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Abstract

Jorgensen, L.K., Nonexistence of certain cubic graphs with small diameters, Discrete Mathematics
114 (1993) 265-273.

We consider the maximum number of vertices in a cubic graph with small diameter. We show that
a cubic graph of diameter 4 has at most 40 vertices. (The Moore bound is 46 and graphs with 38
vertices are known.) We also consider bipartite cubic graphs of diameter 3, for which the Moore
bound is 62. We prove that in this case a graph with 56 vertices found by Bond and Delorme (1988) is
optimal.

1. Introduction

A (4, D)-graph is a graph with maximum degree at most A and diameter at most D.
It is known that the number of vertices in a (4, D)-graph cannot exceed the Moore
bound: (4(4 —1)®—2)/(4 —2). Denote this number by M (4, D). It is also known (see
[4]) that this bound cannot be attained for 4>3 and D >3, and that a (4, D)-graph
with 423 and D=2 cannot have exactly M (4, D)—1 vertices ([2,7]). The proofs of
these results are algebraic. A combinatorial proof in [8] shows that a (3, D)-graph with
D >4 cannot have exactly M(3, D)—2 vertices.

A survey paper of Bermond et al. [3] gives constructions of large (4, D)-graphs.
Their paper also contains a table of the largest known (4, D)-graphs.

Only in five cases is a (4, D}-graph (4 =3 and D > 2) known to have as many vertices
as possible, and these optimal graphs are either Moore graphs or have M(4,D)—2
vertices.

For A=3, the first case, where the maximal number of vertices in a (4, D)-graph is
not known, is D =4. There exist at least two non-isomorphic cubic graphs of diameter
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4 with 38 vertices [1,6]. If a (3,4)-graph has a vertex x of degree at most 2, then there
are at most 31 vertices within distance 4 from x. Therefore, an optimal (3, 4)-graph is
cubic and has an even number of vertices.

The Moore bound for (3,4)-graphs is 46. As mentioned above, it is known that
(3,4)-Moore graphs do not exist. In this case it can also be shown easily by counting
the number of 9-cycles (see [9]). Stanton et al. [10] proved that there is no (3, 4)-graph
with 44 vertices (this is also a special case of the above-mentioned result in [8]). In this
paper we prove the following theorem.

Theorem 1.1. There is no (3,4)-graph with 42 vertices.

It follows that the maximal number of vertices in a (3, 4)-graph is either 38 or 40.
I conjecture that there is no (3,4)-graph with 40 vertices.
We also consider bipartite (4, D)-graphs. The bipartite Moore bound is

(4—1)P—1

D:
My(4,D)=2"——

It is known (see [4]) that bipartite Moore graphs with 4> 3 exist only for D=2, 3,4, 6.
The smallest value of Mg(4, D) which cannot be attained is for (4, D)=(3,5). The
Moore bound is Mg(3,5)=62. A bipartite (3, 5)-graph with 56 vertices was found by
Bond and Delorme [5]. We prove that this graph is optimal.

Theorem 1.2. There is no bipartite (3, 5)-graph with 58 or 60 vertices.

Let G be a graph and let x be a vertex of G. For any natural number r, let D,(x)
denote the set of vertices at distance r from x. For any integer r > 1, let ¢,, 4 1 (x) denote
the number of edges in the graph spanned by D, (x), and, for any integer r =2, let ¢,,(x)
denote the number e(D,(x), D, - (x))—|D,(x}|, where e(D,(x), D,_1(x)) is the number
of edges from D,(x) to D,_(x).

The number ¢;(x) has some resemblance to the number of cycles of length [ contain-
ing x; if certain conditions are satisfied, these numbers are equal, but, in general, they
need not be equal.

If G is a cubic graph then, for any vertex x (set ¢;=¢;(x) and D,=D,(x)), |D,|=3.

Since every vertex in D, has degree 3,

e(D,,D;)=2|D;|—2c3=6—2c¢;

and, so,
|Dy|=e(D,,D1)—c4=6—2c3—c4.

Similarly,
e(D,,D3)=2|D,|—c4—2c5=12—4c3—3cs—2cs,
|Dy|=e(D3,Dy)—ce=12—4c3—3cs—2c5—ce
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and
e(D3,D4)=2|D3]—ce—2c,=24—8¢c3—6cy—dcs—3ce—2¢4,

|D4|ZC(D4,D3)—C8=24—8C3_6C4—‘4C5_3C672C7—C8.

Lemma 1.3 then follows immediately.

46 —n=14c3(x) + 10c4{x) + 6¢5(x) + dce(X) + 2¢7(x) + cg(x).

T L i a ~rilain livmnswditn nunsahh it a2 vnrtay v than
HHOISdoeuic Ulpdl LI gldpll WILIl a4 VCILCA X LICIL

half of the vertices in G are at even distance from Xx,
Therefore, we get the following result.

Lemma 1.4. If G is a cubic bipartite graph on n vertices with diameter 5 then, for any
vertex x in G,

62 —n=14c4(x)+ 6¢6(x)+ 2c5{x).

2. Bipartite (3, 5)-graphs

In this section we prove Theorem 1.2.

If G is a bipartite (3, 5)-graph with a vertex of degree at most 2, then there is a vertex
x in the largest colour class of the bipartition of G of degree at most 2. The number of
vertices at distance i from x is at most 2. The number of vertices in the largest colour
class is the number of vertices at even distance from x, which is at most
2042242%=721. Thus, G has at most 42 vertices.

Suppose now that G is a cubic bipartite graph on 60 vertices with diameter 5.
By Lemma 1.4, ci(x})=cq(x)=0 for every vertex x. Thus, G has girth 8 and every
8-cycle containing x contains a vertex of D,(x). For every vertex x, cg(x)=1 by
Lemma 1.4. This means that there is exactly one vertex in D,(x) adjacent to more
than one vertex in D;(x), and this vertex has exactly two neighbours in Dj(x).
Thus, there is exactly one cycle of length 8 in G containing x. This implies that the
vertex set of G is a disjoint union of vertex sets of 8-cycles. But 8 does not divide 60,
a contradiction.

Suppose next that G is a cubic bipartite graph on 58 vertices with diameter 5. By
Lemma 1.4, ¢,(x)=cq(x)=0 and cg(x)=2 for every vertex x; so, G has girth 8 and
every vertex x in G is in either exactly two cycles of length 8 or in a subgraph of
G isomorphic to the graph in Fig. 1, with x as a branch vertex (note that in the last
case x is on three 8-cycles).
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Fig. 1. Fig. 2.

Since 8 does not divide 2 58, there is a subgraph @ of G isomorphic to the graph in
Fig. 1. Since the vertices of @ are contained in two cycles of length 8 in @, any new
cycle containing one of these vertices has length at least 10.

Therefore, we can grow a tree of depth 2 out of @ from each vertex of degree
2 in O, and these trees are all disjoint. Thus, the graph in Fig. 2 is a subgraph
of G.

Since y and v; have the same colour in a 2-colouring of G (see Fig. 2 for notation),
dist(y, vy ) is even and at most 4. If a shortest y—v, path contains x or x', then there are
too many cycles of length 8 containing x or x".

Therefore, there is a v,—y, path or a v,—y, path of length 2 in G. We may
assume that there is a v,—y; path of length 2. Denote the intermediate vertex of the
path by a. By symmetry, there is a v,—{ y;, y, } path of length 2. Since G has girth 8, this
path is a v,—y, path. We may also assume that G contains a v,—z; path, a v,—z, path,
a w;—y, path, and a w,—y, path all of length 2. The intermediate vertices of these paths
are all distinet, for, otherwise, there are too many cycles of length 8 containing vertices
of .

In the subgraph of G shown in Fig. 3 each of the vertices v, and y, are contained in
two cycles of length 8, but a is on only one cycle of length 8. Therefore, the other cycle
of length 8 containing a does not contain vy or y;, a contradiction.
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3. Cubic graphs of diameter 4

In this section we prove Theorem 1.1. As mentioned in the introduction, we need to
consider only cubic graphs. Suppose that G is a cubic graph on 42 vertices with
diameter 4. It follows from Lemma 1.3 that G has girth at least 6.

Lemma 3.1. G has girth at least 7.

Proof. Suppose that G has a cycle C of length 6. By Lemma 1.3, the vertices of C are
not contained in any other cycle of length at most 8. Therefore, G contains the graph
in Fig. 4 as an induced subgraph. Denote this graph by H;.

Let H,=G\V(H,). Let y be a vertex in H,. Then there is an x—y path of length at
most 4 for each vertex x on C.

Suppose first that y has degree 3 in H,. Then a path of length (at most) 4 from xeC
to y contains an edge from a neighbour of y to the tree of H, attached to x. Since there
are six vertices on C, there are six edges from neighbours of y to H,. Thus, the
connected component of H, containing y is a K .

Suppose next that y has degree 2 in H,. Then there is an edge e from y to a tree of
H, attached to a vertex, say x, on C. From x and the neighbours of x on C there are
paths of length at most 4 to y containing e. If X’ is one of the other three vertices on C,
then an x'-y path of length at most 4 contains an edge from a neighbour of y in H, to
the tree of H, attached to x". Thus, y has a neighbour of degree 1 in H,.

Therefore, every connected component of H, is either a K, ; or a path of length
0,1,2 or 3. The average degree of the vertices in H, is at most 14, and so there are at
least 13-|H,|=27 edges from H, to H,. But then some vertices in H, must have
degree >4. This contradiction proves Lemma 3.1. O

Lemma 3.2. G does not contain the graph in Fig. 5.
Proof. Suppose that G contains the graph in Fig. 5.

For a vertex x on the intersection of these two cycles of length 7, we have ¢, (x) = 2.
By Lemma 1.3, ¢;(x) =2 and cg(x)=0; so, x is not contained in any cycles of length at

Fig. 4. Fig. 5.
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most 8 other than those in Fig. 5. Since G has girth 7, it follows that the graph in Fig. 6
is a (spanning) subgraph of G.

Let x,v,0,,v5,w;,w,, ¥,y be as in Fig. 6. Since dist(x, y,)<4, y, is adjacent
to a vertex at distance at most 3 from x, ie. y, is adjacent to either v,,v,,w,
or w,. If y; is adjacent to either v; or v,, then ¢,(v)=2 and cg(v)>1, a contra-
diction. Thus, y; is adjacent to either w, or w,. Similarly y, is adjacent to either
w; or w,. Therefore, G contains a cycle of length at most 6, a contradiction to
Lemma 3.1. [

Lemma 3.3. G has girth 8.

Proof. Suppose that G has a cycle C of length 7. By Lemma 3.2, the vertices at
distance at most 2 from the vertices of C are all distinct, i.e. the graph in Fig. 7 is
a subgraph of G.

Denote by H, the graph spanned by these vertices (H,; may contain some edges
which are not shown in Fig. 7). Let H, denote the graph G\ H; . Denote the vertices of
C by xy,...,x; in cyclic order. Denote by y; the neighbour of x;, which does not
belong to C. Denote by S; the set of (two) neighbours of y; different from x;. Let S be
the union of the sets S;. For every vertex xeH,, dist(x, x;)<4.

Therefore, either
o x is adjacent to yeS§;, or
e x is adjacent to yeS;, where x;x;eC, or
e x is adjacent to yeS; and y is adjacent to z€§;, or
e x is adjacent to yeH, and y is adjacent to zeS;.

Clearly, x has degree at most 2 in H,, for all xeV(H,) and if x has degree 2 in H,,
then x has a neighbour in H, of degree 1 in H,. Thus, a connected component of H, is
a path of length 0,1,2 or 3.

For xeH,, let s(x) denote the number of H,—H, edges incident with x plus the
number of vertices yeS adjacent to x and another vertex in S.

Y
Y2
w, vy
Wy v V2

Fig. 6. Fig. 7.
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Then

Y s(x)<2|S|=2|H.] .

xeH;>

For a component K of H,, which is a path of length 0, 1 or 3, the average of s in K is
at least 2. Suppose that H, has a component, which is a path of length 2. Then there
is such a path xyz with s(x)+s(y)+ s(z) <6, i.e. there is at most one vertex ve S which is
adjacent to another vertex in § and to either x, y or z. We may assume that this vertex
(if it exists) is not adjacent to z. We may also assume that y is adjacent to y’eS;. Since
dist(z, x;)<4,fori=2,3,...,7, zis a adjacent to a vertex in S; and a vertex in S4. Since
dist(y,x;)<4, for i=4,5, x is adjacent to a vertex in either S, or S5; we may assume
that x is adjacent to x'eS,.

Suppose that weSs is adjacent to y’. Then there is no vertex ve S adjacent to x and
another vertex in S; so either dist(x, x,)>4 or dist(x, x¢)>4.

Thus, there is no vertex weSs adjacent to y'. Since dist(y, x5)<4, x is adjacent to
a vertex x"'eSs; so, either dist(x, x,)>4 or dist(x, x,)>4, a contradiction. Thus, there
is no path of length 2 which is a component of H,.

Therefore, s(x)>=2 for all xeH, and, so, s(x)=2 for all xe H,. Thus, every compo-
nent of H, is a path of length 1 or 3.

Suppose now that v, v, v3v4 is a path of length 3 in H,. We may assume that v, is
adjacent to a vertex v3€S,. Then v, is adjacent to a vertex in S5 and a vertex in Sg.
Since dist(v3, x;)<4, for i=4,5, v} is adjacent to a vertex in either S, or S5. We may
assume that v5 is adjacent to zeS,. Then v; is adjacent to a vertex v3eSs, as
dist(v,, x5)<4. By symmetry, v5 is adjacent to a vertex z' in S,. Since

Y s(x)=28,

xeH>

z' is the neighbour of a vertex w, in H, and w, belongs to a path w,; w, wyw,. By
symmetry, wy is adjacent to a vertex w3eSg and w1 is adjacent to a vertex z”eS5. But
now c,{(x3)=1 and cg(x3)>=3, a contradiction to Lemma 1.3.

Thus, every component of H, is a K,, and § is an independent set. Let xe V(H,).
Since dist(x, y,) <4, either
e x is adjacent to yeS,, or
e x is adjacent to yeH, and y is adjacent to zeS;, or
e x is adjacent to yeS;, y is adjacent to ze H, and z is adjacent to veS;.

There are four vertices x of each kind. But | H,|=14; so, there are two vertices in
H, at distance at least 5 from y,. This contradiction proves Lemma 3.3. O

Now it follows from Lemma 1.3 that c4(x)=4 for every vertex x; so, there are three
types of vertices:

Type A: Vertices contained in exactly four 8-cycles, but which are not branch
vertices of a subgraph isomorphic to the graph in Fig. 1.
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Type B: Vertices which are branch vertices of one subgraph isomorphic to the
graph in Fig. 1 and which are contained in two other 8-cycles.

Type C: Vertices which are branch vertices of two subgraphs isomorphic to the
graph in Fig. 1.

Denote the number of vertices of these types by a,b and c, respectively.

Suppose that G contains a subgraph @ isomorphic to the graph in Fig. 1. Then the
graph in Fig. 8 is an induced subgraph of G, as G has girth 8.

Denote the neighbour of x; in G\@ by x}, and let S;={y;,z;} be the set of
neighbours of x; different from x;.

Suppose that S,nSs=0. Since dist(x,, x5)<4, there is an edge from S, to S5. We
may assume that y,yseG. If there is a path of length at most 2 from S, to z5 then
G contains a cycle of length at most 7. Therefore, a z5—x; path of length at most 4 uses
an edge from z5 to §; or S;. Similarly, there is an edge from z, to S, or S¢. These two
edges are contained in cycles of length 8, which also contains either v or w. Suppose
that also S.nSg=0 or S;NSs=0.

We may assume that S,nSg=0. Then, as above, there are two cycles of length 8 in
G containing an S,-Sg+; edge, and an Sg—-S, 4, edge, respectively, and either » or w.

By Lemma 1.3, there are no other 8-cycles in G containing v or w. Thus, S;1Sg=0.
As above, there is an S5-Sg+, edge in G and this is contained in a new cycle of length
8 containing either v or w, a contradiction.

Thus, §;nSg#0 and SsnSg#0. But this implies that there are too many 8-cycles
containing v or w. Therefore, $,nS5#0 and, by symmetry, S,nSg#0 and SsnSg#0.
Since G has girth 8, S,NSsnSg#0.

It follows that every subgraph of G isomorphic to the graph in Fig. 1 is contained in
a subgraph isomorphic to the graph in Fig. 9.

Every cycle of length 8 in G containing a vertex of this graph is contained
in Fig. 9. It has 6 vertices of type C and 9 vertices of Type A. It follows that
b=0 and 6a=9c. For any vertex x in G, there are 18 edges in the graph
spanned by D,(x). It follows that a vertex of type C is contained in 18 cycles of
length 9.

Fig. 8. Fig. 9.



Nonexistence of certain cubic graphs with small diameters 273

Let x be a vertex of type A. Let C, and C, be cycles of length 8 containing x. Then
C, and C, have a common vertex in D, (x). Since G has girth 8, it follows that there is
no edge joining the vertices of C, and C, in D4(x).

An edge in D4(x) incident with a vertex on an 8-cycle containing x is on two 9-cycles
containing x. Other edges in D4(x) are on one 9-cycle containing x. Therefore, x is on
22 cycles of length 9 in G. The number of 9-cycles in G is §(22a+ 18¢), i.e. 9 divides
22a+ 18c. Since 9 divides 18a+ 18¢, 9 divides 4a, and, so, 9 divides a.

The number of 8-cycles in G is §(4a+6¢), ic. 8 divides 4a+ 6¢. Since 8 divides
168 =4a+4c, 8 divides 2¢, and, so, 4 divides c. It follows that a=18 and ¢=24. But
then 6a <9¢. This contradiction completes the proof of Theorem 1.1.
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