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Schatten p-norm among all triangles of a given area. For the logarithmic potential
operator on bounded open or triangular domains, we also obtain analogies of the

f;g:;?trhd;ic potential Rayleigh-Faber—Krahn or Pélya inequalities, respectively. The logarithmic potential
Characteristic numbers operator can be related to a nonlocal boundary value problem for the Laplacian, so
Schatten class we obtain isoperimetric inequalities for its eigenvalues as well.

Isoperimetric inequality © 2015 The Authors. Published by Elsevier Inc. This is an open access article
Rayleigh-Faber-Krahn inequality under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Poélya inequality

1. Introduction

Let ©Q C R? be an open bounded set. We consider the logarithmic potential operator on L?(£2) defined
by
Lafe)= [ oot fdy. fe L@ (L
)= [ —ln—— .
Q om |iL' — y| y)ay, )
Q
where In is the natural logarithm and |z — y| is the standard Euclidean distance between z and y. Clearly,
Lq is compact and self-adjoint. Therefore, all of its eigenvalues and characteristic numbers are discrete

and real. We recall that the characteristic numbers are the inverses of the eigenvalues. The characteristic
numbers of Lg may be enumerated in ascending order of their modulus,

11 (Q)] < [p2()] < ...
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where p;(€) is repeated in this series according to its multiplicity. We denote the corresponding eigenfunc-
tions by w1, us,. .., so that for each characteristic number p; there is a unique corresponding (normalized)
eigenfunction u;,

U; = ‘uZ‘(Q)EQUZ‘, 1= 1,2, e

It is known, see for example Mark Kac [12] (see also [15]), that the equation

ua) = Laf(@) = [ 5= rw)dy
Q
is equivalent to the equation
—Au(z) = f(x), z€Q, (1.2)
with the nonlocal integral boundary condition
—%u(m) + 8%1% I i ru(y)ds, - / % In 7 i " agff:)dsy =0, v €00, (1.3)
o0 o0

where {%y denotes the outer normal derivative at a point y on the boundary 92, which is assumed piecewise
C! here.

In general, the boundary value problem (1.2)—(1.3) has several interesting applications (see Kac [12,14],
Saito [23] and [15]).

Spectral properties of the logarithmic potential have been considered in many papers (see [1,2,5,9,13,
24,25]). In this paper we are interested in isoperimetric inequalities of the logarithmic potential Lq, that
is also, in isoperimetric inequalities of the nonlocal Laplacian (1.2)—(1.3). For a recent general review of
isoperimetric inequalities for the Dirichlet, Neumann and other Laplacians we refer to Benguria, Linde and
Loewe in [4]. Isoperimetric inequalities for Schatten norms for double layer potentials have been recently
considered by Miyanishi and Suzuki [19].

In Rayleigh’s famous book “Theory of Sound” (first published in 1877), by using some explicit computa-
tion and physical interpretations, he stated that the disc minimizes (among all domains of the same area)
the first eigenvalue of the Dirichlet Laplacian. The proof of this conjecture was obtained about 50 years
later, simultaneously (and independently) by G. Faber and E. Krahn. Nowadays, the Rayleigh-Faber-Krahn
inequality has been established for many other operators; see e.g. [11] for further references (see also [3]
and [21]). Among other things, in this paper we also prove the Rayleigh-Faber—Krahn theorem for the
integral operator Lq, i.e. it is proved that the disc is a minimizer of the first eigenvalue of the Laplacian
(1.2)—(1.3) among all domains of a given measure in R2.

By using the Feynman—Kac formula and spherical rearrangement Luttinger [18] proved that the disc D
is a maximizer of the partition function of the Dirichlet Laplacian among all domains of the same area as D
for all positive values of time, i.e.

Do exp(—tpf () <Y exp(—tuf (D)), V>0, Q] =|D],
i=1 =1

where uP i =1,2,..., are the characteristic numbers of the Dirichlet Laplacian. From here by using the
Mellin transform one obtains

= 1 =1
2@y = oy P (19

i=1 i=1
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when p > 1, Q C R2. We prove an analogy of this Luttinger’s inequality for the integral operator Lq. In
our note [22] we obtained similar results for convolution type integral operators with positive nonincreasing
kernels. In the present setting the main difficulty arises from the fact that the logarithmic kernel is not
positive and that we cannot use the Brascamp—Lieb—Luttinger type rearrangement inequalities directly.

In Section 2 we present main results of this paper. Their proofs will be given in Section 4 and Section 3.
In Section 5 we discuss shortly about isoperimetric inequalities for polygons and show that the Schatten
p-norm is maximised on the equilateral triangle centered at the origin among all triangles of a given area.

The authors would like to thank Grigori Rozenblum and Rupert Frank for comments.

2. Main results and examples

Let H be a separable Hilbert space. By S®(H) we denote the space of compact operators P : H — H.

Recall that the singular values {s,} of P € S®(H) are the eigenvalues of the positive operator (P*P)'/?

(see e.g. [10]). The Schatten p-classes are defined as
SP(H):={PeS8®(H): {sp} €}, 1<p<cc.

In SP(H) the Schatten p-norm of the operator P is defined by

1
1Pl = (Z Sfé) , 1<p<oo (2.1)
n=1

For p = 0o, we can set
[Plloc == 1P|

to be the operator norm of P on H. As outlined in the introduction, we assume that Q C R? is an open
bounded set and we consider the logarithmic potential operator on L?((2) of the form

Lof(z) = / Ly b pydy, ferra). (2.2)

—In
2r |z —y
Q
We also assume that the operator Lq is positive:

Remark 2.1. In Landkof [16, Theorem 1.16, p. 80] the positivity of the operator Lg is proved in domains
Q C U, where U is the unit disc. In general, Lq is not a positive operator. For any bounded open domain
Q the logarithmic potential operator Lg can have at most one negative eigenvalue, see Troutman [24] (see
also Kac [13]).

Note that for positive self-adjoint operators the singular values equal the eigenvalues. It is known that
Lgq is a Hilbert—Schmidt operator. By |§2| we will denote the Lebesgue measure of €.

Theorem 2.2. Let D be a disc centered at the origin. Then
1Lall, < [I£ollp (2.3)
for any even integer 2 < p < co and any bounded open domain Q with |Q| = |D|.

Note that for even integers p we do not need to assume the positivity of the logarithmic potential operator.
For odd integers we have the following:
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Theorem 2.3. Let D be a disc centered at the origin and let 2 be a bounded open domain with |Q = |D].
Assume that the logarithmic potential operator is positive for Q and D. Then

1Lall, < [I1£ollp (2.4)
for any integer 2 < p < oco.

Let us give several examples calculating explicitly values of the right hand side of (2.3) for different values
of p.

Example 2.4. Let D = U be the unit disc. Then by Theorem 2.2 we have

1
o

I£ally < 1ully = (Z Sy i) " (2.5)

m=1J0,m =1 m=1 ]l,m

for any even 2 < p < oo and any bounded open domain Q with |Q| = |D|. Here j,, denotes the mth positive
zero of the Bessel function Jj, of the first kind of order k.

The right hand sight of the formula (2.5) can be confirmed by a direct calculation of the logarithmic
potential eigenvalues in the unit disc, see Theorem 3.1 in [1].

We also obtain the following Rayleigh—Faber—Krahn inequality when p = oo:

Theorem 2.5. The disc D is a minimizer of the characteristic number of the logarithmic potential Lo with
the smallest modulus among all domains of a given measure, that is,

1ol < Lol

for an arbitrary bounded open domain Q C R? with |Q| = |D|. Here || - || is the operator norm on the space
L.

Example 2.6. Let D = U be the unit disc. Then by Theorem 2.5 we have

1
1Ll < lLull = - (2.6)

2
01
for any bounded open domain  with |Q| = |D].

From Corollary 3.2 in [1] we calculate explicitly the operator norm in the right hand sight of (2.6).
3. Proof of Theorem 2.5

Let us first prove Theorem 2.5. To do it we first prove the following:

Lemma 3.1. The characteristic number uy, of the logarithmic potential Lo with the smallest modulus is
simple, and the corresponding eigenfunction uy can be chosen nonnegative.

Proof. The eigenfunctions of the logarithmic potential Lo may be chosen to be real as its kernel is real.
First let us prove that u; cannot change sign in the domain €2, that is,

ur(z)ur(y) = [ua(z)ua(y)l, z, y € Q.
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In fact, in the opposite case, by virtue of the continuity of the function u;(x), there would be neighbor-
hoods U(zg,r) C € such that

|ug (z)ur (y)| > ur(x)ui(y), x,y € U(xo,r) C Q.

On the other hand we have

1 1 1 1
—hh———In—d 0, Q. 3.1
/27r n|:co—z|27r |z — xo] i o € (3:1)

From here by continuity it is simple to check that there exists p > 0 such that

1 1 1 1
—1 —1 dz >0 U U . 3.2
/ o n |£C — Z| o n |Z — y‘ Z y T, Y€ (x()ap) c (1170,7’) ( )

Now let us introduce a new function

e ._ |U1(.’£)|, HARS U(.’ﬂo,p),
u(z) := {ul(x), v € O\U(z0, ). (3.3)

Then we obtain

(‘C%ala a1) 1 /// 1 1 1 1 _ B
ol [l 2 o M2 or g P @)t ly)dady
/// ! dzuq (x)uq (y)dzd
zZ u =
Hu1||2 2 a:—z| or =y Ful@u y=

where 7 is the smallest characteristic number of £3 and u; is the eigenfunction corresponding to u?, i.e.

(3.4)

Hw\ =

up = piLiug.
Therefore, by the variational principle we also have

. (L41.f)
1

(3.5)
ferr)  IfI?

This means that the strong inequality (3.4) contradicts the variational principle (3.5) because ||u1]|r2 =
[lut]|zz < 0.

Since u; is nonnegative it follows that p; is simple. Indeed, if there were an eigenfunction vy linearly
independent of u; and corresponding to 1, then for all real ¢ the linear combination v 4+ cv; also would be
an eigenfunction corresponding to p and therefore, by what has been proved, it could not become negative
in . As c is arbitrary, this is impossible. O

Proof of Theorem 2.5. Let Q be a bounded open set in R2. Its symmetric rearrangement Q* = D is an
open disc centered at 0 with the measure equal to the measure of §, i.e. |D| = |2]. Let v be a nonnegative
measurable function in €2, such that all its positive level sets have finite measure. In the definition of the
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symmetric-decreasing rearrangement of u one can use the so-called layer-cake decomposition (see [17]),
which expresses a nonnegative function u in terms of its level sets as

0

where x is the characteristic function of the corresponding domain.

Definition 3.2. Let v be a nonnegative measurable function in 2. The function

= /X{u(w)>t}*dt (3.7)
0

is called the (radially) symmetric-decreasing rearrangement of a nonnegative measurable function w.

As in the proof of Lemma 3.1 u3(Q) is the smallest characteristic number of £3 and u; is the eigenfunction
corresponding to 3, i.e.

ur = i3 (Q) LEur.
By Lemma 3.1 the first characteristic number w1 of the operator Lq is simple; the corresponding eigenfunc-

tion w1 can be chosen positive in §2, and in view of Lemma 3.1 we can apply the above construction to the
first eigenfunction u;. Recall' the rearrangement inequality for the logarithmic kernel (cf. Lemma 2 in [7])

n—— <
///U1 |y—2|27r |Z_x|“1($)d2dyda:_
—In * . |
/// |y — 2| o = :z:|u1 (x)dzdydx (3.8)

In addition, for each nonnegative function u € L?(2) we have

lullz) = l[ullz2(p)- (3.9)

Therefore, from (3.8), (3.9) and the variational principle for the positive operator £%,, we get

() = Jo i (w) .
1 o T 1 2
fQ fQ fQ ul(y)% |y ZI o ln ‘z x‘ ( )dzdydx
In |u1 )|2dx -
Jo Jp Jpui(y)ay In ‘y P 217T In = Wf(m)dzdydaj -
/ |’U )|2dx
it . = i(D).
vel2(D) [ 5 [pv(¥) 5= In ‘y e 5 In E= ZI v(x)dzdydz
1 For the proof of the rearrangement inequality (3.8) for the logarithmic kernel see Lemma 5.4. The proof is the same with the

difference that is in this case the symmetric-decreasing rearrangement is used instead of the Steiner symmetrization.
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Finally, note that 0 is not a characteristic number of Lp (cf. Corollary 1 in [24]). Therefore,
0 < |pa(D)].
This completes the proof. O

4. Proofs of Theorem 2.2 and Theorem 2.3

First we prove the Brascamp-Lieb—Luttinger type rearrangement inequality for the logarithmic kernel
(cf. [6]).

Lemma 4.1. Let D be a disc centered at the origin. Then

1 1 1 1
/.../—lni...—ln—dyl...dyp§
J J 2y —y2| 27 |yp —

1 1 1 1
o S — I dyy...dy,, 4.1
D/ D/27r lyr — 32l 21 yp — i (4.1)

for any p=2,3,..., and for any bounded open set Q with |2 = |D)|.

Proof. Here we prove it for p = 2 and the proof is based on the proof of Lemma 2 in [7]. The proof for
arbitrary p is essentially the same as the case p = 2. Let us fix 7y > 0 and consider the function

1 1

In =, r <rg,

f(r):= { 21” " L opr 142 (4.2)
5- In el fTo § Tesds, T >,

Let us see that the function f(r) is strictly decreasing and has a limit as r — oo. If < r¢ then

for 11 < ro. If > rg then

1.1 1 1473
= — ln — - — 1 Od_
Fr) =g o [ s e
o
1.1 1 1 1
5 In o (1 +rd)Inr — 5 (1 +r3) —Inrg + 5 (1 +rd)]. (4.3)

Thus f(r1) > f(re) for 1 < ro, that is, f(r) is strictly decreasing. From (4.3) it is easy to see that

. 1 1 1 1
Thﬂrgo f(r) = %ln o E(l +r3)[~Inre+ §ln(1 +r3)]. (4.4)
We use the notation
1 1 1 1
fooi==—In — — —(1+72)[~Inrg+ = In(1 +73)].

By construction 5= 1In L — f(r) is decreasing. Thus if we define

ha(r) = f(r) = foo
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we have the decomposition

o L ) 4 ()

2 T

where h; is positive strictly decreasing function and hs is decreasing. Hence by the Brascamp-Lieb—Luttinger
rearrangement inequality we have

//mmrwmmmrwm@mWg//mmrwmmwrwm@mW (4.5)
Q Q D D

and
//h2 ly1 — y2)ha(Jy2 — yi|)dyidya < //hz ly1 — y2|)ha(Jy2 — yi|)dy1dyo. (4.6)

Thus it remains to show

//mmrwmmmrwm@ﬂms//mmrwwmwrwm@ww (4.7)
Q Q D D

which does not follow directly from the Brascamp-Lieb—Luttinger rearrangement inequality since ho is not
positive. Define for R > 0

ha(r) = ha(R), v < R,

= 4.8
ar(r) { 0, r>R, (48)

and note that by monotone convergence
Iq(h1, he) = Aim [Isz(hh(ZR )+ h2(R //h1(|y1 — y2|)dy1 dys] (4.9)

Q Q
with the notation

9= [ [ 1l = ellaClve — iy (110)

Q Q

Since hi and qg are positive and nonincreasing

Io(hi,qr) < Ip(h1,qr)

by the Brascamp—Lieb—Luttinger rearrangement inequality. Noting that

//h1(|y1*y2\)dy1dy2 S//hl(\ylfydeyldyz
Q Q D D

we obtain
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Ta(hi,hs) = Jim [T (b, n) +ha() [ [ bl = el)dynds) <
Q Q
Iggllm[fD(hl’QR)+h2(R)//h1(|y1 — y2|)dyrdyz] = Ip(h1, ha), (4.11)
D D

completing the proof. 0O

Proof of Theorem 2.2. Since the logarithmic potential operator is a Hilbert—Schmidt operator, by using
bilinear expansion of its iterated kernels (see, for example, [26]) we obtain for p > 2, p € N,

o0
1 / /1 1 1 1
) - =W ln——dy ...dy,. 4.12
= 15 Jo ) o lyr =l 21 yp —ui P (412)

Recalling the inequality (4.1) stating that

1 1 1 1
o =—Im——  —In—dyr...dy, <
Q/ Q/QW ly1 —y2| 27 |yp — wa P

1 1 1 1
o S dyy ... dy,, 413
/ / 21y =yl 2 |y — wl P (4.13)
D D
we obtain
i pl §§: pl , p>2, peN, (4.14)
= 1) T wy(D)

for any bounded open domain Q C R? with |©2] = |D|. Taking even p in (4.14) we complete the proof of
Theorem 2.2. O

Proof of Theorem 2.3. The inequality (4.14) also proves Theorem 2.3 when the logarithmic potential oper-
ator is positive (see also Remark 2.1).

Remark 4.2. It follows from the properties of the kernel that the Schatten p-norm of the operator Lq is
finite when p > 1 see e.g. the criteria for Schatten classes in terms of the regularity of the kernel in [8]. The
above techniques do not allow us to prove Theorem 2.2 for all p > 1. In view of the Dirichlet Laplacian case,
it seems reasonable to conjecture that the Schatten p-norm is still maximised on the disc also for all p > 1.

5. On the case of polygons

We can ask the same question of maximizing the Schatten p-norms in the class of polygons with a given
number n of sides. We denote by P,, the class of plane polygons with n edges. We would like to identify the
maximizer for Schatten p-norms of the logarithmic potential Lg in P,. According to Section 2, it is natural
to conjecture that it is the n-regular polygon. Currently, we can prove this only for n = 3:

Theorem 5.1. The equilateral triangle centered at the origin has the largest Schatten p-norm of the operator
Lo for any even integer 2 < p < oo among all triangles of a given area. More precisely, if A is the equilateral
triangle centered at the origin, we have
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[£all, < [[£allp (5.1)
for any even integer 2 < p < oo and any bounded open triangle Q with |Q] = |A|.
Similarly, we have the following analogy of Theorem 2.3:

Theorem 5.2. Let A be an equilateral triangle centered at the origin and let € be a bounded open triangle
with | = |A|. Assume that the logarithmic potential operator is positive for  and A. Then

[1£allp < [1£allp (5.2)
for any integer 2 < p < co.

Let u be a nonnegative, measurable function on R?, and let 22 be a line through the origin of R%. Choose
an orthogonal coordinate system in R? such that the z!-axis is perpendicular to z2.

Definition 5.3. (See [6].) A nonnegative, measurable function u*(z|z?) on R? is called a Steiner symmetriza-

tion with respect to 22 of the function u(x), if u*(z!,2?) is a symmetric decreasing rearrangement with

respect to o' of u(z!, 22) for each fixed x2.

The Steiner symmetrization (with respect to the z!-axis) Q* of a measurable set 2 is defined in the
following way: if we write (2!, 2) with z € R, and let Q, = {z!: (2!, 2) € Q}, then

QO ={(z',2) eRxR: z' € Q}}
where Q* is a symmetric rearrangement of ) (see the proof of Theorem 2.5). We obtain:

Lemma 5.4. For a positive function u and a measurable Q C R? we have

1 1 1
In u(x)dzdydr <
/// My =22 )

1 1 1
In u*(z)dzdydzx, 5.3
/// MTEE P >3

Q* Q* Q*

where Q* and u* are Steiner symmetrizations of Q0 and u, respectively.

Proof. The proof is based on the proof of Lemma 2 in [7]. Let us fix rg > 0 and consider the function

. % In %7 r < To,
f(T’) = 1 1 1 pr 1141 (54)
—h’la—% 7_05 1+7d$, r>Tg.

The function f(r) is strictly decreasing and has a limit as r — oo (see the proof of Lemma 4.1)

A, ) = Feor
Since f(r) is strictly decreasing 5= In & — f(r) is decreasing. Thus if we define

hi(r) = f(r) = foo
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we have the decomposition

1 1
7 In o= hi(r) + ha(r)

where h; is positive strictly decreasing function and hs is decreasing. Hence by the Brascamp—Lieb—Luttinger

rearrangement inequality for the Steiner symmetrization (see Lemma 3.2 in [6]) we have

///u(y)hl(w_z\)hlﬂz—xl)u(m)dzdydxg
Q Q Q

w(Y)hi(ly = zh(|z — z))u” (z)dzdydz.
Q* Q* Q*

Thus it remains to show that

/// yha(ly — 2|)ha(|z — z|)u(z)dzdyde <
Q

u*(y)ha(ly — z|)he(|z — z|)u* (x)dzdydx
Q* Q* Q*

and

///U(y)hlﬂy—Z\)h2(|z—x|)u(x)dzdydxg

/ / / w* ()b (ly = 2)ha(|z - al)u* (@)dzdyda,

Q* Q* Q*

(5.7)

which does not follow directly from the Brascamp-Lieb—Luttinger rearrangement inequality since hs is not

positive. Define for R > 0

qr(r) = { 32(:);;2(1%), r <R,

and note that by monotone convergence we have

To(ush2) = i [T ) + 2ha(R)Jau.gn) + W3R [ u(w)d
Q

with the notations

Lo(u,g) = / / / u()gly — 2)g(lz — z))ule)dzdydz
Q Q Q

and

(5.10)

(5.11)
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Since qg is positive and nonincreasing and noting that
/u(x)dm = /u*(w)dm
Q Q~

we obtain

IQ(%QR) S IQ* (U*7QR)»
JQ(U,QR) < JQ*(U*,(]R)7

by the Brascamp—Lieb—Luttinger rearrangement inequality. Therefore,

In(u,ho) = lim [Io(u,qr) + 2ha(R)Jo(u, ar) + h3(R)( / u(w)dz)’] <
Q

RILHIOO[IQ* (’LL*, qR) + QhQ(R)JQ* (u*, qR) + h%(R)(/ U*(Jj)dl’)z] = Ig+ (u*, hz) (512)
Q*

This proves the inequality (5.6). Similarly, now let us show that the inequality (5.7) is valid. We have
Io(u,hy) = lim [Io(u, qr) + ha(R)Jo(u, ht)] (5.13)
R—o00

with the notations

TQ(uvg) :Q/

[ [ u@sy = ehallz - ahute)dzdyda (5.14)
Q Q

and

huhlz/!!mwm@—xmmm@m. (5.15)

Q

Since both gr and hy are positive and nonincreasing

Ia(u,qr) < Io-(u*, qr), (5.16)

by the Brascamp—Lieb—Luttinger rearrangement inequality. Therefore, we obtain

Io(u, hy) = I%igloo[fﬂ(u’ qr) + ha(R)Ja(u, hy)] <

lim [To- (u*, qr) + ha(R)Jo- (u*, h1)] = Io- (u*, hy).

R—o00

This proves the inequality (5.7). O

Lemma 5.4 implies the following analogy of the Pélya theorem [20] for the operator Lg.



1688 M. Ruzhansky, D. Suragan / J. Math. Anal. Appl. 434 (2016) 1676-1689

Theorem 5.5. The equilateral triangle A centered at the origin is a minimizer of the first characteristic

number of the logarithmic potential Lo among all triangles of a given area, i.e.
0 <[pa(A)] < [pa ()]
for any triangle Q C R? with |Q] = |A|.

Remark 5.6. In other words Theorem 5.5 says that the operator norm of L is maximized in an equilateral
triangle among all triangles of a given area.

Proof of Theorem 5.5. By Theorem 2.5 and Lemma 3.1 the first characteristic number p; of the operator
Lq is positive and simple; the corresponding eigenfunction u; can be chosen positive in €. Using the fact
that by applying a sequence of the Steiner symmetrizations with respect to the mediator of each side, a given
triangle converges to an equilateral one (see Fig. 3.2 in [11]), from (5.3) we obtain

1 1 1
[ [ [z gz i <

1 1 1 1
T(y)=—1 —1 T . 1
///ul(y)27T n = 2lon n |Z_x|u1(x)dzdyd:c (5.18)
AAA

Therefore, from (5.18) and the variational principle for the positive operator £2A, we get

Jolui (@ |2d33
N%(Q) = 2 1 Toded >
JoJo Joui(y) gz In =z 2r Mg ul(x) zdydz

IR |u1 )|2dx -
Ja Ja Jaui() 3= In |y == 2177 In — $| ui(z)dzdyde

- fA |v(z)|?dx
in
vel2(A) [ [a Jav(y) 5= In |y1Z| 2177 In = (z)dzdydx

= ui(A).

Here we have used the fact that the Steiner symmetrization preserves the L?-norm. O

Proofs of Theorem 5.1 and Theorem 5.2. The proofs of Theorem 5.1 and Theorem 5.2 rely on the same
techniques as the proofs of Theorem 2.2 and Theorem 2.3 with the difference that now the Steiner sym-
metrization is used instead of the symmetric-decreasing rearrangement. Since the Steiner symmetrization
has the same property (4.13) (cf. Lemma 3.2 in [6]) as the symmetric-decreasing rearrangement, it is clear
that any Steiner symmetrization increases (or at least does not decrease) the Schatten p-norms for integer
p > 2. Thus, for the proof we only need to recall the fact that a sequence of Steiner symmetrizations with
respect to the mediator of each side, a given triangle converges to an equilateral one. The rest of the proof
is exactly the same as the proofs of Theorem 2.2 and Theorem 2.3. O



M. Ruzhansky, D. Suragan / J. Math. Anal. Appl. 434 (2016) 1676-1689 1689

Remark 5.7. A sequence of three Steiner symmetrizations allows us to transform any quadrilateral into
a rectangle (see Fig. 3.3 in [11]). Therefore, it suffices to look at the maximization problem among rectangles
for P4. Unfortunately, for P5 (pentagons and others), the Steiner symmetrization increases, in general, the
number of sides. This prevents us from using the same technique for general polygons.
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