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1. Introduction

In [3], the first author generalized the well-known Freiheitssatz of Magnus [2]
for one-relator groups by proving the following Freiheitssatz: if an abstract group
is defined byrn generators and: relations where: > m, then some subset of
n — m of the generators freely generates a free group. In [4], the corresponding
result was proved for prg- groups. It is natural to ask whether similar results
hold for free products with relations. Consider a free product

G=(Ar1*---%xA, | h1,..., hy)

of n abstract groups with: relations, where > m. We say that the Freiheitssatz
holds forG if there existn — m indicesiy, ..., i,—», such thatd;, *---x A;,_,
embeds canonically itz. Easy examples show that the Freiheitssatz does not
hold in general for such products, but in [7] it was proved that it does hold if
A1, ..., A, satisfy suitable conditions and the relations. . ., 4, belong to the
Cartesian subgroup. Our object here is to prove a Freiheitssatz for certain free
products of prop groups with relations which both extends the Freiheitssatz for
pro-p groups from [4] and implies a result for py-groups similar to the main
result of [7] for abstract groups.
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We now formulate our main results. Throughattyill denote the free product
(in the category of prgs groups) of non-trivial prop groupsA; (i € I) and a free
pro-p groupX with basis{x; | j € J}. We write

F=F(A;,xjliel, jel).

We may assume that the index setd are disjoint and that at least one of themis
non-empty. We are concerned mainly with quotient groupg @fiodulo normal
subgroups whose intersection with eat¢h (but not necessarily witlX) is the
trivial subgroup. TheCartesian subgroug (F) of F is the intersection of the
kernels of the canonical maps fromto the groupsA;. Let K =1 U J. For each

L C K we set

FL=F(A,xjlielNL, jeJNL).

We write /' for the class of all inverse limits of finitely generated torsion-free
nilpotent prop groups.

Theorem 1. Let G = (F | h1, ..., hy) be the prop group obtained fromF by
imposing the additional relationd1 =1, ..., h,, =1, wherem < |K|. Suppose
that

(i) all groupsA; belong toN and
(i) if m > 1thenha, ..., hm € C(F).

Then there exists a sétC K such that K \ L| < m and such that the quotient
map fromF to G induces an embedding &%, in G. In other words the group
(F | ha,...,h,) satisfies the Freiheitssatz.

We shall also prove a Freiheitssatz for the so-called soluble products ¢f pro-
groups. For each integer> 0 we write
Se=8(A;j,xjliel, jel)

for the quotient groupF/C(F)™, whereC(F)™ denotes theith term of the
derived series ofC(F) (obtained by taking commutator subgroupgimes).
Clearly the quotient mag’ — S, induces embeddings of the grougs, and
the image ofX in S, is a free soluble prg» group of derived length. ForL C K
we set

Sur=Si(Ai,x;lieINL, jeJNL).
Theorem 2. LetG,, = (S, | h1, ..., hy), Wherem < |K|. Suppose that

(a) all groupsA; belong toN and
(b) h1,...,hy, € C(F).
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Then there exists a sétC K suchthat K \ L| < m and such that for each integer
n > 0 the canonical epimorphisi$, — G, induces an embedding 8§ 1, in G,,.

The case of Theorem 1 in whidh, ..., h,, € C(F) follows from Theorem 2.
In this case, by Theorem 2 there is a gewith |K \ L| < m such that each
map S,... — G, is injective, and hence the maf, — G is injective since
Fr = I(imn Sp.L andG = Limn G.

When1 is empty and/ is finite, conditions (a), (b) are empty and we recover
the Freiheitssatze obtained in [4] for the category of prgroups and for the
variety of soluble prgp groups of derived length at most

2. Preliminary results

Since we are concerned here with pgrogroups, terms such as subgroup,
homomorphism, group algebra and so on will be given the meanings appropriate
to the category of profinite groups; thus they refer to closed subgroups, continuous
homomorphisms, completed group algebras and so on. For further information
about profinite groups we refer the reader to the monograph [8].

Lemma 1. It suffices to prove Theoremisand 2 for the case when the index set
K is finite and all groupsA; are finitely generated torsion-free nilpotent ppo-
groups.

Proof. Suppose that the hypothesis of Theorem 1 holds.
First suppose thak is infinite. ForL € K letn; : F — Fy, be the projection
map (in whichA; fori e I\ L andx; for j € J \ L are mapped to 1) and write

Gp=(Fp|himp,...,hpmp).

Let A be the set of all finite subsets &f containing at least: + 1 elements,
and for eachM € A let Ry, be the set of subsef®’ of M with |[M \ M'| <m
such thatFy embeds inG ., for some finite setM, D M. If M C N then
clearly M N N’ € Ry wheneverN’ € Ry, and soN’ — N’ N M defines a map
Rn — Ryr. Suppose that Theorem 1 holds for the case when the index set is finite.
Then for each seM < A there is a subsel’ C M with |M \ M’| < m such that
F); embeds inGy,, and certainlyM’ € Ry,. Therefore the familyRy, | M € A)
becomes an inverse system of non-empty finite sets, and its inverse limit is non-
empty (see [8, 1.1.5]). LdtL), | M € A} elim Sy. Thenthe seL = Jyc 4 L)y,
satisfies the conclusion of Theorem 1, suR:Le— lim FL/ andG = L@ Guy.

Now suppose thak is finite, and that the conclusmn of Theorem 1 does not
hold. Thus for eacl. C K with |K \ L| < m there is an element; # 1 which
is in both F, and the normal subgroup af generated by:, ..., h,. Since
{ur | L C K} is finite and since eacH; is in A" we can find finitely generated
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torsion-free nilpotent epimorphic imagés of the groupsA; such thatz6 # 1

for eachur, where6 . F — F' = F(A/,x; |i € I, j € J) is the map induced
by the mapsA; — A!. Therefore the conclusion of Theorem 1 does not hold
for the presentatioWF’ | h16, ..., h,0). The assertion of the lemma concerning
Theorem 1 follows, and an identical argument applies for Theorent2.

We shall need some facts from [4] about group algebras ofppgreups.
A series

A=Ay 2 A2 Z2An 2 Anty 2 -+

of normal subgroups of a prp-group A will be called convergentif each
neighbourhood of 1 i contains some subgroufy,.
Now fix a finitely generated pr@-groupA having a convergent central series

A=A 2 A2 2 Am 2 Anty 2+

with torsion-free factorsA(,)/A+1). Then each facton ,)/A,+1) is finitely
generated, and so, refining the series if necessary, we can assume that each
Awmy/An+1) is isomorphic to the additive group of the rifdg, of p-adic integers.
Lety, € Ay generated ;) moduloA 1.
In [4] it was shown that each element of the group algebea Z,A can be
written uniquely as an infinité ,-linear combination of monomials of the form
(y1 —D™...(y, — )™, wherems,...,m, € {0} UN. Letd be a function from
the sef{y, — 1| n € N} to N U {0} satisfying the following conditions:

dyn—D2=2n, diypt1—12=2d(y,.—1), foralln, and
[ynla ynz] € A(n) where d(yn —1) > d(ynl -+ d(ynz -1,
for all nq, na.

The functiord extends to a norm oR. Write R,, for the ideal of elements at
of norm at least: thusA,) — 1 C R,. Itis easy to see that the associated graded
ring of R corresponding to the filtratioR,),cn is @ polynomial ring ovet,,.
Cohn [1] has shown that a filtered ring can be embedded in a skew-field if its
associated graded ring satisfies the Ore condition; therefore every choice of norm
of the type described above leads to a skew-figld which R may be embedded.
The properties of such skew-fields were studied in detail in [4]. We fix a skew-
field Q and regard the free riglR-module R” as embedded in the right vector
spaceQ” over Q.

Lemma 2 (See [4, Proposition 7]Let u1,...,u, € R" and letU = (u10 +

- +u, Q)N R". ThenU is a closed submodule &", and the quotient module
M = R"/U has a convergent seried = M1 > M» > --- of closed submodules
with Z,-torsion-free factors. MoreoveM; R; € M, ; forall i, j.
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Suppose now in addition that’ is a finitely generated pr@-group which is
a semidirect product of a normal pgosubgroupB by the groupA. If B has
a convergent central series

with torsion-free factors such thpd ;), B(;)]1 < B+ forall i, j then
A'=AwBy > A@Ba >

is a convergent central series faf with torsion-free factors. LeR’ =Z,A’. As
a right R-module,R’ is the direct sum of the subring and the idea(B — 1)R’.
We may choose a norm okl and embed?’ in the corresponding skew-fiel@’;
if the norm onR’ extends the norm oR then it follows from [4] thatQ < Q'.

Lemma 3[4, Lemma 10].Letus,...,u, € R" constitute a basis for the vector
spaceQ”, and letvs, ..., v, lie in (B — 1)R))". Then there is a norm oR’,
extending the norm oR, such that ifQ’ is the skew-field corresponding to the
norm onR’, thenuj + v1,...,u, + v, constitute a basis for the vector space
(0" over Q’.

We shall need the analogue of the Magnus embedding foppgmups of the
form F/[H, H].

Lemma 4 (See [6, Theorem 3]).et H be a normal subgroup of = F(A;, x; |
iel, jeJ)suchthatd N A; = 1foreachi € I, and letA = F/H. Write f for

the image inA of f € F. LetR =Z,A, let T be the free rightR-module with
basis{r; | k € I U J}, and consider the group of matrices

A O
T 1
and the homomorphism
r:F—><I; ?_)
defined by
: a 0 A el (% 0 .
alH(ti(di—l) 1), ai€A;,iel; xjr—><tj 1>’ jel.

Thenkert =[H, H], so thatr induces an embedding &f/[H, H]. A matrix

<ZZ{Mk 2)

lies in the image of if and only if

(i) u; € (A; — 1)R for eachi and
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(i) Zie]ui +Zjej(ij —Duj=a-1.
Lemma5. The classV is closed with respect to free products.

Proof. Since the free product of an infinite family of pgogroups is the inverse
limit of the free products of the finite subfamilies, it suffices to consider free
products with only finitely many factors; and so by induction it suffices to consider
products with two factors. Since the operations of taking inverse limits and of
taking free products of two groups commute, it suffices to show thid,ifd, are
finitely generated torsion-free nilpotent ppogroups themB = A x A, € . Let

C be the Cartesian subgroup Bf Since

(c™ =1
neN

it suffices to prove that each grolgy C™ has a convergent central series with
torsion-free factors.

Clearly the groupB/C© = A1 x A3 has such a series. Suppose that there is
such a seriest = A1) > A(z) > --- in the groupA = B/C™. Write R =Z, A
and letT be the free righiR-module with basigt1, o). By Lemma 4,B/C*+D
can be embedded in the group

(1)

Take a norm onR of the type described above and for eaehet R,, be the
ideal of elements of norm at least SetT,, = 1R, ® 2R, for eachm. Then
TiRy C Tjypy foralll, m, and

Ag O Ao 0
G ( n 1)\ 1» 1)7
is a central series fo6 with torsion-free factors. Therefo®/C"*+1 has such
aseries. O

Lemma 6. Let A, B be prop groups such thaZ,A, Z,B are domains. Write
D=AxBandR =1Z,D. Leta,b be non-trivial elements ofA, B and let
0#1€Zp,. Then

b'—1¢ (ab—1)R+(A—1)(B—1)R.

Proof. As aZ,-module,R can be written as the direct sum
R=7,®(A—-1Z,A®(B—1Z,B®(A—1)(B—-1R.
Suppose that
b' —1=(ab— Du mod(A—1)(B — DR
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with u € R, and writeu = ug + u1 + u2 + u3, where
uo€Zy, ur€(A—-1Z,A, uze(B-17Z,B,
uz € (A —1)(B—1R.

Modulo (A — 1)(B — 1)R we have
ab—1=(@-1)+®B-1)

and hence

bl —1=(a—Du+®-Du=(— Do+ u1) + (b — 1)(uo+ uz).

Therefore (a — 1)(uo + u1) = 0, and so sinceZ,A is a domain we have
uo + uy = 0. It follows thatug = u1 = 0 and thath! — 1 = (b — L)us. Since
b"—1=nb-1) mod (b — 1)ZZI,B for all n € Z and sinceZ is dense irZ, we
now have(b — 1)(I — u2) € (b — 1)?Z,B, and henceé — u, € (b — 1)Z, B since
Z, B is a domain. Therefore we have a contradiction and the lemma follows.

Lemma 7. Let H be a subgroup of a prgrgroupG. Then

(a) Z,G is afree rightZ, H-module and it has a basis containing the elendgnt

and
(b) there is a subsel of Z, G which is convergent t6 and such thaZ, G is the

(completg direct sSumZ, H ® @,y ZpHy.

Proof. (a) We use some results from [8]. LEtbe a subset of &, H-moduleL.
We say thatl is the t-freeZ, H-module with basig" if the following universal
property holds: every continuous function fromto a profiniteZ, H-module
extends uniquely to a (continuous) module homomorphism fion{if T is
infinite this differs from the free module ofi, whose universal property refers
to maps fromZ" in which all but finitely many elements have zero image.)

Let T be a closed left transversal # in G with 1€ T. By [8, 7.6.3],Z,H
is the t-freeZ, H-module with basis'; in particular,Z, G is the direct sum of
Z,H and a t-free moduld/. By [8, 7.6.2],M is a projectiveZ, H-module, and
sinceZ, H is a profinite local ring by [8, 7.5.2] we conclude thit is a free
Z,H-module by [8, 7.5.1]. The result follows.

(b) By (a) there is a subset of Z,G such thalZ,G =Z,H ® P, .x xZ, H,
and the result follows on application of t#,-module automorphism df.,G
defined byg > g 1forallge G. O

3. Proof of Theorem 2

By Lemma 1, it is enough to consider the groufs| i1, .. ., in ), Wwhere
S, =F/C(F)™ and F=F(A;,xjliel, jelJ),
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such thatk = I U J is finite, all groupsA; are finitely generated torsion-free
nilpotent prop groups and the relatioris,, ..., h, are inC(F). Let H be the
normal subgroup of generated by, ..., h,. We shall prove the following
stronger result by induction on Theorem 2 is obtained by taking= (" L(n).

Proposition 1. For each integen > 0 there exist

(1) a homomorphismp from F to a finitely generated prgr group A which has
a convergent central serie$ = A1) > A(p) > - - - with torsion-free factors

(2) a subset.(n) of K, which satisfied.(n) C L(n — 1) if n > 1, and

(3) anorm on the ringR =7, A determining a skew-fiel@ in which R may be
embedded

such that the following conditions hold.

() C(F) > kerp > H - C(F)™; in particular, ¢ factors through the group
Gn=(S1 hi, ..., hm).
(i) |K\L|<mandkerpn Fp =C(Fy)™ whereL = L(n);thusFro =S, 1.
(i) Let V be the right vector space ovep with basis{# | k € K} and let
T =) ;cx tR. Consider the homomorphism

] A O
1//.F—>(T 1)
defined by
A aip 0 A e
a’H(ti(aiw—l) 1), a; €A;,iel;
xe (59 0) ) ey
J l‘j 1)’ ’

The elements dff Y are unitriangular matriceslet

= (2 %) o me= (2 9)

Then
V= <ZtlQ> D1+ +unQ).

leL

Proof. Forn =0 we takeA = F/C(F) and letp: F — A be the quotient map.

By hypothesis,H < C(F). Since A is isomorphic to the (Cartesian) product
[1ic; Ai it has a convergent central series with torsion-free factors. We choose
anormonZ,A and letQ be the corresponding skew-field, and we then choose
L = L(0) such that the vector spageis the direct sum of the subspacdey,; 1 0
andu1Q + -4+ u, Q. Since dinfu10 + - - - +u, Q) <m we havelK \ L| < m.
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Suppose now that the conclusion of the proposition holds for some integer
n > 0. Consider theR-modulesU = 410+ 4+ u,, Q)NT andM =T/ U. Set

, (A O
(1)

Thus A’ is finitely generated and by the remarks following Lemma 2 it has
a convergent central series with torsion-free factors, since it is a semidirect
product of

(5 3)

which is isomorphic t4, and the abelian normal subgroup

(4 9)

which is isomorphic as aR-module toM. Let

(A O A 0\ _
T'<T 1>_’<M 1>_A

be the map induced by the quotient mBp—> M and lety’ =¥t :F — A’. By
construction,C(F) > kerg’ > H - C(F)"*+D . By (iii) the images inM of the
elements; with [ € L freely generate a freR-module and by (ii) and Lemma 4
we have kep’ N F, = C(Fp)" D,

We consider the rinR’ = Z,A’, the free rightR’-moduleT’ = 3", ., R’
and the homomorphism

A0
w/:F—>(T, 1),

defined by
ai¢’ 0 o
al'_)(ti(ai(p/—l) 1)’ ai €Aj, i el;
xj¢" 0

xjr—>< i 1)’ JjeJ

Let
, (1 0 , (1 0

(3 9) b= (2

The map
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induced by the obvious map$ — A and7T’ — T satisfiesyy = ¢'o, and so
the images ofu,...,u,, in T areus,...,u,. Therefore we can write) =

UL+ VL, oo, Uy =Up 4V With v1, ..., U € Y4k k(B — D R'. We recall that

V= <ZIZQ> O @10+ +unQ).
leL
After renumbering if necessary, we can supposeuithat. ., u; constitute a basis
forusQ +---+u,, Q, wheres = |K| — |L|. By Lemma 3 we can find a norm on
R’ extending the norm o® and use it to embef’ in a skew-fieldQ’ > O such
that{r |l € L}U{u},...,u;} isabasisolV’' =3, n Q. We choose a subset
L' C L such that

‘ﬂ:(EZWQ>®04Q“P~+w;QW
l'el’
Since dimu}, Q'+ - - +u,, Q") <m,wehavgK \ L'| <m. SettingL(n+1) = L’
we have now completed the induction step freno n + 1.
This concludes the proof of Proposition 1, and therefore the proof of
Theorem 2. O

4. Freeproductswith onerelation

We now complete the proof of Theorem 1. Since the case in which the relations
lie in the Cartesian subgroup follows from Theorem 2, it remains to study the case
whenG = (F | h) and wher: has non-trivial projection im;, for someig € 1.

Let L =1\ {io}. We must prove thak; embeds inG, and this is clear unless the
projection ofz in Fy is non-trivial. By Lemma 4 the group; belongs to\ and
S0 sinceF = A;, x Fy, it is sufficient to prove the following result.

Proposition 2. Let the prop groupsA, B belong to\V and leth € A x B. Suppose
that the projections:, b of h in A, B are non-trivial. Then the canonical maps
from A, B to (A % B | h) are embeddings.

Proof. We can suppose that, B are finitely generated torsion-free nilpotent
pro-p groups. Since repeated subgroups can be added to central series, there are
central series of equal length with torsion-free factors
A=A12A22- 2 Ay 2 Ap1=1,
B=B1>2B2>---2 By 2 Bp11=1,

suchthat: € A, 1\ A, andb € B,_1\ B, for somer. SetA = A/A,, B = B/B,,
and leta, b be the images of, b in A, B. Let/ be the greatest integer such that
ab has ap'th rootinA x B and letd be such a root. Then

C=(AxB)/ld)
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is a finitely generated torsion-free nilpotent group. We identifyB with their
images inC.

We regardA, B as quotients of free prp-groupsE1, E» with finite bases
{x;|i el}and{x; | j € J}. ThenA x B is an epimorphic image of the free pgo-
groupE = Ej x E with basis{x; | k € K} whereK =1 U J. Fix a preimage
forhin E. Leto : E — C be the canonical epimorphism; thets = 1.

Write R =Z,C, let T be the free righiR-module with basig# | k € K} and
consider the homomorphism

7. FE— <g g)
defined by
xro 0
xk+—>( " 1) forkeK.

Let

e 10
“t=\u 1)
and writeu = u1 + u2, where
uleT]_:Zt,'R, M2€T2:thR.
iel jelJ
Let A: T — R be the module homomorphism defined % = xxo — 1 for
k € K. By Lemma 4, a matrix

(0 3)

lies in the image of if and only if c — 1 =tA. Henceui = 0. Write e = e1e2e3
with e1 € E1, e2€ kEp andes in the kernel of the map front' to E1 x E2. Thus
e10 =a, exo0 = b, e3o = 1. Write

o (@ O ”_Eo onr — 1 0
l_vll’ 2_1)21’ 3—wl+w21,

with w1 € T1, wp € T». Clearly,
vieTr, v2eTy, M]_:v]ﬁ—}-w]_, Uz = v2 + wa.
The maps : E — T defined by

_(f ©
re=( 1)
is clearly a derivation, that i,f1f2)8 = (f18) f2 + f28 for all f1, f2 € E; using

this one verifies easily that
wieTi(B—1), waeTr(A-1).
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It follows that

uph =voh +woh =b—1+woh=b—1 mod(A —1)(B —1)R.
Write d = a1by with @, € A, by € B. By Lemma 6 we have

b—1=b1" —1¢(d—DZ,(Ax B)+ (A—1)(B—1)Z,(A x B)
and we conclude that2 # 0.

Now we carry out an inductive procedure similar to the one in the proof of
Proposition 1. Suppose that for somewith r < m < n there exist the following:

o afinitely generated prg-groupC’ having a finite series of normal subgroups
with torsion-free abelian factors;

e an epimorphismy’: E — C’ which factors througiA * B | 1) and which
induces embeddings &f/A,,, B/ By

e an epimorphisny : C’ — C such that the following diagram is commutative:

E—— (A% B|h)

| <

C/T>C

By [5, Corollary to Lemma 2], the group rin§’ = Z,C’ is a domain. Letl”’
be the free rightR’-module with basigz, | k € K}, and letT], T, be theR’-
submodules with basgg’ | i € I}, {t;- | j€J}). Let):T"— R’ be the module

homomorphism defined by — x;0’ — 1 fork € K and let

¢’ 0
T E— <T’ l)

be the group homomorphism defined by

/
X > <xk/a 0) fork e K.
1

The group epimorphism : C’ — C induces a ring epimorphis®’ — R; this,
together with the map; — # for k € K, determines a module epimorphism
T' — T, and therefore a group epimorphism

c 0 N c O
T 1 T 1
such that the following diagrams are commutative:
c’ 0
F ( T/ l> T/ — T
\\ y y/l ly

C O ) R/HR.
T 1
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Let

ez_,_lo
T\ 1

and writeu’ = u) + u’, with ) € T/, u/, € T;. The commutative diagrams above

give
1 0 ,
f\ (u’mfz 1) e
1 0
<M1+u2 1) ’ ugh ——uzh.

In particular we hava,)’ # 0.
Let A’, B’ be the images of\, B in C’, and write

TA=Zt{ZpA’ and TB:Zt}ZpB/.
iel jelJ

Let N = E1 Nkero’. The mapr induces a map

A0
E1— (TA 1)

with kernel[N, N] by Lemma 4; the image oY is

1 0
TaNker) 1)°

Since A’ = A/A,, and A,,/A,,+1 is abelian there is an epimorphism from
E1/[N,N] to A/A,,+1 with kernel contained inN/[N, N], and so there is
aZ,A’-submoduleV < T4 NkerA’ such that the canonical map

/
b= (TAA/V (1))

induces an embedding @f/ A,,, 1. There are group isomorphisms
(Tankerd)/V=A,/Ans1

and
Ta/(TaNkerd)ZTa) = (A" —DZ,A,

and so the grouf4/ V is torsion-free. Sinc&’ is a domain, for each € R"\ {0}
the mapk — ky induces a group isomorphisffiy/V — T4y/Vy, and so
T4y/Vy is torsion-free.

Write V = VR'. By Lemma 7 there is a subsgtof R’ such thatr’ is the
(complete) direct sum of th#,,-submodule&, A" andZ, A’y with y € Y. Since
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T;, T4 are free modules foR’, Z, A’ with the same basis and sindeg T, we
have

Ti:TA@®TAy, ‘_/=V®@Vy.
yey yeyY

This implies thatfy NV = V, and also that there is a group isomorphism

TV =Ta/V & EDTay/Vy,
yeY

so that7;/V is torsion-free.

Similarly there exists aZ,,E-submoduleW < T N ker) such that the
canonical map

B’ 0
B2 = <TB /W 1)
induces an embedding &/B,,+1, and moreovesz’/W is torsion-free, where
W =WR'.SinceT'/(V+ W)= T|/Ve&T,/W,the grougl’/(V + W) is torsion-
free.
We show now thafy N (V + W +u/R’) = V. Letv + w + u'z € T4, where

veV,weW,zeR. SinceTy < T/ andT’' = T| & T, we havew + u,z =0.
Sincew)’ =0, u4)’ # 0 and sincer’ is a domain we have= 0. Therefore

vtwtuz=v+weTuN(V4+W)=TanV =V,

as required.

Let p* be the largest power gf which dividesu,A” = —u) 2’ inthe ringR’. We
claim that elements of finite order i /(V + W + u’R’) have order dividing?*.
LetO#£t=n+neT’, r>sandtp” =v+w+u'z, wherery € T}, 15 € T},
veV,weW,zeR.Thenn - p" = uj' -z and soz = zo - p"~* for some
z0 € R'. Since(tp® — u'zo)p"~* € V + W and sincel’’/(V 4+ W) is torsion-free
we haverp® —u'zo € V + W, and our claim follows.

Therefore the elements of finite order i /(V + W + u’R’) constitute
a submodule which is closed (being the kernel of the continuousimapp®x);
let this module bé/ /(V + W +u’R’). SinceT4 N(V + W +u’R’) = V and since
T4/ V is torsion-free, we havEs NU = V. Similarly Tg NU = W.

Write

¢’ 0
7.
o .E—><T,/U 1)

for the composite of’ and the map

' 0 c 0
1) 7 \ru o1
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induced by the quotient map’ — T'/U. Let C"" = Eo” and writes” also for
the induced epimorphisia — C”; by construction it factors througit * B | &)
and induces embeddings 4 A,,+1 andB/B,,+1. Since the group

c 0
T'/U 1

is an extension of the torsion-free abelian normal subgroup

1 0
T'/U 1

by a group isomorphic t@’, both this group and its subgroupy’ have finite
series of normal subgroups with torsion-free abelian factors. Wrjting” — C
for the composite of the canonical epimorphisth— C” andy :C’ — C, we
obtain the commutative diagram

C//%,C

Therefore we have completed the induction step froto m + 1. In the first step
in the induction we take&”’ = C. In the final step, we obtain an epimorphism
from E which factors through A « B | k) and which induces embeddings of
A =A/A,+1 and B = B/B,11. It follows that A and B are embedded in
(A = B | h). This completes the proof of Proposition 20
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