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Abstract

We prove the existence of a local analytic Levi decomposition for analytic Poisson structures and Lie
algebroids.
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1. Introduction

In the study of local normal forms of Poisson structures, initiated by Arnold [1] Weinstein [14],
one is led naturally to the following problem of Levi decomposition: let IT be a Poisson structure in
a neighborhood of 0 in K", where K=R or C, such that I1(0)=0. We will use the letter II to denote
the Poisson tensor, and {.,.} or {.,.}; to denote the corresponding Poisson bracket. In this paper
we will assume that I1 is analytic. Denote by II; the linear part of I at 0. II; is a linear Poisson
tensor, and the space £ of linear functions on K" is an n-dimensional Lie algebra under the Poisson
bracket of II,. Denote by t the radical of £. The classical Levi-Malcev theorem says that the exact
sequence 0 — vt — £ — £/v — 0 admits a splitting: there is an injective homomorphism from £/t to
£ (unique up to a conjugation in £) whose composition with the projection map is identity. Denote
by g the image of such an inclusion. Then g is called a Levi factor of £, and £ can be written as
a semi-direct product of a semi-simple Lie algebra g by a solvable Lie algebra v (this semi-direct
product is called a Levi decomposition of £). Remark that the space (¢ of local analytic functions
in (K”,0) is an infinite-dimensional Lie algebra under the Poisson bracket {.,.};;, and the space 2
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of local analytic functions in (KK”,0) whose linear part lies in t is an infinite-dimensional “radical”
of O, with O/# isomorphic to g. The question is, does the exact sequence 0 - # — O — g — 0
also admit a splitting? In other words, does (0 together with the Poisson structure I1 admit a Levi
factor? In this paper, we will give a positive answer to this question. More precisely, we have:

Theorem 1.1. Let I1 be a local analytic Poisson tensor in (IK",0), where K =R or C. Denote
by £ the n-dimensional Lie algebra of linear functions in (IK",0) under the Lie—Poisson bracket
of Iy which is the linear part of I, and by £ = gwv<t a Levi decomposition of £. Denote by
(X15 -+ X V1s- - -5 Vu—m) @ linear basis of £, such that x,...,x, span the Levi factor g (dim g=m),

and yi,...,Y,—m Span the radical . Denote by c,/,bf‘J and ak the structural constants of g,t and

of the action of g on t, respectively: [x;,x;] =), c,‘]xk, [y,,yj] => b{;yk and [x;, y;1=>", a@yk.
Then there exists a local analytic system of coordinates (x{°,..., x50, ¥7°, ..., ¥{2,,), With x7° =x;+
higher order terms and y° = y;+ higher order terms, such that in this system of coordinates we
have

0

0 0 0
k oo k .00
Z €ij* ox;° A 8x;?° + Z AL ox;° A 0 y;-’o

0
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+ DG e 5

where g;; are local analytic functions whose Taylor expansion begins at order at least 2. In other
words, the Poisson bracket {.,.} of Il in this system of coordinates is given as follows:

Px = Zcfjx,?o,
;30’ }30} Zal]yk ’
{72, 977 =) b + g5y (1.2)

Remark. (1) In the above theorem, the Levi factor of @ is provided by the functions x{°,...,x5°.
Conversely, if ¢ admits a Levi factor with respect to [I, then the Hamiltonian vector fields of
the functions lying in this Levi factor gives us a local analytic Hamiltonian action of g, which is
linearizable by a theorem of Guillemin and Sternberg [9], because g is semi-simple. By linearizing
this action, one will get a local analytic coordinate system which satisfies the conditions of the above
theorem. Thus, the above theorem is really about the existence of an analytic Levi decomposition
of the Poisson structure.

(2) If in the above theorem, we do not require the functions x{°,...,x,°, »{°,...,»{°, to be
analytic, but only formal, then we recover a formal Levi decomposition theorem, obtained earlier by
Wade [13]. This formal decomposition is relatively simple and its proof is similar to the proof of
the classical Levi-Malcev theorem. The difficulty of the above theorem lies in the analytic part.

(3) If in the above theorem, (£, {.,.}7,) is a semi-simple Lie algebra, i.e. g=£, then we recover the
following result of Conn [4]: any analytic Poisson structure with a semi-simple linear part is locally
analytically linearizable. In other words, any semi-simple Lie algebra is analytically nondegenerate
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in the terminology of Weinstein [14]. In fact, our proof of Theorem 1.1 will follow closely the lines
of Conn [4]. When t =K (K =R in the real case and K =C in the complex case), i.e., £L=gD K,
we get the following result, due to Molinier [11] and Conn (unpublished): if g is semi-simple then
g @ K is analytically nondegenerate.

(4) One may call expressions (1.1), (1.2) a Levi normal form of the Poisson structure I1. From
the point of view of invariant theory, it is similar to the Poincaré—Birkhoff local normal forms for
vector fields (Levi normal forms are governed by semi-simple group actions while Poincaré—Birkhoff
normal forms are governed by torus actions, see [16,17]).

(5) Theorem 1.1 provides an useful tool for the study of linearization of Poisson structures.
Using it, Dufour and I recently showed in [7] that the Lie algebra aff(n, ) of infinitesimal affine
transformations of K" is analytically nondegenerate.

It is natural that not only Poisson structures but other geometric structures related to infinite-
dimensional Lie algebras admit formal or analytic Levi decomposition as well. For example, Cerveau
[3] showed the existence of a formal Levi decomposition for singular foliations.' In this paper, we
will show that analytic Lie algebroids also admit local analytic Levi decomposition.

Recall (see e.g. [2,6,8,15]) that a smooth Lie algebroid over a manifold M is a vector bundle
A — M with a Lie algebra structure on its space I'(4) of smooth sections and a bundle map
#:4 — TM (called the anchor) inducing a Lie algebra homomorphism from sections of 4 to vector
fields on M, such that [s, fs'] = f[s,s'] + (#s - f)s’ for sections s and s’ and functions f. In the
analytic category, one replaces I'(4) by the sheaf of local analytic sections. A point x € M is called
singular for the algebroid A if the rank of the anchor map #,:4, — T.M (where A4, is the fiber
of A over x) is smaller than at other points. Due to the local splitting theorem for Lie algebroids
(see [6,8,15]), in the study of local normal forms of Lie algebroids near a singular point x, we may
assume that the rank of #,:4, — T, M is zero.

Let A4 be a local analytic Lie algebroid of dimension N over (KK”,0) such that the anchor map

#:4, — T,IK" vanishes at x = 0. Denote by sy,...,sy an analytic local basis of sections of 4, and
(x1,...,x,) an analytic local system of coordinates of (IK”,0). Then we have [s;,s;] =), cf?jsk+
higher order terms in sy,...,sy, and #s; = Zj’k bﬁ-‘}xka/@xj—i— higher order terms in xy,...,x,. If we

forget about the terms of order greater or equal to 2, then we get an N-dimensional Lie algebra
with structural coeflicients cf-‘j, which acts on K" via linear vector fields ) ik bf?jxkﬁ/ax,. (The action
Lie algebroid associated to this linear Lie algebra action is called the linear part of the algebroid
A at 0.) Denote this N-dimensional Lie algebra by £, and by £ = gp<t its Levi decomposition.
We are looking for a Levi factor of I'(4), where I'(4) now denotes the infinite-dimensional Lie
algebra of local analytic sections of A4 (the Lie bracket is given by the algebroid structure of 4), i.e.
a subalgebra of I'(4) which is isomorphic to g. Once such a Levi factor is found, its action on the

algebroid 4 can be linearized by Guillemin—Sternberg theorem [9], because g is semi-simple.

Theorem 1.2. Let A be a local N-dimensional analytic Lie algebroid over (K",0) with the anchor
map #:4 — TK", such that #a =0 for any a € Ay, the fiber of A over point 0. Denote by £ the
N-dimensional Lie algebra in the linear part of A at 0, and by £ = grv<v its Levi decomposition.

' As far as we know, the existence of an analytic Levi decomposition for singular foliations remains an open problem.
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Then there exists a local analytic system of coordinates (x{°,...,x5°) of (K",0), and a local
analytic basis of sections (s7°,55°,...,850, V7%, ..., U3%,,) of A, where m =dim g, such that we have

m >
131]_5 cljsk’
oo oo_
Zal]vk,

#7o =) bl o/oxte. (1.3)
ok
where ck. ak. bk are constants, with c being the structural coefficients of the semi-simple Lie

1> lj’ ly

algebra g.

Remark. (1) In the above theorem, when £ =g, we get the analytic linearization of Lie algebroids
with semi-simple linear part. The formal version of this linearization result has been obtained by
Dufour [6] and Weinstein [15]. When the Lie algebroid is an action algebroid, we also recover
classical results about the linearization of analytic actions of semi-simple Lie groups and Lie algebras.

(2) The proof of the above theorem is absolutely similar to that of Theorem 1.1. In fact, since
Lie algebroid structures on a vector bundle may be viewed as “fiber-wise linear” Poisson structures
on the dual bundle (see e.g. [2]), Theorem 1.2 may be viewed as a special case of Theorem 1.1.

The rest of this paper is devoted to the proof of Theorems 1.1 and 1.2. We will first prove
Theorem 1.1, and then show a few modifications to be made to our proof of Theorem 1.1 to get a
proof of Theorem 1.2.

2. Formal Levi decomposition

In this section we will construct by recurrence a formal system of coordinates (x{°,...,x;°,
Y% s v2,,) which satisfy Relations (1.2) for a given local analytic Poisson structure II. We
will later use analytic estimates to show that our construction actually yields a local analytic sys-
tem of coordinates. Let us mention that our construction below of the Levi factor differs from the
construction of Wade [13] and Weinstein [15]. Their construction is simpler and is good enough to
show the existence of a formal Levi factor. However, in order to show the existence of an analytic
Levi factor (using the fast convergence method), we need a more complicated construction, in which
each step in a recurrence process consists of two substeps: the first substep is to find an “almost
Levi factor”. The second substep consists of “almost linearizing” this “almost Levi factor”.

We begin the first step with the original linear coordinate system

(x?,...,x,(l,,y?,...,yg_m) = (X1senesXms Vseovs Vimen)-

For each positive integer /, after Step / we will find a local coordinate system (x!,...,x/, y!,..., 3! )
with the following properties (2.1), (2.2), (2.5):

! ol ! I—1 w1 =1 -1
OFLs o5 X Vs os Vi) = (X1 50X 5 V1 e Vam) © O, 2.1
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where ¢; is a local analytic diffeomorphism of (K”,0) of the type

Gix) =x +U(x), Y EO(RP (2.2)

(i.e., Y(x) contains only terms of order greater or equal to 2/~ 4 1).
Denote by

X=Xy, (i=1,....,m) (2.3)
the Hamiltonian vector field of x! with respect to our Poisson structure II. Then we have

X =X +7], (2.4)
where

Xi=D dl o+ dvi 5 a % vl e o(xPth, (2.5)

Jk jk

i.e., X! is the linear part of Xil =X, in the coordinate system (x{,...,y}_,,), c}; and a}; are structural

constants as appeared in Theorem 1.1, and ¥/ =X/ — X! does not contain terms of order < 2.
Of course, when / = 0, then Relation (2.5) is satisfied by the assumptions of Theorem 1.1.

Let us show how to construct the coordinate system (x{“,. .,y Y from the coordinate system
(x{,...,y,ﬁ_m). Denote
= {local analytic functions in (IK",0) without terms of order < 2'}. (2.6)

Due to Relations (2.1) and (2.2), it does not matter if we use the coordinate system (xi,...,X;,
Vis-ves Ynm) or the coordinate system (x!,...,x\ y!,...,yl_ ) in the above definition of ;. It
follows from Relation (2.5) that

yo= gy =D dm =/ ea,. (2.7)
k
Denote by (&4,...,¢&,) a fixed basis of the semi-simple algebra g, with
[EnE1=) ché. (2.8)
k

Then g acts on @ via vector fields X',..., X/, and this action induces the following linear action

of g on the finite-dimensional vector space (;/(0 1+1' if g € (), considered modulo O, then we put

&g —X(g)—ch,xkf+Z al, v % lmOd(91+1 (2.9)

Notice that if g € (0; then Y/(g) € (91+1, and hence, we have
&g =X'"(9)mod Opy1 = {x},g} mod U... (2.10)
The functions f l’] in (2.7) form a 2-cochain f’ of g with values in the g-module (;/O;,:
flrgng — 001,
flEng) = fjmod O = {xf,le.} - Z:cfjx,lc mod (4. (2.11)
k
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In other words, if we denote by g* the dual space of g, and by (¢7,..., <)) the basis of g* dual to
(STPPP ém) then we have

=) G A @ (fmod Ory) €N gF ® 0041 (2.12)

i<j

It follows from (2.7), and the Jacobi identity for the Poisson bracket of II and the algebra g, that
the above 2-cochain is a 2-cocycle. Because g is semi-simple, we have H?(g,0;/0;1) =0, i.e. the
second cohomology of g with coefficients in g-module ¢;/0;,; vanishes, and therefore the above
2-cocycle is a coboundary. In other words, there is an 1-cochain

wheg" ® 0/04, (2.13)
such that
HENEN=E - WHE)=E - WH(E) =W k 2.14
FlENE) =& wi(E) =& -wE —w [ ) e (2.14)
k
Denote by w! the element of ¢, which is a polynomial of order <2'*! in variables (x!,...,x!,
yi,yl_,) such that the projection of w! in (/0. is w'(&;). Define x”ly as follows:
xf“zxf—wf (i=1,...,m). (2.15)
Then it follows from (2.7) and (2.14) that we have
{xl Xty — ch/(le)G O for i,j <m. (2.16)

Denote by %' the space of local analytic vector fields of the type u=3 """ u;0/dy! (with respect
to the coordinate system (x!,..., y,llf 1)), with u; being local analytic functions. For each natural
number k, denote by %! the following subspace of %/’

Y, = {u = Zu,ﬁ/@yil

i=1

uie(ﬁk}. (2.17)

Then %', as well as %|/%/ ., are g-modules under the following action:

Zuﬁ/@y, = chjxk Z Uyka I,Zuﬁ/@yl . (2.18)

The above linear action of g on %,/%,,, can also be written as follows:

Zu,a/ayj Z({x,,u]} Zayuk>6/8yjmod@,+l (2.19)

Define the following 1-cochain of g with values in %//#%! ,:

n—m

Y law Z({xl“,y,} Z ,,yk> dfoytmod @y, | | eg* @ Wl/w},,. (2.20)

i=1 —1
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Due to Relation (2.16), the above 1-cochain is an l-cocycle. Since g is semi-simple, we have
H'(g,%}/%! ) =0, and the above l-cocycle is an 1-coboundary. In other words, there exists a
vector field > 77} v! a/ay, e !, with U_} being a polynomial function of degree < 2/*! in variables
(xl, . ,yn m)s such that for every i =1,...,m we have

Z({xl“,yl} Za,/yk)a/ay;:z:( xj, vl — Za )a/ay;mod@fﬂ. (2.21)
J

We now define the new system of coordinates as follows:

I+1 _ I [
xitt=xl—wi (i=1,...,m),

yr =yl (i=1,...,n—m), (2.22)

where functions w!, v/ € ©; are chosen as above. In particular, Relations (2.16) and (2.21) are satis-

i*Yi

fied, which means that
ll+1 l+1} ch I+1 6(91+1a

(T =) iyt € O, (2.23)

i.e. Relation (2.5) is satisfied with / replaced by /+ 1. Of course, Relations (2.1) and (2.2) are also
satisfied with / replaced / 4+ 1, with ¢;,1 = 1Id + 4,1 and

Y= —(wih,...owl ol ol e (o). (2.24)

Recall that, by the above construction, the functions w{, ... ,w,ln, v{, e, U,ﬂ_m are polynomial functions

of degree < 2/™! in variables (x!,..., y!_ ), which do not contain terms of degree < 2'.
Define the following limits:

(Xloo,...,y,?im):llilglo()({,...,y,l,,m),
Dy, = llim &, where ®;=¢10---0 ¢, (2.25)
—00

It is clear that the above limits exist in the formal category, (x{°,...,»,2,,) :(x?,..., yg_m) 0P,
and the formal coordinate system (x{°,..., y;°, ) satisfies Relation (1.2). To prove Theorem 1.1, it
remains to show that we can choose functions w!,v! in such a way that (x2°,...,y°°, ) is in fact a

local analytic system of coordinates.

3. Normed vanishing of cohomologies

In this section, using “normed Vanishing’ of first and second cohomologies of g, we will obtain
some estimates on w/=x/—x/"! and v/=y/— ", See e.g. [10] for some basic results on semi-simple
Lie algebras and their representations which will be used below.

We will denote by g¢ the algebra g if K=C, and the complexification of g if K=R. So g¢ is a
complex semi-simple Lie algebra of dimension m. Denote by g, the compact real form of g¢, and
identify g¢ with go®rC. Fix an orthonormal basis (ey,...,e,) of gc with respect to the Killing form:

(ei,e;) = ;. We may assume that ey,...,e, € /—1go. Denote by I' = >, ¢? the Casimir element
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of gc: I' lies in the center of the universal enveloping algebra %(gc) and does not depend on the
choice of the basis (¢;). When K =R then I is real, i.e., I' € %(g).

Let W be a finite-dimensional complex linear space endowed with a Hermitian metric denoted by
(,). If ve W then its norm is denoted by ||v|| = \/(v,v). Assume that W is a Hermitian go-module.
In other words, the linear action of gy on W is via infinitesimal unitary (i.e. skew-adjoint) operators.
W is a ge-module via the identification gc = go ®r C. We have the decomposition W = W, + Wy,
where W) = g¢c - W (the image of the representation), and g¢ acts trivially on W;. Since W) is a
gec-module, it is also a %(gc)-module. The action of I' on W, is invertible: I' - W, = Wy, and we
will denote by I'"! the inverse mapping.

Denote by g¢ the dual of g¢, and by (ef,...,e;,) the basis of g¢. dual to (ey,...,e,). f wegi@W
is an 1-cochain and f: A? g¢ ® W is a 2-cochain with values in W, then we will define the norm
of f and w as follows:

il =max ffw(enll, ||/l =max [f(e; Aepll. (3.1)

Since H?*(g,IK) = 0, there is a (unique) linear map Ay: A* g* — g* such that if u€ A? g* is a
2-cocycle for the trivial representation of g in K (i.e. u([x, y],z) + u([y,z],x) + u([z,x], y) = 0 for
any x, y,z € g), then u=2dho(u), i.e. u(x, y)=ho(u)([x, y]). By complexifying A, if K=R, and taking

its tensor product with the projection map Py: W — W,, we get a map
ho®@Py: A ge @ W — g @ W, (3.2)
Define another map
h: NP ga@W — gi@ W (3.3)
as follows: if f € A? g& ® W then we put

=Y e e (r—‘ (e fle Ae;))) . (3.4)
i J

Then the map
h=hy@Py+h:NgeW —giW (3.5)

is an explicit homotopy operator, in the sense that if /' €A?gE®@W is a 2-cocycle (i.e. 6 /=0 where 6
denotes the differential of the Eilenberg—Chevalley complex --- — ANfgh @ W — AFlgi oW — - ),

then f = o(h(f)).
Similarly, the map h:g¢ ® W — W defined by

hw)y=T"". (Z e - w(e,-)> (3.6)

is also a homotopy operator, in the sense that if w € g¢ ® W is an 1-cocycle then w = 6(h(w)).
When K =R, i.e. when g¢ is the complexification of g, then the above homotopy operators / are
real, i.e. they map real cocycles into real cochains.
The above formulas make it possible to control the norm of a primitive of a 1-cocycle w or
a 2-cocycle f in terms of the norm of w or f: we have the following lemma, which has been
(essentially) proved by Conn in Proposition 2.1 of Ref. [4] and Proposition 2.1 of Ref. [5].
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Lemma 3.1. There is a positive constant D (which depends on g but does not depend on W) such
that with the above notations we have

RO < DIl and — |[a(w)]| < Dljw (3.7)

for any 1-cocycle w and any 2-cocycle [ of gc with values in W.

Proof (See Proposition 2.1 of [4] and Proposition 2.1 of [5]). We can decompose W into an or-
thogonal sum (with respect to the Hermitian metric of W) of irreducible modules of go. The above
homotopy operators decompose correspondingly, so it is enough to prove the above lemma for the
case when W is a non-trivial irreducible module, which we will now suppose. Let 1 # 0 denote the
highest weight of the irreducible go-module /', and by 0 one-half the sum of positive roots of g,
(with respect to a fixed Cartan subalgebra and Weil chamber). Then I" acts on W by multiplication
by the scalar (4,4 + 26), which is greater or equal to ||A||>. Denote by ¢ the weight lattice of gy,
and D=m(min,e #||7]|)~". Then D < oo does not depend on W, and ||4||* > m||4||/D, which implies
that the norm of the inverse of the action of I' on W is smaller or equal to D/m||A||. On the other
hand, the norm of the action of e; on W is smaller or equal to ||4| for each i=1,...,m (recall that
v/ —1le; € gy and (e;,e;) = 1), hence the norm of the operator Yoriei I'':w — W is smaller or
equal to D. Now apply Formulas (3.4) and (3.6). The lemma is proved. OJ

Let us now apply the above lemma to g-modules ¢,/ and %//%/ .1 introduced in the previous
section. Recall that g is a Levi factor of £, the space of linear functions in [K”, which is a Lie
algebra under the linear Poisson bracket I1;. g acts on £ by the (restriction of the) adjoint action,
and on K" by the coadjoint action. By complexifying these actions if necessary, we get a natural
action of gc on (C")* (the dual space of C") and on C”. The elements xi,...,Xu, V1,..., Vu—m Of the
original linear coordinate system in K" may be view as a basis of (C")*. Notice that the action of g¢
on (C")* preserves the subspace spanned by (xi,...,x,) and the subspace spanned by (y1,..., Yn—m)-
Fix a basis (zi,...,z,) of (C")*, such that the Hermitian metric of (C")* for which this basis is
orthonormal is preserved by the action of gy, and such that

=Y A+ > Aijimy; (3:8)
j<m j<n—m

with the constant transformation matrix (4;;) satisfying the following condition:

Aij=0 if i<m<jorj<m<i). (3.9)
Such a basis (zi,...,z,) always exists, and we may view (zj,...,z,) as a linear coordinate system
on C". We will also define local complex analytic coordinate systems (z!,...,z.) as follows:

2= At Y Ay (3.10)

j<m j<n—m

Let / be a natural number, p a positive number, and f a local complex analytic function of n
variables. Define the following ball B, , and L?>-norm || f]|,,, whenever it makes sense:

Buy = {xe L R <}, (3.11)
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1
1/l = \/V / |/ () dps, (3.12)
P Bl,ﬂ
where dy; is the standard volume form in the complex ball B, , with respect to the coordinate system
(z{,...,z,ll), and V), is the volume of B, ,, i.e. of an n-dimensional complex ball of radius p.

We will say that the ball B, , is well-defined if it is analytically diffeomorphic to the standard ball
of radius p via the coordinate system (z{,...,z}), and will use || /|, only when B, , is well-defined.
When B, , is not well-defined we simply put || f||;, = co. We will write B, and || f|, for By, and
Il fllo,p» respectively. If f is a real analytic function (the case when K = R), we will complexify it
before taking the norms.

It is well-known that the L?-norm || /|, is given by a Hermitian metric, in which the monomial
functions form an orthogonal basis: if /=3 _\.ax ][,z and g =3 cn. b [,z then the scalar
product (f,g), is given by

n—1) . :
(fr9)p=>_ Mﬂz"aabx, (3.13)
aeN”

(where a! =TT, 2!, |a| =" o, and b is the complex conjugate of b), and the norm || /||, is given by

=0t o
/11, = melp : (3.14)

aeN”

The above scalar product turns @;/(;, into a Hermitian space, if we consider elements of (/;/0;,
as polynomial functions of degree less or equal to 2/*! and which do not contain terms of order
< 2!, Of course, when K =R we will have to complexify ¢/;/C;,,, but will redenote (¢;/0;.1)¢c by
0;/0;,,, for simplicity.

Similarly, for the space %' of local vector fields of the type u = /" "u;0/0z..,, (due to (3.9)
and (3.10), this is the same as the space of vector fields of the type > /" " u/0/0y! defined in the
previous section, up to a complexification if [ = R), we define the L?-norms as follows:

1 n—m
Jullrp = V/ > w2 dpur. (3.15)
14 Bl,/)

i=1

These L?-norms are given by Hermitian metrics similar to (3.13), which make #//%/ 41 into Her-
mitian spaces.
Remark that if u = (uy,...,u,—,) then

> luillsp > llullsp > max [l - (3.16)
i

It is an important observation that, since the action of gg on C” preserves the Hermitian metric of
C", its actions on (V;/0;,, and % f /% f +1» as given in the previous section, also preserve the Hermitian
metrics corresponding to the norms || f|;, and ||u||;, (with the same /). Thus, applying Lemma 3.1
to these gc-modules, we get:
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Lemma 3.2. There is a positive constant Dy such that for any €N and any positive number

p there exist local analytic functions wi,...,.w vl ... vl which satisfy the relations of the

Y ¥n—m>

previous section, and which have the following additional property whenever B, , is well-defined:

{xf,le-} — E:cf-‘jx,lC (3.17)
k

max HWI-IHI,[, < D; - max
i 2y
Lp

and

(3.18)

ma o1, < Dy || {xf = wh ) = S abof
’ k

Lp

4. Proof of convergence

Besides the L?-norms defined in the previous section, we will need the following L>°-norms: If
f is a local function then put

|/l = sup [f(x)], (4.1)
XGB}\F
where the complex ball B;, is defined by (3.11). Similarly, if g = (g1,...,gx) is a vector-valued
local map then put |g[;,, = sup,cp, />, [9:(x)|*. For simplicity, we will write |/, for |f]o,,.
For the Poisson structure I1, we will use the following norms:

s = max {{zh2fHo, ) (42)

,,,,,

Due to the following lemma, we will be able to use the norms |f|, and || f||, interchangeably for
our purposes, and control the norms of the derivatives:

Lemma 4.1. For any ¢ > 0 there is a finite number K < oo depending on ¢ such that for any
integer | > K, positive number p, and local analytic function f € O; we have

|f le2)p = eXP(21/2)|f|(1+c/212)p = pldf,, (4.3)

and
L =gy < I f 1o < 1S 1o (4.4)

The above lemma, and other lemmas in this section, will be proved in the subsequent section.
The key point in the proof of Theorem 1.1 is the following proposition.

Proposition 4.2. Under the assumptions of Theorem 1.1, there exists a constant C, such
that for any positive number & < }T, there is a natural number K = K(¢) and a positive num-
ber p = p(e), such that for any | =K we can construct a local analytic coordinate system

(x!,...,¥_,,) as in the previous sections, with the following additional properties (using the previous
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notations):

(1); (Chains of balls) The ball B cxp1/1)p is well-defined, and if | > K we have

Bt exp(1/1—2¢12)p C Brexp1/1yp C Bi—1,exp(1/1+26/2)p- (4.5)
(i1); (Norms of changes) If | > K then we have

W] 1= 1, exp(1 /(1= 1)—e/1—12)p < P- (4.6)
(iii); (Norms of the Poisson structure):

|| expii/ny < C - exp(=1/VDp. (4.7)

Theorem 1.1 follows immediately from the first part of Proposition 4.2 and the following lemma:

Lemma 4.3. If Condition (i); of Proposition 4.2 is satisfied for all | = K (where K is some finite
number), then the formal coordinate system (x{°,...,x;°0, ¥7°, ..., ¥s2,,) is convergent (i.e. locally
analytic).

The main idea behind Lemma 4.3 is that, if Condition (i); is true for any [/ > K, then the
infinite intersection ()24 By exp(1/1), cOntains an open neighborhood of 0, implying a positive radius
of convergence.

The second and third parts of Proposition 4.2 are needed for the proof of the first part. Proposition
4.2 will be proved by recurrence: By taking p small enough, we can obviously achieve Conditions
(iii)g and (i)g (Condition (ii)k is void). Then provided that K is large enough, when / > K we have
that Condition (ii); implies Conditions (i); and (iii);, and Condition (iii); in turn implies Condition
(ii)741. In other words, Proposition 4.2 follows directly from the following three lemmas.

Lemma 4.4. There exists a finite number K (depending on ¢) such that if Condition (iii); (of
Proposition 4.2) is satisfied and | = K then Condition (ii);, is also satisfied.

Lemma 4.5. There exists a finite number K (depending on &) such that if Condition (ii);y, is
satisfied and | = K then Condition (i), is also satisfied.

Lemma 4.6. There exists a finite number K (depending on ¢) such that if Conditions (ii);., and
(iii); are satisfied and | = K then Condition (iii);y is also satisfied.

The lemmas of this section will be proved in detail in the subsequent section. Let us mention
here only the main ingredients behind the last three ones: The proof of Lemmas 4.5 and 4.6 is
straightforward and uses only the first part of Lemma 4.1. Lemma 4.4 (the most technical one)
follows from the estimates on the primitives of cocycles as provided by Lemma 3.2.

5. Proof of technical lemmas

In this section we will prove the lemmas stated in the previous section.



N.T. Zung| Topology 42 (2003) 1403—1420 1415

Proof of Lemma 4.1. Let f be a local analytic function in (C",0). To make an estimate on d f, we
use the Cauchy integral formula. For z € B,,, denote by y; the following circle: y;={v e C" |v;=z; if #
i, |v; —zi| =ep/2I*}. Then y; C By ), and we have
of 1 f(v)dv
%5

Vi (U 72)2

)p>
2l2
‘f|(1+6/212)p)

which implies that exp(21/2)\f](1+8/2,z)p > p|df| when [ is large enough.

Now let f € (; such that | f],,p), <oo. We want to show that if x € B(;,,p), then |f(x)| <
exp (2’/2)\ f ](1 +e/p)p (provided that / is large enough compared to 1/¢). Fix a point X € Biiyenr)p
and consider the following holomorphic function of one variable: g(z) = f(x/|x|z). This function is
holomorphic in the complex one-dimensional disk B(l ve)p of radius (1 + ¢/I?)p, and is bounded

by | f](142), in this disk. Because f € ();, we have that g(z) is divisible by z%, that is g(z)/221 1s
holomorphic in B! By the maximum principle we have

(1+¢/2)p*
FAC I _ Q(M) g(z ) FAREIY
|x|? |x|? |z| (1+¢/2)p | 2% ((1 +¢/12)p)¥

which implies that

1
1+¢/22\ 2!
/()] < <1+8/12> | fl15e/2)p = €Xp 52 |flaseeyy < exp(—2"2)| fliwery,

(when [ is large enough). Thus, we have proved that there is a finite number K depending on &
such that
|flasemy = expR7)| flasoney,

for any / > K and any f € @,.
To compare the norms of f, we use Cauchy—Schwartz inequality: for [ =% _\« c.]];z" and
|lz| = (1 — &/21?)p we have

V@|§JMHMW

aeNk

2)( v (o] + n .
2 n—1)! 2|oc| n-— —2\a| 2
(Zm oDl ) (z 0 I )

‘Zi‘z o 242 , @2y
=Wm-h§:w =1l (U= (= 228" < 5 (1 e

i

It means that for any local analytic function f we have

c @y
o < o 1l (5.1)
Now if f € (), we can apply Inequality (4.3) to get

21
< >exp< 221 £1l, < 11,

provided that / is large enough compared to 1 Je. Lemma 4.1 is proved. [J

|f|(1 g2y < exp(— 2! )|f|(1 g2y S
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Proof of Lemma 4.3. The main point is to show that the limit ();°; B, , contains a ball B, of positive
radius centered at 0. Then for x € B,, we have x € B, ,, implying [|(z}(x),...,z.(x))|| < p is uniformly
bounded, which in terms implies that the formal functions z?":limlﬂoozil are analytic functions inside
B, (recall that (z!,...,z) is obtained from (x!,...,y._,) by a constant linear transformation (4,;)
which does not depend on /).

Recall the following fact of complex analysis, which is a consequence of the maximum principle:
if g is a complex analytic map from a complex ball of radius p to some linear Hermitian space such
that g(0) =0 and |g(x)| < C for all |x| < p and some constant C, then we have |g(x)| < C|x|/p for

all x such that |x| < p. If 1,/ €N and r,r, > 0, s > 1, then applying this fact we get
If By, C B then Bll,rl/s C Blz,rz/s- (5.2)
(Here r; plays the role of p, », plays the role of C, and the coordinate transformation from

(z{‘,...,z,i‘) to (zfz,...,z,iz) plays the role of g in the previous statement).
Using Formula (5.2) and Condition (i); recursively, we get

Bip D Bitexp—1/i2)p 2 Bi—zexp(—1p—1/1-12)p 2 D B e 5L 1k (53)

Since ¢ = exp(— Y ;o 1/k?) is a positive number, we have N2k By O Bk.p, which clearly
contains an open neighborhood of 0. Lemma 4.3 is proved. [

Proof of Lemma 4.5. Suppose that Condition (ii);y; is satisfied. For simplicity of exposition, we
will assume that the coordinate system (z!,...,z.) coincides with the coordinate system (x!,...,y’_,)
(The more general case, when (z!,...,z!) is obtained from (x!,...,»._,) by a constant linear trans-
formation, is essentially the same.) Suppose that we have

1] Lexp(1/i—e/yp < P- (5.4)
Then it follows from Lemma 4.1 that, provided that / is large enough:
|1 exp(1/1—2¢/2)p < 1/21. (5.5)

(In order to define [dVy 1|y exp(1/1—2¢/2)p> CONsider dyyy; as an n*-vector valued function in variables
(z{,...,z}).) Hence the map ¢ =1Id + 4y is injective in B exp(1/—2:/2)° if X, ¥ € By, x # v, then
[@r1() = Pra W = [Ix = Il = IWa11C) = Y O] = [ =yl = 2l |expr -6y Ix — ¥I| = (1=
Dllx = [l > 0. (Here (x — y) means the vector (z{(x) —z{(),...,z}(x) —z!(»)), i.e. their difference
is taken with respect to the coordinate system (z!,...,z%).)

It follows from Lemma 4.1 that [§r1]exp(1/i—2e/2yp = Hd + Y1 [1.exp(1/i—262yp < A1 exp(1/i—2e/2y0 +
Wit | exp(1/—2/2yp < Xp(1/1 = 2&/1*)p + ¢/41* exp(1/1 — 2¢/I*)p < exp(1/] — &/I*)p. In other words,
we have

¢1+1(Bl,exp(l/1—2c/12)p) - Bl,exp(l/l—s/lz)p‘ (56)

Applying Formula (5.2) to the above relation, noticing that 1//—2¢/I*> > 1/(I41), and simplifying
the obtained formula a little bit, we get

Drir(Brexp(1/(+1)-26/1+1))p) C Blexp(1/(141))p- (5.7)

We will show that ¢, is well-defined in By exp(1/(1+1))» and

1
D11 Brexp(1/(14+1)p) = Birtexp(1/(1+1))0 C Blexp(1/(141)12¢/(1+1)2)p- (5.8)
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Indeed, if we denote by Sl,exp(l/l—Zs/lz)p the boundary of Bl,exp(l/l—Ze/lz)m then ¢1+1(Sl,exp(l/l—2£/lz)p)
lies in B exp(1/i—e/12), and is homotopic to S cxp(1/1—2/12), Via @ homotopy which does not intersect
B exp(1/(1+1))p- It implies (via the classical Brower’s fixed point theorem) that ¢y 1(B) exp(1/i—20/2)p)
must contain By exp(1/(+1))- Because ¢;i1 is injective in (B exp(1/1—26/2)p)» it means that the in-
VErse map is well-defined in Blﬁexp(l/(ldk]))p, with (bl_jull(Bl,exp(l/(FH))p) C Bl,exp(l/[—Zs/lz)p' In particu-

lar, Bii1 exp(1/(1+1))p = d);rll(B;,:exp(] J(i+1y)p) 1s well-defined. Lemma 4.5 then follows from (5.7) and
(5.8). O

Proof of Lemma 4.4. Suppose that Condition (iii); is satisfied. Then according to (2.7) we have:

1 I 1 k1
||fij||l,eXp(1/l)p < |fij’l,e>ap(l/l)p = |{xi3xj} - E Cijxk|1,exr)(1/l)/)
k

< C1|H‘1,CXP(1/1)IJ + Z |Cf‘cj||xll(|l,p <C-C-p
k

+Cy-exp(1/DpY _ |ch| < Csp, (5.9)
k

where C5 is some positive constant (which does not depend on /).
We can apply the above inequality || / {/Hl,exp(l /np < Csp and Lemma 3.2 to find a positive constant

C, (which does not depend on /) and a solution w! of (2.16), such that
Wi llr.exp1/p < Cap. (5.10)
Together with Lemma 4.1, the above inequality yields

AW/ |1 exp(1/i—s229p < Cas (5.11)
provided that / is large enough. Applying Lemma 4.1 and the assumption that |II|; exp1/1) < Cp to
the above inequality, we get

‘{Wi[7y_;}‘l,exp(l/lfs/ﬂz)p < Csp (5.12)

for some constant Cs (which does not depend on /). Using this inequality, and inequalities similar to
(2.21), we get that the norm || - ||; exo(1/7—¢/212), Of the 1-cocycle given in Formula (2.20) is bounded
from above by Csp, where Cg is some constant which does not depend on L. Using Lemma 3.2,
we find a solution v to Equation (2.21) such that

1011 1exp(1/1—s/22)p < Ceps (5.13)

where Cg is some constant which does not depend on /. Lemma 4.4 (for / large enough compared
to Cg) now follows directly from Inequalities (5.10), (5.13) and Lemma 4.1. O

Proof of Lemma 4.6. Suppose that Condition (ii);, is satisfied. By Lemma 4.5, Condition (i);.; is
also satisfied. In particular,

Bl+l,exp(l/(l+1))p - Bl,exp(l/(l+l)+28/(1+l)2)/1 C Bl,exp(l/l—26/12)p
(for ¢ < 1/4 and [ large enough). Thus we have

|{Zil+l,zl'+1}|l+1,exp(l/(l+l))p < |{Zil+l’zl'+]}|l,exp(1/l—2£/12)p ST'+T°+ T+ T, (5.14)
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where
|{Zl’ ]}|lexp(1/l 2¢/12)p>

:|{Zil+l Zw J }|lexp(l/1 26/12)p>

HZIH; ,[H - Zj}‘l,exp(l/le.s/lz)pv

4 ! 11 !
I = |{Zi+] —ZistH _Zj}|l,exp(1/l—2c/l2)p' (5.15)

For the first term, we have
< Kzl 2 ewtine < [ iexpiynp < C - exp(=1/Vp.

Notice that Cexp(—1/v/1+ 1)p — Cexp(—1/v/1)p > (C/I?)p (for I large enough). So to verify Con-
dition (iii);y1, it suffices to show that 7?4 T3+ T* < (C/I?)p. But this last inequality can be achieved
easily (provided that / is large enough) by Conditions (ii);;1, (iii); and Lemma 4.1. Lemma 4.6 is
proved. [

6. Lie algebroids

Let 4 = (K" x (K",0) — (IK",0),[,],#) be a local analytic Lie algebroid, with Lie bracket [,]
and anchor map #. It is well-known that (see e.g. [2]), on the total space of the dual bundle
A* = (KV)* x (K",0) — (IK",0), there is a unique natural Poisson structure associated to 4 (called
the dual Lie—Poisson structure), defined as follows. By duality, consider sections of 4 as fiber-wise
linear functions on (the total space of) A*. Let (xy,...,x,) be a coordinate system of (K”,0), and
(s1,...,8y) be a basis of the space of sections of 4. Then (xi,...,Xu,S1,...,8y) 1S a coordinate
system for 4*, and the Poisson bracket on A* is given by the following formula:

{si,8;} = [s5,8/],
{si,x;} = #si(x)),

{x,-,xj} =0. (61)
The above Poisson structure is fiber-wise linear in the sense that the Poisson bracket of two fiber-wise
linear functions is again a fiber-wise linear function, the Poisson bracket of a fiber-wise linear function
and a base function is a base function, and the Poisson bracket of two base functions is zero.
Conversely, it is clear that any such a Poisson structure on a bundle 4* = (K" )* x (K",0) — (IK",0)
corresponds to a Lie algebroid structure on the dual bundle K" x (IK",0) — (IK",0).

It is easy to see that, to prove Theorem 1.2, it suffices to find a Levi factor for the dual Lie—
Poisson structure, which consists of fiber-wise linear functions. The existence of a Levi factor for
the Poisson structure on 4* is provided by Theorem 1.1. We only have to make sure that this Levi
factor can be chosen so that it consists of fiber-wise linear functions. In order to see it, one makes
the following modifications to the construction of Levi decomposition given in Section 2:

e After Step [/ (I = 0), we will get a local coordinate system

! - !
sty st ol ol x L x)
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of 4* with the following properties: x!,...,x!

are base functions (i.e. functions on (K”,0);
S1seeesSps U, Uy, are fiber-wise linear functions (i.e. they are sections of 4); {s},s/} =", ciis;
=0(|x|*); {sl, 0]} =32, dbok=0(|x|*); {sh,xl} =2, bhxl=0(|x|* ). Here cf, a, bl are structural
constants as appeared in the statement of Theorem 1.2.

e Replace the space (0 of all local analytic functions by the subspace of local analytic functions
which are fiber-wise linear. Similarly, replace the space (); of local analytic functions without
terms of order < 2/ by the subspace of fiber-wise linear analytic functions without terms of order
<2l

e Replace %' by the subspace of vector fields of the following form:

N—m n
> pidjov]+ > qid/ox],
i=1 i=1

where p; are fiber-wise linear functions and g; are base functions. For the replacement of %!,
we require that p; do not contain terms of order < 2¥ — 1 in variables (xi,...,x,), and ¢g; do not
contain terms of order < 2*.

One checks that the above subspaces are invariant under the g-actions introduced in Section 2, and
the cocycles introduced there will also live in the corresponding quotient spaces of these subspaces.
Details are left to the reader. [J

The smooth version of the main results of this paper is considered in a separate work in collab-
oration with Monnier [12]. The results of [12] generalize Conn’s smooth linearization theorem for
smooth Poisson structures with a compact semisimple linear part [5], and imply the local smooth
linearizability of smooth Lie algebroids with a compact semisimple linear part.
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