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Call a subset of an ordered set a fibre if it meets every maximal antichain. We 
prove several instances of the conjecture that, in an ordered set P without splitting 
elements, there is a subset F such that both F and P-F are tibres. For example, 
this holds in every ordered set without splitting points and in which each chain has 
at most four elements. As it turns out several of our results can be cast more 
generally in the language of graphs from which we may derive “complementary” 
results about cutsets of ordered sets, that is, subsets which meet every maximal 
chain. One example is this: In a finite graph G every minimal transuersal is indepen- 
dent if and only if G contains no path of length three. !D 1987 Academic ems, hc. 

The most commonly studied substructures of an ordered set are its 
chains and antichains. And, if our working model of an ordered set is its 
diagram, we may visualize chains as “vertical” subsets and antichains as 
“horizontal” ones. The question when does every maximal chain meet every 
maximal antichain was in effect answered by Grillet [7]. In recent years 
the problem to describe the size and structure of subsets called cutsets, that 
is, subsets of the ordered set which meet every maximal chain, has attracted 
considerable attention, starting with the work of Bell and Ginsburg [2] 
(cf. [4, 5, 8, 9, lo]). Ironically, the complementary problem to describe the 
size and structure of subsets we have called fibves, that is, subsets of the 
ordered set which meet every maximal antichain, has remained virtually 
unexplored. 

Our own motivation to consider it started from a recent paper of Aigner 
and Andreae [l] which answered positively this graph theoretical conjec- 
ture of Gallai: in a graph on n vertices, without isolated points, in which each 
cycle has a chord, there is a subset of at most n/2 vertices which meets every 
maximal clique. Every graph in which each cycle has a chord is perfect 
although not every perfect graph has a subset of at most n/2 vertices which 
meets every maximal clique. The smallest graph which fails to have this 
property is the pentagon-at least three vertices are needed to meet every 
maximal clique. Of course, the pentagon is a cycle without any chord. As 
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every connected comparability graph is perfect it contains a subset of at 
most n/2 vertices which meets every maximal clique. This fact is, for us, 
more conveniently rendered in the usual language of ordered sets as 
follows: in a connected ordered set on n elements, n > 1, there is a cutset of at 
most n/2 elements. Here is the simple reason. First, every maximal chain 
contains both a minimal element and a maximal element. Second, from the 
cormectivity assumption the subset min P of minimal elements of the 
ordered set P is disjoint from the subset max P of its maximal elements, 
thus, either (min PI < (PI/2 or jmax P( d (P1/2. 

Aigner and Andreae [l ] have proposed this complementary conjecture. 

Conjecture 1. In a finite ordered set P without any splitting element 
there is a fibre of size at most (Pi/2. (See Fig. 1) 

A splitting element is one which is comparable with every element. A first 
impression would suggest that this may be not a serious conjecture at all 
and that, at any rate, in view of the analogy with cutsets, the bound should 
be easy to verify. In fact, this conjecture is apparently still open and seems 
to us difficult. Moreover, if true, the bound is sharp. Indeed for all integers 
w, h > 2 there is an ordered set P(w, h) of width w  and height h whose 
minimum-sized jiibre has size [n/2], where n = ) P(w, h)l. For example, 
P(4,2), P(4,4), and P(4, 3) are illustrated in Fig. 2. The perforated lines 
are used occasionally to emphasize noncomparability. P(w, h) is construc- 
ted as follows. P(w, 2) is the ordered set obtained from 2”, the ordered set 
of all subsets of a w-elements set, by taking the singletons and the (w - l)- 
element subsets. For h even, P(w, h) is obtained from h - 1 copies 
PI ,..., p, ~ 1 of P(w, 2) by identifying the set of maximal elements in Pi with 
the set of minimal elements in Pi+ 1, for i = I,..., h - 2. For h odd, P(w, h) is 
obtained from P(w, h - 1) by adjoining to a maximal element precisely one 
new maximal element (as indicated in Fig. 2~). The essential observation is 
that the w  complementary pairs of P(w, 2) (e.g., {a, G}, (b, 6}, {c, C}, 
(d, a> in P(4,2)) are disjoint maximal antichains in P(w, 2) whence a libre 
will require at least w  elements, one representative from each of these pairs. 

Actually, we expect that much more should be true. 

Conjecture 2. For every ordered set P without any splitting element 
there is a subset F such that both F and P-F are libres. 

FIG. 1. {uI, b,} is a fibre and {u2, b,} is not a fibre. {b,, b3, u3} is a fibre and {a*, u4, b,} 
is not a tibre. 
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P(4,2) 

(a) 

Pi4,4 1 

(b) 

FIGURE 2 

Pi4,3) 

(cl 

Of course, if true this would imply that there is a fibre F in P satisfying 
j Fl < \P\/2. We have some partial results bearing on this conjecture. 
approach is to construct fibres with particular structural features. The very 
simplest structure that could be a fibre is a chain, (e.g., Fig. I) ahhough it 
may be, of course, that no maximal chain is a fibre at all (e.g.: P(w, h), see 
Fig. 2). On the other hand, every “cone” in an ordered set is a fibre. A sub- 
set C ofP is a cone if there is xEP such that C=C(x)= (y~Ply3x or 
y <x >. Every cone C(x) in P is a hbre for, if A is an antichain disjoint from 
C(x) then A u (x) is also an antichain. For the ordered set illustrated in 
Fig 1, {a,,b,j=C(a,) and {b2,b3,a3]=C(a,) arefibres. It may be that, 
for each x E P, the complement P - C(x) of the cone C(x) is not a fibre (cf. 
Fig. 3). Nevertheless, a handy fact is this. 

PRCIP~SITION 1. If min P - C(x) # @ and max P - C(x) # Q5 then both 
C(x) and P - C(x) are fibres. 

To see this let a E min P- C(x), b ~max P - C(x), and let A be an 
antichain in C(x). Either y 3 x for each y E A or y < x for each y E A. In the 
first case A u (h) is an antichain and in the second, A u (a> is an 
antichain. Thus, if there is XE P such that min P- C(x) # Qj and 
max P - C(x) # @ then Conjecture 2 holds. 

It may be, though, that the complement of every cone is not a fibre (e.g., 
P(4, 4) see Fig. 2). A somewhat more sophisticated variation of a cone is a 
“spiral.” Let @ be a chain in an ordered set P. The set S(C) of all ekments 
of P comparable with each element of C we call the spiral generated by C 
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FIGURE 3 

or simply, a spiral, This is illustrated schematically in Fig. 4. Every 
maximal chain is a spiral and so is every cone. 

Here is the first result about spirals. 

THEOREM 2. Let cl, c2 ,..., c, be elements in an ordered set P such that 
ct ~min P, c,~max P, {ci, ci+,} is a maximal antichain and c~<c;+~, for 
i = 1, 2,..., m - 2. Then, the spiral S = S( {cl, c3, c5 ,... }) is a fibre, its com- 
plement P- S is a fibre, and P- S is a spiral too. 

An example is P(4,4) which is illustrated again in Fig. 5. S( { c1 , cz}) is a 
tibre and so is S( {cz, c,}), its complement. The idea of this spiral construc- 
tion can be carried out more generally. For instance, let 

L,=minP 

L, = min(P- L,) 

FIGURE 4 
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FIGURE 5 

be the levels of P and suppose that every maximal antichain in P is 
contained entirely within two consecutive levels. Let cr, q,..., c, be chosen 
successively from the Lls such that each ci is noncomparable to ci+ 1 
(although {ci, ci+ r} need not be a maximal antichain). Then, assuming 
that Lo=L,+I=@, 

is a fibre, and so is its complement. In fact, we have used this approach to 
establish the following result. (See Fig. 6.) 

FIGURE 6 
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THEOREM 3. Let P be a finite ordered set without any splitting point and 
in which each chain has at most four elements. Then there is a fibre F in P 
whose complement P-F is also a Jibre. 

Our second principal interest here is the structure of minimal Iibres. A 
libre F of P is minimal if no proper subset of it is a libre of P. Grillet [7] 
showed that in a finite ordered set every maximal chain meets every maximal 
antichain tf and only if the ordered set is N-free. An ordered set is N-free if 
its diagram contains no N, that is, if it contains no cover-preserving subset 
isomorphic to (a < c, b < c, b <d). As a consequence, in a finite ordered 
set, every maximal chain is a minimal fibre tf and only if the ordered set is 
N-free. It is obvious that the complement P - C of a maximal chain C in 
an ordered set P with no splitting element is a libre. Hence, Conjecture 2 
holds for every finite N-free ordered set. 

Higgs [S] has shown that in afinite ordered set P, every minimal cutset is 
an antichain zf and only zf P is series-parallel. The complementary result is 
true too. 

THEOREM 4. In a finite ordered set P every minimal fibre is a chain if and 
only if P is series-parallel. 

Actually, both Higgs’ theorem and its complementary companion 
Theorem 4 have a common graph-theoretical antecedent. Call an (induced) 
subgraph of a graph G a transversal if it meets every maximal clique. It is 
minimal if no proper subgraph of it is a transversal of G. Let P, stand for 
the path with three edges and call a graph 6, P,-free if it contains no path 
with three edges (equivalently, of length three). 

THEOREM 5. In a finite graph G every minimal transversal is independent 
tf and only tf G is P,-free. 

To derive Higgs’ theorem, let G be the comparability graph of an 
ordered set P. Then antichains of P correspond to independent sets of G 
and cutsets of P to transversals of G. Now recall that a finite ordered set is 
series-parallel if and only if it contains no subset isomorphic to N (order- 
isomorphically, not necessarily as a cover-preserving subset). It is easy to 
see then that P is series-parallel if and only if G is P,-free. With these 
bijections in place Higgs’ theorem follows. 

To deduce Theorem 4 from Theorem 5, let G be the complement of the 
comparability graph of P. Chains of P correspond to independent sets of G 
and fibres of P correspond to transversals of G. Finally, P is series-parallel 
(if and only if P contains no subset isomorphic to N) if and only if G is 
P,-free. 

We can also carry out an analysis about cones as minimal fibres. For a 
cone C(x)ofPlet C-(x)={y~Pj y<x} and C+(x)=(y~Pl y>x). 
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THEOREM 6. in a finite ordered set P every cone is a minimal fibre Q and 
only (f, for each x, y E P, with x and y noncomparable, 

and 

C’(x) L2-k C’(Y) if x#max P. 

An easy consequence is 

COROLLARY 7. If, in a finite ordered set P, every cone is a minimai fibre 
then there is FE P such that both F and P-F are fibres. 

To see this, let y E P. We claim that min P SZ C-6 y). Choose an element 
.Y in P minimal with respect to the condition, x is noncomparable to y. If 
x ~min P, we are done. If not, Theorem 6 implies that C-(X) ~!2 C-(y) so 
there is z < x, z noncomparable to y, which contradicts the minimaiity of X. 
Similarly, max P SZ C+(y). The conclusion follows by applying the 
proposition 1. 

There are striking analogies between fibres and cutsets. One other 
property studied extensively for cutsets is this. Say that P has thefiMire cut- 
set property if, for each x E P there is K E P such that each y E K is noncom- 
parable to x and Ku (x} is a cutset for P. Ginsburg, Rival, and Sands [6j 
have shown this. Let P be an ordered set which rontains no infinite chains. If 
P satisfies the finite cutset property then P contains no infikte antichains and 
so: P itself is finite. By way of analogy we say that P has the finite fibre 
property if: for every x E P, there is a finite subset F of the cone C(X) which 
is a fibre of P. 

THEOREM 8. Let P be an ordered set with no infinite antichain. If P has 
the finite fibre property then P contains no infinite chains either. 

As with Higgs’ theorem and our Theorem 4 there is again a common 
graph-theoretical antecedent (parallel to Theorem 5). Say that a graph G 
has the finite transversal property if, for every vertex x in G there is a finite 
transversal T(X) such that XE T(x) and xy is not an edge of G for every 11 
in T(X). 

THEOREM 9. If a graph with the finite trunsversal property contains no 
infinite clique then it is finite. 

Proof of Theorem 2. The situation is illustrated schematically in Fig. 7. 
First, we show that 

P-s=s({c,,c,,c, )... 3,. 



214 LONC AND RIVAL 

FIGURE 7 

is a spiral. To this end suppose there is x E P - S noncomparable to some 
elements of (cz, c4, c6,... }. Say cy is the least of them and czI the greatest, 
j < 1. Now, if x is noncomparable to czi then x must be comparable to czi-, 
and cZitl for otherwise, (czi- i, czi, x} or (czi, czi+ 1, x> would be an 
antichain, although both (cai- Ir czi) and {czI, czi+ ,} are maximal 
antichains. In particular, x is comparable with cy- 1, cy+ I ,..., czl+, . As 
x $ S, x must be above each of these elements or x must be below each of 
these elements. We may suppose that x is below each of these elements. 
Again, as x +! S, these cannot be all elements of (cl, c~,...}. Therefore, czjm2 
exists and, by construction, it is comparable to x. Now, x > cy-2 which 
implies c~~-~<x<c~~+~, a contradiction. Thus, P-S is a spiral. 

P-S is a libre. For contradictions, let A be an antichain in S. Then A 
must be contained in some interval {x E P ( czi- 1 < x d cZi+ 1 }, for some i, 
in which case A u {czi} is an antichain too. 

Finally, as P - S is a libre it follows, similarly, that S is a libre. 1 

Proof of Theorem 3. For purposes of this proof it is convenient to 
define a graph G with edges xy, for x, y E P, just if x and y are noncom- 
parable in P and belong to different levels of P. The vertices of G consist of 
all elements that lie on an endpoint of an edge. Thus, G has no isolated 
vertices. Let L1 = min P, L,= min(P- lJjCi Lj), i= 2, 3 ,..., y1 be the levels 
of P. 

In terms of this graph the handy Proposition 1 may be recast as follows. 
If there are vertices y, z in G such that y E L,, z E L,, and yz is an edge or, 
there are vertices x, y, z in G such that x E L, , z E L,, and xy, yz are edges 
then there is F_c P such that both F and P - F are fibres (see Fig. 8). 
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FIGURE 8 

We shall distinguish several cases and subcases. Let G be connected and 
let us suppose that G contains vertices in L, and in L,. If n d 3 then, in 
view of Proposition 1 we are done. Therefore, we may suppose that n = 4. 

Call a path in G spanning if it joins an element of L, with an element of 
L,, If the shortest spanning path in G has length one or two (i.e., one or 
two edges) we are again done, according to Proposition 1. Therefore, we 
may suppose that the shortest spanning path has length at least three. 

Let d stand for the set of all antichains of P and let d7, stand for the set 
of those antichains A for which there are elements X, y in P, x E Li, y E Lj, 

A c Ui<:k< j L,, for some 1 B if j d 4. In effect, we have assumed that 
,G& = g5. 

Case 1. Suppose there is a spanning path x1x2x3x4 such that x1 E E,, 
X2EL3, x3 EL, and xq E L, (see Fig. 9). According to this assumption 
x, <x3 and x,<x,. Let X= L3 n (U J&) and Y = L, r\ (U &) and set 

F=(C(x,)n(L,u(L,-Y)uX))u(C(x,)n(L,uL,uL,)). 

Let A be an antichain in P - F. Since C(q) n (L, u L, u L4) is a libre in 
the subset L2uL3uL4 of P, every antichain A belonging to 
J&, u J& u &&, u .& u && u z&, can be extended by an element of F to 
an antichain of P. Assume that A E &‘i, u &I2 u &‘r, Notice that A n Y = (21 
since otherwise there is a spanning path of length two in G. Thus 
A c L, u (L2 - Y) u X so it can be extended by x1. Therefore F is a libre. 

Let A be an antichain contained in F. According to the construction of 
F, A $ &&. Also A $ &,? since x1 < x for every x E Fn L,. Observe that 

FIGURE 9 
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A 6 dl, too for x1 < x3. If A E &,, v &, u ,Oe,, u A& then A can be exten- 
ded by x2 since, for every x E C(X, ) n (L, - Y), x is noncomparable to x2. 
Finally, if A = J& u &Y4 then A can be extended by x4 which follows from 
the fact that, for every x EX and y E Lq, x < y. Otherwise there is a 
spanning path of length two in G. Thus P-F is a libre. 

Case 2. Suppose that Case 1 fails to hold but suppose that there is a 
spanning path x,x2x3xq of length three such that xi EL,, for i= 1,2, 3,4 
(see Fig. 10). In this case either J& = @ or J&&, = 0. Suppose, on the con- 
trary, that both &i,, # 0 and A$, # 0. Let x1 EL,, x2 EL,, x, noncom- 
parable to x2 and x3 EL,, x4 E L,, and x3 noncomparable to x4. Obviously 
x2 < x4 since otherwise x1 x2x4 forms a spanning path of length two in G. 
Thus x2 is noncomparable to x3, for otherwise x3 < x2 < x4, a contradic- 
tion. Hence, x1xzx3x4 forms a spanning path satisfying the conditions of 
Case 1. This contradicts the current assumptions of Case 2. 

For both of the cases, J& = 0 and &, = 0, the reasoning is similar. We 
consider only the case J& = 0. Let 

F= (C(x,) n (Ll u L, u L)) u (C(xd n (CL3 -Xl u Ld). 

We show that F is a fibre. Let A be an antichain contained in P-F. Since 
C(x,) is a libre in the ordered set induced by the union of the levels 
L, u L, u L?, it suffices to consider the case that A E d3,, u dd4. Notice that 
x4 > x, for every x E X, for otherwise there is a spanning path of length two 
in G. Thus A c (L, - X) u L, and it can be extended by x4. Hence, F is a 
libre. 

Let A be an antichain contained in F. It is easily seen that A q! &‘I3 u J&. 
If A E Jie,, u J& u A& u && u AZ& then it can be extended by x3. If A E Jie,,, 
then it can be extended by xi. Thus P-F is a libre too. 

Case 3. The shortest spanning path in G has length at least four and 
&i3 u J& # 0. We may assume that & = @ or dz4 = ,@ for otherwise, as 
we have proved in Case 2, the conditions of Case 1 would hold. Suppose 
that && = 0. The other case is similar. 

Let x1 E L, , xz EL,, and x1 noncomparable to x2. kioreover, let x3 EL,, 

FIGURE 10 
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x4 E I,,, and x3 noncomparable to x4. Assume that x3 is chosen such that 
the distance in G between x2 and x3 is the least possible. Define 

(see Fig. 11). F is obviously a fibre because C(q) is a fibre in the subset 
L, u L, u P,,, C(x3) is a fibre in the subset I,3 u L,, and, d14 = JX$, = a. 

Let A E P be an antichain. Notice that x3$X, for otherwise there is a 
spanning path of length two in G. Thus A 4 x&. Suppose that x3 is non- 
comparable to x for some x E C(x,) A L,. Notice that x is nQ~comparab~e 
to x, because otherwise xz>x>xl. Thus xIxx3x4 forms a spanning path 
of length three in G, which is a contradiction. Therefore x < x3, for every 
x E C(xl) n L, and A $ A&. Obviously x2 < x for every x E L, so A $5$&. 11‘ 
A E &I12 u &, 1 u .J& then it can be extended by x1. If A E .J-Y& then it can be 
extended by x4. 

It suffices to consider the case A = (x2, x3). Let x3 = ao, ai, a?,..., a,, 
a ,,+I= xz be shortest path joining x3 and x2 in G. If n = 1 then we are done 
because (x2, aI, x3 r ’ is an antichain and a, E P - F. Let n 3 2. Tn view of 
the choice of x3? a, EL,. Thus a2 EL, or a, EL,. Now, if a2~ L, then 
{x2, a*, xj\j forms an antichain and a2 E P - F. In the case, a2 E I,, , 
azal x1x4 forms a spanning path of length three in G, contrary to QUT 
assumptions. Thus, if A = (x2, x,} we are done. Thus P - F is a fibre. 

Case 4. The shortest spanning path in G has length at least four and 
..Ce,, = .dz4 = @. Let x1 x2 . . . X, be the shortest spanning path in 6. Denote 
by 

~*=a 
Mi= (x E?: there is a path ala2’.. ai= x in G such that 

a, EL, > - Ujci Mj, for i= 1, 2 ,.,., n - 3, 

M n-2 =L2-Uj<n--2Mj, 
Mn-l=L3-Ui<*-lLj, 
M,=L4, and 

A4 n+l ==a. 

FIGURE 11 
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Let Si = C(x,) n (Mi- , u Mi u Mi+ I ), for i = 1,2 ,..., n. We distinguish 
several subcases. 

Subcase a. Suppose 

Let 

(see Fig. 12). Let A be an antichain contained in P-F. If A E di2 u &ii 
then A c M, u M, according to the definition of M, and A can be extended 
by x1. If Agd2, then A EM~-~ uM~LJM~+~, for some i= 3,4 ,..., n-2, 
because x1 x2 ... x,~ is the shortest spanning path in G. Therefore A can be 
extended by xi, for i odd, and by xi-, , for i even. If A E &‘&, u && then it 
can be extended by x, _ i . By assumption of this subcase, Fn M, # @ so 
A E &22 can be extended by any element of Fn M2. Finally, if A E dd4 then 
A can be extended by an element of M, n F provided that M, n F# Izf. 
Otherwise it can be extended by x, _, . Thus F is a tibre. 

Now, let A be an antichain contained in F. As before we conclude that, 
if A is not contained in a level then either A GM, u M,, or 
A s Mip 1 u M; u M, + i, for i = $4 ,..,, n L 2. A can be extended by x2, xi, 
for i even, and xi- 1, for i odd, respectively. If A E J& or A E z& then it can 

FIGURE 12 
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be extended by x2 or x,, respectively. In the case A E &ii, i.e., A = (xi), x2 
extends A. Finally, A E&& can be extended by an element of the set 
(P - F) n (M, _, u M, _ 3) which is nonempty by virtue of the assumptions 
in this subcase. Hence, P - F is a fibre. 

Subcase b. Suppose 

S,uS3= {x1,x3) or s,-,us,= {x,-z, x,) 

Suppose that S, u S3 = (x,, x3}. The other case is similar. Let 

F= {XI, x3) u iJ s2j 

j=2 

(see Fig. 13). 
As in Subcase a it is easy to see that antichains that are not subsets of 

levels are contained in either M, u M,, M, ~, u M,, or M,- 1 u 
MiuMi+l, for i = 3, 4 ,..., n - 2. 

Let AcP-F be an antichain. If AzMluMz or AzM,_,uM, then 
it can be extended by x1 or x,, respectively. If A 5 Mi_. I u Mi u Mi+ 1 then 
it can be extended by xi, for i even, or by xi+, , for i odd. Finally, if either 
AE&‘,,, AE~&, AE-J&, or AEd& then A canbe extended by x1, x4, x3> 
and x,, respectively. Therefore F is a tibre. 

Let A E F be an antichain. If AC Ml u M2 then x2 extends A. If 
Ac_M,,._,uM,thenx,~,extendsit.IfAc_M,_,uMiuM,+,thenitcan 
be extended by xi+ 1, for i even, and by xi, for i odd and i> 3. Every 

FIGURE 13 
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A 5 M, u M3 u M4 can be extended by x2. Finally, if A E dl, u &“, then A 
can be extended by x2 and, if A E && u z&, then by x, _ i . Thus P - F is a 
Iibre too. 

Up to now we have assumed that the graph G is connected and that its 
set of vertices intersects both levels L, and L,. To complete the proof we 
proceed by induction on the number of elements of P. The result holds for 
small values of 1 PI. 

Suppose that the intersection of the set of vertices of G and L, is empty. 
By virtue of the induction hypothesis there is F’ c P- L1 such that both 5” 
and (P-L,)-F’ are libres in P-L,. Let XE L,. It is easy to check that 
F=Fu(x)isafibreinP.P-FisafibreinPtoobecauseL,-{x}#IZI 
(since P has no splitting points). If the intersection of the set of vertices of 
G and L, is empty, the reasoning is similar. 

Suppose that the set of vertices of G intersects every level of P but that G 
is not connected. Let G, be one of the connected components of G. By the 
induction hypothesis, the conclusion holds for the ordered sets P, and P, 
corresponding to G1 and G - G,, respectively. Let F, c P, and F2 c P, be 
libres in P, and Pz, respectively, such that P, -F, and P2 -F, are libres in 
P, and P,, respectively. Then, it is easy to verify that F, u F2 is a libre in P 
and P - (F, u F2) is a fibre in P. 1 

Proof of Theorem 5. Let G be a finite graph in which every minimal 
transversal is independent, Suppose that there is a path abed of length three 
in G. 

First, we prove that this path abed can be so chosen that there are 
minimal transversals F1, F2 such that a, c E F, and b, d E F2. 

To this end let K, and K2 be maximal cliques containing (a, b} and 
(c, d), respectively (see Fig. 14). Then S = (G - (K, u K,)) u {b, c} is not a 
transversal in G. For it it were, let S’c S denote a minimal transversal. 
Then b E S’ because it is the only element of K, that belongs to S. Similarly 
c E s’, which, however, is a contradiction because s’ is an independent set, 
by assumption. 

Now, as S is not a transversal, there is a maximal clique 
Kc(K,uK,)-{b,c}. K cannot contain both a and d because ad is not an 
edge in G. By symmetry, we may assume that d $ K. 

Consider a minimal transversal F containing 6. Since K is a maximal 
clique, there is XE K such that x E F. Clearly, bx is not an edge in G. 

FIGURE 14 
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FIGURE 15 

Similarly, consider a minimal transversal F containing d. There is y E I( 
such that y E F’. According to our assumption, dy is not an edge. 

Finally, x E K,, since otherwise xb is an edge. Similarly y E K1. Thus, yb 
is an edge and xd is an edge. Moreover, bd is not so byxd is a path of 
length three. Now b, x E F and y, de F, where F and F are minimal trans- 
versals. This yields a path of length three as promised (see Fig. 15 )* 

F,, = (F, u F2) - (a, d > is a transversal in G. To see this suppose that 
there is a maximal clique C such that C n F, = 0. Since Fl is a transversal 
and u’+ F, (because c E F, and cd is an edge), a~ C. Similarly dE C. This is 
a contradiction, since ad is not an edge. 

Let FE F. be a minimal transversal in G. Clearly b $ F or c $ F as r’ is 
independent. Without loss of generality, we may suppose that b r$ i? Now, 
consider a maximal clique X containing a and b. Clearly, K’ r? F, = (a) 
and K’ n F, = {b} because F, and Fz are independent sets. Thus 
K’ n P= $3, a contradiction. 

Conversely, let G be P,-free and suppose that there is a minimal trans- 
versal F in G which is not an independent set. Let a, b E F and ab an edge 
in G. Denote by A and B “essential” maximal cliques for a and b, that is, 
A nF= {a> and Bn F= {b) ( see Fig. 16). Let x be an element in A such 
that bx is not an edge and y an element in B such that av is not an edge. If 
-‘cl, is not an edge than xaby is a path of length three, a contradiction. 

Suppose that xy is an edge. Let C’ be an extension of {x, y > to a 
maximal clique in A u B. Moreover, let C be an extension of C’ to a 
maximal clique in G. Then C’ # C because there are no elements of F in 
(A u B) - {a, b} (A and B are essential for a and b). Let c E C - C’. There 
is an element d E: B - C such that dc is not an edge and similarly, there is 
e E A - C such that ec is not an edge (see Fig. 17). Moreover, there is 

FIGURE 16 
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FIGURE 17 

f E A n C such that df is not an edge, for otherwise d E C’. If ed is an edge 
then cfed is a path of length three, again a contradiction. Finally, if ed is 
not an edge then let ge Cn B be an element such that eg is not an edge. 
This implies that efgd is also a path of length three. With this contradic- 
tion, the proof is complete. 1 

Proof of Theorem 6. Suppose that C’(X) s C’(v) for some x and y, 
noncomparable. Since x$ max P, C*(x) # @. Let z E C’(x). We prove 
that the cone C(z) is not a minimal fibre by showing that C(z) - {v} is a 
libre. To see this, suppose that A is a maximal antichain such that 
A n C(z) = ( y}. Notice that for every u E A u 3 x since if v > x then v 3 y 
(for C”(x) c C’(y)). Moreover, if u < x then v E C-(z) G C(z) so v = y, a 
contradiction. Thus v is noncomparable to x, for every v EA and clearly 
x E C(z), a contradiction. (See Fig. 18.) 

The reasoning in the case CP (x) G C-(v), for some x noncomparable to 
y is similar. 

To prove the converse consider a cone C(X), x E P. Let z E C(x). We con- 
struct a maximal antichain A such that C(x) n A = {z}. Without loss of 
generality we may assume that z E C’(x). (In the case, z = x, A can be any 
maximal antichain containing x.) 

FIGURE 18 
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Denote by zl, z~,..., z, elements of C+(x) which are noncomparable with 
z and are minimal with respect to this property. If no such element exists 
then every extension of {z i 1 to a maximal antichain R satisfies 
C(x) n A = (2). Otherwise, notice that, by assumption, C- (zi) - 
C(z) # fJ, for every i = 1, 2,..., n. Let w* E C(zi) - C-(z). Clearly wi* is 
noncomparable to z and by the minimality of zi, +vT $ C+(x). 

Denote by M the set of minimal elements of the ordered set induced by 
w:, ~.t’;,..., VV~>. Clearly, Mu {z} is an antichain. Let A be an extension of 
A4 u (z > to a maximal antichain. 

We claim that A n C(x) = (z}. Suppose that there is t fz such that 
t E A n C(x). Note that Mn C(x) = @ since, by the definition of M, 
M n C+ (x) = $3 and M n (C- (x) u (x) ) = @ too, since otherwise 
S<X<Z, for some SEM. Thus tE(A--(Mu{z))nC(x). Clearly 
t E C’(x) because t is noncomparable to z. Hence, t 3 zi, for some 
i = 1, 2,..., n. Notice that t > zi > w* and w* is greater than or equal to an 
element in M, a contradiction. j 

Proof of Theorem 9. It is enough to prove that a graph G with the finite 
transversal property which contains infinitely many cliques must contain 
an infinite clique. 

For contradictions, suppose that all maximal cliques in G are finite. Let 
%$ stand for the set of all maximal cliques in G. We assume that w0 is 
infinite. Let y0 E U %$. Assume that we have already defined %?j, yj3 for 
j=o, l,..., i - 1, satisfying (i) %7;.- i is an infinite family of maximal cliques 
and, (ii) y- , E %& , . Assume too that we have already defined xi, Xi, Yj, 
for j = 1, 2,..., I- 1. Properties (i) and (ii) are obviously satisfied for i = 1, 
We define recursively %?;, yj, xi, Xi, and Y, such that (i) and (ii) hold, too. 

G has the finite transversal property so there is a finite set 
T( y- 1) c U %‘-, such that yip 1 E T( yi.- [), yyip 1 is not an edge, for every 
y~T(y~-,), and T(y,+,)nC#@, for every CEV~-,. Thus, there is 
xi E r( y- I) such that xi E C, for infinitely many C E Vie,_ 1. Let 

viei= (C&&,:xiEC). 

Clearly, Vj satisfies (i). Put 

xi= ixl, x2 ,..., xi-1j u n g 

and 

Yi= u “e-xxi. 

Y, is nonempty since U Vj is infinite while n %$ an intersection of maximal 
cliques, is a clique so, by assumption, must be finite. Choose yie Yj. 
Clearly, yi satisfies (ii). 
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Observe that q?y+i, Xj&Xj+i, Yja Yj41, and (iii) xix is an edge, 
for every XE U %$, x #xi. We prove that (a) -‘ci #x,, for i<j and, 
(b) i Xl, x2, x3,... } is a clique of G. To prove (a), observe first that 
JJ- 1 E Yi-, _C Yj c U Vi. Moreover, yj- 1 $ Xj- 1 so yj- i 4 X,, but X~E Xi so 
pj-i #xi. Thus, by (iii), Xiyj-1 is an edge. On the other hand, X~E T(y,-,) 
so xj yj- i is not an edge. Hence xi # xi. To prove (b) let i < j. Notice that 
Xj E T( yj- 1) E lJ Q& i c U qi. Therefore, by (iii), xixj is an edge. 1 

Remarks. 1. We have remarked earlier that, in the light of Grillet’s 
theorem, every maximal chain in a finite ordered set P is a libre if and only 
if P is N-free. This can be sharpened slightly. Call an edge in the diagram of 
an ordered set P an N-free edge if it is not the “diagonal” of an N in the 
diagram of P. Then, a maximal chain C in a finite ordered set is a fibre if 
and only if every edge in C is N-free. 

2. Another consequence of Proposition 1 is this result which, at least 
for its special case, answers Conjecture 2. 

PROPOSITION 10. If P is an ordered set without splitting points which 
contains a two-element maximal chain then there is FG P such that both F 
and P - F are fibres. 

Let C = (x, y } be a maximal 2-element chain in P. If there is z E P such 
that z is noncomparable with x and y then by Proposition 1, F= C(z) is a 
fibre and so is P-F, see Fig. 19. Suppose that every element of P is com- 
parable with x or y. Then F= C(X) - { y} is a fibre. To see this let 
A c P - F be an antichain. If A # { y } then A can be extended by x E E: If 
A = ( y} then A can be extended by any element of C(x) - (x, y}. Note 
too that C(X) - {x, y } # @ f or otherwise y is a splitting point in P. 
Therefore F is a libre and since P-F= C(y) - (x}, it follows, similarly, 
that P-F is a fibre too. 

3. Although Theorem 5 is cast in the context of finite graphs, more 
can be said. It is not hard to verify, for instance, that the proof presented 
here also establishes this. In a P-free graph (possibly infinite) every minimal 

FIGURE 19 
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transversal is an independent set. The converse, however, is not true. Indeed, 
Eggs [S] was the first to give an appropriate example-for the case of 
comparability graphs. 

We shall now outline a simple example for the case of the complement of 
a comparability graph. Once done, this will, in turn, give another example 
for the case of comparability graphs too. 

First, we construct an example to show that, even if, in an ordered set P, 
every minimal fibre may be an independent set, nevertheless, P need not be 
series-parallel. To this end we construct an ordered set P which has no 
minimal fibre at all. For the underlying set of P choose 

it& 1,~2 ,,., ~,)In=0, 1,2 ,... andsi=Oor 1 fori=1,2 ,..., n), 

and order it by 

(El, ~Z,..., 4 3 (E;, 4,..., 4) 

if n < k and si = E( for i = 1, 2 ,..., n (see Fig. 20). 
Let F be a minimal fibre in P. First, we prove that F cannot contain non- 

comparable elements. Suppose that x, y E F and x is noncomparable to y. 
Let A, be a maximal antichain which is “essential” for x, i.e., A, n F = {xl. 
A,. is defined analogously. Let 

where 

B, = {z E A, 1 z is comparable with y ) 

and 

C,= (=A- @)I z is noncomparable to y }. 

FIGURE 20 
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By and C, are defined analogously. It is not difficult to verify that 
A = B, u C, u By contains a maximal antichain in P. Moreover, 
A~(A,-~~~J(A,~-(Y)) so, by the construction of A, and A,, 
A n F= 0, a contradiction. 

Therefore, F is a chain. Clearly F must be maximal. Let F= {a,,, a, ,...}, 
ai ’ ai+ 1 for i = 0, 1,2 ,... and put ai = {si, s2 ,..., q). 

Let bi= (si, s2 ,..., .s-i, 1 -sJ, for i= 1,2 ,... . The set B= {b,, b2 ,... } is a 
maximal antichain in P and, moreover, B n F = @, a contradiction. Thus 
there are no minimal fibres in P. 

Now, define P= NO P, the linear sum of N and P. Then P does not con- 
tain any minimal tibres either so it is trivially true that every minimal libre 
is an independent set. On the other hand, P is, of course, not series-parallel. 

There is a complementary example for cutsets that can be easily derived 
from this one. Note that P has dimension two, that is, P can be expressed 
as the intersection of two of its linear extensions. It is well known [3] that 
the complement of the comparability graph of an ordered set of dimension 
two is itself a comparability graph. Therefore, the complement of the com- 
parability graph of P is itself a comparability graph, that is, it has an 
“orientation” p. Clearly, P is an ordered set which cannot be series-parallel 
and it cannot contain minimal cutsets. An example of such a P is illustrated 
in Figure 21. It is therefore, another example of an ordered set (infinite) in 
which every minimal cutset is an antichain yet which is not series-parallel. 

4. The finiteness assumption of Theorem 8 cannot be dropped. 
Figure 22 illustrates an ordered set which satisfies the finite fibre property. 
It has infinite chains and infinite antichains. 

5. The study of fibres seems to be nontrivial even for the hypercube 
2”, the ordered set of all subsets of an n-element set, ordered by set 
inclusion. We are, for instance, unable settle even these two conjectures. 

FIGURE 21 
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FIGURE 22 

Conjecture 3. The minimum size of a fibre in a hypercube 2” is the size 
of a cone C(x), where x is an element in either of the middle levels LLnIZA or 
L rflm 

Conjecture 4. The maximum size of a minimal fibre in a hypercube 2” is 
the size qf a cone C(x), where x is an element in L, or L,-,. 

6. Some properties of libres have analogies with cutsets. Some do 
not. Our starting point for this article was Conjecture 1 of Aigner and 
Andreae [ 11. It is trivial if reformed in the language of cutsets; it is hard 
for libres. Another difference is in connection with Menger’s theorem, 
which we can think of as a result about cutsets (cf. [S]). It seems to have 
no obvious analogue for tibres. The example illustrated in Fig. 23 is of an 
ordered set in which the minimum size of a fibre is three yet the maximum 
number of pairwise disjoint maximal antichains is two. 

FIGURE 23 
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