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Abstract

Let G be a graph with at least 2(m + n + 1) vertices. Then G is E(m; n) if for each pair of
disjoint matchings M;N ⊆E(G) of size m and n, respectively, there exists a perfect matching
F in G such that M ⊆F and F ∩ N = ∅. In this paper, we prove two results concerning the
property E(m; n). The �rst involves the class of claw-free graphs and the second is a result about
bipartite graphs. c© 1999 Elsevier Science B.V. All rights reserved

1. Introduction

In this paper all graphs will be �nite and, unless otherwise speci�ed, simple as well.
Let G be a graph with at least 2(m + n + 1) vertices. G is said to be E(m; n) if for
every pair of disjoint matchings M;N ⊆E(G) of size m and n, respectively, there is a
perfect matching F in G such that M ⊆F and F ∩N = ∅. If G is E(n; 0) we say that
G is n-extendable. In fact, it was the concept of n-extendability which subsequently
gave rise to the property E(m; n). Graphs which are n-extendable have been studied
quite extensively (see [10,12].) Some of the early results on this family of graphs are
also to be found in the book [6] where their connection with other areas of matching
theory are also discussed. For further information on n-extendable graphs, we refer the
interested reader to these three sources and the reference lists contained therein.
The �rst paper to treat the more general concept of E(m; n) was due to Porteous

and Aldred [13]. In this paper the general theme is the study of when the implica-
tion E(m; n) −→ E(p; q) holds and does not hold. Although it has long been known
that n-extendability implies (n − 1)-extendability [7], there are a few surprises in the
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implication lattice for the general case E(m; n). For example, although it is true that
E(m; n) implies E(m − 1; n) for all m¿1, it is not true that E(m; n) always implies
E(m; n− 1).

2. A result for claw-free graphs

A graph G is claw-free if it does not contain the complete bipartite graph K1;3 as
an induced subgraph. Claw-free graphs have been widely studied in connection with
many graph parameters and concepts, only one of which is matching. For a current
bibliography of all published papers involving claw-free graphs, the reader is referred
to [1], while for those concerning matching results, again we refer the reader to [12].
The �rst result involving perfect matchings in claw-free graphs was obtained inde-

pendently by Sumner [14] and Las Vergnas [5].

Lemma 2.1. If G is connected, claw-free and even, then G contains a perfect
matching.

A result of Plummer [11] generalized this result to n-extendability and is stated as
Corollary 2.4 to the main theorem of this section which we now present.

Theorem 2.2. Let m and n be non-negative integers. Suppose that graph G is
(2m+ n+1)-connected, claw-free, even and suppose that |V (G)|¿2m+2n+2. Then
G is E(m; n).

Proof. First we prove the result when m = 0; that is, we will show that if G is
(n + 1)-connected, claw-free and even and has at least 2n + 2 vertices, then G is
E(0; n).
If n = 0, G has a perfect matching by the theorem of Las Vergnas and Sumner and

hence is E(0; 0). The proof now proceeds by induction on n.
First suppose that n = 1 and let G be a 2-connected claw-free even graph. Suppose G

is not E(0; 1). So there exists an edge f ∈ E(G) such that G has a perfect matching, but
every perfect matching of G contains edge f. Let G′ = G−f. Then, by Tutte’s theorem
on perfect matchings [15], there exists an S ′ ⊆V (G′)=V (G) such that co(G′ − S ′)¿
|S ′|+ 1 and hence, by parity, co(G′ − S ′)¿|S ′|+ 2. (Here and throughout the rest of
this paper co(X ) denotes the number of odd components of graph X .) But since G
has a perfect matching, co(G′ − S ′) = |S ′| + 2 and edge f must join two di�erent
odd components of G′ − S ′. Choose a smallest such ‘Tutte set’ S ′. Suppose S ′ 6= ∅.
Then by a result of Sumner [14] each vertex in S ′ is adjacent to vertices in at least
three di�erent odd components of G′ − S ′. (We say that the vertex is a ‘claw-center’.)
Suppose f = xy. Then, since G is claw-free, each vertex of S ′ is adjacent to x, y and
exactly one vertex in some third odd component of G′ − S ′.
In G contract each odd component of G − S ′ to a singleton (‘black’) vertex and

the subgraph induced by the odd components containing x and y and edge f is also



R.E.L. Aldred et al. / Discrete Mathematics 206 (1999) 35–43 37

contracted to a single ‘black’ vertex. Delete any edges joining two vertices of S ′.
Denote the vertices of S ′ as ‘white’ and consider the subgraph of G induced by the
|S ′| white vertices and the |S ′|+ 1 black vertices. Call this subgraph G′′.
Then G′′ is bipartite. Since G is 2-connected, the degree of each black vertex in G′′

is at least 2 and since G is claw-free, the degree of each white vertex in G′′ is no
greater than 2. So counting the edges of G′′, �rst as viewed from the black vertices and
then from the white vertices, we have that 2(|S ′|+1)6|E(G′′)|62|S ′|, a contradiction.
Thus S ′ = ∅. But G 6= K2 since G is 2-connected, so each endvertex of edge f is

a cutvertex in G, again a contradiction. Thus G is E(0; 1).
Now suppose G is (k + 1)-connected, claw-free and even with k¿2. We want

to show that G is E(0; k). Since G is k-connected, by induction hypothesis G is
E(0; k − 1). Thus suppose G is not E(0; k). Thus there exist k independent edges
f1; : : : ; fk such that every perfect matching for G contains at least one of them.
Thus Gk = G − f1 − · · · − fk has no perfect matching and so there exists a set
S ′ ⊆V (Gk) such that co(Gk − S ′)¿|S ′| + 2. But Gk + f1 does have a perfect match-
ing, since G is E(0; k − 1), so co(Gk − S ′) = |S ′| + 2 and f1 must join two di�erent
odd components of Gk − S ′. Similarly, each of f2; : : : ; fk must join two such odd
components.
Now let t be the number of components of G which arise from the |S ′| + 2 odd

components of Gk − S ′ when all of f1; : : : ; fk are reinserted. (We shall call these
supercomponents.) Since reinserting any fi can reduce the number of components by
at most one, reinserting all of them can reduce the number of components by at most
k. In other words, t¿(|S ′|+ 2)− k.
Then since G is (k+1)-connected, each supercomponent is adjacent to at least k+1

vertices in S ′. Moreover, since G is claw-free, each vertex in S ′ is adjacent to no more
than two di�erent supercomponents. Thus (k+1)(|S ′|+2− k)6(k+1)t62|S ′| and so

|S ′|6
(
k − 2
k − 1

)
(k + 1)¡ k + 1:

But since G is (k + 1)-connected, S ′ cannot be a cutset of G and hence the number t
of supercomponents must be exactly one.
Now form a multigraph from G by contracting each odd component of Gk − S ′ to a

single vertex, but retaining all edges having endvertices in di�erent odd components.
Also delete S ′ and any even components of G′ − S ′. Call the resulting connected
multigraph G0. Let d denote the minimum degree of any vertex in multigraph G0.
Since G0 has at least 2 vertices and is connected, d¿1. Then k = |E(G0)|¿d(q+2)=2,
where q = |S ′|.
Suppose d¿2. Then d=2¿1 and hence q+d6qd=2+d6k. Now consider any odd

component Cd of Gk − S ′ having degree d in G0. This odd component Cd is adjacent
to no more than |S ′| + d = q + d6k vertices in G − V (Cd) and hence, since G is
(k + 1)-connected, these no more than k vertices must exhaust the rest of G.
Suppose there exists an fi which has neither endvertex in Cd. Say fi = xy. Then if

L is the set of all d edges joining Cd to G−V (Cd), let W be the set of all endvertices
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of edges in L which are not in V (Cd). Then |W |6k and W separates Cd from x and
y, contradicting the assumption that G is (k + 1)-connected. So all fi’s have exactly
one endvertex in Cd and the other in some odd component of Gk − S ′ di�erent from
Cd. But then k6d6q + d6k. But then equality must hold and hence q = 0; that is,
S ′ = ∅.
Furthermore, if |V (Cd)|¿k + 1, then, if L is as above and W ′ is the set of all

endvertices of edges in L which are also in V (Cd), then |W ′|6k and W ′ is a vertex
cut in G separating V (C1) from at least one vertex of Cd, where C1 is any odd
component of Gk − S ′ other than Cd. Again we have contradicted the assumption that
G is (k + 1)-connected. Thus |V (Cd)|6k.
If there exist at least three odd components of Gk − S ′, then V (Cd) is a vertex

cut separating any two of them in G and since |V (Cd)|6k, once again we have a
contradiction that G is (k + 1)-connected.
So G consists of exactly two odd subgraphs Cd and C′

d joined by a matching
f1; : : : ; fk .
But then |V (G)| = |V (Cd)|+ |V (C′

d)| = 2k62n ¡ 2n+ 2, contradicting our initial
hypothesis that |V (G)|¿2n+ 2.
Hence d = 1. Let Cd be as above. There are q + 2 vertices in V (G0) and k edges

in E(G0). But then, since G0 is connected, it contains a spanning tree and hence
k¿(q + 2) − 1 and hence q6k − 1. Thus q + d = q + 16k and Cd is joined to no
more than k vertices in G − V (Cd). But then, arguing just as in the case for d¿2,
once more we contradict the assumption that G is (k + 1)-connected.
Thus, G is E(0; k) and by induction we have proved that whenever G is (k + 1)-

connected, claw-free and even, then G is E(0; k).
Now suppose G is (2m + n + 1)-connected, claw-free and even, but suppose that

G is not E(m; n). Then there exist two disjoint matchings M = {e1; : : : ; em} and
N = {f1; : : : ; fn} such that no perfect matching for G−N contains M . But G−V (M)
is claw-free, even and still k-connected for each k6n + 1. So by the result above in
this proof, G − V (M) is E(0; n). Let M ′ be a perfect matching in G − V (M) which
avoids all the edges in N . Then M ∪M ′ is a perfect matching in G containing M , but
none of the edges of N . Thus G is E(m; n) as claimed.

Corollary 2.3. Let G be 2n-connected, claw-free and even. Then G is E(n− 1; 1).

Proof. Since G is 2n-connected, |V (G)|¿2n+ 1, but G is even, so |V (G)|¿2n+ 2.
The result is then immediate by Theorem 2.2.

Corollary 2.4. Let n be a positive integer. Then if G is 2n+ 1-connected, claw-free
and even, G is n-extendable.

To demonstrate the sharpness of the connectivity condition in Theorem 2.2, consider
the graph G(m; n) on 2m + 4n + 2 vertices constructed as follows. Join two vertex-
disjoint copies of the odd complete graph K2n+1 with a matching {f1; : : : ; fn} of size
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n. Then join each vertex of the even complete graph K2m to each of the 4n+2 vertices
already in use. Let {e1; : : : ; em} be a perfect matching in the K2m.
If m = n = 0, G(0; 0) is just K2 which is claw-free and even, but has no perfect

matching and hence is not E(0; 0). It is clear that for any m; n, G(m; n) is not E(m; n),
for there exists no perfect matching in G(m; n) which contains all of e1; : : : ; em, but
none of f1; : : : ; fn. It is easily veri�ed that G(m; n) is (2m+n)-connected. Thus G(m; n)
is (2m+ n)-connected, claw-free and even, but not E(m; n).
As far as relaxing the claw-free property is concerned, it is easy to construct even

graphs with arbitrarily high connectivity, but containing claws, which do not even have
a perfect matching.

3. A result for bipartite graphs

In this section we consider regular bipartite graphs. Matching extension (in the sense
of property E(n; 0)) in such graphs has been studied previously by Plummer [8,9] and
by Holton and Plummer [2]. In this section, we show that if the edge connectivity is
high enough in a regular bipartite graph, then the graph is E(1; n) and that this result
is sharp.

Theorem 3.1. If G is a regular (2n + 1)-edge-connected bipartite graph, then G is
E(1; n).

Proof. Suppose G is regular of degree r. The proof proceeds by induction on n. If
n = 0, then G contains a perfect matching by a classical result of K�onig [3,4]. Assume
that the result holds for some k, 06k ¡ n, and that G is (2k + 3)-edge-connected.
Thus G is E(1; k).
Suppose, however, that G is not E(1; k +1). Then there exists an edge e ∈ E(G), a

matching N = {f1; : : : ; fk+1}⊆E(G) with e =∈ N such that every perfect matching of
G which contains e also contains at least one of the fi.
Now suppose that some fj has a vertex in common with e. Then fj 6= fi. Let

N ′ = N − fj. So fi ∈ N ′. Since G is E(1; k), there exists a perfect matching F in G
which contains e, but none of the edges of N ′. But then fj =∈ F , so F is a perfect
matching for G containing e, but none of the edges in N , a contradiction. So we may
suppose that e has no vertex in common with any of the edges f1; : : : ; fk+1.
Let G′ = G − N and let G′′ = G′ − V (e). So G′′ has no perfect matching and

hence by Tutte’s theorem for perfect matchings [15], there exists a set S ′′ ⊆V (G′′)
such that co(G′′ − S ′′) ¿ |S ′′| and hence, by parity, co(G′′ − S ′′)¿|S ′′| + 2. Let
S ′ = S ′′ ∪ V (e). Now let G1 = G′′ + f1. Since G is E(1; k), there exists a perfect
matching for G1 and so |S ′′|¿co(G1−S ′′). But then co(G1−S ′′)6|S ′′|¡ co(G′′−S ′′)
and hence f1 must join vertices in distinct odd components of G′′−S ′′, co(G′′−S ′′) =
|S ′′| + 2 and co(G1 − S ′′) = |S ′′|. But the choice of f1 from N was arbitrary, so
each of f1; : : : ; fk+1 joins vertices in di�erent odd components of G′′ − S ′′. Let the
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odd components of G′′ − S ′′ be C1; : : : ; C|S′′|+2 and let t denote the number of even
components of G′′ − S ′′.
We now introduce some further notation. Let (X; Y ) denote the bipartition of V (G).

For each odd component Ci, let Xi = V (Ci) ∩ X and xi = |Xi|. De�ne Yi and yi
similarly. (We will informally refer to the vertices of X as being black vertices and
those belonging to Y as white vertices.) For each Ci, denote by bi the number of edges
incident with a black vertex in Ci and having their other endvertex not in Ci. Similarly,
de�ne wi to be the number of edges coming out of Ci which are incident to a vertex
in Yi.
Then for each i = 1; : : : ; |S ′′|+2, we have |V (Ci)| = xi+yi and |E(Ci)| = rxi−bi =

ryi−wi. Since |V (Ci)| is odd, xi 6= yi. Suppose, without loss of generality, that xi ¿ yi.
Then the number of edges coming out of Ci is given by bi+wi = rxi−|E(Ci)|+ ryi−
|E(Ci)| = r(xi − yi) + 2(ryi − |E(Ci)|) = r(xi − yi) + 2wi¿r.
Since G is (2k + 3)-edge-connected, there are at least 2k + 3 edges coming out of

each even component of G′′ − S ′′. Thus, the number of edges entering S = S ′′ ∪ V (e)
is at least r(|S ′′|+ 2)− 2(k + 1) + (2k + 3)t. On the other hand, since G is r-regular,
there are at most r(|S ′′| + 2) − 2 edges having exactly one endvertex in S. Hence
r(|S ′′| + 2) − 2(k + 1) + (2k + 3)t6r(|S ′′| + 2) − 2 and hence t = 0. That is to say,
G′ − S has no even components.
We know that bi +wi¿r. Suppose that, in fact, bi +wi¿2r. Then there must be at

least 2r + (|S ′′| + 1)r − 2(k + 1) edges into S from all the odd components together.
But 2r+(|S ′′|+1)r− 2(k +1) = 2r+ |S ′′|r+ r− 2k − 2 = r(|S ′′|+2)+ r− 2k − 2¿
r(|S ′′|+2), where we use the fact that r¿2k +3 since G is (2k +3)-edge-connected.
But the maximum number of edges out of S is r(|S ′′| + 2) − 2 and so we have
r(|S ′′|+ 2)¡ r(|S ′′|+ 2)− 2, a contradiction.
So at most 2r − 1 edges leave any odd component Ci. Hence 2r − 1¿bi + wi =

r(xi − yi) + 2wi¿r(xi − yi) and hence, since xi ¿ yi, xi − yi = 1. But then bi + wi =
r + 2wi, for each i.
Similarly, if yi ¿ xi, we obtain bi + wi = r + 2bi. Thus for each component Ci, if

pi = min{bi; wi}, the number of edges out of Ci is at least r + 2pi and 062pi ¡ r.
Returning to G, suppose there are q edges, other than e, joining vertices of S. Then

the number of edges out of S is exactly r(|S ′′|+ 2)− 2− 2q and

r(|S ′′|+ 2)− 2− 2q =
|S′′|+2∑
i=1

(bi + wi)− 2(k + 1)

¿
|S′′|+2∑
i=1

(r + 2pi)− 2(k + 1)

= r(|S ′′|+ 2)− 2(k + 1) +
|S′′|+2∑
i=1

2pi

and so q+
∑|S′′|+2

i=1 pi6k.
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Now renumber the components of G′′−S ′′, if necessary, so that for 16i6j, pi = bi
and for j + 16i6|S ′′|+ 2, pi = wi.
Now neither X ∩ V (S) nor Y ∩ V (S) is empty, since edge e has an endvertex in

each class. We now form an edge set Z as follows. For each of C1; : : : ; Cj, put into
Z the pi = bi edges from the black vertex set of Ci to the white vertex set Y ∩ S.
For Cj+1; : : : ; C|S′′|+2, put into Z the pi = wi edges from the white vertex set of Ci to
the black vertex set X ∩ S. Finally, put edge e and all q of the other edges joining
vertices of S into Z . Then Z is an edge cut separating the (non-empty) sets X ∩ S
and Y ∩ S. Moreover, |Z | = ∑|S′′|+2

i=1 pi + 1 + q6k + 1. But then Z ∪ N is an edge
cut of size no more than 2(k + 1) = 2k + 2, contradicting the assumption that G is
(2k + 3)-edge-connected.

Let us now consider sharpness in the above theorem. First, let us construct a (2n+1)-
regular, (2n + 1)-edge-connected bipartite graph H8n+2 on 8n + 2 vertices as follows.
Take two copies of the complete bipartite graph K2n+1;2n and in the �rst copy call the
vertices in the partite set of size 2n+1 black vertices and call the vertices in the partite
set of size 2n + 1 in the second copy white. Join the black vertices of the �rst copy
with the white vertices of the second copy with a perfect matching e1; e2; : : : ; e2n+1 to
obtain the graph H8n+2. Then graph H8n+2 is not E(2; n). In fact, H8n+2 is not even
E(2; 0)! So Theorem 3.1 is sharp in the �rst argument of E(1; n).
Now we conclude by showing that Theorem 3.1 is sharp in the second argument of

E(1; n) as well. For n = 1, let graph H (1) be constructed as follows. Let Q3 denote
the ‘3-cube’, i.e., the graph K4;4−F where as usual, K4;4 denotes the complete bipartite
graph on four black vertices and four white vertices and F denotes a perfect matching.
Take two copies of Q3 (call them Q3 and Q′

3) and remove a vertex v from Q3 and a
vertex v′ from Q′

3. Let u1; u2 and u3 denote the three neighbors of v in Q and u′1; u
′
2

and u′3 denote the three neighbors of v
′ in Q′. Insert the three edges u1u′1; u2u

′
2 and

u3u′3. Let the resulting graph on fourteen vertices be called H (1). Then it is easy to
see that H (1) is a 3-regular 3-edge-connected bipartite graph, but H (1) is not E(1; 2).
Now suppose n¿2. Construct H (n) on (4n+1)(2n+2)+2(n+1) = (8n+4)(n+1)

vertices as follows.
Let U = {u1; : : : ; un+1} be a set of n+1 black vertices and V = {v1; : : : ; vn+1} be a

set of n+1 white vertices. For each i = 1; : : : ; n+1, let ei be an edge joining ui to vi.
For each i = 1; : : : ; n + 1, let Bi be a copy of the complete bipartite graph K2n+1;2n

with the partite set of size 2n+1 called black. Similarly, let Wi be a copy of K2n+1;2n
with the partite set of size 2n+1 called white. For each i, join Wi to Bi with a single
edge fi joining a white vertex in Wi to a black vertex in Bi. (At this point, each Wi has
precisely 2n white vertices of degree 2n and each Bi has 2n black vertices of degree
2n.)
We now proceed to join the white vertices of the Wi’s to the black vertices making

up U and the black vertices of the Bi’s to the white vertices constituting V . As a
‘template’ for joining the Wi’s to U , consider a complete bipartite graph Kn+1;n+1
with white vertices corresponding to W1; : : : ; Wn+1 and black vertices corresponding
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to u1; : : : ; un+1. Remove a perfect matching from this ‘template’ Kn+1;n+1 and call the
resulting n-regular n-edge-connected bipartite graph H . (Think of this removed perfect
matching as the set of n + 1 edges joining, for i = 1; : : : ; n + 1, Wi to ui.) Now we
partition the 2n white vertices of degree 2n in Wi into n pairs Pij, j = 1; : : : ; n + 1,
j 6= i. Then for each edge Wiuk in H , join each of the two vertices in pair Pik to
vertex uk .
Similarly, for each i, we pair the 2n black vertices of degree 2n in Bi into n pairs

Qij, j = 1; : : : ; n+ 1, j 6= i and for each edge Bivk in H , join each of the two vertices
in pair Qik to vertex vk . Let H (n) denote the resulting graph. It is clear that H (n) is
(2n + 1)-regular and bipartite. We claim it is also (2n + 1)-edge-connected, but not
E(1; n+ 1).
It is clear that H (n) contains no perfect matching which includes the edge e1, but

none of the edges f1; : : : ; fn+1, for suppose it did contain such a matching. Then the
graph H ′(n) obtained from H (n) by deleting the vertices u1 and v1 and the edges
f1; : : : ; fn+1 would have a perfect matching. But this contradicts Tutte’s 1-factor theo-
rem [15] for let S = {u2; : : : un+1; v2; : : : ; vn+1}. Then |S| = 2n, but H ′(n)−S has 2n+2
odd components, namely B1; : : : ; Bn+1; W1; : : : ; Wn+1.
It then remains only to show that H (n) is (2n + 1)-edge-connected, for all n¿2.

This is a tedious task and we will omit most of the details. However, it is suggested
that one proceed as follows. Contract each Bi and each Wi to a single vertex each. Let
the resulting bipartite multigraph be denoted by H0(n). Note that H0(n) is (2n + 1)-
regular. Furthermore, it is easy to see that H (n) is (2n + 1)-edge-connected if and
only if H0(n) is (2n + 1)-edge-connected. Because of the large amount of symmetry
in the graph H0(n), it is not di�cult to show that between every pair of vertices there
are 2n+1 edge-disjoint paths. Thus H0(n) is (2n+1)-edge-connected and hence so is
H (n).
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