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1. INTRODUCTION 

Let 2 denote the commutative algebra of all polynomials in the single 
variable x, with coefficients in a field K of characteristic zero. We usually 
think of K as either the real or complex numbers. Let .P* denote the set of 
all linear functionals mapping 2 into K. The action of the linear functional 
L on the polynomial p(x) will be denoted by (L ( p(x)). Thus (L 1 p(x)) is an 
element of K. The set .P* is made into a vector space over K in the usual 
manner by defining scalar multiplication . : K x 9* + .P* by 

(a - L I z-6)) = a@ I p(x)), (1.1) 

where juxtaposition on the right-hand side of this equation stands for 
multiplication in the field K; and vector addition t : .P* x ,P* + .P* by 

CL + A4 I P(X)) = CL I P(X)) + w  I P(X>X (1.2) 

where + on the right-hand side of this equation is the addition defined in K. 
Roman and Rota [lo] make .a* into an algebra by defining the product 

0: .PxcP”+.Y* by 

(1.3) 

Roman and Rota [lo] and later Roman [8,9] have made a detailed study of 
this algebra in order to obtain a deeper insight into a class of polynomial 
sets known as binomial polynomial sequences. The set (p,(~)}~=~ is called a 

* This paper presents the results of research that was partially supported by Natural 
Science and Engineering Research Council of Canada Grant A 8721 and the President’s 
NSERC Fund (Lakehead University). 
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polynomial sequence if for each nonnegative integer n, the degree of p,,(s) is 
n. A polynomial sequence is known as a binomial polynomial sequence if for 
all nonnegative integers n 

p,(x + y) = c 
k:O 

(1.4) 

Allaway [ 1 ] calls the product @ as defined on P* by Eq. (1.3) the 
binomial umbra1 product and the algebra .P* defined over K by the 
operations ., 0, and + the binomial umbra1 algebra. This binomial umbra1 
algebra will be denoted by (%“P*, ., f, 0, K). 

Andrews [ 3 J, and later Allaway and Yuen (21 studied Eulerian 
polynomial sequences { p,(x) } z= o defined by 

Pk(X) YkP,-k(Y)? (1.5) 

for n a nonnegative integer. The technique they used for studying Eulerian 
polynomial sequences was analogous to what Rota et al. [ 111 used to study 
polynomials of binomial type. In order to investigate the properties of 
Eulerian polynomial sequences, Ihrig and Ismail [4] define a new product 
0: ,P* x.Y*-+.P* by 

(L 0 A4 1 x”) = (L ) Xn)(M 1 xn>. (1.6) 

Allaway [ 1 ] uses this product in order to start an investigation of Eulerian 
polynomial sequences that is analogous to what Roman and Rota [lo]; 
Roman [8, 91; Garcia and Joni [6]; and Joni [5] did for binomial 
polynomial sequences. As was done in [ 11, we will call 0, defined by 
Eq. (1.6), the Eulerian umbra1 product and the algebra .-P* over K defined 
by the operations a, +, and 0 the Eulerian umbra1 algebra. This Eulerian 
umbra1 algebra will be denoted by (.U*, -, +, 0, K). 

Roman and Rota [IO], after defining a binomial delta functional L as any 
functional having the property that 

(L 1 l)=O (1.7) 

and 

(LIX)fO (1.8) 

proved the following isomorphism theorem for the binomial umbra1 algebra 
CT*, .> +, 0, K). 

THEOREM 1.1 (Roman and Rota [ 10, Theorem 31). Let L be any 
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binomial delta functional. Then the mapping $ which associates to every 
linear functional 

the formal power series 

f(t)= F aktk 
k:O 

is a continuous isomorphism of the binomial umbra1 algebra onto the algebra 
of formal power series. 

The main purpose of this paper is to give a number of isomorphisms for 
the Eulerian umbra1 algebra that are analogous to the isomorphism $ for the 
binomial umbra1 algebra as given by Theorem 1.1. The main difference 
between the isomorphism Roman and Rota [lo] obtained for the binomial 
umbra1 algebra and the isomorphism we obtain for the Eulerian umbra1 
algebra is that the range space for the Eulerian umbra1 algebra case is the set 
of all formal Newton series of the form 

F 
s(k) 

kz0 
akp 

where ak belongs to K and for nonnegative integers k, 

dk’ = s(s - l)(s - 2) ... (s -k + l), if k> 1, 
(1.9) 

= 1. if k = 0. 

Just as Theorem 1.1 in the binomial umbra1 algebra theory is suggested by 
the isomorphism theorem for shift invariant operators (see [ 11, Theorem 3]), 
the isomorphisms we obtain in this paper are suggested by the isomorphisms 
Allaway and Yuen [2] obtained for Eulerian shift invariant operators. In the 
last section of the paper, we show the relationship between the Eulerian 
umbra1 algebra and the algebra of Eulerian shift invariant operators. 

2. THE EULERIAN UMBRAL ALGEBRA 

In order to make this paper self contained, we will give in this section a 
brief survey of some of the parts of [ 1 ] that we will use in the development 
in this paper. The notation, definitions, and theorems are as given in [ 11. 

In [II, we developed the theory of the Eulerian umbra1 algebra 
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(.u*, .) +, 0, K), as defined in Section 1, in a manner analogous to what 
Roman and Rota did for the binomial umbra1 algebra (. P*, ., f, 0, K) in 
the first part of their paper [ 101. Functional L is an Eulerian delta 
functional if 

(L 1 l)=O (2.1) 

(2.21 

and for all nonnegative integers n 

(L 1 xn> # 0. 

In the Eulerian umbra1 algebra theory the notation L(k), defined by 

k-l 

(L(k) 1 xn> = n (L / x-i), 

i=o 

= 0, 

if n > k, 

if n < k, 
(2.3) 

is the analogue of Lk in the binomial umbra1 algebra theory. The polynomial 
sequence { p,,(~)}~=~ is the associated polynomial sequence for the Eulerian 
delta functional L if the bi-orthogonality relation 

(L(k)l Pn(X>)=n! &.k (2.4) 

holds for all nonnegative integers n and k. 

THEOREM 2.1 (Allaway [ 1, Theorem 9.1 I). Every Eulerian delta 
functional has a unique associated polynomial sequence. 

Any linear functional in .8* can be expanded in terms of a given Eulerian 
delta functional and its associated polynomial sequence. 

THEOREM 2.2 (Allaway [ 1, Theorem 10.11). Let M be any linear 
functional in .P* and let L be any Eulerian delta functional with associated 
polynomial sequence {p,(x)} ,” o. Then 

M= 2 (M~p,(x))$. 
k=O 

(2.5) 

The right-hand side of Equation (2.5) is the limit of the partial sums 

ckn=o @f Pk(X))L(k)/k! in the topology on .P* defined by 

DEFINITION 2.1. A sequence of linear functional {L,) ,“=o converges to L 
in the pointwise discrete topology on 9* if for all p(x) belonging to 9, there 
exist nO(p(x)) depending on p(x) such that for ail n > no 

CL, I P(X)) = CL I P(x))* (2.6) 
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This topology was used by Roman and Rota [lo] in their study of the 
binomial umbra1 algebra. It is important to note that n, depends on p(x). For 
this reason and because of Eq. (2.6) we call this topology the pointwise 
discrete topology. 

For the pointwise discrete topology, the Eulerian umbra1 product @ is 
separately continuous. That is, if there exists a sequence of linear functionals 
(M,,}zzP=, converging in the pointwise discrete topology to M, then for all 
linear functionals R, both M, @ R and R @M, converge in the pointwise 
discrete topology to R @M. To show that this is true, let A be any 
nonnegative integer. Because M, converges to M, there exists an n,(L) such 
that for all n 2 n,(L), 

Thus for all n > n,(L) 

Thus, by the usual spanning argument (see [ 1, Proposition 2.1 I), M, @ R 
converges to M @ R in the pointwise discrete topology. Because @ is 
commutative, it follows that R 0 M, converges to M @ R. A similar result 
holds for the binomial product 0. Thus we have 

PROPOSITION 2.1. Both the binomial umbra1 product @ and the Eulerian 
umbra1 product 0 are separately continuous for the pointwise discrete 
topology. 

THEOREM 2.3 (Allaway [ 1, Corollary I of Theorem 10.11). Let M be 
any linear functional and let L be an Eulerian delta functional. Iffor ak E K 

then ak = (MI p,(x))/k!, where { pk(x)}FzO is the associated sequence for L. 

Just as in the binomial theory, {p,(~)}~=~ is an associated polynomial 
sequence for a binomial delta functional if and only if { P,(x)}~=~ is a 
binomial polynomial sequence (see Roman and Rota [ 10, Theorem 21); we 
have the following analogous result for the Eulerian theory: 

THEOREM 2.4 (Allaway [ 1, Theorem 10.31). (a) If L is an Eulerian 
delta funtional and (p,(~)}~=~ is L’s associated polynomial sequence, then 
( p,(x)} ,” ,, is an Eulerian polynomial sequence. 



458 WILLIAM K. ALLAWAY 

(b) Every Eulerian polynomial sequence is the associated polqjnomial 
sequence for one and only one Eulerian delta functional. 

The class of Eulerian polynomial sequences is characterized by Eq. (1.5). 
The following theorem gives another important characterization of the class 
of Eulerian polynomial sequence in terms of the Eulerian umbra1 product @I : 

THEOREM 2.5 (Allaway [ 1, Theorem 1.3 I). The sequence (p,(x)},‘- O is 
an Eulerian polynomial sequence if and only if for all linear functionals L 
and M in .P* 

@@MI P,(X))= <’ 
k=O 

(L / p,(x)XMl XkP,-- kcX))’ 

where n is any nonnegative integer. 

The analogy between the binomial umbra1 algebra theory and the Eulerian 
umbra1 theory is very close up until the isomorphism theorem. The two 
theories seem to diverge when one begins to consider isomorphism results. 

3. FORMAL NEWTON SERIES 

In Section 4 we will show the existence of a continuous isomorphism from 
the Eulerian umbra1 algebra (.P*, ., +, 0, K) onto the algebra of formal 
Newton series. In this section let us define the algebra of formal Newton 
series using some of the ideas of formal Newton series 

We will denote the set of formal Newton series by 

I i 
a,EK > 

where K is any field of characteristic zero and sCk) is 
Equality is defined on 4“ by 

if and only if for all nonnegative integers rz, 

a,=b,. 

The set .J”‘ is made into a vector space by defining 
. :KX.&“+.flby 

developed in [ 21. 
t“. That is, 

(3.1) 

defined by Eq. (1.9). 

scalar multiplication 

(3.2) 
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and vector addition + : JF X JV --t JV by 

(3.3) 

The set J’” is made into an algebra by noting that vector multiplication 2 : 
M x Jy^+ JV is completely defined by using the well-known form of 
Saalschutz’s theorem (see [7, p. 15]), 

where the juxtaposition on the right-hand side of Eq. (3.4) is polynomial 
multiplication in the ring K[x] and l/Z! = 0 if 1= -1, -2, -3,... . Also we 
note that for all nonnegative integers m, n, and k 

k! 
(k-m)!(k-n)!(m+n-k)! = 

is the trinomial coefficient, which is a nonnegative integer. If we let e be the 
multiplicative identity in K and interpret 

k! 

(k - m)!(k - n)!(m + n - k)! 

to be 

e, 

then the coefficient of dk’/k! in the expression on the right-hand side of 
Eq. (3.4) is an element of .H. From this we define the vector product 
j?:.d’-xM+M by 

n+k 

=? ‘? a,b,‘? 
i! s(i) 

,%o k:,, [e. (i - n)!(i - k)!(n + k - i)! i! 

,-kbki! s(i) 

(i-n+ka)!(i-k)!(n-i)! i! 
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= c ;- ;- a,_,b,i! di’ 
,zo ,ro kzo (i - n + k)!(i - k)!(n - i)! i! 

= F T7 it’ a,,+,-,b,i! sci) 
,yo l~o k~o (k - n)!(i - k)! n! i! 

= F T yi a,+,-,b,i! di) 
[Y. ,ko k?. (k - n)!(i - k)! n! i! 

= q {l \i7 an+i-k k a 
b i! sci) 

[To ,fo k:. (k - n)!(i - k)! n! i! 

Thus, 

(3.5) 

where 

We note that, if for all nonnegative integers k, ak and b, belong to the field 
K, then ck also belongs to the field K. In fact, if we define the linear 
functional A and B belonging to 9* by 

(AI(x- l)n)=a, 

and 

(BIG--Y’)=b,,, 

then we obtain from Theorem 2.5 and the fact that ((x - l)“}~zO is an 
Eulerian polynomial sequence that 

(A@BI(x- l)i) 
i 

= 

=i 1 
; (A ) (x - l)k)(B 1 x”(x - l)i-k) 

k=O 

= 
i (:)(AlW)i)(B 1 n.. (;)(x-Y-Ij 

k=O 
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= $0 i0 (nfk) an+i-kbk* 

That is, ci = (A 0 B 1 (x - l)i). Th’ is is discussed more fully in [ 1, Sect. 41. 
It is easy to see that Jlr endowed with the scalar multiplication, vector 

addition, and vector multiplication as defined by Eqs. (3.2) (3.3), and (3.5) 
respectively, is an algebra over the field K. We will denote this algebra by 
(M, ., +, ?, K). It is made into a topological algebra in much the same way 
as Roman and Rota [lo] make the algebra of formal power series into a 
topological algebra. 

DEFINITION 3.1. A sequence of Newton series 

f”(S) = q a”,k$ 
ke0 

converges in the discrete coeficient topology to the Newton series 

if and only if for each k there exists an n,(k) such that if n > n,(k), then 
a = Uk. In other words, for all nonnegative integers k, {a,,,}:=, converges 
tc?ik in the discrete topology on K. 

4. THE ISOMORPHISM THEOREM 

Let n be any nonnegative integer and define the linear functional D by 

(D 1 x”) = n. (4.1) 

Recalling that D(k) is defined by Eq. (2.3), we wish to show that the 
mapping 4, which associates with every linear functional 

D(k) M= ?’ akkr, 
k%O 

ak E K 

the formal Newton series 

f(s)= 5 ak$ 
k=O * 
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is a continuous isomorphism of the Eulerian umbra1 algebra 
(~~“*, *, +, 0, K) onto the algebra of formal Newton series (.,a ; ., f, 2, K). 

From the definitions of the Eulerian umbra1 algebra and the algebra of 
formal Newton series, we see by using Theorems 2.1-2.3 that d is one-to-one 
and onto. To show that 4 is an algebra homomorphism, we must show that 
for all linear functionals M and N belonging to ,P* 

We note that the linear functional D defined by Eq. (4.1) is an Eulerian 
delta functional with associated polynomial sequence {(x - l)“)~zO. 
Therefore by Theorem 2.2 

D(m) D(n) 
r@n!= m. 1 ). (x - 1)” $). (4.2) 

Also from Theorem 2.4 we have that {(x - l)“},“. is an Eulerian 
polynomial sequence and thus by Theorem 2.5 we have that 

=rfo (‘:)($~(x-l)~)(~~.~(x-,,k-~) (4.3) 

From the bi-orthogonality relation Eq. (2.4), the right-hand side of Eq. (4.3) 
has only one nonzero term, namely, 

(Z)(Y /(X- 1)” j(? ixyx- q--j. 
Thus, 

( 
D(m) ,a 

m. 
F 1(x-l)*) 

= (E) i. (y)(q) ( (x- w--) 

= (Xn+:-k) 
k! 

= (k- m)!(k- n)!(m + n - k)! ' 
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Therefore, Eq. (4.2) becomes 

By comparing this with Eq. (3.4), we obtain 

4 ($@y)=, (g (k-m)!(k-;;!(m+n-k)t F) . . 

ll+m 
Z-S 

k! 

& (k-m)!(k-n)!(m+n-k)! 

n+m 

Z-Y 
k! SW 

k& (k - m)!(k - n)!(m + n - k)! k! 

Swl) ^ SC”’ 
=1X--& 

m. 

That is, 

In order to finish showing that 4 is an algebra homomorphism, let M and 
N be any two linear functionals in 9* and consider #(A4 0 N). By 
expansion Theorem 2.2 and the fact that D is an Eulerian delta functional, 
we have 

and 

N= g bk$f b, E K. 
k=O 

Because @ is bi-continuous in the pointwise discrete topology, we have by 
Proposition 2.1 that 
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DO-1 \ 
=’ (’ x bkun rGo (r-k)!(r-n)!(k+m-n)!r!I’ k=O n-0 

By using the same interchange of summation technique as was used in 
obtaining Eq. (3.5) we obtain 

Thus 4 is an algebra homomorphism. 
To show that 4 is continuous for the topologies defined by Definitions 2.1 

and 3.1, we use the same method as Roman and Rota used (see [ 10, proof of 
Theorem 31). Let {M,}~=, be a sequence of linear functional converging to 
M in the pointwise discrete topology defined by Definition 2.1. To show that 
4 is continuous we must show that the sequence {~(Mn)}~~o converges to 
#(AI) in the discrete coefficient topology defined by Definition (3.1). We 
note that {(x - l)“},“=. is the associated polynomial sequence for the 
Eulerian delta functional D and thus by Theorem 2.2 

M” = f (M, 1 (x- l)k)F 
k=O 

and 

M= T (Ml (X- 1)X)? . 
k=O 

By Definition 2.1 for the pointwise discrete topology on 9*, we have for a 
fixed positive integer j the existence of an no((x - I)$ such that for all 
n > no 

(M,I (x- ly’)=MI (x- ly’). 

Thus ((ME) converges to 4(M) in the discrete coeffkient topology defined on 
(,A’“, a, +, X, K) by Definition 2.1. 

We have proven 



UMBRALALGEBRA ISOMORPHISMS 465 

THEOREM 4.1. Let D be the Eulerian delta functional defined by 
(D 1 x”) = n, where n is any nonnegative integer. Then the mapping 4 which 
associates to every linear functional 

the formal Newton series 

is continuous isomorphism of the Eulerian umbra1 algebra (~?*,a, +, 0, K) 
onto the algebra offormal Newton series (J”, ., +, 2, K). 

When one compares Theorem 4.1 to the analogous binomial result, 
Theorem 1.1, the important difference is that in the binomial case any 
binomial delta functional can be used in the representation of the elements in 
v*, *v +, 0, K), whereas in the Eulerian case the representation of the 
elements in (9*, -, +, 0, K) has to be given in terms of the specific delta 
functional D. 

We now wish to give an example that shows that Theorem 4.1 cannot be 
extended to all Eulerian delta functionals. An example of an Eulerian delta 
functional L such that the mapping w, which associates to every linear 
functional 

M= 2 ak- L(k) 

k=O k! 

the formal Newton series 

is not a continuous isomorphism of the Eulerian umbra1 algebra 
p*, *, +, 0, K) onto the formal Newton series (,H, -, +, k, K) is 

(L ( xn> = 0, if n = 0, 

= 1, if n > 0. 

To show this, we note that for all nonnegative integers n 

( L(l) 0 q) Ix9=(Llx”) (w I$)= (w (3. 
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But, 

L(2) 
VW)) 2 v 7 = i .) s2(s - 1) 

2! 

#$& 
( 

L(2) L(I)Q2’ , 
.I 

Thus w  is not an algebra isornorphism from the Eulerian umbra1 algebra 
p*, ., +, 0, K) onto the formal Newton series (A’, ., +, k, K). 

Our last result in this section gives the continuous algebra isomorphism 
between the Eulerian umbra1 algebra (9*, ., +, 0, K) and the topological 
algebra of formal Newton series (M, ., +, %, K), when the elements of 9* 
are written in terms of (L(k)},“==, and L is an arbitrary Eulerian delta 
functional in 9”“. 

COROLLARY I. Let L be an arbitrary Eulerian delta functional belonging 
to the Eulerian umbra1 algebra (,P*, ., +, 0, K). The mapping R which 
associates to every linear functional 

f a,L(n) 
n=O 

the formal Newton series 

f + a,(L(k) ( (x - l)fl)z 
n=O he0 

is a continuous algebra isomorphism from the Eulerian umbra1 algebra 

;L?‘;:, 
., +, 0, K) onto the topological algebra of formal Newton series 
+, 2, K). 

Proof: Because the linear functional D defined by (D 1 x”) = n, 
n = 0, 1) 2 ).,.) is an Eulerian delta functional with associated polynomial 
sequence {(x - l)“}T=,, we have from Theorem 2.2 that 

n=o 
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which, due to Eq. (2.3) and linearity, becomes 

The results now follow by Theorem 3.1. Q.E.D. 

5. EULERIAN SHIFT INVARIANT OPERATORS 

Let b be any element of the field K of characteristic zero. The Eulerian 
shift operator qb: 9 + 9 is a linear operator defined by 

tlbp(x) = p(bx). (5.1) 

A linear operator o: 9 --t 9 is called an Eulerian shift invariant operator if 
for all b belonging to K 

A detailed study of Eulerian shift invariant operators is given in [2, 31. As 
an application of the theory developed in this paper and in [ 11, we give in 
this section another proof of the algebra isomorphism theorem for the space 
of Eulerian shift invariant operators. We will also show in this section the 
close relationship between the space of Eulerian shift invariant operators and 
the Eulerian umbra1 algebra. 

Let B be the space of all Eulerian shift invariant operators. The space 8 is 
made into a vector space in the usual manner by defining scalar 
multiplication and vector addition linearly. It becomes an algebra by taking 
composition o to be vector multiplication. The space 8 is made into a 
topological algebra by defining convergence as follows: 

DEFINITION 5.1. A sequence of operators {rn)FZO all belonging to B 
converge to the operator r if for all polynomials p(x) there exists an n, 
depending on p(x) such that for all n > n,, s,(p(x)) = r(p(x)). 

We will denote the topological algebra of Eulerian shift invariant 
operators by (a,., +, O, K). 

We can show the relationship between the topological algebra of shift 
invariant operators (8, ., +, o, K) and the Eulerian umbra1 algebra 

, -> +, 0, K). Let M be any linear functional belonging to 
, -, +, 0, K) and define the linear operator v(M): 9 -+ 9 by 

v(M) xn = (A4 1 x”) x”, (5.2) 
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where n is any nonnegative integer. The operator v(M) is extended linearly to 
all polynomials. The adjoint of v(M), which we will denote by v(M)*, is a 
linear operator mapping .P* into 9* and is uniquely defined by 

(v(W*N I P(X)) = (N I 04 P(X)), (5.3) 

where N is any linear functional in .P* and p(x) is any polynomial in .Y. 
The next proposition shows that v(M)* is intimately related to the Eulerian 
umbra1 product 0. 

PROPOSITION 5.1. Let A4 be any linear functional and v(M)* be the 
adjoint of v(M) dejlned by Eqs. (5.2) and (5.3). For all linearfunctionals N 

v(M)*(N) =M@ N, 

where 0 is the Eulerian umbra1 product defined by Eq. (1.6). 

Proof: We have 

(v(M)*(N)~~“)=(NI~(M)~“)=(NI(M(~”)~”) 

=(MIx”)(N~x”)=(M@N~x”). Q.E.D. 

Let a be any element in K. We will denote the evaluation functional at a 
by E,. That is, for all polynomials p(x) belonging to 9 

6, I P(X)) = p(a). 

By [ 1, Theorem 10.21 we have for all linear functionals M belonging to .V* 

w I VP(X)) = (%I 0 M I P(X)), 

where p(x) is any polynomial in 9. Thus for all b belonging to K and for all 
nonnegative integers n 

and 

(&,Iv(M)~~bX”)=(&,@M@E*IXn) 

= (E, 0 Eb @ M 1 x”) 

= (E, 1 qb 0 v(M) x”). 

This is true for any a belonging to K. Thus for all nonnegative integers n 

v(M) 0 ?fbx” = rb 0 v(M) x”. 
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By the usual spanning argument we have that v(M) 0 qb = qb o v(M) and 
therefore for all linear functionals M, v(M) is an Eulerian shift invariant 
operator. 

The converse of this statement is also true. That is, if r is an Eulerian shift 
invariant operator, then there exists a unique linear functional M such that 
v(M) = r. To see that this is true, let 

7xn = 2 a, k~k, (5.4) 

where n is a nonnegative integer and the sum on the right-hand side of 
Eq. (5.4) has a finite number of terms. Therefore, for all b belonging to K 

qbrxXn = s a,,,bkxk 

and 

rlfbxn = c a,,,b”xk; 

because r is Eulerian shift invariant 

x a,,kxk(b” - bk) = 0. 

Thus, there exists a sequence {t,}TzO such that 

a n.k = 0, if n # k, 

= n, t if n = k. 

This forces Eq. (5.4) to have the form 

7x” = t,xn. 

Now, if we define the linear functional M by 

(MI x”) = t,, n = 0, 1, 2 ,..., 

we see that v(M) = r. Therefore, we have proven the following known results: 

PROPOSITION 5.2 (Andrews [3, Theorem 41). Let v be as defined in 
Eq. (5.2). 

(a) For all linear jiinctionals M belonging to $Y*, v(M) is an Eulerian 
shift invariant qperator. 

(b) If T is an Eulerian shift invariant operator, then there exists a 
linear functional M such that v(M) = 7. 
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From this proposition we have the following important isomorphism 
theorem. 

THEOREM 5.1. The operator v, as defined by Eq. (5.2) is a continuous 
algebra isomorphism from the Eulerian umbra1 algebra (.P*, ‘, +, 0, K) 
onto the topological algebra of shift invariant operators (g’, ., f, 0, K). 

Proof By using Propositions 5.1 and 5.2, the definition of v as given by 
Eq. (5.2), and the definition of the Eulerian umbra1 algebra, one can easily 
check the axioms to show that v is an algebra isomorphism from the 
Eulerian umbra1 algebra (.P*, ., +, 0, K) onto the algebra of Eulerian shift 
invariant operators (8, a, f, 0, K). 

To show that v is continuous, we must show that if {M,]~=_, is a sequence 
of linear functionals in the Eulerian umbra1 algebra (9, ., +, 0, K) which 
converge to M according to Definition 2.1, then v(Mk) converges to v(M) 
according to Definition 5.1. Let i be any nonnegative integer. If Mk 
converges to M, there exists an no(i) depending on i, such that if n > n,, then 
(AI,, 1 xi) = (A4 / xi). Th us v(M,) xi = (M, ) xi) xi = v(M) xi, if n > n,. Thus 
(v(M,) } FT o converges to v(M). Q.E.D. 

As Andrews did in [3], we will call the linear operator ,I on .4 an 
Eulerian differential operator if the operator x,l is Eulerian shift invariant 
and for all n > 0, 1x” f 0, and Al = 0. Let L be any Eulerian delta 
functional; then by Proposition 5.2, v(L) is Eulerian shift invariant and 
because of the definition of Eulerian delta functional (see Eqs. (1.7) and 
(1.8)), we have that v(L) 1 = 0 and v(L) x” = (L 1 x”) x” f 0 for n > 0. Thus 
if we define the linear operator ,I by Ax” = (I, 1 x”) xn- ‘, then we see that 
v(L) = x,I and 1 is an Eulerian differential operator. The following 
proposition shows the important relationship between the set of Eulerian 
delta functionals and the set of Eulerian differential operators: 

PROPOSITION 5.3. Let L(k) be as defined by Eq. (2.3). 

(a) If L is an Eulerian delta functional, then for all nonnegative 
integers k, 

v(L(k)) = xk,Ik, 

where II is an Eulerian dtrerential operator defined by 

Ax”=(LIx”)x”-1, n = 0, 1, 2 ,... . (5.5) 

(b) If 1 is an Eulerian dtflerential operator and v is the continuous 
algebra isomorphism deflned by Eq. (5.2), then for all nonnegative integers k 

V-‘(~“2~) = L(k), (5.6) 
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where L is the Eulerian delta functional defined by 

(L 1 xn> = (El 1 nxn> n = 0, 1) 2 )... . 

ProoJ (a) Let n and k be any two nonnegative integers. Then 

k-l 

v(L(k)) x” = (L(k) ( x”) x” = n (L 1 x”-~) x” 
i=O 

= 0, 

k-l 

= n (L 1 xn-i) x”, 
i=O 

if n < k, (5.7) 

if n > k; 

xkJky zz xkp-‘(L ) x”) x”-’ = (L 1 p> xkAk-‘x+l 

= 0, if n < k, (5.8) 
k-l 

= II, (LIx”-i)x”, if n > k. 

Thus by the usual spanning argument we have that v(L(k)) = xklk. By letting 
k = 1 in this equation, we have from Proposition 5.2 and Eq. (5.5) that A is 
an Eulerian differential operator. 

(b) If 1 is an Eulerian differential operator, then by definition xll is 
Eulerian shift invariant and thus by Proposition 5.2, there exists a linear 
functional L such that v(L) =x1 and for all nonnegative integers n, 

v(L) x” = (L ( x”) xn = XAX”. 

Thus by the definition of an Eulerian differential operator we have that 
(LI 1)=0 and f or all positive integers IZ, (L I x”) # 0. Therefore, L is an 
Eulerian delta functional. Equation (5.6) follows from Eqs. (5.7) and (5.8). 

Q.E.D. 

The expansion theorem 2.2 [ 1, Theorem 10.11 for the Eulerian umbra1 
algebra carries over via the isomorphism v to the expansion theorem [3, 
Theorem 21 for the topological algebra of Eulerian shift invariant operators. 
We give another proof of this known result. 

PROPOSITION 5.4 (Andrews [3, Theorem 21). Let u be an Eulerian shift 
invariant operator and let A be an Eulerian dtflerential operator. Then there 
exists a sequence of constants ah, k = 0, 1,2,..., all belonging to K such that 

u= 1 akxkllk. 
k>O 

Proof. By Proposition 5.2, there exists a linear functional S belonging to 
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.P* such that v(S) = cr. By Proposition 5.3, there exists an Eulerian delta 
functional L such that for all nonnegative integers k, v(L(k)) = xkAk. By 
Theorem 2.2, there exist constants ak, k = 0, 1, 2,..., all belonging to K such 
that 

S= f a,L(k). 
k=O 

By Theorem 5.1, v is a continuous algebra isomorphism and therefore 

u = v(S) = v T a,L(k) 
k:O 

= c akv(L(k))= ‘? 
k:O k:O 

akxkAk. Q.E.D. 

By combining the results of Theorem 5.1 and Corollary I of Theorem 4.1, 
we have the following isomorphism theorem for the topological algebra of all 
Eulerian shift invariant operators: 

THEOREM 5.2 12, Theorem 3.21. Let A be an Eulerian delta operator. 
The mapping 6 which associates to every element 

cc 

x a,x”A” 
n=o 

(5.9) 

the formal Newton series 

F f ak(.s, IA”(x- 1)“)s 
n=O k=O 

is a continuous algebra isomorphism from the topological algebra of Eulerian 
shift invariant operators (8, ., +, 0, K) onto the topological algebra offormal 
Newton series (A”, p, +, 2, L). In fact, 

where R is the continuous isomorphism defined in Corollary I of 
Theorem 4.1 and v is the continuous isomorphism defined by Eq. (5.2). 

Proof By Proposition 5.4, every element in (a, -, +, 0, K) can be written 
in the form of expression (5.9). By Theorem 5.1 and by Proposition 5.3, 
there exists an Eulerian delta functional L such that 

V -’ 
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and 

v(L) = XL 

By Corollary I of Theorem 4.1, we have that 

(n 0 v-’ ) (ig w”J”) =Q (If0 ~&L(k)) 

= 2 + a,(L(k) ) (x - 
n=cl k%O 1)“): 

413 

(5.10) 

(5.11) 

From Eq. (2.3) and the fact that L is an Eulerian delta functional we have 

Because I is a Eulerian differential operator and A 
Eq. (5.10), we have that 

(El I Akx”) = (El I CL 1 xn> Ah-Ix+‘) = (L 1 X”)(&, 

k-l 

that 
k-l 

(L(k) 1 x”) = I I (L 1 xn-i). 
i=O 

is related to L by 

) E, 1 Ah-Ix”-‘) 

= [I (L 1 Xn-i). 
i=O 

That is, for all nonnegative integers n and k 

(L(k) 1 xn) = (Ed ) Akx”). 

By using this equation, along with the usual spanning argument, Eq. (4.11) 
becomes 

(0 0 v-l ak(c, 1 Ak(x - l)‘,$ Q.E.D. 

Let a be any element of the field K. Recall that the shift operator E” on 
the space of all polynomials ,B is defined by E’p(x) = p(x + a). An operator 
Q is said to be shift invariant if Ea 0 Q = Q o E”. Let J7 be the algebra of all 
shift invariant operators, where scalar multiplication, vector addition, and 
vector multiplication are defined on IZ in the same way as they are defined 
on the class of Eulerian shift invariant operators g. Let ~1 map the binomial 
umbra1 algebra (9*, -, +, 0, K) onto the algebra of shift invariant operators 
ll and define ,u by 

(L ( x”-k) Xk 
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for all nonnegative integers n. The map ,U is the binomial analogue of 1’ which 
we defined by Eq. (5.2). Roman and Rota [ 10, Sects. 6 and 7j give the 
binomial analogue of the Eulerian results we obtained in Section 5 of this 
paper. 
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