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It was pointed out to the authors by Jose Calcines that there is a problem with the proof of Theorem 1.13 of [2] which
states that for a fibrewise well-pointed space X over B, we have catg(X) = catj(X) and that for a locally finite simplicial
complex B, we have TC(B) = TCM(B), where cat}(X) and TCM(B) are new versions of a fibrewise L-S category and a
topological complexity, respectively, which are introduced in [2].

While we still conjecture that Theorem 1.13 of [2] is true, this problem means that, at present, no proof is given to exist.
It then results that “7C(B)” in Corollary 8.7 of [2] must be replaced with “7CM(B)” and the resulting inequality should be
presented in the following form:

Z7(B) < wgt, (B) < Mwegth (d(B)) < TCM(B)—1 < catleng (d(B)) < Catg(d(B)).

The problem in the argument occurs on p. 14 where a homotopy

& :U; x[0,1]— X

is given, while the definition of @; apparently is not well-defined. Alternatively, we show here the difference between two
invariants cat§(X) and catg(X) is at most 1 and the conjecture is true for some cases.

Theorem 1. For a fibrewise well-pointed space X over B, we have catg(X) < catg(X ) < cat(X) + 1 which implies that, for a locally
finite simplicial complex B, we have TC(B) < TCM(B) < TC(B) + 1.
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Proof. The inequality of 7C(B) and 7CM(B) in Theorem 1 for a locally finite simplicial complex B is, by Theorem 1.7
in [2], a special case of the inequality of catj(X) and catg(X) in Theorem 1 for a fibrewise well-pointed space X. So it
is sufficient to show the inequality for X: because the inequality catf(X) < catg(X) is clear by definition, all we need to
show is the inequality catg(X) < catg(X) + 1. Let X be a fibrewise well-pointed space over B with a projection px : X — B
and a section sx : B— X. Let (u, h) be a fibrewise (strong) Strgm structure (see Crabb and James [1]) on (X, sx(B)), i.e.,
u:X—1[0,1] is a map and h: X x [0,1] — X is a fibrewise pointed homotopy such that u~1(0) = sx(B), h(x,0) = x for
any x € X and h(x, 1) =sx o px(x) for any x € X with u(x) < 1. Assume catj(X) =m and the family {U;; 0 <i<m} of
open sets of X satisfies X = U',-“zo U; and each open set U; is fibrewise contractible (into sx(B)) by a fibrewise homotopy
Hi:Uix[0,1] — X. Let Vi =U[UV for 0<i<m and Vi1 =u~1([0, %)) where U/ =U;~u~1([0, 3]) and V =u~1([0, )).
Then the restriction HiIUI{ :Uj x [0,1] — X gives a fibrewise contraction of U; and the restriction of the fibrewise (strong)
Strem structure h|y : V x [0,1] — X gives a fibrewise pointed contraction of V. Since Ulf and V are obviously disjoint,
we obtain that V; = U/ UV D A(B) is a fibrewise contractible open set by a fibrewise pointed homotopy. Similarly the
restriction of the fibrewise (strong) Strem structure hly,,., : Vime1 % [0,1] — X gives a fibrewise pointed contraction of
Vm+1 D A(B). Since ViUV = Ul{ U Vme1 =U; U Vg D U;, we obtain U:n:%l Vi= U?;O(Vi UVmt1) D UT:O U; = X. This
implies catg(X) <m+1=cat{(X) +1 and it completes the proof of Theorem 1. O

Theorem 2. Let X be a fibrewise well-pointed space over B with catf(X) =m and {U;; 0 <i < m} be an open cover of X, in which
U; is fibrewise contractible (into sx(B)) by a fibrewise homotopy H; : U; x [0, 1] — X. Then we have catg(X) =m = catj(X) if one
of the following conditions is satisfied.

(1) There exists i, 0 < i < m such that U; does not intersect with sx (B).
(2) There exists i, 0 < i < m such that U; includes sx o px(U;) C X.

Theorem 2 immediately implies the following corollary.

Corollary 3. Let B be a locally finite simplicial complex with TC(B) = m and {U;; 1 < i < m} be an open cover of X, in which U;
is compressible into the image A(B) of diagonal map A : B — B x B. Then we have TCM(B) =m = TC(B) if one of the following
conditions is satisfied.

(1) There exists i, 1 < i < m such that U; does not intersect with A(B).
(2) There exists i, 1 < i< m such that U; includes A o pr,(U;) C B x B.

Proof of Theorem 2. For simplicity, we assume that i = 0 in each cases. Let X be a fibrewise well-pointed space over B
with a projection px : X — B and a section sy : B — X. Let (u, h) be a fibrewise (strong) Strem structure on (X, sx(B)), i.e.,
u:X—[0,1]isamapand h: X x [0,1] — X is a fibrewise pointed homotopy such that u—1(0) = sx(B), h(x, 0) = x for any
xe€ X and h(x,1) =sx opx(x) for any x € X with u(x) < 1. Then the fibrewise map r: X — X given by r(x) = h(x, 1) satisfies
the following.

i) X =ULor Uy, since X = JI, U;.

r is fibrewise homotopic to the identity by h.

r~I(sx(B)) D U =u~1([0, 1)), where U is fibrewise contractible by h|y.

Each r~1(U;) is fibrewise contractible, since r is fibrewise homotopic to the identity by ii) and U; is fibrewise con-
tractible.

)
ii)
iii)

)

v

Firstly, we consider the case (1): let Vo =r—1(Ug) Uu~1([0, %)) and Vi= ("' (U ~u”'(0, 31 vu~1([0, §), 1<i<m.
Thus ULy Vi=r""(Uo) UUL, (Vi Uu=1([0, $))) D r 1 (Uo) UL, r 1 (Up) = ULy~ (Uj) = X by i). Since r=1(Uj) is fi-
brewise contractible by iv), so is the open set r~1(Uj) \ u~'([0, 1] for every i >0, where r~1(Ug) ~ u~1([0, 31) =~ (Up)
since Uy does not intersect with sx(B). On the other hand, u=1([0, %)), t =1, 2 are also fibrewise contractible by fibrewise
pointed homotopies by iii). Hence each V;, 0 <i<m is fibrewise contractible by a fibrewise pointed homotopy, and hence
catB(X) <m = cat};(X). Thus we have cat;(X) = cat (X).

Secondly, we consider the case (2): let Vo =r~"(Up) Uu~1([0, 3)) and V; = (r—'(Up) ~ u~'([0, 1) Uu~'([0, ), 1<
i<m. Thus L Vi =r~1(Uo) U UL (Vi Uu=1([0, $))) D ULy r~'(Uj) = X by i). Since r=1(U) is fibrewise contractible
by iv), so is the open set r~!(U;) ~ u~'([0, 31) which does not intersect with u~([0, 1)), for every i > 0. On the other

hand, each open set u~'([0, %)), t =1, 2 is fibrewise contractible by a fibrewise pointed homotopy by iii). Hence each open
set Vi, 1 <i<m is fibrewise contractible by fibrewise pointed homotopy. When i = 0, we need to construct a fibrewise
pointed homotopy H : Vg x [0, 1] — X using the fibrewise homotopy Hg : Up x [0, 1] — X and the fibrewise (strong) Strem
structure (u, h) as follows:
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where b = px(x) = px(r(x)), and hence for x € Vo ~ u~1([0, %)) c r~1(Up), we have sx(b) = sx o px(r(x)) € Up since
r(x) € Up. Thus we have catj(X) = catg(X), and it completes the proof of Theorem 2. O

x esx(B),

The following are corrections in [2].

e The part of the proof of Theorem 1.12 from p. 13 line 3 to p. 14 line 12 is not clearly given and must be rewritten
completely:

Proof. For each vertex g of B, let V4 be the star neighbourhood in B and V ={J; Vg x Vg C B x B. Then the closure
V =Jg Vg x Vg is a subcomplex of B x B. For the barycentric coordinates {£s} and {1z} of x and y, resp., we see that

(x,y) € V if and only if Zﬂ Min(&g, ng) > 0 and that Zﬂ Min(ég, ng) = 1 if and only if the barycentric coordinates of
x and y are the same, or equivalently, (x, y) € A(B). Hence we can define a continuous map v : B x B — [0, 3] by the
following formula.

3 -3 4 Min(s, np), if(x,y) €V,
3, if(x,y)¢V.

Since B is locally finite, v is well-defined on B x B, and we have v1 (0) = A(B) and v‘l([O, 3)=V.LetU = v=1([0, 1))
an open neighbourhood of A(B). In [3], Milnor defined a map w : V — B giving an ‘average’ of (x,y) € V as follows.

v(x,y) = {

(X, y) = (p), Cp=Min(Eg. ng)/ > _Min(&, . my),
Y

where {£g} and {ng} are barycentric coordinates of x and y respectively, and y runs over all vertices in B. Since B is
locally finite, w is well-defined on V and satisfies ((x, x) = x for any x € B. Using the map w, Milnor introduced a map
A:V x[0,1] — B as follows.

(1-20)x+ 2t (x, y), t
2-20)ux, y)+2t-1y, t

Hence we have A(x,x,t) = x for any x € B and t € [0, 1]. Using Milnor's map A, we obtain a pair of maps (u,h) as
follows:

A, Yy, t) = {

1
<1
1
Z 3

u(x,y)=Min{1,v(x,y)} and

(A(x, y, Min{t, w(x, y)}), ¥),
*,¥),

ifv(x,y) <3,

hx,y,t)= { ifvix,y) > 2,
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where w: B x B — [0, 1] is given by

1, vix,y) <1,
wx,y)=12-v(xy), 1<V Yy <2,
0, VX, y) > 2.

If 2 <v(x,y) <3, then, by definition, we have w(x, y) =0 and

(A(x, y.Min{t, w(x, »)}), y) = (A(x,y,0), y) = (x. ).

Thus h is also a well-defined continuous map. Then we have u~1(0) = A(B), u~1([0,1)) = U and h(x, y,0) = (x, y) for
any (x,y) € Bx B.If (x,y) € U, we have w(x,y) =1, h(x, y,t) = (A(x,y,t),y) and h(x, y,1) = (y, ¥) € A(B). Moreover,
we have h(x,x,t) = (x,x) for any x € B and t € [0,1] and pryoh(x,y,t) =y for any (x,y,t) € B x B x [0, 1]. This
implies that h is a fibrewise pointed homotopy. Thus the data (u, h) gives the fibrewise (strong) Strem structure on
(B x B,A(B)). O

e In p. 19, line 34, “t = 0” must be replaced by “t =1".
e In p. 20, line 17, “that” must bev replaced by “that H(sz(b),t) =sw (b) for any b € B and”.
e In p. 20, line 28, the formula “H(q(sz(b),t),s) = sw (b)”, must be added.
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