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1. INTRODUCTION

In this study we proceed on a theoretical and numerical analysis of the
vibrations of a fluid confined in a deformable shell. The so-called hydroelastic
problem has seldom been met in a global way; one can find in [1] a study
considered by us as the origin of our work ([1] is exclusively devoted to the
case of thin shells; the solutions’ properties are obtained from the equations
in a computational way).

In the present analysis, we state within the linearized theory the general
equations of the coupled system fluid—elastic shell (considered as a three-
dimensional body), which corresponds to the study of small vibrations, and
we introduce a variational formulation of the problem. By an appropriate
choice of the function spaces it is possible to associate a spectral problem for
which we have defined the operators’ properties. In particular, we demonstrate
compactness properties resulting from a previous work [2]. We then show
directly the existence of an eigenfrequencies and eigenfunctions spectrum
which defines the vibration modes. The knowledge of the vibration modes
characterizes the system from a mechanical point of view.

The theoretical study is achieved by a numerical analysis by the finite
element method. In Section 2, we present the matrix formulation of the
approximate problem. We then study the different finite element types used
in the computation: fluid elements of isoparametric type, shell elements,
coupling elements.

After describing the resolution of the approximate problem, numerical
results are shown in the case of the first stage of the civil applications launch
vehicle Diamant B. The results allow us to identify the mode of vibration
characterizing the Pogo effect. We recall that this phenomenon consists of
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an instability due to coupling between the main structure (tanks and shells),
the so-called secondary structure (pipes, pumps), and the thrust.

2. DESCRIPTION OF THE PROBLEM

The liquid is supposed to be inviscid, incompressible, irrotational, and
contained in a deformable shell.

F1c. 1. Notations.

Notation (Fig. 1). £, and £, are open bounded sets of R3.

The lquid occupies the initial volume 2, with the boundary (supposed
smooth) 0@, = I U 2, , where I is the free surface at rest and X, the
wetted surface of the shell. n(n;) represents the external normal to £,
ps the density of the fluid, ®(x,t) the velocity potential of the fluid
(x = (x;, x5, x3)), Y(«',2) the normal displacement at the free surface
(x" = (%, x,)), and g the gravity vector.

The shell, supposed thick, is represented by a domain £2, with the boundary
082, =2,V 2, U 25, On 2, and X (meas 2, , meas X3 > 0) act, respectively,
a force and displacement field. #'(n;") represents the external normal to £, ,
n' = —n on X}; p, is the density of the shell, # = (i, , 4, , ;) is the displace-
ment field vector referred to the equilibrium (static) configuration, ¢ is the
tensor whose components o;; represent the stress variations between the
actual and the initial states; finally, f(f;) represents the given body forces
per unit volume. We shall set here f; = 0.

2.1. Equations of the Coupled Problem

The Bernoulli theorem permits to calculate the pressure perturbation in any
point M of the shell or of the free surface. After linearization, one obtains

P:“Pf(—a;ti_ “(M))

In the linear approximation corresponding to the study of the small vibra-
tions, the model presently used supposes that the initial state is quasinatural
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and the normal variations are negligible during the deformation [3]. The
dynamic equations are the following:

(1) for the fluid
A =0 in £ x]0,T[

with the boundary conditions

3 .
2 _ > %nj on 2 X]0,T[ (nonpenetration condition)
on = ot
and

@ _ oy

on ot .
o on I} x]0, T[ (free surface condition);
o te¥ =0

(i) for the shell

3
80’-]' 32u~ .
i p O 0,%10,T]
;1 ox; ° or 2

with the boundary conditions
;=0 on X x 10, T7,
Z Uz'jnjl =0 on 22 X ]O, T[,
i

, oP ,
Y oy = py (—at_ + gua) nd on X x10,T[
i

We recall here that the constitutive equations for linear elasticity are of
the form

oy(u) = Z /\iihkfhk(u)»
Mk
where A;;,; are the elasticity coefficients and

_ 1 auh 8uk
th(u) - 7 (axk 3xh ) )

In the following, we assume that the Tong [1] hypothesis holds: the inner
product u - g is replaced by (u - ) (g - n).
Consequently, the boundary condition on X, X ]0, T becomes

, oP ,
Zj:oiinj = Py (7 —(u-n)(g- ”)) n;

and later on leads to the introduction of symmetric operators.
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2.2. Variational Formulation

Let H(£,) be the Sobolev space of real functions with the second power

absolutely integrable for the Lebesgue measure with derivatives of order one
in L(£2,) [4], and let V" be the space

V = {ve(HY(2))p% v |5, =0}

We can show, using the Green formula, that the problem in Section 2.1 is
equivalent to the following variational problem.
Find the functions (@(), Y{('), U(")) defined on ]0, 7 and taking values in
HY2)) x L¥(I}) x V, satisfying
[ ovovpa—| o o do — | or (2 n) g =0
: : 5 Ve HY®), (1)

o
f pr g Lo + g f p,Yldo =0  V{eL¥T)), )
r n
2% oD
Lz ; oyi(4) €(v) dx + fgg Pe (W . v) dx -+ Ll prgp (n0)do
3)
—[ e m@-m(@-ndo=0 voeV
Z;
with the initial conditions
ou .
u(x, 0) = uy(x), = (%, 0) = wy(x) in 2,
ot @)

’ 6¢ ! ’
D(x’, 0) = Py(x), s («', 0) = &Dy(x") on .

3. PRELIMINARY STUDIES

Before defining the function spaces for the whole problem, it is necessary
to establish some lemmas concerning the equations of the shell alone and of
the fluid alone.

3.1. The Elastic Problem

We assume that the elastic coefficients A;;;, have the usual symmetric
(Asjne = Agen = Agngs) and ellipticity properties, and we define

b, v) =T | oufw) exfo) d. )
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As a result from the Korn inequality and its consequences [5], we have the
following.

Lemma 1. The bilinear form b(u, v) equipped V with a norm equivalent to
the usual norm of (HY(£2,))3.

Let V' be the dual space of I/. We define the linear operator Be £(V, V")
by means of

b(u, ) = {Bu, v) Vu,vel, 6)

where (,) represent the inner product in the duality between V' and V7.
Let D(B) be the domain of the unbounded operator B in (L%(£2,)). Because
of the coercivity and symmetric properties of b(x, v), the operator B is
positive self-adjoint in (L%(£2,))* with the domain D(B).
On the other hand, it follows from the Sobolev theorem that the mapping
from V into (L3(£2,))? is compact, and we have the next lemma.

Lemma 2. The operator B defined by (6) is inversible positive self-adjoint,
and B~ is compact in (L*(£2,)).

3.2. Study of the Fluid

From the notions developed in [2] for vibrations of a liquid contained in a
rigid tank we shall establish compactness results.

This problem related to the u =0 case is written from (1)-(4): Find
D(-), Y() defined on 10, T taking their values in H¥(€,) x L¥(I}) and satis-
fying

Vovpd— [ Tlydr=0 Ve HU®), %)
2 fdo+g| Vido=0 VieLXT)), (8)
i N
with the initial conditions
’ ’ 8® (4 !
O, 0) = Byx), @0 =FE) on L. ()
3.2.1. Recalls
We set

o oy 0
m o 8
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and we studied the problem (7), (8): Find &(t) € H{(£,) such that

1 ¢ &0
sz V() Vi dx + - jrl o bda=0 Ve RY(Q)

with the initial conditions (9).
For the resolution, we introduce the subspace of HY(®,) defined by

od

A®=0 in Ql) E‘

=0 on 2, d=¢ on Iy, (10)
where ¢ € HY*(IY).

We define [6] the operator A e P(HYX(I), H-1/%1I)) by setting
Ap = (0D[om) | o which leads to the following evolution problem on the
manifold I';:

1 O%p
= =X /2
frl Aglt) bdo = fn Lhds Ve HVTY.

We show that the problem has a unique solution which is a linear combina-
tion of stationary solutions such as @(x, t) == ¢(x) ¢**. The operator A~!
is compact in L2(I), so the circular eigenfrequencies w and the eigenfunctions
@(x") = $(x) |, are given by the spectral problem

frl Ag do == “; frl opdo Ve HUXT,). a1

We obtain ¢(x) by solving Egs. (10). Let us recall the following lemma.

LemMA 3. There exists for (11) an infinite set of eigenvalues (w, =0,
< L L, —> 00)), and the corresponding eigenfunctions @, (x") form an
orthogonal and total sequence in H/*(IY).

We recall, too, that the first eigenfunction ¢y(x") corresponding to wy = 0
is a constant [2].

3.2.2. Consequences

Let W (resp. S;) be the subspace of HY(£2,) (resp. L%(I")) orthogonal with
respect to the constant functions; d(®) = IQ] | V@ |2 dx defines a norm on
W, and by a lemma due to Deny and Lions 7] we have the following.

LemMa 4. d(®) = [o | VP |2 dx defines on W an equivalent norm to the
usual norm of H{(E,).
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Let W, be

——qz~00n21‘

W, = gqﬁe W40 =0in®, >

Following (10), we have (Green’s formula)

J‘ |Vq>|2dx=f dgp-pdo NP W,.
2 Iy

As, on the one hand, 4 € L(HV*(I), H*/*(I})) and, on the other hand,
the trace operator is continucus from HY(£,) into H/*(IY), the topology
induced by d(®) on the subspace W, is equivalent to the topology of HV/*(IY),
and we have the following.

Lemma 5. The sequence {¢,(x)}n,, obtained by solving (10) with the
boundary condition involving the eigenfunctions {p,(x')}n, of 4, is an orthegonal
total sequence in W, .

3.2.3. Back to the Problem (7), (8)
Let T, be
3@ e W,

, a — Yesl§. (12)

T, corresponds, by means of (10), to the domain D{A4) of the unbounded
operator 4 in L¥I7).

The results mentioned in Section 3.2.1 lead us to look for the stationary
solutions of (7), (8), such as

D(x, t) = ivd(x) e?, Y(x, 1) = y(x) et
with

(b, ¥)eW x S;.

So we can avoid the trivial solution ¢ = const, which corresponds to v = 0.
After a substitution in (7), (8) we obtain the following spectral problem:
Find (¢, ) € W X S, such that

[ Vi~ ypdo=0 wpem @),

1

___V_z_ $ldo+ | ylde=0 V{esS,.
8 5
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We notice that we have

o
on

2

n 7 on

= in T,

Iy

and, when using Green'’s formula,

L Vo Vi dx =fr i do =fr {4 do.

The above spectral problem is therefore equivalent to

[ stde—Z ] VpVpds=0 VGOeTixS.  (13)
ry g Yo,

Recalling the notations of [2] stated in Section 3.2.1, we can set
y=Ap with =@,
(=44 with $=¥|.
Another form of (13) is

2
f ApAp do — f—j pApdo =0 Ve D(A),
ry g Iy

where D(A) represents the domain of 4.
Problem (7), (8) consists now, as is quite natural, of the spectral decomposi-
tion of 4. We can formulate the previous results (Lemmas 3 and 5) as follows.

LemMa 6. There exists, for the problem (7), (8), an infinite positive sequence
of circular eigenfrequencies w,, . The corresponding eigenfunctions constitute the
sequences {¢,}, {pn}, where {¢p}n. ..« 15 orthogonal and total in W, and,
{Pntnet.... 0 15 Orthogonal and total in S, and such that

J, Vs Vhole) ds =22 [ ) ) dr

Vi, o = 2| L (14)
fg V() V() '

w2

[ 2ne) yula do =

We define the symmetric unbounded operator Cy: Ty — S by setting

W)

Cp=y (=2
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It verifies that

Cip = Ag (p =P [g)-

(€)= | yx/vdc:J;? VgVyde  VpeT,.

Lemma 6 shows the existence of a discrete spectrum for C; hence, by a
theorem from [8, p. 462}, we have the following.

Lemma 7. C;%: S, — T, is a compact operator (for the topology induced
on Ty by W).

The operator C7* is generally known as the Neumann operator of the
problem [9].

3.2.5. Extension of the Results

The preceding methods can be extended without difficulties to the following
boundary value problem:

49 =0 in £, x 10, T,
oP oY (15
o o a on 082, % 10, TI.
¥ +gY =0
Let us set
p=0 0, and A(p:%ii 20,

where 4 € L(H'2(08,), H1/%(0£,)). From the compactness of the mapping
from H/2%(082,) into L*98) we get the compactness of A-! into L¥00,).

Let & be the subspace of L*2£2,) orthogonal with respect to the constant
functions, and let T be

T — gtpe W;Adi:Oian,%f—

ey$ : (16)

20,

The solution of (15) leads to the spectral problem

2
fycda—”—f VéVide =0 VeT,
0, 8 o

which is similar to (13).
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We define C: T'— & by setting (0¢/2n) a0, = Cé.
By similar methods we can prove the existence of a discrete spectrum and
we have the following lemma.

Lemma 8.  The operator defined by C1: & — T is compact (T is equipped
with the topology of W).

4. SPECTRAL PROBLEM ASSOCIATED WITH THE INITIAL PROBLEM

4.1. Description of the Problem
Let § be the Cartesian product of the three sets
H=WxL{I) x V.

$ is equipped with the topology of the product and ) = (i, {, v) represents
a member of $.

We have already seen the interest of stationary solutions which are related
to the notion of a spectral problem (Section 3.2.1). We therefore search the
stationary solutions of the problem under the form of

B(x, 1) = ivd(x) e,
(17
u(x, t) = u(x) e, V(& 1) = y(x) e,

where the triplet P = (¢, v, #) belongs to § in order to eliminate the trivial
solution (¢ = const, # =0, y = 0) corresponding to » = 0.
The problem (1)-(4) leads then to

7 Uﬂl ps Vé Vi dx — fn pry¢ do — Ll pr(un) a'o] =0 Ve Hl(.Ql),( 1

—2 [ ppldot+g [ pyldo=0  VieIXDy),
I, Iy (19)

>

4,9 "

ou(®) €ife) ds —* [ puv) dx — 12 [ pd(on) do

— L p(gn) (un) (on)do =0 VoeV. (20)
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4.2. The Reduced Problem

Let & be the subspace of W x L3(I7) % I defined by

o 7
5 emyon 2y b =gonnyl. ()

K=heK|4y =0inQ
The fact that §) belongs to R leads in particular to

L (vn)da—{—fr { do = 0.

LemMa 9. 8 is a closed subspace of $.

For the purpose of demonstration, we consider a Cauchy sequence in &,
that is §, = (¢n , Y , #,). We show that lim, .., b, = b = (¢, ¥, u) belongs
to K.

This follows, on the one hand, from A¢ = 0 in the sense of distributions in
£, so

Obr
on

Lo
a9, on

in  H12(0Q,).

20,

On the other hand, we consider the limit of the sequences in the equation
[ V6. Vpdr=[ ypdot | wmydo  WpeHYD).
2 Iy 51

Fundamental Remark. Equation (18) is verified if we search P in the space
K. The application of Green’s formula in a symmetrical way leads to

f Vo Vi dx :f ) do +f (un)  do
24 Iy P2
@r)
=f ¢gdo+f (n)pds  VheSK.
I %
This fundamental remark implies the reduction of Eqs. (19) and (20).

Lemma 10.  The problem (18)—(20) becomes the following: Find the scalar v
and P = (¢, y, u) such that

2 fg oii(1) €is(v) dx — fz ps(gn) (un) (vn) do + g fr ps ¢ do
o 1 1 22
— 2 Uﬂ po(uv) dx + fg ps Vb Vi dx] =0 Vh=@{v)eR. 22
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We are now able to state Property 1, which correlates the problem of
vibration to the analysis of a spectral problem.

Property 1. The following spectral problem is associated with the prob-
lem (1)-(4): Find »? and P € & such that

M(P,Y) = A (P,h) Vhe& (23)

with

HEY) =T [ ouw) @) dv +g [ prytde— [ plem) (wn) (on) do

N @) = [ oV Vhdu+ [ pfu)dr. (24)

Remark. The problem (18)—(20) is equivalent to the problem (23), (24)
on the subspace of L&I3) x V, for which we have

jp {do + fz (vn) do = 0.

5. RESOLUTION OF THE PRECEDING SPECTRAL PROBLEM

5.1.

H(P, ) and AP, ) are two continuous symmetric bilinear forms on
& equipped with the topology of . Let ' be the strong dual of §. There
exists two self-adjoint operators 9t and 9t € Z(H, H’) such that

(MP,b) =#A(P,b), (NP, b) =A(P,D) (25)

The norm induced on & by (RP, h) is the norm induced by W x (L2(£2,))%.

5.2

For the spectral analysis (23), a first difficulty comes through the fact that
9 is not necessary a positive operator. Hence, we consider the hypothesis of
V-coercivity with regard to (L¥(£2,))*: There exist two constants Ay 2> 0 and
oy > 0 such that

Y [ oul) cufw) dx — py [ (gn) (umdo+ X [ polu P de> ol uly.
4,7 V% P21 2 (26)
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This hypothesis is connected with the geometry of the system and appears
to be justified because the coeflicient ps(gn) is generally small; on the other
hand, it is obviously verified in the case of thin shells of thickness %, where
the integration in £, is replaced by an integration on the mean surface v,
(it is therefore sufhcient to choose Ay == (gn) ps/p k).

Under the hypothesis (26), let the operator IR’ be defined by

P, by — (MP, b) + \(RP, B, (27)

(24), (26), and Lemma ] lead to the coercivity of the self-adjoint operator I'.

53

It remains to prove that “9t’ is compact in regard to M.” This property is
equivalent to the following one: From every sequence {P,} € & such that
M'P,, P> < const, we can extract a subsequence which converges
strongly for the norm (NP, P). M’ is the sum of the two operators i, and
M, , defined by

WP B =T [ oulw) @) dx— pr [ (en) (un) (o) do+ 2y [ pur)

WPy =g [ yldot 2| V4V

We recall here that P (resp. h) represents the triplet (¢, ¥, ©) (resp. (i, £, v))
as an element of K.

It follows from Lemma 2 and the hypothesis (26) that ;! is compact in
(L?*(£2;))%. On the other hand, we have

f Yot do < const and (u,n)? do < const,
5 £
owing to the continuity property of the trace operator from H(£2,) into
L2(052,). The sequence P, is such that d¢,/onc & and | d¢,/0n [> < const.
Using Lemma 8, we can show the compactness property of 9i;% I,
being the sum of two compact operators (in regard to (L%*2,))® and W) is
therefore ‘‘compact in regard to N.”
These results are gathered in the following theorem.

Taeorem. W' is a coercive, self-adjoint operator on K, and W'~1 is compact
in & (for the topology induced by (NP, b>).

We can therefore apply a classical theorem of spectral analysis [8, p. 237]
in order to obtain the following property.
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Property 2. The spectral problem
MNP, B —(RP,H> =0 VheK (28)
has an infinite sequence of real eigenvalues:
0<y Ko <Koy <oy ’I‘igolfxn=+oo.

The corresponding eigenfunctions P, = (¢, , ¥, , #,) form on & an ortho-
gonal and total sequence, such that

<wz’Pn » Pm> = an<mpn ’ Pm> = ‘)‘nsnm Vm.

6. CONSEQUENCES: RESOLUTION OF THE INITIAL PROBLEM

Referring to the problem (1)-(4) with which we have connected the spectral
problem (23), #(P, ) = v2A"(P, ), the circular eigenfrequencies are given
by

Vel =, — Ay, (29)

and the corresponding eigenfunctions P, form an orthogonal and total
sequence in W x (L¥(£2,))? such that

A4, =0 in 9,
0,
—;;T = (u,n) on PN
O
on on I,
vn2¢n =Yn
Oc;i(u,, . .
;—5’;—) = v,y in Q,, i=1,2,3,
u, =0 on 2,
Z o'zf(un) n; =0 on 25,
i
> 1:0:{Un) 0 = pyaiby — ps(Un ~m)(gm) on X (30)

2,

It must be observed that the system is unstable (in the usual sense in linear
vibration mechanic) if a,, — A, is negative for the first values of #.
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Conclusion. For the initial hydroelastic problem, we have proved the
existence of an infinite sequence of eigenfrequencies such as lim,, ., v, = co.

The eigenfunction given by the triplets (¢, , ¥, , #,) are the corresponding
vibration shapes. The system is completely characterized from the mechanical
point of view by the knowledge of the vibration modes.

Remark. 1f meas 2y =0, we can introduce [5, p. 115] the space
V = (HY(£,))}/%, where £ is the set of rigid solid displacements. The results
of the theoretical analysis remain the same if we take W x L¥I}) X V as a
new definition of the space $. For the following numerical analysis, we shall
use Eqgs. (18)+(20) with $ = HY(L,) x L¥I) x (HY(82,))®. The solutions
are then defined to within a rigid body displacement.

7. NumMEeRICAL ANALYSIS BY THE FINITE ELEMENT METHOD

According to the chosen application we shall deal with the problem of
axisymmetric vibrations of an axisymmetric shell partially filled with liquid,
within the thin shell theory.

7.1. Matrix Equations of the Discretized Problem

In this analysis » is not necessary zero on Xy . Taking into account the
preceding Remark in Section 6, the function space here considered is

9 = HY(Qy) X LTy X (HYD)).

Equations (18)~(20) of the weak problem recalled here,

iv | jglpf Ve Vip dx — fn., oy b do — le pilum) pdo] =0 Ve HI(QI),( "

—* fr ps $L do +ng prylde =0  V{elXI), (19)

;La 04i(u) €5(0) dx — V2 fgg pe(uv) doe — 2 L prp(on) do

— [ e Emde =0 VoeE@)P,  (20)

are discretized by the finite element method. The domain is covered by a
finite number of simplex models such as the open simplexes are disjoint, and
two adjacent simplexes have a common side. The trial functions used are
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piecewise interpolation polynomials [11]. The unknowns are then the nodal
values of the functions. #*, #*, ®* are, after assembly procedure, the
column matrices constituted by the nodal values of the functions y, u, ¢.
The matrix formulation of the discretized problem is

ss 0 0 0 0 4 @*)
0 K-tk 0}_V2[0 M Az] o =0 31

0 0 0 4, 4, —F1) {o*

(in A; the overbar represents the transpose quantity). The different
submatrices of the system (31) (S, K, k) e &; (M, 4,, 4,, F) € #) are asso-
ciated with the bilinear forms of the functional equations (18)-(20) and
constitute the matrices resulting from the application of the finite element
method. Their detailed definitions will be found in Section 7.3.

K and  are, respectively, the stiffness and mass matrices of the mechan-
ical system.

7.2.  Description of the Elements

The function spaces HY(Q,), L¥(I7), (HY(£2;))? of the variational coupled
problem are approximated. Because of the symmetry of the physical problem,
the analysis becomes twodimensional. As a result, the simplexes on which
the interpolations are to be constructed are torus (axis ‘0X). The cross section
will be represented in a meridian plane (X, Y).

Let M; be the node of coordinates (X, Y;) and (y;, ¢;,u;*) (resp.
Ly s, v;%), the values of the unknown functions at the node M, before
assemblage.

We also put

7.2.1. Flud Finite Elements
Three types of finite elements are considered.

(a) Rectangular (Fig. 2). We proceed on a quadratic development of
the solution

HX,Y)=ay + o, X + a,Y + a, XY,

(32)
X, V) = by + b X + bY + b XY.

This corresponds to a Lagrangian-type interpolation formula in the element
domain (nodal unknowns: ¢, , ¢s, ¢35, b,).

409/51(2-3
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M
3
—_—> Y

Fic. 3. Triangular element.

(b) Triangular (Fig. 3). The chosen interpolation is linear and results
from the truncated developments:
X, Y) = ¢ + X + ¢, 33)
WX, Y)=d, +d X+ dY

(nodal unknowns: ¢, , ¢, , d3).

t
]
I
|
t
;
i
i
I//
1
Fic. 4. Isoparametric element.

(c) Isoparametric trapezoidal (Fig. 4). A point M of the cross section
is represented by the coordinate lines: £ = const, n == const. The inter-
polation functions chosen for ¢ and # are defined from

¢(£y 7]) =& + el§ + €s7 + eaf’fl’
‘l‘(f, ) =fo + fi€ +fm + faén.

It is clear that the continuity condition for ¢ and i is satisfied along the
element boundaries.

(34)

7.2.2. Element of the Free Surface (Fig. 5)

This element has the shape of a circular ring generated by a linear segment
M, M, of the meridian straight line of the free surface. The functions y, {
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X

Y

F1c. 5. Free surface ring.

Fi1c. 6. Conical frustrum element.

are linearly interpolated with respect to Y (nodal unknowns: (yy , ¥2); ({1, £2)
for the test function).

7.2.3. Elastic Shell Element (Fig. 6)

The shell, supposed to be thin, is represented schematically by conical
frustrum elements of revolution around the axis 0.X generated by the segment

MM, .
We consider here a local system of coordinates (x, y). Let us put
s = x[L.

L is the length of the segment M, M, .
The components [u,(s), #y(s)] of the displacement vector u of the shell are
respectively interpolated by Lagrangian and Hermitian polynomials [12]:

el i S s s E

with
L(i)=[1—s 0 0 s 0 0],
Ly(s) =[0 1—3s242% L(s—2%2+3%) 0 3s2—28 L(—s%4 %),

and
Uy 1
Uy U1
du dv.
o ,  vr= |0, p=Z22 (resp. y = 2) .
Uy Vyn dx dx
Ugo Vgo
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u;, v;; (£ =1,2;j =1, 2) are the values of the ith components of the dis-
placement vector u (resp. v) at the node M, . Let us recall that v is the test
function associated with u.

B: (resp. y;) are the values at the node M, of the angle of rotation of the
normal to the middle surface of the shell.

Let us recall here that the thin shell theory [13] is a surface theory. Then,
the particular geometry of the body allows the introduciton of kinematic
simplifying assumptions.

The deformation of the shell can then be expressed in terms of the middle
surface displacement (u; , #,) and of the rotations of the associated normals.
Therefore the tensor € (e,;) takes into account the curvatures of the middle
surface. Due to the chosen interpolation functions, the continuity condition
for u; (resp. v;) is satisfied along the element boundaries.

7.3.  Description of the Discretized Problem

The above-described finite elements will allow us to state the matrices
corresponding to the approximation of the bilinear symmetric forms of Egs.
(18)~(20).

In the following paragraphs, we describe in detail the matrix equation put
down in Section 7.1.

7.3.1.  Approximation of [o pVVep dx
(a) Rectangular element. Let ¢* and ¢* be

b il
* ¢2 * 2
Al YRR el
¢4 l/14

The matrix Fy corresponding to the form ¢*Fpih* is
XY,
Fr = 2mp,B U f LLY dX dY] B
%Y

with
Y, -V, ¥, —Y
01 X 1 [iz 1 N1 2
L:[ ] B—_— [X3 -X, X, —Xl].
-1 1 -1 1

__(b) Triangular element. We obtain the matrix Fr corresponding to
¢*Frd* through the relation

Fr = 2mp,B Ut LLY dXdY] B,

riangle
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where

L= [(1) (1)] and B

(c) Isoparametric element. 'The calculus of the discretized bilinear
form ¢*Fp* is done after the following change of variables:

— R [le 0 —Ym]
2 XarealX,, —X,, 0 I’

X=X,+ £Xn,
Y= Yl -+ "7Y13 + f”)Y:az .
We get
b
e =1 =€ ot =0 (A—n(—o]|%
Iy
and
11 D(X,
Fr = 2mp, [ [ BB ) V(6 ) - | i agan,

where B is the matrix which represents V¢ as a function of the nodal
unknowns.

The assemblage of the elementary matrices F;, Fr, Fy gives the sub-
matrix F of the set (31).

7.3.2. Approximation of p; [r, y do and p; [r, ${do

The matrices associated with these two bilinear forms are transposed one
by the other. Using the notations of Section 7.2.2, let us put

A I B R ]

setting, furthermore,
-8 -]

The elementary matrices associated with p, [r y¥do and p; [r, ${do
are, respectively,

~ [0 a ~ 0 O
G, [0 ol @ and o [‘71 NE!

with
a =2 N [ TTY dY] N (@ =a),

61
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where

The assemblage of these elementary matrices forms the submatrix
7 o]
4, 0

7.3.3.  Approximation of gp; [r, ¥{ do.

of the set (31).

Using the interpolations defined in Section 7.2.2, the elementary matrix
associated with this form is ga; . @, has been defined in Section 7.3.2.

The assemblage of these elementary matrices on the whole free surface
provides the submatrix S of the set (31).

7.3.4. (2) Approximation of 3;; [o oi() €ix(0) dx.

The geometry of the element has been described in Section 7.2.3. The
calculus of the associated elementary matrix is carried out in the local system
of coordinates (x, ). After a change of basis, the assemblage procedure is
done in the global system of coordinates (X, Y).

The relations between displacements and strains are the following [13]:

. = du, . _ 4 dY | wuycosa

¢ dx *TY dx Yy (36)
d*u, 1 dY du,

=G TV de

x, and «, are the variations of curvature of the middle surface, respectively,
in the directions (%, 2).
The same relations (36) are also utilized for the test function o(v, , ).
The relations between the generalized stresses (resulting from an integra-
tion of the three-dimensional stresses with respect to the thickness of the
shell) and the generalized strains, are the following:

o = De
with
Nac ex
o= N, e= |
M, ’ Ky ’
M, K,
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C. Ce 0 0
Cwc Cc 0 0
0 0 D, Dy
0 0 D, De

D:

where D is the classical matrix of the characteristic coefficients of the
material in linear orthotropic elasticity (the indexes L, C indicate longitudinal
or circumferential stiffness).

Relations (35) and (36) permit the calculation of € as a function of u*
and ¢* in the form

e(s, u*) = A(s) u*,
(s, v¥) = A(s) v*.
The matrix associated with the bilinear symmetric form
Y], ootw) eofo) v
on the shell element is #*K'v*, where

K¢ =2aL | " A0) DA(s) (Y + sYy) ds.
(1]

K /' is the elementary matrix which represents the bilinear form in the local
basis.

The submatrix K of the set (31) is obtained afterwards by assembling the
matrices

Kc = '@KC,‘@$
where
R O
%z = [o R]
with

cosa sina O
R=|—sina cosa 0}.
0 0 1

(b) Approximation of _[Qz p(uv) dx. Let mc be the matrix which repre-
sents this form for a shell element.
We obtain in the local basis (x, y)

1
me' = 2mp,L j P(s) (Y + sYy,) ds.
0
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Using the polynomial interpolation and the notations of Section 7.2.3, we
have

P(s) = Ly(5) Ly(s) + Lafs) Lafs).
In the (X, Y) coordinate system, the elementary matrix . becomes
g = Rmc' K.
The matrix M of the set (31) is then obtained by assembling the matrices
#e .

(c) Approximation of — le pign) (un) (vn) de. We obtain the matrix
relation —u*k'v*. Using the same notation as in Section 7.2.3, the corre-
sponding k' matrix is

1
k¢’ = 2mp;Lg sin o f Lo(s) Lofs) (Vy + Yos) ds.
0

ko = Rk R leads to the submatrix # of the set (31).

7.3.5.  Approximation of | 5, prb(vm) do and le psun) ¢ do

After discretization on a finite element (on the wetted surface of the shell),
the bilinear reciprocally symmetric forms are

w*agh* and  $¥ap*.

Let us recall that these forms represent coupling terms between the fluid
and the shell. Using the results of Section 7.2.3 as well as the linear interpola-
tion of @ (resp. ) along 2, {Sections 7.2.1(b) and 7.2.1(c)), we have

1
ay = 271prf0 Ly(s) [l — s s] (Yy + sV15) ds.

The elementary matrices associated with the discretized bilinear forms are

o) e w af) Yo

=) el

After a change of basis, the assemblage is made on the following elementary
matrices:

where

o 51w [a, of

We then obtain the submatrix [{ 4] of the set (31).
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7.4. Resolution of the Discretized Problem—Numerical Results

7.4.1. Resolution

Let us recall here that, in the case of axisymmetric vibrations, the velocity
potential is determined to within an additive constant (function of time only).
Consequently, we show that if F is the n X n submatrix associated with the
bilinear form _f92 pVdVi) dx, then the order of Fisn — 1.

The set (31) then becomes

%
| | £A*
SN SR U U D A ) S
0 : 0 R : 0 @, *
with
s } 0
K = _——_l_—— ’
0 | K+k

and we therefore have a relation between #*, #*, and @*:
L(E*, U*, D¥) = 0.

The reduction of the set (31) can be done by considering the following

equation:
*
[ Zallon] = [oT @

where the first quantity in square brackets is ., the mass matrix of the

set (31), and where
@*
§=|uU*
D, *

and F* is an arbitrary vector. (DPp* represents the column matrix constituted
by all the unknowns @* except one.)

Once (37) solved, the set (38) gives @z*. The method avoids the use of the
constraint relation £. For the resolution, we use the algorithms of a general
existing code ordinarily used for the static and dynamic analysis of structures
by the finite element method (displacement method) [14].
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As a matter of fact, the procedure for recovering the @z* corresponds to a
regular, mixed problem of linear elasticity where the boundary conditions
hold (at the same point) simultaneously on the displacements and the forces
components [15].

7.4.2. Numerical Results

The computation is carried out on a structure composed of two tanks
with an intermediate bulkhead separating the two liquids. This structure
constitutes the first stage of the civil launch vehicle Diamant B (Fig. 7).

The tanks considered here are cylindrical shells with ellipsoidal bottoms
partially filled with liquid (the chosen configuration leads to a level of liquids
corresponding to 109, of burned propellant).

The modelization used for each tank, through the different finite elements
previously described, is shown in Fig. 8. Figures 9 and 10 represent the
shapes of the free surface and of the shell and the velocity potential along the
axis of revolution.

Figure 11 shows a comparison between the first five numerical and experi-
mental eigenfrequencies.

The good agreement obtained shows the precision of the presented method.

F1c. 7. Launcher configuration.
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L 2

== g

Fic. 8. Axisymmetrical elements. (i) Fluid elements: (1) rectangular, (2) iso-
parametric, (3) triangular, (4) free surface. (ii) Shell elements: (5) stiffness and mass.
(iii) Coupling elements: fluid-shell, fluid—free surface.

Mode Shape Pressure along the axis

3

RN

3

%_.v AT\ ey,

initial configuration, -----

Fic. 9. Second structural mode; mode shape,
deformed configuration.

Mode shape Pressure along the axis

-
A

Fic. 10. Fourth structural mode: mode shape,
deformed configuration.

LY

TISSSSF

QE««(“

initial configuration, -----
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T
Modes ] i 2 : 3 4 5
;
Test 28.6 fasJ .48.4 79.5 91.5/92.8 | 1194120
| i
i
Computation 27.8 l 48.3 75.9 ©95.0 124.2

Fic. 11. Frequencies: Comparison with experimental results.

From the values of the velocity potential ¢ at the bottom of the tanks, we

get the values of the pressure at these points. These values are used as known
quantities in a numerical model of the Pogo loop stability.

10.

11.

12.

13.

14.

15.

16.
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