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Abstract 

Seifter, N., Groups acting on graphs with polynomial growth, Discrete Mathematics 89 (1991) 
269-280. 

In the first part of this paper we consider nilpotent groups G acting with finitely many orbits on 
infinite connected locally finite graphs X thereby showing that all (Y E G of infinite order are 
automorphisms of type 2 of X. In the second part we investigate the automorphism groups of 
connected locally finite transitive graphs X with polynomial growth thereby showing that 
AUT(X) is countable if and only if it is finitely generated and nilpotent-by-finite. In this case 
we also prove that X is contractible to a Cayley graph C(G, H) of a nilpotent group G (for 
some finite generating set H) which has the same growth degree as X. If X is a transitive strip 
we show that AUT(X) is uncountable if and only if it contains a finitely generated metabelian 
subgroup with exponential growth. 

1. Introduction and terminology 

By X(V, E) we denote a graph with vertex-set V(X) and edge-set E(X). 
Graphs considered in this paper are countable and contain neither loops nor 
multiple edges. By AUT(X) we denote the automorphism group of X, id denotes 
the identity mapping. Considering images of a vertex z.+ or a subgraph q we often 
write vi+,, and q+,, instead of &(v,) and (u”(q), respectively. Let G < AUT(X). 
We say that G acts transitively on X if there is an (Y E G for every x, y E V(X) 
such that cu(x) = y. A graph X is transitive if its automorphism group acts 
transitively on V(X). If the stabilizer G,, of a vertex u E V(X) consists of the 
identity only, then G acts semiregularly on X. The group G acts regularly on X if 
it acts semiregularly and transitively. The restriction of an automorphism (Y or a 
group G cAUT(X) to a subset S E V(X) is denoted by (Y ) S or G ) S, 

respectively. 
Two one-way infinite paths P and Q are equivalent, in symbols P-x Q in X if 

there is a third path R which meets both of them infinitely often. The equivalence 
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classes with respect to -x are called ends [7, p. 1271. Clearly the automorphisms 
of X also act on S(X), the set of ends of X. 

Automorphisms not stabilizing any finite non-empty subset F c V(X) are called 
automorphisms of type 2 by Halin [6, p. 2511. As Halin has shown in [6], 
Theorem 7, for every automorphism (Y of type 2 there exists an a-invariant 
two-way infinite path. A two-way infinite path will be called a 2-path. 

By d(v, w) we denote the distance between vertices ‘LI, w E V(X). The 
boundary 3C of a subset C c V(X) is the set of those vertices of V(X)\C which 
are adjacent to vertices of C. 

A connected graph X is called a strip if there exists a connected set C G V(X) 

and an (Y E AUT(X) such that 0 < 1 dC( < 00, a(C U aC) c C and C\ a(C) is 
finite. As has been shown in [8] strips can also be characterized as graphs with 
exactly two ends and an automorphism of type 2. If a strip is transitive, then it is 
spanned by finitely many 2-paths (see also [S]). 

A set O#ScV(X) 1s called a block of G s AUT(X) on V(X) if a(S) = S or 
o(S) fl S = 0 holds for all LY E G. If V(X) can be partitioned into blocks of G this 
family of blocks is called a block system of G on X. Among block systems we 
include the partition consisting of the one-element subsets of V(X), and that 
consisting of one block B = V(X). If G acts transitively on X a block system of G 
on X is called imprimitivity system of G on X. 

Let t denote a block system of a group G on X. The graph X, is defined as 
follows: V(Xr) is the set of elements in r and two vertices n,, w, E V(Xr) are 
adjacent in X, if and only if (v, w) E E(X) for at least two vertices II E v,, w E w,. 
By G, we denote that group acting on X, which is induced by G. Clearly 
G, s AUT(X,). 

The growth function of a group G with a finite generating set H E G is given by 

and 
fc(O) = 1 

f&l = I&T E G 1 g = h&z. ..h,forcertainhi~HUH-‘U{1}}1, FEN. 

If there are positive numbers d and c such that 

fdn) =G md 

for all n 2 1 then G has polynomial growth. The greatest lower bound d, of all 
such d is called the growth degree of G. It always is an integer which follows from 
[2, Theorem 21 and the main result in [5]. 

If 

holds for some real constant c > 1 and all n 2 1 then G has exponential growth. 
We mention that the growth of a group does not depend on the set of generators. 

Similarily we define the growth function of a graph X with respect to a vertex 
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v E V(X) by 

and 

fx(v,n)=I{WEV(X)Id(v,w)~n}l, nEN. 

If X is transitive the growth function clearly does not depend on a particular 
vertex ZJ, therefore we denote it by fx(n). Polynomial and exponential growth of 
graphs are defined analogously to the above. We emphasize that the property of 
having polynomial or exponential growth, as well as the growth degree in the case 
of polynomial growth, never depends on a particular vertex, even if the graph is 
not transitive. 

Let H be a subset of G, where 1 $ H and H = H-‘. The Cayley graph C(G, H) 
of G with respect to H is defined on the vertex-set V(C(G, H)) = G and the 
edge-set. 

E(C(G, H)) = {(g, gh) 1 g E G, h E W. 

Clearly C(G, H) is connected if H generates G. 
Furthermore, let b be a fixed element of G and let Ab : G+ G be defined by 

Abg = bg. Then Ab E AUT(C(G, H)) as (bg,, bgJ is an edge iff (gl, g2) is. Since 
&A,, = )Lob and A1 = id we can say that G acts on C(G, H) by left multiplication. 
Clearly this action is regular. If G is generated by a finite set H = H-l, 1 $ H, 

then C(G, H) is a connected locally finite transitive graph. Hence we can identify 
the growth functions of G and C(G, H). 

In [14] Trofimov has shown the following deep results. 

Theorem 1.1. The following assertions are equivalent for a connected locally finite 

transitive graph X: 

(a) X has polynomial growth. 

(b) There exists an imprimitivity system t of AUT(X) on X with finite blocks 

such that AUT(X,) Is a finitely generated nilpotent-by-finite group and the 

stabilizer in AUT(X,) of a vertex of the graph X, is finite. 

Theorem 1.2. Let X be a connected locally finite transitive graph with polynomial 

growth and let G s AUT(X) act transitively on X. Then there exists an 

imprimitivity system t of G on X with finite blocks such that G, is a finitely 

generated nilpotent-by-finite group and the stabilizer of a vertex of X, in G, b 

finite. 

As Trofimov [14] further states Theorem 1.2 is an extension of Gromov’s result 
that each finitely generated group of polynomial growth contains a nilpotent 
subgroup of finite index (see [5]). 
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Motivated by the above results we investigated the automorphism groups of 
graphs with polynomial growth and the action of nilpotent groups on infinite 
graphs. The main results we prove in the sequel are: 

(i) If a finitely generated nilpotent group G acts with finitely many orbits on a 
connected locally finite graph then all (Y E G of infinite order are of type 2. This 
result implies that a connected locally finite graph X has polynomial growth of 
degree d if a finitely generated group G with do = d acts with finitely many orbits 
on X. 

(ii) Let X be a connected locally finite transitive graph with polynomial growth 
of degree d > 1. We show that AUT(X) is countable if and only if it is a finitely 
generated nilpotent-by-finite group. In this case X is contractible to a Cayley 
graph of a finitely generated nilpotent group with polynomial growth of degree d. 

(iii) If X is a transitive strip then AUT(X) is uncountable if and only if it 
contains a finitely generated metabelian subgroup of exponential growth. 

We emphasize that almost all group-theoretical assumptions we use in this 
paper can be found in [12] or [13]. Here we only present the characterization of 
nilpotent and metabelian groups which we need later. 

The lower central chain of a group G is a subnormal chain 

defined as follows: 

Zi = [Z,, Gl = [G, Gl, 22 = [Zip G], * * * 7 Zi = [Zi-1, G], . . . 

If there is an r 3 1 such that Z, = (1) then the lower central chain is called the 
lower central series. If G is nilpotent then it has a lower central series. 

A group G is called metabelian if it is solvable of length 2 which means that 
[G,, Gi] = (1) where Gi = [G, G]. 

2. Nilpotent groups acting on infinite graphs 

In the proofs of our main theorems we shall invoke the following easily proved 
results. 

Lemma 2.1. Let cu, B be two commuting permutations of a set M. Then (Y acts on 

the orbits of p and vice versa. 

Proof. Let #& = (. . . , b& b:, b& . . .) and fi2 = (. . . , b& b:, b& . . .) denote two 
orbits of /3 and let cu(bf) = b; for some i, j E E. Then 

@(b,l) = /3(b;) = bi2,, 

and since /3(b!) = bi+,, commutativity implies a(bf+*) = biz,,. Cl 
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We only proved this obvious lemma since we later use this detailed description 
of the mutual action of commuting automorphisms on their orbits which is given 
in this proof. 

Lemma 2.2. Let X be a graph and N 4 G s AUT(X). Then the orbits of N on 
V(X) induce a block system of G on X. 

Proof. Let S denote an orbit of N on X and /3 EN, (Y E G. Then 

pa(s) = cu(a-r@)(s) = a(s). 

Hence a(S) is an orbit of N and since the orbits are equivalence classes 
a(S) fl S # 0 implies e!(S) fl S = S. 0 

The automorphisms of type 2 of a graph X clearly have infinite order but the 
converse is not always true as the following example shows: Let X be the infinite 
binary tree given in Fig. 1. The automorphism a = (ao)(bo, b,)(cO, c2, cl, cg) . . - 

of X has infinite order but is not of type 2. 
We now show that nilpotent groups which act with finitely many orbits on 

connected locally finite graphs cannot contain such automorphisms. 

Theorem 2.3. Let X be an infinite connected locally finite graph and let the finitely 
generated nilpotent group G act with finitely many orbits on X. Then all a E G of 
infinite order are of type 2. 

Proof. Let 

G=Z,DZ1DZ2D...DZr-,DZr={l) 

denote the lower central series of G and let Or, O,, . . . , O,, n 3 1, denote the 
orbits of G on X. We assume that (Y E G is an automorphism of infinite order but 
not of type 2. Then, since X is connected and locally finite, no orbit of (Y on X is 
infinite. Hence there is at least one orbit, say Or, such that (Y 1 Or has infinite 
order but is not of type 2. We now proceed by induction on the length r of the 
lower central series of G. 

Let r = 1. Then G is abelian. Since (Y 1 Or is not of type 2 there is a p E N such 

*0 

co..=xY2i3 .:. . . . :* . . . . 
Fig. 1. 
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that 8 ) 0, fixes at least one vertex v but a #id which contradicts the fact that 

abelian groups acting transitively on sets also act regularly on those sets. 

Let r > 1. We consider two cases: 

Case 1: (Y E Z,_,. 

Since in this case LY is central in G an application of Lemma 

2.1 shows that (Y must be of type 2 if it has infinite order. 

Case 2: (Y 4 Z,_,. 

Since Z,_, is a normal subgroup of G, Lemma 2.2 implies that the orbits of 

Z,_, on X induce a block system r,_i of G on X. 

Subcase 2.1: rr-i consists of finitely many blocks B1, . . . , B,, m 2 n. 

Obviously there is a block Bi, i E {1,2, . . . , m}, and a q E N such that 

(u4(Bi) = Bi and (Y~ ( Bi has infinite order but is not of type 2. Now, since the 

abelian group A = (Z,-, U a”) 1 Bi acts transitively on Bi we can proceed as in 

the case r = 1. 

Subcase 2.2: rr-i consists of infinitely many blocks Bj, j E J. If there is a block 

Bk and a q E N such that (uq(Bk) = B, and a4 1 Bk has infinite order we have the 

same situation as in Subcase 2.1. Suppose this does not hold but cu,,_, E G,,-, has 

infinite order. Clearly ‘y,,_, is not of type 2 if a is not of type 2. But as G,_, is a 

finitely generated nilpotent group of class s <r this contradicts our induction 

hypothesis. 

We now assume that ar,_, has finite order which means that o$_, = id for some 

p E N. Since aP clearly has infinite order but is not of type 2 if a has this property, 

we can without loss of generality assume that p = 1. 

Now the abelian group A = (Z,_, U a) acts transitively on each Bj, j E J. 

Hence for each Bj there is a pj E Z,_, such that (Y I Bj = pi 1 B,, otherwise 

contradicting the fact that abelian groups acting transitively on sets also act 

regularly on those sets. Let /l E Z,_, and Ok, k E (1, 2, . . . , n}, be an arbitrary 

orbit of G on X. Then Lemma 2.1 implies that all orbits of p I 0, have the same 

length. This and the fact that cy has no infinite orbits imply that all pj have finite 

order. 

But as Q: has infinite order we can find an infinite sequence 1s ml < m2 < . - . 

and blocks Bji, i = 1,2, . . . , jj E J, such that (Y I Bj, has order mi. This and the 

above considerations now imply that there are infinitely many pj E Z,_i of finite 

order, which is impossible since G is finitely generated (cf. [13, p. 131). 0 

The following corollaries show that Theorem 2.3 is a good tool for proving 

results about infinite graphs which are not necessarily transitive. In the case of 

transitive graphs these corollaries are examples of far reaching results about 

interrelations between groups and graphs which can be deduced without using the 

heavy machinery of Trofimov [ 141. 

Corollary 2.4. Let the finitely generated group G with polynomial growth act with 

finitely many orbits on an infinite connected locally finite graph X. Then for each 

v E V(X) the stabilizer S,, < G is finite. 
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Proof. By Gromov’s [5] deep result G contains a finitely generated nilpotent 
subgroup G* with finite index. Hence G* also acts with finitely many orbits on X. 
By Theorem 2.3 automorphisms (Y E G* of infinite order cannot fix vertices. 
Hence S,* <H where H is the finite normal subgroup of G* which contains all 
j3 E G* of finite order (cf. [13, p. 131) and S: = S, tl G*. But as [G: G*] -=c ~0 the 
group Sz is infinite if .S, is infinite which completes the proof. 0 

To prove the next corollary we need another definition: a contraction of a 
graph X is a mapping Q, of V(X) onto some set W such that q-‘(w) induces a 
connected subgraph of X for any w E W. The mapping Q, is a contraction of X 
onto the graph Y if V(Y) = W and (v, w) E E(Y) if and only if ZJ # w and 
u = rp(n), w = q(y) for some edge (x, y) E E(X). 

Corollary 2.5. Let the jinitely generated group G with polynomial growth of degree 

d 2 1 act with finitely many orbits on a connected locally finite graph X. Then X 

has polynomial growth of degree d. 

Proof. Let G, G* and H be defined as in the proof of Corollary 2.4. By Lemma 
2.2 the orbits of H induce a block system r of G* on X with finite blocks. By 
Theorem 2.3 G: acts semiregularly on X,. Now Babai’s contraction lemma (see 
[l]) implies that X, is contractible to a Cayley graph C(GT, E) of GE for some 
generating set E of G:. By definition C(G:, E) and G: have the same growth 
degree. Furthermore it is an immediate consequence of the methods Babai uses 
to prove the contraction lemma that dx, = dCCGF,Ej. As the blocks of r are finite 
dx, = d, also holds, which completes the proof since obviously d,:= do* = 

d 0 G. 

3. Properties of the automorphism groups of graphs with polynomial growth 

Although the results of Trofimov [14] ( see also Theorem 1.1 and Theorem 1.2 
of this paper) give far reaching characterizations of the automorphism groups of 
transitive graphs with polynomial growth there remain some interesting questions 
to be investigated. 

In 1968 Milnor [lo] posed the following problem: “Is it true that a finitely 
generated group with nonpolynomial growth has exponential growth?” Later 
Milnor [ll] and Wolf [15] have shown that this is true for solvable groups. In 
general this does not hold as Grigorchuk [3-41 proved by constructing groups of 
intermediate growth. 

As is easy to show (see Corollary 3.2) the automorphism groups of graphs with 
polynomial growth are uncountable if AUT(X) contains a finitely generated 
subgroup of nonpolynomial growth. Modifying the question of Milnor we can ask 
if it is true that uncountable automorphism groups of graphs with polynomial 
growth always contain finitely generated subgroups of exponential growth. As we 



276 N. Seifter 

show in the sequel this holds for the automorphism groups of transitive strips. 
Further we show that the automorphism groups of graphs with polynomial growth 
are countable iff they are finitely generated nilpotent-by-finite groups. For all 
those proofs we need the following result which Halin proved in [6]. 

Theorem 3.1. The automorphism group of a locally finite connected graph X is 
uncountable if and only if for each finite set F c V(X) there is an a: E AUT(X), 
(Y # id, which fixes F pointwise. 

As an immediate consequence of this result we get the following corollary. 

Corollary 3.2. Let X be a locally jinite connected graph with polynomial growth 
and let a jinitely generated group G with nonpolynomial growth act transitively on 
X. Then AUT(X) is uncountable. 

Proof. By Theorem 1.2 there is an imprimitivity system t of G on X such that G, 
is a finitely generated nilpotent-by-finite group which acts transitively on X,. By 
Y we denote the homomorphism from G onto G, which is induced by the 
construction of X,. If the kernel ker W of Y is finite then G obviously has 
polynomial growth. Hence by assumption ker Y is infinite. 

Let F be an arbitrary finite subset of V(X). Then there are finitely many blocks 

Bi, . . . , B, E z, n 2 1, such that F c B = UZ1 Bi. Since all blocks are finite there 
is an infinite subset Hi E ker Y of pairwise different automorphisms of X such 
that sk 1 B1 = ej( B1 holds for all pairs &k, Ej E Hi. Among those automorphisms we 
can find a subset Hz E HI of infinitely many pairwise different automorphisms of 
X such that sr 1 B2 = ~~1 B, for all pairs E,, es E Hz etc. Hence at last we get an 
infinite set H, E ker Y of pairwise different automorphisms of X such that 
E,_, I B = eq I B for all sP, .sq E H,,. Hence all products sP.s;l fix B pointwise but 
E~E;~ #id. Now Theorem 3.1 completes the proof. 0 

In [5] Gromov has shown that each finitely generated group with polynomial 
growth is nilpotent by finite. For transitive graphs with polynomial growth and 
countable automorphism groups we prove an analogous result. 

Proposition 3.3. The automorphism group of a connected locally finite transitive 
graph X with polynomial growth of degree d is countable if and only if it is a 
finitely generated nilpotent-by-finite group. In this case X is contractible to a Cayley 
graph of a nilpotent group with polynomial growth of degree d. 

Proof. Obviously AUT(X) is countable if it is a finitely generated nilpotent-by- 
finite group. To show the ‘only if’ part we proceed as in the proof of Corollary 
3.2. 
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If AUT(X) is nilpotent-by-finite it contains a nilpotent subgroup G which acts 
with finitely many orbits on X. By Corollary 2.5 G has polynomial growth of 
degree d. We now show that there is a group G* s G with growth degree d which 
acts semiregularly on X. 

Let d = 1. Since G is a finitely generated infinite nilpotent group it clearly 
contains a subgroup G* = Z which acts semiregularly on X by Theorem 2.3. 

Let d 3 2. Since G is a finitely generated nilpotent group it contains an element 
(Y of infinite order which is central in G. Clearly & is an automorphism of type 2 
of X. Hence the orbits of (Y induce a block system r of G on X with infinite blocks 
which immediately implies (cf. [14, Proposition 2.51) that dxrsdx - 1. So, by 
induction hypothesis, G, contains a nilpotent subgroup GZ; which acts semiregu- 
larly and with finitely many orbits on X,. Let S, = {ox . . . , &} denote a set of 
generators of G:. Then the group G*, generated by S U a, acts with finitely 
many orbits on X. Now, if there is a y E G*, y #id, which fixes at least one 
vertex n E V(X), then y E ker Y where Y denotes the homomorphism from G* 
onto G,* which is induced by the construction of X,. Using the methods of the 
proof of Lemma 2.1 it is easy to show that there are orbits cr, and (Y* of (Y on X 
such that y 1 aI = id and y ( my2 = a’ for some r E Z, in contradiction to the 
assumption that X is locally finite. Hence G* acts semiregularly on X and, since it 
also acts with finitely many orbits on X, Corollary 2.5 implies that dc. = d. 

Now Babai’s contraction lemma (cf. [l]) completes the proof. 0 

Unfortunately, if AUT(X) is uncountable, we are not able to prove a result 
like Proposition 3.3. Hence it remains only a conjecture that each connected 
locally finite transitive graph with polynomial growth of degree d is contractible to 
a Cayley graph of a finitely generated nilpotent group G with dc = d. 

We now show that uncountable automorphism groups of transitive strips always 
contain finitely generated subgroups of exponential growth. 

Theorem 3.5. Let X be a transitive strip. Then AUT(X) is uncountable if and 

only if there exists 6, /3 E AUT(X) such that G = (6, p) is a metabelian group 

with exponential growth. 

Proof. Because of Proposition 3.3 we only have to prove that AUT(X) contains 
a subgroup G with the above given properties if it is uncountable. 

Let Y denote the homomorphism from AUT(X) onto AUT(X), where t is the 
imprimitivity system with finite blocks whose existence is given by Theorem 1.1. 
As AUT(X) is uncountable and AUT(X), is a finitely generated nilpotent-by- 
finite group ker Y obviously is infinite. 

Since X is a transitive strip it is spanned by finitely many 2-paths P,, . . . , P,, 

(cf. [S]). By [6, Theorem 9, e], there is an automorphism (Y of type 2 which leaves 
invariant all fi, 1 c i c n, and there exists a set T = {tI, . . . t,} which separates 
the two ends E, and E, of X where we can renumber the vertices of T such that 
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ri E V(S) holds. Hence X \ T has at least two infinite components Cr , C2 and as X 
is a strip C1 and C2 are the only infinite components of X\T (cf. [9, Theorem 
5.121). Further Pi and P:, i = 1, . . . , n, denote the one-way infinite paths C, n fi 
and C2 fl Pi, respectively. 

As in the proof of Corollary 3.2 we can show that there is a finite set F0 2 T (F, 

is the union of some blocks of r), ]I$] = m, and an infinite set H of pairwise 
different automorphisms of X which fix F0 pointwise. W.1.o.g. we can assume that 
there also is an infinite subset HI c H such that all E E HI act pairwise differently 
on C,. Hence there is a k E N such that p = m! + 1 automorphisms .sl, . . . , .F~ E 

HI act pairwise differently on the set 

s = ij Dk(ti) n c, 
i=l 

where Dk(ti) = {V E V(X) 1 d(tip V) c k}. 

Clearly all d(F,), j E Z, also separate E, and E2. By [6], Theorem 9, we also 
conclude that there is an s E Z such that aS(F,) = F, c C, and S fl F, = 0. Since 
IFS] = m and Q(F,) = F, for all sI, I = 1, . . . , p, there are at least two automorph- 
isms, say .s4 and E,, such that Ed IF, = &,I F,. Since Ed 1 S # E,( S the automorphism 
y = &,&;I fixes F. and F, pointwise but is not equal to the identity mapping. Let 

where the Pf(F;,, F,) denote those parts of the paths Pi’ which connect the vertices 
of F. and F,. Hence, since F. and F, are separating sets, the mapping 6 with 

BI(F,UA,UF,)=yl(F,UA”UF,) and P(V) = v for all ZJ E V(X)\(F, U A, U F,) 
is an automorphism of X. 

We now consider the group G = (6, /?) w h ere 6 = d. Let qj = 6’@-j or 
qj = 6-j/36j for j = 0, . . . , t, t E N. Consider all automorphisms 

A(ao, . . . > a,) = cp,p,“cp~’ * . . qq 

where Uj E (0, l}. Clearly A(ao, . . . , a,) = A(&,, . . . , b,) if and only if a, = bO, 
a, = b,, . . . ) a, = b,. Hence there are 2’+’ different A’s. Since the length of the 
A’s with respect to the generators 6 and p is less or equal to (2t + l)(t + 1) we 
have 

f,((2t + l)(t + 1)) > 2’+l, for t = 0, 1, . . . (1) 

which implies that G has nonpolynomial growth. 
Let F. and A0 be defined as above and let F, = S’(F,), A, = 6’(A,), z E Z. 

Clearly these sets are blocks of a block system of G on X and for each E E G of 
finite order E(F,) = F, and &(A,) = A, hold for all z E Z. Let W denote the set of 
all automorphisms of finite order, generated by 6 and 6. Obviously W is a 
subgroup of G. Further W is abelian since all E E W fix all sets F, pointwise and 
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a-2 a-1 

b-2 b-1 bo 
Fig. 2. 

b 

their action on the sets A, is induced by the action of p on A0 as P(V) = ZI holds 
for all ‘u $ A,,. 

Obviously [G, G] 6 W. Hence G is metabelian. So (1) and the fact that 
solvable groups of nonpolynomial growth have exponential growth (cf. [15]) 
imply that G = (6, /I) has exponential growth. q 

To illustrate Theorem 3.5 we give the following example: Let X be the strip 
which is the lexicographic product of a 2-path with a single edge (see Fig. 2) and 
let G be the group generated by p =. . ~(~_~)(b_~)(a~, b,)(a,)(bJ . . . and 
S=(. . * , a-1, ao, a,, . . . )(. . . 9 b-1, bo, bl,. . .). Using the methods of the proof 
of Theorem 3.5 it is easy to see that G is metabelian with exponential growth. 

For graphs with polynomial growth of degree d 3 2 we are not able to prove a 
result like Theorem 3.5 but we guess that a similar theorem can be shown in this 
case. Hence the following conjecture arises. 

Conjecture 3.6. The automorphism group of a connected locally finite transitive 
graph X with polynomial growth is uncountable if and only if it contains a finitely 
generated subgroup with exponential growth. 

As the above example shows it is possible that groups of exponential growth act 
transitively on graphs of linear growth. On the other hand it is an immediate 
consequence of Trofimov’s results that the groups of intermediate growth, which 
where constructed by Grigorchuk (see [3-4]), cannot act transitively on graphs 
with polynomial growth: 

The first class of groups of intermediate growth Grigorchuk [3] found were 
special p-groups. But Theorem 1.2 implies that all groups acting transitively on 
graphs with polynomial growth contain elements of infinite order. Hence they are 
not p-groups. 

Later Grigorchuk [4] constructed torsion-free groups of intermediate growth. 
Suppose such a group G acts transitively on a graph X with polynomial growth. 
Then Theorem 1.2 implies that G, is isomorphic to G. But G, is nilpotent-by- 
finite, in contradiction to the intermediate growth of G. 

So at last we want to pose the following problem which is closely related to 
Conjecture 3.6: 

Is it possible that a finitely generated group of intermediate growths acts 
transitively on a connected locally finite graph with polynomial growth? 
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