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ABSTRACT

Let d(A) and p(\) be monic polynomials of degree n > 2 with coefficients in F, an
algebraically closed field or the field of all real numbers. Necessary and sufficient
conditions for the existence of an n-square matrix A over F such that detA\]—A)=
d(A) and per(AI—A)=p(}) are given in terms of the coefficients of d(A) and p(A).

1. INTRODUCTION

Numerous properties have been obtained on the characteristic poly-
nomial det(Al — A) of a matrix A over a field F. Recently, a number of results
have been obtained (for example, see R. Merris [1] and G. N. de Oliveira [2])
on the permanental polynomial per(AI— A), and many interesting questions
concerning this polynomial have been raised. One particularly interesting
problem is the following, posed by G. N. de Oliveira in [2]: Find a necessary
and sufficient condition for the scalars A, A,,...,A, and z,,2,,...,2, in a field
F to be the characteristic roots of an n-square matrix A over F and the roots
of the equation per(zI — A) =0, respectively. The purpose of this article is to
present some results on the following existence problem: Let F be a field, let
M, (F) denote the set of all n-square matrices over F, d(A)=A"+d A" '+
dA"2+--- +d,, and let p(A)=A"+p A" 1+ p,A" "2+ - +p_be monic
polynomials of degree n>2 with coefficients in F. What conditions are
necessary and sufficient for the existence of a matrix A € M, (F) such that
det(AI—A)=d(A) and per(AI—-A)=p(A)? Since per=det whenever the
characteristic of F is 2, throughout this article F will denote a field of
characteristic different from 2. Under this restriction, it is first shown that if
F is an algebraically closed field and char(F)+3 if n=3, then there exists a
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matrix A € M, (F) such that detAI—A)=d(A) and per(AI—A)=p(}) if and
only if d,=p,. The case where n=3=char(F) is then settled for algebrai-
cally closed fields. Then for F= R, the field of all real numbers, it is shown
that in addition to the requirement that d,=p,, we must also have d?>
(n/(n=Dl(dy+p,), with dy—p;=[(n—2)/n]d\(dy—py) if equality holds
and n>2.

2. ALGEBRAICALLY CLOSED FIELDS

We first consider the existence of a matrix A € M, (F) having prescribed
characteristic and permanental polynomials over an algebraically closed field
F.

Tueorem 1. Let dA)=A"+d A" "'+ dA" "2+ -+ +d, and pA\)=A"
+p A" 1+ p A" 2+ +p, be monic polynomials of degree n>2 with
coefficients in an algebraically closed field F, where char(F)#3 if n=3.
There exists a matrix A € M, (F) such that det(A\I — A)=d () and per(A\I — A)
=p(\) if and only if d,=p,.

Proof. If there exists a matrix A €M, (F) such that detAl—A)=d (A
and per(AI— A)=p()), then clearly d, = —tr(A)=p,.

Conversely, suppose that d, = p,. First, let n=2. In this case, it can easily
be verified that if

—d,+ lez_z(dz"'Pz) pe—d,

Ae 2 2 ’

{ —dy—yd} —2(dy+p,)
2

then det(AI— A)=d(A) and perAI—A)=p(A).
Next, let n=23. Choosing any scalar s € F such that ¢t=(d, —3s)(d, +s)—
2(dy + py)#0, it can easily be verified that if

[ —(d+s)+ Vi Adsmpa)F(dempo)[ VE —(di+5)] st—s(dy+s)’ —2(dy+pa)
2 _4\/{ 4
A= 2(dy=ps) = (de=p2)[ VE +(di+9) ]
1 ’ 4Ve
—(di+s)— Vi
o 1 —
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then det(AI — A)=d(\) and per(AI — A)=p(A).

Finally, let n>4. Let xg,yg,1;,4, EF such that x5y, x,+x,7Yy; + Yo,
2+ 2+ y +yo=—d; and x,(xo+yot )+ x( Yo+ Y1)+ Yo yr = 3 (da+ py)-
[Such scalars can be chosen in the algebraically closed field F as follows: If
d,#0 or dy p,70, choose x, € F such that ¢ =(d; —2x,)* — 3(2x,)* —2(dy + py)
#0, and let yo=x, x=—1(d,+2x,— V1), y;=—3(d,+2x,+ Vt). If
d,=0=d,+p, and char(F)#3, let x,=1, y,=0, x;=—3(1-V-3), y;=
—11+V=3). If d,=0=d,+p, and char(F)=3, let x,=y,=x,=1, y,=
0.] For i=1,2,3,4 let o, denote the ith elementary symmetric function of
Xp, Yoo X1, Yy, and let ;=0 if 4 <i <n. Since x, 7y, and x, + x, 7y, + Yo, it is
easy to show that we can select %5, %3,...,%,, Y2, Y3, .- -> Y, E F in the follow-
ing way: If n=4, select xy,%3,%,, 5,43 € F such that

1
1 1 JTx]_| P d)
S A

[1 1Mx3]=' —1(patds) =0, ]

L%(1’4'*"14)"04—"2yz

xXy= %(P:t‘ dy) — %% Yo Yo Y1Xo.

If n>4, select x5,%5,...,%,, Y2, Y3, .., Yo~ EF such that

{ 1 1 H}: 3(Pa—ds)
htdo mERILB] ] —ip-d) |
=— _é(Pa"'da)_Us }

] s(patdy)—0,— %y,
(2.1)

1 1 ) & ,
b aboll2][4] wesken-s
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where, for k=4,5,...,n,
(px—dh)s if kiseven,
(p+d)—o, if kisodd,

(SIS I

b= [xOxl Yr—24+Yo ylxk—z] +{

k-1
U=~ 2 Nfsr—it =3 (Pes1— dhsr)s
i=2

if kis even,

%(pk+l+dk+1)_0k+1, if ks odd.

We now show that if

|Vx1 Xp X3 Yoz Xn—1  Fn "

1 % O 0 0 Y1
P SR 0. 0 ke

00 0 0 0y,

0 0 0 1 Yo Y2

0 0 0 o 1 oy

then detAI—A)=d(A) and per(\]—A)=p(\). Expanding det(AI—A) in
terms of the first row, we have

A=xg O --- 0 T Yn-1
-1 A --- 0 — s
detAL—A)= (A=) « v v v oo ee e
0 0 - A-yo 4
0 0 -1 A—y,
0 0 —yn—k
< B A 0 —yn—k—l
b xk .....................
k=2 0 0 A—yy —Yp
0 O -1 A—y,

_xn—l(A_ yl)_xn
= [Az—(xo+xl))\+ (xoxl_xz)]
XA 2= (ygo+y)A" 2+ (yoyr — YA

—y A I ]
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n—2
- kE [ A" = (ot y A" F T+ (yoy, — g A" R 2
=3
—_ y3>\n-—k—-3___ . — y"‘k]

A= y) — Y (A x) —x,,
which, upon rearranging, becomes
det A —A)=A"— o A" 1+ [0y — (2, +yo) A" 2
+[(got+ y1)xa+ (%0 1) yo— 05— (13 + y3) A"

o

k—2

(Yot yn) 1+ (xo+ %)) Yoy + 2 Kila_s
i=2

+(- l)k"k“ (% + Yie + XXy Yrma+ Yo Y1 %i—2) ]An_k

n—2
Y%, 1 +x Yy, 1t 2 xiyn—i+(_1)"an
i=2
— (%, + %%, Yp—2+ Yo ylxn—z)}- (2.2)

Using the relationships among the scalars xy,x,,...,%,,Y¢, Yy, ..., Y, found in
(2.1), it is not difficult to show that (2.2) becomes

det(}\I—A)=>\"+d1>\"_1+[%(Pz"'dz)_%(l’z_dz)}}\"_z"""
+[é(pk"-dk)_%(pk_dk)]}‘"—k"-”'+[%( .+ d,)— %( n—dn)]

=SATHAATT A2+ d AR 4 d =d(A).
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A similar expansion of per(AI —A) gives
perA[—A)=A"—g A" 1+ [02+ (x5 + yz)]}\”""'

- [( Yo+ Y1) %o+ (xg+ x,) Yo+ 03+ (x3+ y3)]}\"_3

+ D (- 1)

k=2

(Yot y)m_ 1+ (xo+x) g+ _22 Xl

+ 0+ (% Yo+ X% Yoo+ Yo ylxk—z)})\"_k

n—2
+(—1)n[ Y%, 1 txy, .+ 2 XYyt 0,
i=2

+ (%, + %%, Yoot Yo ylxn—2):|' (2.3)

Again, from (2.1), it is not difficult to show that (2.3) becomes
perAI—A)=A"+pA" "1+ [é(P2+d2)+%<P2_dﬂz)]>‘"—2+ e

+H it d) i d) N R+ M (pat+d) + H(pa—d)]

=AM+ p AT P AT TR A p AT TR p =p ().

n

The proof of the theorem is complete. |

For completeness, we consider the case where F is an algebraically
closed field and n=3=char(F).

Prorosition 1. Let d(\)=A3+d A+ dA+d; and pAN)=A>+p A2+
pA+p; be monic polynomials over an algebraically closed field F of
characteristic 3. There exists a matrix A € M(F) such that detAI—A)=d(\)
and per(AI — A)=p(A) if and only if d,=p, and at least one of the following
holds:

(i) d,#0,
(ii) dy+py 70,
(iii) d)=d,+ p,=0 and dy— p;=a(d,— p,) for some a EF.
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Proof. Suppose there exists a matrix A =(a;;) € My(F) such that det(AI -
A)=d(\) and per(Al —A)=p(A). Clearly, d,= —tr(A)=p,. It suffices to
assume that (i) and (ii) fail to hold. Then d,=d,+ p,=0. From the poly-
nomial equations detA\I —A)=d(A) and per(AI—A)=p(A), we can obtain
the following system of equations:

ay;+ g+ ay3=0, (24)

11099 + Gy 1055+ A5p053,=0, (2:5)

1oy + 1303 + A3 =3 (po— d ), (2.6)

11 8g9033F Q1900301 F A1303009, = — 3 (3 + ds ), (2.7)
G30ap0y; + Q1305090+ Q19001053= — 3(p3— d3). (2.8)

Using (2.4), (2.5) and the fact that char(F)=3, it is not difficult to show that
@1, = Qg5 = G55 Then from (2.6) and (2.8), we obtain

~5(p3—ds) =y, (g5 + a1305, + ay085)) = 10, (py— dy),

or equivalently,

dy—p3= —ay,(dy—p,).

Hence, d; =p,, and at least one of the properties (i), (ii) and (iii)- holds.

It remains to be shown that the stated conditions are sufficient condi-
tions. The proof of Theorem 1 for the case n =3 clearly shows that if d, =p,
and either (i} or (ii) holds, then there exists a matrix A € M;(F) such that
detAI— A)=d(A) and per(AI—- A)=p(A).

Suppose d; =p, and (iii) holds. Then by our assumption, we have that
d,=p,=0, p,=—d, and d;— p;= a(dy, — p,) =2ad, for some a € F. Let

—a —d, ‘13_%(7’3"'(13)
A=| 1 _—g4 0
0 1 —a

It follows that det(AI— A)=d(\) and per(AI—A)=p(A). The proof is com-
plete. |
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3. THE REAL FIELD

We now consider the existence of real matrices having prescribed
characteristic and permanental polynomials with real coefficients. We shall
use the following in this consideration.

Lemma 1. Let dA)=A"+d A" 2+ dA" 3+ -- +d, and pA)=A"+
pA" "2+ p A" T3+ -+ +p, be monic polynomials of degree n>2 with real
coefficients. There exists a matrix A€M, (R) such that detAl—-A)=d(A)
and per(AI - A)=p(]) if one of the following holds:

(i) dy+p, <0,

(ii) dy+py=0and, if n>2, dy=p,.

Proof. Rewriting the polynomials d (A) and p(A) as

dA)=A"+(r,— s A" 24+ o+ (—s A" K+ +(r,—s,)

n

and
PAAY=A"+(ry+ s A" 24 -+ (ne AR+ +(r, +s,),
where n,=3(p+d;) and s,=3(p.—di) for k=2,3,...,n, the assumption
that (i) or (ii) holds is equivalent to the assumption that
({i") 1, <0, or
(ii") r,=0 and, if n>2, $;=0.
Suppose (i’) holds. Then an argument similar to that in the proof of

Theorem 1 establishes that the desired n X n matrix A can be found having
the form

n—1 n
1 0 0 0 0 Yo_1
0 1 0 0 0 Yu_s
A= ------------------------ .
0 0 0 0 0 ys | (3.1)
0 0 0 1 0 Ys
0 0 o 0 1 9

where x,=V —r, and y;=—V —r, .
Suppose (ii") holds. First, let n=2. Clearly, if

o2 ]
1 o |
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then det(AI — A)=A%+d,=d (A) and per(AI— A)=A*—d,=p(N).
Next, let n > 3. We now show that the desired real n X n matrix A can be
found having the form

r 1
0 x x x x5 0 X X
I 0 4y, y ys Yn-3 Yn—2
0 1 O 1 o .- 0 0

A=lg 0 1 0 1 - 0 0 | (3.2)

0.0 0 1 0 eero o .0
0 0 o 0 0 0 1
10 0 0 0 0 1 0 |

We first establish by induction on n that if A has the form given by (3.2),
then

detA[—A)=A"+OA""'—[x;+y; +(n—3) A" 2= [+ y, ]A" >
+[(n=3)x+(n—4) y, + P~ (x5 +ys + Q) A" H+ - -
+[(n—k+)g_s+(n—k)y_s+P_,
— (e F o T Qg ) AR
+ [2xn—4+ Yp-at P y— (%ot y,_o+ Qn—4>]>\
+{ %, 3+ P g— (%, + Qus) | (8.3)
and
perAI— A)=A"+O0A" "'+ [x,+ 4, + (n=3) \" 2= [+ y, ]A"°
+[(n=3)x;+(n—4) y, + P+ (x5 +y;+ Q) A"+ -
+(=D) [(n—k+1)x_s+(n—k) ye_s+B_;
+(_ t g+ Qg ) AT
+(=1)" T [ 2%y gt Py H (X pH Yoo+ O y) A

+(_l)n[xn—3+Pn—3+(xn—1+Qn—3)]’ (3-4)
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where for i=1,2,...,n—3, P, is a polynomial in x},y,,%,ys,....%_4Y;_4 Of
degree at most one and Q) is a polynomial in x;,4,%5,Yg,..» % g, Yi—p Of
degree at most one, and x;=y;=P,=Q,;=0 if i <0. This assertion is easily
verified for n=23 and n =4. Assume the assertion is true for matrices of order
t, 4 <t<n, having the form given by (3.2). Then if an n X n matrix A has the
form given by (3.2), expansions of det(AI —A) and per(AI — A) in terms of the

last column give
detA[—A)=Adet(AI—A’) —detAI - A")—y, _A—x,_,; (3.5)

and
per(AM— A) =Aper(A — A") +per(AI—A")
+(_1)n_1yn~2>\+(_1)nxnvl’ (36)
where A’ is the matrix obtained from A by deleting the last row and column,

and A” is the matrix obtained from A by deleting the last two rows and
columns. By our inductive assumption,

detAI— A ) =A""1+ON" 2= [x;+y, + (n—4) A" 3 =[x+ y, ]A"*

+[(n—4)x,+(n~5)y,+ P{— (x3+y;+ QNA?

n—2
+ kZS [(n=K)x_s+(n—k=1)y,_s+PF_s
— (%, + Y1t Qé—s)]xn_k—l
+[xn~4+Pr:—4—(xn—2+Qr:—4)]’ (37)

det(AI—A”)=A""2+0A" "~ [x + y1+(n—5)]?\"—4— [%+ yy JA"?

+ [("‘5)"1"'("_6) y1+P1”~(x3+y3+Q1” )P\"_s
n—3

+ 2 [(n——k—l)xk_3+(n—k—2) Yu_st+ Pi_s
k=5

— (ot Yt Qk//—s) ]An_k_z

+[xn—5+Pn”—5_(xn—3+Qr:,—S):}’ (3.8)
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per(AI—A’)=A""! +0A" 24 [xl + y1+(n—4)]/\"”3-— [x2+ yz]A""‘1

+[(n=4)x,+(n=5) yy+ P+ (x5 + ys+ Of ) A"~

n-—2
+ k25 (— 1)k[(n —k)xe st {(n—k—1)y_s+P_;

+(mo 1ty t Qk,—s)]}‘"_k_l
+(_1)n~l[xn~4+Pf:—4+(xn—2+Qf:—4)]’ (3.9)
perAI—A”)=A""24+0N""3+ [xl +y,+(n—5) ])x"_‘*— [x,+ y2]>\"‘5

+ [("”5)3‘71'*'("—6) y1+P1”+(x3+y3+ QY )]}‘"—6
n—3
+ kE (— l)k[("_k_ Dx_g+(n—k—2) Y3t B3
=5
+ (ot ot Qkﬂ—a)]xn_k_z

+<—1)n_2[xn—5+P” 5+( X — 3+Q )]
(3.10)

where P, P, are polynomials in x,,y,,%s,Ys,...,% _4 ;4 of degree at most
one, and Q/,Q,” are polynomials in x),y,,%,Ys,...,%_o,;_, Of degree at
most one. Substituting (3.7) and (3.8) into (3.5), we get

detAI—A)=A"+O0N""!—[x,+ 1y, +(n=3) A" 2= [x,+y, A" >
+[n 3)x,+(n— 4)y1+P1’+(n—5)—-(x3+y3+Q{)]7\"“4

+[n 4)x,+(n— 5)y2+P2’—(x4+y4+Qé)]}\"_5

n—1

+ kE [("“ k+1)x_s+(n—k)y_s+F_3+ Qs
=6

— (%1 + Y1+ Qs+ K5+ (n—k+1)x_;

+(n—k)y_s) A" F

+ [xn—3+ Qn-5— (xn—l +P 5+ xn-—S)]'
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Letting P,=P{+(n—5), P,=P,..., B=P{_3+Q/ s..., P._s=0Q/ s and
Q=01 0=05...., =G+ s+(n—k+tn_s+(n—ky_s...,

Q._3=P/ s+x,_5 (3.3) is established. Similarly, substituting (3.9) and
(3.10) into (3.6) establishes (3.4).
The polynomial equations
detAI—A)=A"+O0A""! —s A" 24 A3
+(ry=s A" 4+ (1, —s,),
per(A[—A)=A"+0A" "1+ 5 A" 24 A" 73

+(r, s A (1 +s,)

can be replaced by the following system of equations:
1 1 L sy~ (n—3)
(n=3) (n—4 [ Y1 =P |
1 1 Xg ] _ T3
(n—4) (n-5) [ Yo | | —ss— B |
1 %l _[ & . _
2 (n_k_3)}[yk__[vk] if 3<k<n-3,

n ke

xn*2+ Yn—2= tn—z’

=1,

X, n-—1>

n—1

where for k=3,4,...,n—1,

p = ~Tp1— Qg if kiseven,
o e Qe if kisodd,

| = S43— P, if kiseven,
%7\ his—Po  if kisodd.

The system is clearly consistent over R, and the proof of the lemma is
complete. |

With the aid of Lemma 1, we now establish the following result.
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TueoreM 2. Let dA)=A"+d A" '+dA""2+ - +d, and p(\)=A"
+p A" 4+ p A2+ - - 4+ p, be monic polynomials of degree n>2 with
real coefficients. There exists a matrix A€M, (R) such that detAl—A)=
d(A) and per(A\I—A)=p(A) if and only if d,=p, and one of the following
holds:

(i) d7>[n/(n=1)(dy+ py),
(ii) d12=[n/(n D(dy+ py) and, if n>2,
d3—ps=[(n— 2 /n (dy = py).

Proof. Suppose there exists a matrix A =(a;) € M,(R) such that

det(AM —A)=d (\) = ﬁ (A=\)

and
perAl—A)=p(\)= [I (A —u)
i=1
Then
n n n M
d1=—2>\i=*20ﬁ=—2 K =P1s (3.11)
i=1 i=1 i=1
dy= > AN = > a;a;— > a,ay, (3.12)
1<i<j<n 1<i<j<n I<i<j<n
and
pP2= > = > a;a;+ > a;;ay;. (3.13)
1<i<j<n I<i<j<n I<i<j<n
Hence,

dy+p,=2 2 an‘a;‘,“_'(

I<i<j<n

WM:

a, ) 2 az. (3.14)

It follows from the Cauchy-Schwarz inequality that

n 2
" Zaﬁ
2 i=1
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with equality if and only if g;; = a; for i,j=1,2,...,n. Therefore, from (3.14)
we see that

n 2
d2+P2<£.__1( 2 aii) = n—ldlg’
' no\i=1 ) n

or equivalently,

df >~ (dy+po), (3.15)

with equality if and only if ;= —(1/n)d; for i=1,2,...,n. Suppose that
n>2 and di=[n/(n—1)](dy+p,). Then a;=—(1/n)d, for i=1,2,...,n.
Since — dj is equal to the sum of the principal minors of A of order 3, and
— pg is equal to the sum of the principal permanental minors of A of order 3,
we see that

1 -2
ds—P3=2<"“2)(_ -r;dl) 2 a4;a; = nn dy (dy—p,).
1<i<j<n

Hence, dl =p,, and (i) or (ii) holds.
Now suppose that d, = p; and either (i) or (ii) holds. Note that if

I
s

dA)=A"+dA" T+ dA" 2+ +d, (A=A),

i=1
p)=A"+p A" p A2 p = [T (A p),

=1
d (N)=XA"+ON""1+dA" 24 +d,= [X—(Kﬁ—dl)],

BN =AP+OA" 4 PA" 2 4 = {A—(W%dl)},

then for each A€M, (R),

det(M—(A— %dll)) —d(\) and per(M—(A— %dll)) =p(\)
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if and only if
detAI—A)=d (\) and perAI—A)=p(]).

Thus, it is sufficient to prove the existence of a matrix A € M, (R) such that
det(A\I—A)=d (A) and per(AI —A)=p()) in the case that d;=p,=0. In this
case, the assumption that d, =p, and either (i) or (ii) holds is equivalent to
the assumption that d;=p, =0 and either (i') dy+p, <0 or (ii") dy+p,=0
and, if n>2, dy=p,;. Under these conditions, Lemma 1 establishes the
existence of a matrix A € M, (R) such that det(AI - A)=d(A) and per(AI — A)
=p(A), and the proof of the theorem is complete. [ ]

It should be noted that in the case that the prescribed polynomials d (A)
and p(A) are identical, then Theorem 2 becomes the following.

CoroLLARY. Let pA)=A"+pA" "4+ pA""2+--- +p, be a monic
polynomial of degree n>2 with real coefficients. There exists a matrix
AEM,(R) such that detA\I—A)=p(\)=per(\I—A) if and only if pi>
2n/(n—1D]p,.

We conclude by noting that Proposition 1 and Theorems 1 and 2 imply
the following,

Tueorem 3. Let p(A) and q(\) be monic polynomials of degree n>2
with coefficients in F, an algebraically closed field or the field of all real
numbers. There exists a matrix A €M, (F) such that det\[— A)=p(\) and
per(AM —A)=q(A) if and only if there exists a matrix B € M, (F) such that
det(AI — B)= q(A) and per(AI—B)=p(A).
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