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Abstract

We present a number of open problems regarding the tractability of multivariate integration

for various spaces of functions in the worst case and randomized settings. In the worst case

setting, we discuss two spaces. The first is a space of infinitely differentiable functions for

which the tractability of multivariate integration is open. The second is a weighted tensor

product Sobolev space for which necessary and sufficient conditions for tractability of

multivariate integration are known. For this space, the exact value of the exponent of strong

tractability is unknown, and determining this exponent is open. We end this note by presenting

an open problem for the tractability of multivariate integration in the randomized setting.

r 2003 Published by Elsevier Science (USA).

1. Introduction

The tractability of multivariate integration has been studied in numerous papers,
see the 1999 survey [10] which covers this subject as well as tractability of other
multivariate problems. Tractability is studied for various spaces Fd of functions of d

variables. For some applications the dimension d is very large, even in hundreds or
thousands. Examples include applications in financial mathematics, statistics, and
computational physics and chemistry where approximations to path integration are
considered, see [17].
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The essence of tractability is to verify for which families of spaces Fd ; with d ¼
1; 2;y; multivariate integration can be solved in polynomial time with respect to d

and the inverse of the error threshold e: More precisely, let nðe;FdÞ be the minimal
number of function values that is needed to reduce the initial error by a factor e for
all functions from the unit ball of Fd : Here, the initial error is just the norm of the
multivariate integration, and is equal to the minimal error that can be achieved
without sampling the function. Tractability means that nðe;FdÞ is bounded by a
polynomial in e�1 and d: Strong tractability means that nðe;FdÞ is bounded by a
polynomial in e�1 independently of the dimension d: The exponent of strong
tractability is roughly the minimal degree of a polynomial that bounds nðe;FdÞ:
Tractability can be studied in different settings. In this note we discuss the worst case
and randomized settings. In the worst case setting, only deterministic algorithms are
considered and the error of an algorithm is defined by its worst case performance for
functions from the unit ball of Fd : In the randomized setting, randomized algorithms
are considered and the classical Monte Carlo algorithm is a primary example. The
error of a randomized algorithm is defined as the expected error with respect to
randomization for a worst function from the unit ball of Fd :

We stress that the dependence of nðe;FdÞ on e�1 has been studied for years, and
has been one of the classical problems of numerical analysis. Sharp bounds of

nðe;FdÞ in terms of e�1 are known for many classical spaces. For many cases,
especially for isotropic spaces, these bounds are exponential in d: For example, if

Fd ¼ Crð½0; 1�dÞ is the space of r times continuously differentiable functions defined

over the unit cube ½0; 1�d with the norm given as the maximal absolute value of all
partial derivatives up to order r; then the classical result of Bakhvalov [1], see also

e.g., [8,16], states that nðe;FdÞ is of order e�d=r: Since r is now fixed, we have the so-
called curse of dimensionality. This obviously implies that multivariate integration is

intractable for the classes Crð½0; 1�dÞ: However, if r is a function of d; and grows at
least linearly with d; it is not known whether multivariate integration is still
intractable. We believe that even for r ¼ N multivariate integration is intractable.
This is the essence of the first open problem presented in Section 3.

For many tensor product spaces, bounds on nðe;FdÞ in terms of e�1 are of the form
CðdÞe�pðlog e�1ÞqðdÞ with a positive p independent of d; and positive CðdÞ and qðdÞ:
Usually qðdÞ depends linearly on d: We usually know very little how CðdÞ depends
on d: Typically, CðdÞ has a lower bound that is exponentially small in d; and an
upper bound that is exponentially large in d: From such bounds we cannot conclude
either tractability or intractability of multivariate integration.
To determine tractability we have to also know the dependence of nðe;FdÞ on d:

The study of dependence on d is relatively new since classical error bounds do not
address this problem. To conclude whether multivariate integration is intractable,
tractable or strongly tractable we need to seek sharp error estimates also in terms of
d: Today such estimates are known for a number of spaces. A typical result is that we
know necessary and sufficient conditions on tractability and strong tractability in
terms of the parameters that define the function spaces. We will present such an
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example in Section 4. Unfortunately, in many cases the proofs are non-constructive.
That is, even if we know that multivariate integration is strongly tractable we only
know there exist algorithms achieving strong tractability bounds but we do not know
how to construct them. Recently, there was a breakthrough in constructing such
algorithms due to Sloan, Joe, and Kuo, see [5,7,12]. It turns out that for some
weighted Sobolev and Korobov spaces, such algorithms can be constructed as

shifted lattice rules or lattice rules and the cost of such construction is at most n3d2:
The recent Ph.D. thesis of Kuo, see [6], is devoted to this important problem.
The second open problem is on the exponent of strong tractability. This problem is

for a weighted Sobolev space for which we know necessary and sufficient conditions
on strong tractability. These conditions are in terms of the space weights. We also
know sufficient conditions on the space weights to make the exponent of strong
tractability small. What we do not know is whether these conditions are necessary.
We conjecture that this is indeed the case.
The last section deals with tractability of multivariate integration in the

randomized setting. This problem has not been yet studied in full generality. We
would like to know for which families of spaces Fd the use of randomized algorithms
yields tractability. In [15] this problem is studied for the classical Monte Carlo
algorithm in Hilbert spaces. It turns out that for the weighted Sobolev space of
Section 4, Monte Carlo depends polynomially on d under more lenient conditions on
the space weights than in the worst case setting. The third open problem is to verify
whether Monte Carlo tractability conditions can be improved by the use of other
randomized algorithms.

2. Tractability in the worst case setting

We now precisely define the notion of tractability and strong tractability of

multivariate integration for a normed linear space Fd of functions f :DdCRd-R:
Multivariate integration is defined as

Idðf Þ ¼
Z

Dd

f ðtÞrdðtÞ dt 8fAFd :

Here, rd takes nonnegative values and
R

Dd
rdðtÞ dt ¼ 1: The norm of f is denoted by

jjf jjd :
We assume that Id is a continuous linear functional, i.e., jjId jj ¼

supfAFd ;jjf jjdp1 jIdðf ÞjoN for all d: We approximate Idðf Þ for f from the unit ball

of Fd ; i.e., for jjf jjdp1: Approximations to Idðf Þ are constructed by computing a
number of function values f ðtiÞ: It is known that adaptive information and non-
linear algorithms do not help, see e.g., [16], and therefore without loss of generality
we can consider linear algorithms Qn;d of the form

Qn;dðf Þ ¼
Xn

j¼1
ajf ðtjÞ
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for some ajAR and deterministically chosen tjA½0; 1�d : For aj ¼ n�1 we obtain quasi-
Monte Carlo algorithms, which are commonly used in many applications.
The worst case error of Qn;d is defined as

eðQn;dÞ ¼ sup
fAFd ;jjf jjdp1

jIdðf Þ � Qn;dðf Þj:

For n ¼ 0; we set Q0;d ¼ 0 and eðQ0;dÞ ¼ jjId jj is the initial error that can be achieved
without sampling the function.
Let nðe;FdÞ be the minimal number of function values needed to reduce the initial

error by a factor eAð0; 1Þ;
nðe;FdÞ ¼ minfn : (Qn;d such that eðQn;dÞpejjId jjg:

We say that multivariate integration in Fd is tractable iff there exist non-negative C; q

and p such that

nðe;FdÞpCdqe�p 8d ¼ 1; 2;y 8eAð0; 1Þ:
It is strongly tractable if q ¼ 0 in the bound above. In this case we define the exponent

p� of strong tractability as the infimum of all p satisfying the bound above.
A major question is to characterize for which families of spaces Fd we have

tractability or strong tractability of multivariate integration. In the case of strong
tractability we are also interested in finding its exponent.

3. Worst case: smooth functions

In this section we discuss multivariate integration for Dd ¼ ½0; 1�d ; rd � 1; and for
the space Fd ¼ Crð½0; 1�dÞ: That is, Fd is a Banach space of r times continuously
differentiable functions with the norm jjf jjd ¼ maxjajpr maxxA½0;1�d jDaf ðxÞj; where
a ¼ ½a1; a2;y; ad � is a multi-index of non-negative integers, jaj ¼

Pd
j¼1 aj; and

Daf ¼ @jajf =@xa1
1 ?@xad

d stands for partial differentiation. Clearly, jjId jj ¼ 1:
The classical result of Bakhvalov [1], see also e.g., [8,16], states that there are

positive numbers cd;r and Cd;r such that

cd;r e�d=rpnðe;FdÞpCd;re�d=r 8eAð0; 1Þ:

Since r is fixed, the exponent of e�1 grows linearly with d:We have the so-called curse
of dimensionality, and multivariate integration is intractable. Hence knowing only
that cd;r is positive, we can conclude that multivariate integration is intractable in

Crð½0; 1�dÞ for a fixed r:
Assume now that r ¼ rðdÞ is a function of d: To stress the dependence on varying

r; we denote the space of our functions as Fd ¼ Fd;rðdÞ: Clearly as long as

lim supd-N
d=rðdÞ ¼ N we still have intractability. But what can we say if

lim supd-N
d=rðdÞoN; i.e., when there is a positive c such that d=rðdÞpc for all

d? Then the exponent of e�1 in the upper bound on nðe;Fd;rðdÞÞ is at most c; and the

dependence on e�1 is polynomial. Can we claim that we now have tractability? Not
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quite, since the dependence on d is also through Cd;rðdÞ: If we check what is known

about upper bounds and estimates on Cd;rðdÞ; we find that Cd;rðdÞ is exponentially

large in d: So, can we claim that we have intractability? Not quite, since this is only
true for upper bounds. If we examine the existing lower bounds and cd;rðdÞ; we find

that cd;rðdÞ is exponentially small in d: Hence we can claim neither tractability nor

intractability. This is a typical situation with classical bounds where the dependence
on d is not really addressed, and therefore these classical bounds are not strong
enough to determine tractability.
We believe that if d=rðdÞ is uniformly bounded, multivariate integration is still

intractable. What is more, we believe that intractability holds even if r ¼ N: That
is, even if we have infinitely differentiable functions with all partial derivatives
bounded by one, the bound on nðe;Fd;NÞ is not polynomial in d: The reason for
our belief is the isotropic property of the space Fd;N: Namely, for fAFd;N and

for any permutation ði1; i2;y; idÞ of indices ð1; 2;y; dÞ; define the function
gðx1; x2;y; xdÞ ¼ f ðxi1 ; xi2 ;y; xid Þ: Clearly, g also belongs to Fd;N: This means

that all variables are equally important and it seems that sample points of ½0; 1�d
should be equally spaced in all directions. If so, we need exponentially many points
in d for approximation of the integrals. Another hint that intractability of
multivariate integration in Fd;N may hold is a recent paper of Novak [9] who

proved intractability for a similar isotropic class of infinitely differentiable functions
assuming that only linear algorithms with positive coefficients aj are used. Of course,

it is still possible that the multivariate integration problem considered by Novak is
tractable due to the use of negative coefficients.
Obviously, this is not a formal proof. In fact, there are at least two examples of

isotropic spaces for which multivariate integration is tractable. The first one is the
Hilbert space with the isotropic Wiener reproducing kernel, see [4], and the second is
the Sobolev space with the L1 norm for which the minimal errors of algorithms
correspond to the star-discrepancy, see [3]. Open problems concerning the star-
discrepancy are presented in [2]. In any case, we believe that for the space Fd;rðdÞ we

have intractability and this is our first open problem.

Open Problem 1. Consider the class Fd;rðdÞ for which d=rðdÞ is uniformly bounded
in d:

(i) Is multivariate integration intractable in Fd;rðdÞ?

(ii) Is multivariate integration intractable in Fd;N?

4. Worst case: weighted spaces

We now discuss multivariate integration for a weighted tensor product

Sobolev space Fd : This is a Hilbert space of functions defined on ½0; 1�d with the
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reproducing kernel

Kdðx; tÞ ¼
Yd

j¼1
ð1þ gj minðxj; tjÞÞ 8x; tA½0; 1�d :

Here, x ¼ ½x1; x2;y; xd � and t ¼ ½t1; t2;y; td �: The space weights gj are positive and

ordered, g1Xg2X?: The inner product in Fd is given by

/f ; gSd ¼
X

uDf1;2;y;dg

Y
jAu

g�1j

Z
½0;1�juj

@jujf

@xu

ðxu; 0Þ
@jujg

@xu

ðxu; 0Þ dxu:

Here, we sum over the 2d subsets of f1; 2;y; dg; by convention, we have the term
f ð0Þgð0Þ for u ¼ |: For xA½0; 1�d ; we denote xu as the vector from ½0; 1�juj; where juj is
the cardinality of u; consisting of those components of x whose indices are in u: By

ðxu; 0Þ we mean the vector from ½0; 1�d with the same components as x for the indices
in u and with the rest replaced by 0: For example, for d ¼ 6 and u ¼ f2; 3; 6g we have
xu ¼ ½x2; x3; x6� and ðxu; 0Þ ¼ ½0; x2; x3; 0; 0; x6�: Obviously, jjf jjd ¼ /f ; fS1=2d : Ob-

serve that for jjf jjdp1 and small gj ; the partial derivative of f with respect to xj must

be small. In this way, the space weights moderate the importance of the variables in
the space Fd :

We consider multivariate integration for Dd ¼ ½0; 1�d and rd � 1: Due to the
reproducing kernel property, f ðtÞ ¼ /f ;Kdð�; tÞSd ; and therefore we have Idðf Þ ¼
/f ; hdSd with

hdðtÞ ¼
Z
½0;1�d

Kdðx; tÞ dx ¼
Yd

j¼1
ð1þ gjðtj � 1

2
t2j ÞÞ:

Hence, Id is a continuous linear functional whose norm (the initial error) is

jjId jj ¼ jjhd jjd ¼
Z
½0;1�2d

Kdðx; tÞ dx dt

 !1=2
¼
Yd

j¼1
ð1þ 1

3 gjÞ1=2:

Note that jjId jj is uniformly bounded in d iff
P

N

j¼1 gjoN:

We now briefly review what is known about tractability of multivariate integration
for the space Fd : It is known that the minimal worst case error of linear algorithms
that use n samples is equal to the weighted L2-discrepancy for n points. Therefore
tractability of multivariate integration is equivalent to polynomial bounds on the
weighted L2-discrepancy, see e.g., [10]. Tractability holds iff

lim sup
d-N

Pd
j¼1 gj

log d
oN;

and strong tractability holds iffXN
j¼1

gjoN:
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These results were first proved for quasi-Monte Carlo algorithms in [13], then for
algorithms Qn;d having non-negative coefficients in [19], and finally in full generality

in [11].
In particular, if we take the classical unweighted Sobolev space, gj � 1; then

multivariate integration is intractable. To get tractability we must take unequal
weights going to zero sufficiently fast. This means that we have to moderate the
importance of the successive variables to obtain tractability, that is, a polynomial

bound on nðe;FdÞ with respect to d and e�1:
Suppose that

P
N

j¼1 gjoN: Then we have strong tractability. It is known that the

exponent p� of strong tractability belongs to ½1; 2�: The bound p�
X1 is trivial since

even for d ¼ 1 we have nðe;F1Þ of order e�1: The bound p�p2 was proved in [13] by a
non-constructive argument for quasi-Monte Carlo algorithms. To say more about
the exponent p� we need to recall the notion of the sum-exponent

sg ¼ inf s40 :
XN
j¼1

gs
joN

( )

of the sequence fgjg as defined in [18].
Strong tractability implies that sgp1: If sg ¼ 1 then p�p2: Assume now that sgo1:

Then it was proven in [14, Theorem 7], that there exists a shifted lattice rule, which is

a quasi-Monte Carlo algorithm, whose worst case error is bounded by Can�a=2jjId jj
for any aA½1;minð2; 1=sgÞÞ with some positive number Ca depending only on a: This

implies that p�pmaxð1; 2sgÞ: Hence, in both cases we know that

1pp�pmaxð1; 2sgÞ:

Assume now that
P

N

j¼1 g
1=2
j oN: Then we know that p� ¼ 1:

The proofs that we cited so far are non-constructive. The first constructive proof
having the exponent of strong tractability p� ¼ 1 was given in [18] for the weighted
Smolyak algorithm (for which aj are not equal and some of them are negative)

provided that a more restrictive assumption
P

N

j¼1 g
1=3
j oN on the space weights

holds. In [4], it was proven, again by a non-constructive argument, that the exponent
1=3 of gj can be replaced by 1=2 and we still have p� ¼ 1: As already mentioned in the
Introduction, the work of Sloan, Joe, and Kuo, see [5,7,12] was a breakthrough in
the construction of shifted lattice rules that achieve strong tractability error bounds.
In particular, we can achieve p� ¼ 1 by the construction proposed by Kuo [5].
We are ready to formulate the second open problem. Namely, we suspect that the

known upper bounds on the exponent of strong tractability are sharp. That is, the
exponent p� depends on the sum-exponent sg and may take all values from

the interval ½1; 2� depending on how fast the space weights gj go to zero. The reason

for our belief is quite technical and is related to the decomposable kernels introduced
in [11], to relations between multivariate integration and approximation, and to the
knowledge of the exponent of strong tractability of multivariate approximation
from [18].
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Open Problem 2. Consider multivariate integration for the weighted Sobolev space

Fd : Let
P

N

j¼1 gjoN and let sg denote the sum-exponent of fgjg:

(i) Is the exponent of strong tractability p� ¼ maxð1; 2sgÞ ?
(ii) A weaker version of this open problem is to determine:

Is p� ¼ 1 iff
P

N

j¼1 g
1=2
j oN?

We add that similar open problems can also be formulated for weighted Korobov
spaces of periodic functions.

5. Tractability in the randomized setting

So far, we have discussed tractability of multivariate integration in the worst case
setting. Obviously, tractability can also be studied in different settings, in particular,
in the randomized setting. One may hope that in the randomized setting, tractability
will be automatically achieved by the use of the classical Monte Carlo algorithm,
since the randomized error of Monte Carlo does not depend on the dimension d:
This is not quite true, since the Monte Carlo error also depends on the variance of a
function and the variance may be, unfortunately, exponentially large in d: In fact, we
shall see that this happens for some spaces Fd :
In the randomized setting we use randomized algorithms based on function values

at randomly selected sample points. The general form of algorithms Qn;d for

approximating multivariate integration is

Qn;dðf ;oÞ ¼ Aoðf ðt1;oÞ; f ðt2;oÞ;y; f ðtmðoÞ;oÞÞ:

Here, oAO is a random element distributed according to some probability measure
m: The sample points ti;o; as well as their number mðoÞ and the mapping
Ao :

S
N

m¼1 R
m-R depend on the random element o: Finally,

n ¼
Z
O

mðoÞmðdoÞ

is defined as the average value of random sample points.

For example, the classical Monte Carlo algorithm for Dd ¼ ½0; 1�d and rd � 1
takes the form

MCn;dðf ;oÞ ¼
1

n

Xn

j¼1
f ðojÞ;

where o ¼ ½o1;o2;y;on� with independent and uniformly distributed oj over

½0; 1�d : That is, the measure m is the Lebesgue measure on ½0; 1�dn; mðoÞ ¼ n; and the
mapping Ao is, in this case, deterministic.
The randomized error of the algorithm Qn;d is defined as the average error with

respect to randomization for a worst function from the unit ball of Fd ; i.e.,

eðQn;dÞ ¼ sup
fAFd ;jjf jjdp1

Z
O
jIdðf Þ � Qn;dðf ;oÞj2mðdoÞ

� �1=2
:
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For Monte Carlo it is well known that

eðMCn;dÞ ¼ n�1=2 sup
fAFd ;jjf jjdp1

ðIdðf 2Þ � I2d ðf ÞÞ
1=2:

The minimal number nðe;FdÞ of function values, tractability, strong tractability
and the exponent of strong tractability are defined as in Section 2, with the
randomized error replacing the worst case error of Qn;d :
We stress that in the randomized setting, the minimal number nðe;FdÞ is at most

equal to the minimal number of function values from the worst case setting. This
holds since the initial error of Id is the same in both settings (equal to jjId jj), and
deterministic algorithms used in the worst case setting can be also used in the
randomized setting if we trivially choose the measure m to be an atomic measure.
Hence, the class of algorithms in the randomized setting is larger than the class of
algorithms in the worst case setting; this can only decrease nðe;FdÞ: In particular, this
means that tractability conditions cannot be more demanding in the randomized
setting than in the worst case setting.
Tractability of multivariate integration in the randomized setting has not yet been

studied. We believe this is an important and challenging problem. We hope to see in
the near future the same progress on tractability in the randomized setting as has
been done for tractability in the worst case setting.
For the worst case, the first step was to check when quasi-Monte Carlo algorithms

have worst case error bounds polynomially dependent on d: For the randomized
setting, it seems natural to check first when the classical Monte Carlo algorithm is
strongly polynomial or polynomial. That is, we want to determine when the
randomized error of the classical Monte Carlo can be uniformly or polynomially
bounded in d; or equivalently, when the variances of functions from the unit ball of
Fd have a uniform bound or a polynomial bound in d: For Hilbert spaces, this has
been done in [15]. In particular, for the weighted Sobolev space Fd of Section 4, it

was proven that Monte Carlo is strongly polynomial iff
P

N

j¼1 g
2
j oN; and is

polynomial iff lim supd-N

Pd
j¼1 g

2
j =ln doN: These conditions are the same as for

strong tractability and tractability of multivariate integration in the worst case
setting, with the important difference that the weights gj are replaced by their

squares. Hence, for example, multivariate integration is intractable in the worst case

setting for the weights gj ¼ j�2=3; whereas Monte Carlo is strongly polynomial. Thus

for gj ¼ j�2=3; multivariate integration is strongly tractable in the randomized setting

and the classical Monte Carlo algorithm breaks intractability of the worst case
setting.
This example shows that for certain spaces, such as the weighted Sobolev space Fd

of Section 4, tractability conditions in the randomized setting are more lenient and
Monte Carlo is strongly polynomial. However, it is not known whether Monte Carlo
is optimal in terms of tractability and whether the Monte Carlo conditions are also
necessary for strong tractability and tractability. We do not have any intuition about
what these conditions may be. This leads us to the last open problem.
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Open Problem 3. Consider multivariate integration for the weighted Sobolev space
Fd of Section 4 in the randomized setting.

(i) Is
P

N

j¼1 g
2
j oN a necessary condition for strong tractability?

(ii) Is lim supd-N

Pd
j¼1 g

2
j =ln doN a necessary condition for tractability?
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