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In this paper we show that any maximal planar graph with m triangles except the
unbounded face can be transformed into a straight-line embedding in which at least
Wm�3X triangles are acute triangles. Moreover, we show that any maximal outer-
planar graph can be transformed into a straight-line embedding in which all faces
are acute triangles except the unbounded face. � 1999 Academic Press

1. INTRODUCTION

A planar embedding of a planar graph is an embedding of the graph in
the plane with no crossing. A straight-line embedding is an embedding in
which the edges are straight line segments. The first result in straight-line
embeddings of planar graphs is the following theorem due to Wagner [2]
and Fa� ry [1].

Theorem A. Every planar embedding of a planar graph can be trans-
formed into an embedding in which the edges are straight line segments.

In this paper we consider the straight-line embedding of a triangulation
(i.e., a simple graph embedded in the plane so that the boundary of every
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face is a triangle) such that it contains as many acute triangles as possible.
We obtain the following theorems.

Theorem 1. Let G be a triangulation with n triangles except the unbounded
face. Then G has a straight-line embedding G� which contains at least Wn�3X acute
triangles. Moreover there is a triangulation whose any straight-line embedding
contains at most Wn�3X acute triangles.

Theorem 2. Let G be a maximal outer-planar graph. Then G can be
isotopically transformed into a maximal outer-planer graph whose faces are
all acute triangles except the unbounded face.

2. A LEMMA

It is well known that for any triangle ABC on the plane, a triangulation
G with outer 3-cycle abc can be embedded in the plane with edges all
straight line segments so that ABC becomes the outer 3-cycle under the
correspondence a W A, b W B, c W C. Let us call such an embedding
simply a straight-line embeddings of G onto ABC.

To prove Theorem 1, we prepare a lemma. Let G be a triangulation in
which a number of bounded faces are specified as red triangles. Then for a
straight-line embedding G� of G, let us denote by :(G� ) the number of red,
acute triangles in G� .

Lemma 3. Let G be a triangulation with n bounded faces among which m
faces are specified as red triangles. Let abc be the boundary cycle of the outer
face. Then for any triangle ABC in the plane, there is a straight-line embedding
G� of G onto ABC such that

:(G� )�
m&_

3
,

where _=0 if ABC is an acute triangle, and _=1 otherwise.

Proof. By induction on the number n of the bounded faces of G. If n=1
then the lemma is trivial. Assuming that the lemma is true for triangula-
tions with at most n&1 bounded faces, let us consider the case with n
bounded faces. A 3-cycle of G is called a separating 3-cycle if it is not the
boundary of a face of G. We divide the proof into two cases.

Case 1. G has no separating 3-cycle.

First suppose that every red triangle of G is adjacent to the outer face.
Then m�3. We may suppose that there is a red triangle abx. Take a
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straight-line embedding G� of G onto ABC. If _=0 (i.e., ABC is an acute
triangle), then there is a point X inside the triangle ABC such that ABX is
an acute triangle, too. Then by applying a projective transformation, we
can change G� to a straight-line embedding onto ABC so that x corresponds
to X. Then since m�3, we have :(G� )�1�(m&_)�3.

If _=1, then ABC is not an acute triangle. Without loss of generality,
we may suppose that MABC�90%. Since the lemma is obvious for m=1,
assume that m�2. Then there is a red triangle with edge ab or bc. We may
also suppose that there is a red triangle abx. Since MABC�90%, there is
a point X inside the triangle ABC such that AB=AX. By a projective
transformation, we can transform G� to a straight-line embedding onto ABC in
which the face abx corresponds to ABX. Then :(G� )�1�(m&1)�3.

Suppose now there is a red triangle xyz in G that has no edge in com-
mon with the outer face. Let pxy, qyz, rzx be the three faces adjacent to
xyz. Then, since G has no separating 3-cycle, we can deduce that p, q, r are
three distinct vertices. By contracting the triangle xyz in G to a vertex, say,
w (then the three triangles pxy, qyz, rzx collapse to three edges pw, qw, rw),
we get a triangulation G$ with n&4 bounded faces. Since the red triangle
xyz has disappeared together with three adjacent triangles, the number m$
of the red triangles in G$ satisfies that

m&4�m$�m&1.

Then by the inductive hypothesis, there is a straight-line embedding G� $ of
G$ satisfying :(G� $)�(m$&_)�3.

Now, replacing the point W corresponding to w by a very small isosceles
triangle XYZ and re-drawing the edges around XYZ suitably, we can get
a straight-line embedding G� of G. Furthermore, it is possible to choose an
isosceles triangle XYZ and place it suitably so that at least one of the tri-
angles PXY, QYZ, RZX (corresponding to pxy, qyz, rzx) becomes an
isosceles triangle. Then

:(G� )�:(G� $)+2�
m$&_

3
+2�

m&4&_
3

+2�
m&_

3
.

Case 2. G has a separating 3-cycle xyz.

Let k be the number of red triangles exterior to the 3-cycle xyz. Then
there are m&k red triangles inside the 3-cycle xyz. Let G1 be the triangula-
tion obtained from G by removing the vertices inside the 3-cycle xyz, and
let G2 be the triangulation obtained from G by removing the vertices out-
side the 3-cycle xyz. G1 , G2 inherit k and m&k red triangles from G,
respectively. Suppose that k&_�0(mod 3). Since the number of bounded
faces in G1 is less than n, there is a straight-line embedding G� 1 of G1 onto
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ABC such that :(G� 1)�(k&_)�3. Since :(G� 1) is an integer, k&_�0 (mod 3)
implies that

:(G� 1)��m&_
3 |=�k+1&_

3 |�
k+1&_

3
.

Let XYZ be the triangle of G� 1 corresponding to xyz. Let {=0 if XYZ
is an acute triangle, and {=1 otherwise. By the inductive hypotheses, there
is a straight-line embedding G� 2 of G2 onto XYZ that has at least
(m&k&{)�3 red, acute triangles. Then we get a straight-line embedding G�
of G as the union of G� 1 and G� 2 , in which the number of the red acute
triangles is at least

k+1&_
3

+
m&k&{

3
�

m&_
3

.

Now suppose that k&_#0(mod 3). In this case, we turn the triangle
xyz of G1 to a red one. Then, G1 has k+1 red triangles. Take a straight-
line embedding G� 1 of G1 onto ABC such that :(G� 1)�(k+1&_)�3. Since
k&_#0(mod 3), we have

�k+1&_
3 |=�k&_

3 |+1.

Hence :(G� 1)�(k&_)�3+1. Take a straight-line embedding G� 2 of G2 onto
XYZ such that

:(G� 2)�
m&k&{

3
,

where {=0 if XYZ is an acute triangle, and {=1 otherwise. As the union
of G� 1 and G� 2 , we get a straight-line embedding G� of G. Noting that the
triangle XYZ is no longer a face of G� , we have

:(G� )=:(G� 1)&(1&{)+:(G� 2)

�
k&_

3
+1&1+{+

m&k&{
3

=
k&_

3
+

m&k+2{
3

�
m&_

3
.

This completes the proof of Lemma 3. K

113STRAIGHT-LINE EMBEDDINGS



3. PROOF OF THEOREM 1

Let abc be the 3-cycle of G, and let ABC be an equilateral triangle on the
plane. Define all bounded faces of G to be red triangles. Then by Lemma 3,
there is a straight-line embedding G� of G onto ABC such that :(G� )�
(n&_)�3. Since _=0, we have :(G� )�n�3, in this case. This proves the first
part of the theorem.

We next prove the latter part. Any degree three vertex in a straight line
drawing is incident with at most one acute triangle. Now take any tri-
angulation of any polygon and modify it by adding one new vertex in each
face. Each facial triangle is incident with exactly one degree three vertex. By
the previous comment at most 1�3 of the triangles can be acute.

4. PROOF OF THEOREM 2

Lemma 4. Let G be a maximal outer-planar graph with at least three
vertices. Then G has a vertex x of degree 2 that is adjacent to a vertex of
degree at most 4.

Proof. First note that every outer-planar graph has a vertex of degree
�2. Let G$ be the graph obtained from G by removing all vertices of
degree �2. If there remains no vertex in G$ (in this case, G$ is not a
graph!), the assertion of the lemma is obvious. Suppose that G$ is not
empty. Then it is an outer-planar graph. Hence G$ has a vertex y of degree
�2. Since y is not removed in the process of construction G � G$, the
degree of y in G is greater than two, and hence y is adjacent to a vertex
of degree 2 in G. Since the two edges incident to a vertex of degree 2 in G
are contained in the boundary cycle of the outer face, it follows easily that
y is adjacent to at most two vertices of degree 2 in G. Hence the degree of
y in G is at most 4, and y is adjacent to a vertex of degree 2 in G. K

Proof of Theorem 2. By induction on the number n of bounded triangular
faces. If n�1 then the assertion is trivial. Suppose that the assertion is true
for n(�1), and let G be a maximal outer-planar graph with n+1 bounded
triangular faces. By Lemma 4 there is a vertex x of degree 2 that is adjacent
to a vertex y of degree �4. Let z be the other vertex adjacent to x. By the
inductive hypothesis, we can isotopically deform the part G&x of G so
that the n bounded faces other than the one bounded by xyz become acute
triangles. Then the union of the n acute triangles form a polygon 1, and x
lies outside of 1. Since the degree of y in G&x is at most 3, at most two
acute triangles are incident to y. Hence the interior angle of 1 at y is less
than 180%. Hence we can deform xyz (with keeping the edge (line segment)
yz fixed) so that it becomes an isosceles triangle lying outside 1 with xz= yz,
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xy being very small. Then n+1 bounded faces of G become all acute
triangles. K
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