at Ri = 10, Re = 100 and / ¼ 0:2. Hence, the solid vol-
ume fraction is found to be most effective in Case-I as the incre-
ment in average Nusselt number is found to be best for all Ri but
still the overall heat transfer is minimum in this case as the aver-
age Nusselt number values are minimum as compared to other
cases. The maximum heat transfer is obtained in Case-II, as the
average Nusselt number values for all parameters are maximum
in this case.



Fig. 7. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 0.1, 1 6 Re 6 100 for Case-III.
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Fig. 8. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 10, 1 6 Re 6 100 for Case-III.
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Fig. 9. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 0.1, 1 6 Re 6 100 for Case-IV.
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Fig. 10. Streamlines and isotherm lines of clear fluid (/ ¼ 0:0, Black) and nanofluid (/ ¼ 0:2, Red) at Ri = 10, 1 6 Re 6 100 for Case-IV.
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Fig. 11. Variation of average Nusselt number with respect to solid volume fraction of nanoparticles and Richardson number for different values of Reynolds number ((a)
Re ¼ 1, (b) Re ¼ 10, (c) Re ¼ 50 and (d) Re ¼ 100) for Case-I to Case-IV.
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6. Conclusion

This paper presents a comparative study ofmixed convection flow
in a two-dimensional lid driven square cavity filled with Cu–water
nanofluid. The cavity is partially heated from below, using two
discrete heat sources. The effect of solid volume fraction, Reynolds
number and Richardson number and the direction lid movement on
the fluid flow and heat transfer have been investigated numerically.
From the above study, the conclusions are summarized as follows:
1. It is found that the heat transfer and fluid flow is sensitive to the
solid volume fraction. Moreover, the solid volume fraction vari-
ation is an active factor for the average Nusselt number as
nanoparticle volume fraction changes flow pattern.

2. The physical flow parameter Ri is mostly affecting the heat
transfer rate. When Ri < 1, the results predicted that the flow
and heat transfer is dominated by forced convection effect
and when Ri > 1, flow and heat transfer are dominated by nat-
ural convection.
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3. For a constant solid volume fraction with the increase of Re and
Ri, it is found that heat transfer increases irrespective of the
direction of moving walls. Out of the four given cases, the max-
imum heat transfer is found in Case-II. But, for Ri < 0:1 the
result does not hold.

4. The solid volume fraction is found to be most effective in Case-I
as the increment in average Nusselt number is found to be best
for all Ri but still the overall heat transfer is minimum in this
case as the average Nusselt number values are minimum as
compared to other cases. The maximum heat transfer is
obtained in Case-II, as in this case the average Nusselt number
values for all parameters are maximum.

5. The average rate of heat transfer has a sharp variation in Case-
IV for large Ri and Re as the strength of the circulation is
decreasing by the lid opposing buoyancy forces.
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