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1. Introduction

The purpose of this paper is to consider the least-squares finite element procedures for linear and nonlinear parabolic
problems written as first-order systems. It is well known that, compared to mixed element methods, the least-squares
finite element method has two typical advantages as follows: it is not subject to the Ladyzhenkaya-Babuska-Brezzi [13,
1,4] consistency condition, so the choice of approximation spaces becomes flexible, and it results in a symmetric positive
definite system.

Least-squares finite element methods for elliptic problems, based on first-order systems, were introduced by [12] where
a least-squares residual minimization is introduced for the mixed system in primary unknown variable u and expanded
unknown flux o. Then an elegant theory for least-squares finite element approximation for general elliptic boundary
value problems was established, see, for example, [12,10,11,16,5,6] and the references therein. Concerning the parabolic
problems, [14] and [15] introduced the least-squares finite element procedure with semi-discretization in time and fully
discrete scheme. They also established the a posterior error estimates and constructed adaptive algorithms.

In this paper we consider the least-squares finite element procedures for linear and nonlinear parabolic problems. Like
[14,15] we define the least-squares functionals using weight-factors. By selecting different weight-factors we get different
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procedures. We show that all the procedures presented in this paper can be divided into two independent sub-procedures,
one of which is for the primary unknown variable u and the other is for the expanded flux o. The key point used to explain
the split of the procedure is Lemma 2.1 which was obtained by integration by parts. Similar results have been found and used
by [8] to prove the coercivity of least-squares bilinear formats and by [2,3] to establish connections between least-squares
and mixed methods. The last two papers also show that not only is the pressure the same as in the Galerkin method, but
also the flux is the same as in the mixed method under some conditions on the finite element spaces.

In this paper three procedures were presented for linear parabolic problems. In the first procedure the sub-procedure
for the primary unknown u is the same as the standard Galerkin finite element procedure. In the second procedure one of
the sub-procedures is for the expanded flux o only. The third one is a procedure with second-order approximation in time
increment. We give one procedure to deal with the nonlinear problem. For these schemes we give the optimal order error
estimates. Finally we give some numerical examples.

The remainder of this paper is organized as follows. In Section 2 we introduce the split least-squares schemes for linear
problems. In Section 3, we establish the optimal order error estimates. In Section 4, we give a least-squares finite element
procedure for nonlinear problems. Finally in Section 5 we give some numerical examples.

Throughout this paper, the notations of standard Sobolev spaces L?(£2), H*(£2) and associated norms || - || = | - 20y
I~ lx = Il - llx (e are adopted as those in [7]. For simplicity we use || - [|;cc(ym+1y and || - || 2ym+1) to represent | - ||, (HP 1 (2))
and || - [l;2. m+1(0))e) Te€spectively for J = (0, T) and d < 3. A constant C (with or without subscript) stands for a generic
positive constant independent of the mesh parameter h,, h, and At, it may be different at different occurrence.

2. Least-squares procedure for linear problems

In this section we present three least-squares finite element procedures for linear problems. For simplicity we just
consider the homogeneous boundary condition. The same idea can be used to deal with problems with non-homogeneous
boundary condition.

Consider the following parabolic problem on a bounded domain 2 ¢ R¢,d =2, 3:

du; — div(AVu) =f, in2 x],
u=20, onlp x ], (2.1)
AVu-n=0 on Iy x]J,
subject to the initial condition
u(x,0) =up(x) onn xJ, (2.2)

where 02 = I'p N I'y, n is the outward unit normal vector, ] = (0, T] is the time interval and ¢ is a continuous function
satisfying ¢1 < ¢ < ¢, with two positive constants ¢; and ¢,. We further assume that A = (a;(x))¢._; is a bounded,
symmetric and positive definite matrix in {2, i.e., there exist positive constants « and g such that,

i,j=

allEl]* < (AE. &) < BIEI>, VE e R (2.3)
In some applications, the problem (2.1) appears as a first-order system for bothu and 6 = —AVu, ¢ = (61, ...,04),as
follows:

¢u; + dive —f =0, in x]J,

o+ AVu =0, in 2 x],
u=0, on I'p x J, (24)
o-n=0 on Iy xJ.

For example, in the compressible miscible displacement problem [9], u represents the pressure and o represents the Darcy
velocity or flux. In this case the approximations to both u and o are necessary. We consider the least-squares mixed element
approximations for (2.4).

First we consider the first-order approximation in time increment. Let At be a time increment. With t" = nAt¢,
u" = u(t", -), put

n u" —u! n n n
Seut == A o1 = ¢(Su™ —up). (2.5)

It is clear that

1
" " 2
p1=0 (/[n_l |u[t||dt> =0 ((At/m_1 |u[t||2dt> ) . (2.6)

Define two function spaces
V:{veH](Q) :v=0onIp},
={r e (2(R))?: divt € L?(2),7-n=0o0nIy}. (2.8)
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From (2.4) we know that forn > 1, (u", ™) € V x W satisfy that

¢ 2 (¢u" + Atdive” —F') =0, in 2 xJ,

_1. . n . (2.9)
A"2(06" + AVU") =0, in 2 x]J,
where F} = ¢u™! + Atf" + Atph.
For (v, T) € V x W, define the first kind of least-squares functional J} (v, T) as follows.

I, 1) = ¢~ 2 (v + Atdive — F) |2 + At A2 (T + AVY)[2. (2.10)
The least-squares minimization problem corresponding to (2.9) is: find (u", 6") € V x 6" € W such that

ng,n ny __ . n

Jiw", ") = (v,zigijl(v’ 7). (2.11)
Define the bilinear form a(u, o; v, T) corresponding to the least-squares functional J| as

a(u,o;v, 1) = (¢ (pu+ Atdive), ¢v+ Atdivr) + At(A" (o + AVY), T + AVY). (2.12)
The weak statement of the minimization problem (2.11) becomes: find (u", 6") € V x W such that

a@", " v, 7) = (qb’lF?, ¢v+ Atdivt), V(v,7) e VxW. (2.13)
Noticing the definition of F?, (2.13) becomes

a@", 6" v, 7) = W+ Atp (P 4 o), ¢v + Atdivt), V(v,T) € Vx W. (2.14)

Now we consider the second weak formulation different from (2.13). From (2.4) we have that forn > 1, (u", 0") € Vx W
satisfy that

¢ 2(gu" + Atdive" —F!) =0, in2 x]J,

1 . (2.15)
A 2(0" + AVU —G") =0, in 2 x ],
where G" = 6" + AVU""!. For (v, 7) € V x W, define the second kind of least-squares functional J (v, T) as follows.
v, 1) = ¢~ 2 (v + Atdive — F) |2 + At] A2 (T + AVY — G") |2 (2.16)
The least-squares minimization problem corresponding to (2.15) is: find (u", 6") € V x W such that
n n n — 1 f n . 2.17
LW, e (v,zgrelewJZ (v, 1) ( )

Similarly to (2.14), the weak statement of (2.17) is: find (u", ") € V x W such that
a@", 6" v, ) = W+ AtpT "+ ph), v + Atdivt), +AL(AT 6"+ VUL T+ AVY)
Y(v,7) € Vx W. (2.18)

In order to approximate the formulations (2.14) and (2.18), we need to construct the finite element spaces. Let 7, and 7y,
be two families of regular finite element partitions of the domain 2, which are either identical or not. Let h, and h, denote
the largest of the diameters of the element in 73, and 7, respectively. Based on 7, and 73, respectively, we construct the
finite element spaces V, C V and W, C W with the following approximation properties:

vi[el\% {lv —vill + hIV (v = vi) I} < CHIF V] g1, (2.19)
inf ||T — 74l < CREM |7 llksn, (2.20)
TheWy
inf || div(z — 7p)Il < CH¥ (| ]ly41, (2.21)
TheWy

forv e VNH™1(2) and T € WN (H**1(2))¢. It is clear that when assumption (2.20) holds we can deduce k; = k, and when
W, is selected as any of the Raviart-Thomas mixed element space [17] we can choose k; = k + 1. In this paper we always
suppose k; = k + 1 when Wj, is any of the Raviart-Thomas mixed element space [17] and k; = k otherwise.

We select the initial approximation uf € Vy, 69 € W), such that

0 1-j ;
lluo — uyll; < Chy* " llugllms1, j=0,1,

2.22
loo —abll < Ch M aollirts (2:22)

where g = AVuy. The first least-squares finite element procedure based on (2.14) reads as follows.
Scheme (I). For n > 1 find (u}, o) € V), x W, such that

a(u;:, O'E; Vh, Th) = (uﬂ’l + A[¢7]fn, ¢Vh + Atdiv T]-,), \4 (Vh, Th) (S Vh X Wh. (223)
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Based on (2.18) the second least-squares finite element procedure reads as follows.
Scheme (II). For n > 1 find (u}, o0}) € V, x W}, such that

a(uy, op; Ve, Tp) = (UT] + At 'f", pvy + Atdivey,)
+ At(,A’laz_] + Vuz_], Th+ AV, V (vy, Th) € Vi x W (2.24)

Now let us mention about the bilinear form a(-, -; -, -) in the following lemma, which leads to decoupled systems.

Lemma 2.1. Forany u,v € Vand o, T € W we have that,

a(uo; v, T) = (¢u, v) + At(AVY, Vv) + At(A o, 1) + AP (¢ 1 dive, divr). (2.25)

Proof. A direct calculation shows that

a(uo; v, T) = (Pu, v) + At(AVY, VV) + At(A o, 1) + A (¢ 1 dive, divr)
+ At((u, divt) + (v, dive) + (Vu, t) + (Vv, 0)),

Integrating by parts shows that
(u, divt) + (v, dive) + (Vu, ) + (Vv,0) =0, (2.26)
which completes the proof. O

Using Lemma 2.1, we have the decoupling equivalent form of each scheme (I) or (II) alternatively by putting z, = 0 and
v, = 0in (2.23) or (2.24).

Equivalent Form of Scheme (I). With the initial guess (19, o) € V;, x Wy, forn > 1find (u}, o) € V; x W), such that for
all vp € Vy and T, € W,y

(Pup, vi) + At(AVUL, V) = (up ' + A", vy), (227)
(AT, Tp) + At(¢ N dive?, divey) = W' + Atg ", divey). (2.28)

Equivalent Form of Scheme (II). With the initial guess (u?, ¢?) € V, x Wy, forn > 1 find (1}, 67) € V), x W, such that for
allv, e Vyand t, e W,

(Pul, vi) + At(AVU, Vi) = (@ul~ ! + Atf", vy) + At(o]™ + AVU!, V) (2.29)
(A7, Th) + At(g~ ' dive?, divey) = (A Te" L 7h) + At~ ", divey). (2.30)

Note that each Scheme (I) or (II) is split into two independent symmetric positive definite systems. Sub-procedure (2.27)
is the same as the standard Galerkin finite element procedure for parabolic problems. Sub-procedure (2.30) is a procedure
for the unknown flux o} with first-order approximation in time increment.

It clear that both problems (2.23) and (2.24) have a unique solution.

Now we consider the second-order approximation in time increment. Let

n—1 1 .. .
o i=¢ <6tu” —u, 2) +5 div(e" + " 1) — dive™ 2, (2.31)
which can be estimated as
1
3 e 2 . 2 2
p=0 (A” ( ](|um| + | divoy )df) ) . (2.32)
th—
From (2.4) we know that forn > 1, (u", ¢") € V x W satisfy that

At
¢‘% (qbu” + 5 dive" — FS) =0, inNx]J,

1 (2.33)
A"2(0" + AVU" —G") =0, in 2 x]J,
where G" is the same as in (2.15),
n n—1 n—1 At . n—1 n
F}=¢u"™ 4+ Atf""2 — > dive™ " + Atpl. (2.34)
For (v, ) € V x W, define the least-squares functional j5(v, T) as follows.
At . 2 At
Bv,7) = qu% <¢v + Shdive - Fg) + A ATy - P, (2.35)
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The least-squares minimization problem corresponding to (2.33) is: find (u", 6") € V x W such that

nge,n ny __ . n
e = inf B0 7). (2:36)
Define the bilinear form b(-, -; -, -) as
At At At
b(u,o;v,t) = (u + 7(]5’1 dive, ¢v + > div T> + 7(04:’10 + Vu, T + AVV). (2.37)

Noticing the definition of Fj in (2.34), the weak statement of the minimization problem (2.36) is: find (u", ¢") € V x W such
that

1 At
b@", e™ v, T) = <u"’1 + Atgp™! <f”*% -5 dive™ ! + pE) , v+ > div r) ,
At 4 a1 n-1
+7(A o' 4+ VU T+ AVY) V(v,T) €V X W. (2.38)
Then the corresponding least-squares finite element procedure reads as follows.
Scheme (III). With the initial guess (u?, 62) € V, x Wy, forn > 1find (uf, o) € V;, x Wy, such that
1 At
b(uz, 0';;; Vi, Th) = (uﬁ’] + A[(f)_] <f"_% — i divaz’l) , Ovy + 7 div Th>
Aty g n—1
+ 7(04) o +Vup T+ AV, Y (vh, Th) € Vi X W (2.39)
Similarly to Lemma 2.1 we know that the following lemma holds.

Lemma 2.2. Forany u,v € Vand o, T € W we have that,

2
b(uo;v, ) = (¢u,v) + %(,A’Vu, Vv) + %(A_]a, T)+ (%) (¢ 1dive, divr). (2.40)

Using Lemma 2.2 we have a decoupling equivalent form of Scheme (III).
Equivalent Form of Scheme (III). With the initial guess (u?, 6?) € V,, x Wy, forn > 1 find (u?, 6%) € V, x W, such that

At At . _ At -
(¢pull, vy) + T(AVuﬁ, V) = <¢u2’1 LA — > dive] ', vh> + 7(0,1 T avu=!, vy,
Vv, € Vi, (2.41)
At . 1. .
(A7lah m) + 5@ dival, dive) = (A7l T + Ar <¢*1 (f”*% -3 dwag—‘> , dlvrh> :
Vt,e Wh. (242)

Then this scheme also can be split into two independent sub-procedures. Sub-procedure (2.42) is a procedure for the
unknown flux o} with second-order approximation in time increment.

Remark 2.3. Results similar to Lemma 2.1 or Lemma 2.2 have been found and used by [8] to prove the coercivity of least-
squares bilinear formats and by [2,3] to establish connections between least-squares and mixed methods.

3. Error estimates

In this section we give the error estimates for the schemes described in Section 2.
We first discuss the error estimate for Scheme (I) in the following Theorem 3.1.

Theorem 3.1. Suppose (uj,o}) € V, x W, is the solution of Scheme (I). Under the assumption ||ug - =

O(h™ 1|0 yms11), j = 0, 1, there exists a positive constant C independent of h,, h, and At such that

||U2 —u"lls < ChTH_S(”u”LO@(H'"H) + ||ut||L2(H"'+1)) + CAf”Utr”LZ(LZ)» s=0,1, (3.1)

1 . 1
loh — ol + Atz||div(e} — o™ < C(HE Mo 1 + A2 0™ g1 + Atllugellz2))
. _1
+cmin{h], At 2 B (ulloo ety + luell2gme))- (3.2)



H. Rui et al. / Journal of Computational and Applied Mathematics 223 (2009) 938-952 943

Proof. Since Scheme (I)is equivalent to (2.27) and (2.28), from the error estimates of the finite element method for parabolic

problems (see [18] and [19] for example), we know that (3.1) holds.
i i T

We next consider o}, — ¢', 1 <i < n < 4. Subtracting (2.14) from (2.23) and setting v, = 0, using Lemma 2.1, we have

(:A;’l(a}'] —0o'), Th) + At(gp! div(el — o), divy)

(Ll;l:1 — Llii], divey) — At(¢71pq, divt,) Vi, eW,

= —(V(@u, ' —u™"), ) — At(@7' ), divry). (3.3)
Let ¢! € W, be an interpolant of ¢’ such that
lo} — o'll < Chg™ Ml s, (3.4)
I div(a} — a")|| < ChE |6l +1-
Denote by
£ =op — 0ol (3.5)

Setting T, = £, = o}, — ¢! in(3.3), and using the e-inequality, (2.6), we have
A2 & 1% + Atll¢™2 divE, |2
= (A7 (o' — o) &) + At(¢ div(e’ — o}); divE) — (V' —u), &) + At(¢ o}, divE])
% (1AT2E 12 + Atlg2 divE1?) + C[lIlo” — oI + Al divie’ — o] I1? + V(" = u' =) + At} 1]

IA

1 1. 1oy
5 (14726 17 + Atlg2 dive, 1) + CAC el 2

IA

+C (RO o2, + A2 IR Ly + IV @ —u P (36)
By using
—(Vy ' = ) = - dive))

1 ; ; 1 1 . .
CAt z|luy ' — w7 Atz |2 divEL |,

IA

we have the following estimate instead of (3.6),
1ei I gy £ 1 —1si —1 iy &
A2 &, 17 + Alp™2 divg P < 5 (IA72& 17 + Atlp™2 divE1?) + CAC funly 2,
+C (RO YoTZ, + AthZ0 IE L+ AT = u ). (3.7)
Then, using (3.1) and (3.7), and the positive definiteness of -+, we have that
. 1 . . . 1 .
€11+ Atz [ divE, || < C(hs™ o w1 + A2 67 kg1 + Atllugll22))
s om oAl
+ cmin{h]', At~ 2 h Y (full oo ety + el 2 gme))- (3.8)
Combining (3.8) with (3.4) completes the proof. O
For the error estimates for Scheme (II), forany i < n < % we define the auxiliary projection &, € V, satisfying
(:A,V(ﬁ}l — ui), VVh) = 0, VVh € Vh~ (39)
From this definition we have that
(AVS(@ — ), Vvy) =0, Vv, € Vy. (3.10)
From [7] it is easy to see that that

~i i 1—jy. i .
i — u'lly < Chy N flmgr,  §=0,1,
1

o (1 gt 2 (3.11)
18¢(@}, — u)[; < Chyt' (At /[H ||uf||i+1dt> , j=0,1

Theorem 3.2. Suppose (u}, ¢) € Vi, x W), is the solution of Scheme (Il). The initial guess satisfies o) — ¢°| = o(h! ol 1)
When hy, hy and At are sufficiently small, there exists a positive constant C independent of h,, h, and At such that

1

n 2
loh — o™l + ( At|| div(e}, — a‘)||2> < CHE 10 e g1y + BE M el 2y + Atllttell22))- (3.12)
=1

1
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Further, if u? = 0 holds there, we have that

I =" < CH (lullo ety + el gmey) + CHE 10 o g +1, + CHE el 2y + CAlltel 2 02)- (3.13)

Proof. Subtracting (2.18) from (2.24) we have that

a@ul —u', ol — o' vy, Ty) = (u;f] —u!, ¢y, + Atdivey) + At(e/%’l(a}'fl —o N+ V(ui,_] —u ), 7,

+ AV, =A@ 10, vy + Atdivey), ¥V (vh, Th) € Vi X W, (3.14)

Setting v, = 0, using Lemma 2.1 and the divergence theorem, we have for t, € W, that

(A1 (ol — '), Th) + At(p 1 div(el — o), dive,) = (A (0 — '), 7,) — At 0}, divey), (3.15)
which can be written as

(AT'EL, ) + At(¢ ' divE, divy)

= (A1ED 1) + At (.A,’lét(a" — o), rh> + At (¢7'div(o" — o)), divry) — At¢'ph, divey)

1 1. 1 1 At 1 . . At [ ; ;
< Enwfs;“nz + inwfrhnz + 5 14728 (0" — o)’ + 7||rh||2 + Atll¢2div(e’ — o)
At 1 .. 1 At 1.
+ 972 divenll® + Atlg™2 oI + - lld7 7 diveal?, (3.16)
where the notation 4, is defined in (2.5).

Note that ¢ is bounded below and above, 0 < ¢ < ¢ < ¢,. Then putting r, = & in (3.16) and using the e-inequality we
have

_1g I 1+ At _1 At L 1 _ 1l
IAT2E P + Atlg™2 divE, P < —S A& P + S 1972 dive, I° + 1428
+CAt[18:(o — o)'I? + Il divio — o) I + 116417 - (3.17)
Since
. . 1
i 1 ¢ k+1 1 ¢ 2 ’
6o =00l = | & [, (@ —onede| < it (- [ ol ae)

applying (3.4) and (2.6) to (3.17) we have

) . ) ) t
IA™2E N + Acligp™? dive, > < A 2E TP + AclAT2E % + CAC / g 2de
=
ti
+C {hi(m) /ti_l ||ar||§+ldt + Athgkl ||°'||foc(Hk1+1)} . (3.18)

Carrying out summation fori = 1, 2, ..., n we have that

1 " 1 u 1 _1 T
[AT2E NP+ D Atllg 2 divE) > < Y At A 2E |” + |4 z(aﬂ—a?)||2+cm2/0 lugel|*dt
i=1 i=1

T
[ [Chode 1210 1 ] (3.19)

Noticing 69 — 0% = (69 — 0°) + (6% — ¢?), using Gronwall’s inequality shows that

n
IELI2 + ) At dive 12 < C[h2V 10 12, ooty + B2 Vl0 B, + AL Ul )] - (3.20)
i=1

Combining with (3.4) completes the proof of (3.12).
Now we consider the estimate of u}, — ', fori < n < %. Letting T, = 0in (3.14), using Lemma 2.1 and the divergence
theorem lead to

(P, — u'), vi) + AL(AV (U, — u'), Vv) = (@™ —u™"), vi) — At(p}, vi) + At(o} ' — o', Vy)
+ AHAVUT =0T, V), Y, €V (3.21)
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With the use of the definition of i}, we have

(Pp(ul, — i), viy) + AL(AV (uh — 11}, Vvy)
= (pCuy " — "), va) + At(@S (u' — @), vi) — At(div(e}, " — o), v) — At(p, vi)
+ A[’(AV(UL_] — ltl;;_]), VV,—,), Vv, € V.

Let
G=vi-5,  =v-i
With the choice v, = &, = u} — @ in (3.22), it follows that
1+ At

A

1. 1 i 1 At 1 i 1 1o At 1 i
lpzE |1 + At]AZVEL® < 5 2 11> + 7||A2Va,||2 + 51928, 17+ = 42V, 2
+CAE[I8.d' = @) 12 + I divie}, " = o™ D)2 + 19417]
which can be reduced to
Ip2ELN% + At A2 VE? < 2E 17 + Atlp? €12 + Al AL VE |

+CAL[ 18! = T2 + 1 div(o} " — a2 + 16412]

A

Summing (3.25) from i = 1 to n and noticing (3.12) we have
1 1 u 1 1 1
g7 &111> + AtlAZVEL? < 3" Atllg? &1 + 192 £ + Atll A2 VEN? + C(RE™ D uel ymin,
i=1

n
+ AL Ul ) + €Y Atldiv (o) — o
i=1
n
1
< Y Atlg2E* +C [hﬁ(’"“)llutllfzmmﬂ) + Atzllunllfzm}
i=1
+c [hi"l 0712 e 41, + h2 ||a[||fz(Hm)] .
Therefore we can apply Gronwall’s inequality to (3.26). Hence it follows that
1
I} + A IVE = € [A uclgmen, + Atlluallzaz) | + €[ 10 T, + B o2 |-

Finally, combining (3.27) with (3.11) completes the proof. O
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(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Remark 3.3. Instead of u) = @ if we suppose [|u) — u®||; = O(h™*'), from the proof we know that replacing (3.13) we have

a estimate

Ul —u"| < C(A™' + AtZh™ + BY + Ab).

Now we give the error estimate for Scheme (III). For this purpose, define 62 € W, such that

6 — o', ) + (@ 1div(e, —a'), dive,) =0, Vr, € W,

It is clear that &L exist uniquely. By splitting &; —o'las &ﬁl —ol= (6;1 — o) + (¢! — ¢') and using (3.27), we have

6} — ol ) + (7' div(e}, — ai), divey) = (6" — al, 7;) + (¢~ div(e’ — o), divzy)

) . 1 1 1. ; : 1 1.
=< ||°'l_‘7;||2+§”7h”2+§”¢ Zle(Ul—U;)ll-l-Elld) 2divryl®, Vrn € Wy,

N —

Let T, = o, — ol. We have the following error estimate,

6y —a'll + 11 div(e" — o)l < Chg' 1" [y +1-

From (3.28) we also get that

(8:(6}, — ob), Tn) + (¢~ div, (6} — al), divey) = (8,(¢" —a}), Th) + (¢~ ' divs, (o' — o)), divey),

VT, € Wh.
Let 7, = 8:(a, — o}). We have the following error estimate similarly,

i i : ~i i 1 :
18:(6" — o)l + Ildivé. (6" —a')|| < Chﬁl (At /[H ||Ut||k1+ldf> .

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Theorem 3.4. Suppose (u}, o) € V;, x W, is the solution of Scheme (IIl). Under the assumption |60 — ¢°| = O(h¥*1]|6° || pes1),
then

1

n 2
loh — ol + [Z At|div(e}, — o' + o} — a’_l)llz} <cC [h’f,l o ll00 gtr+1) + hg*! ||at||LM(Hk+1)]
i=1

+ A8 [Iu 2y + loullzgn | - (332)
Moreover, if || div(e) — )|l = 0(h*1]| divo ||, ) and ud = & we have
lup ="l < I [utllemeny + Nuclzgameny | + A2 [1u 22 + 10 2y + 187 N2, + ol |
+ R0 | o gt +1y + BEM IO el 2 a1y + 10 oo - (3.33)

Here C denotes a positive constant C independent of hy, h, and At.

Proof. First note that subtracting (2.38) from (2.39) leads to

. . ) . . . At . . At
bl — i, o — s vy Th) = (w,;l —u = S vl — o), g+ S div r,,)

At . . . .
+ > (:Au’l(o';,_] —o 4+ V(u’h_1 —u Y, T+ AVvh) ,
1 At .
— At <¢ P25 ¢Vh -+ 7 div ‘L’h) , Vv (Vh, Th) eV, x Wy (334)

Using Lemma 2.2 and (3.34) with a chosen v, = 0, it follows that

2
%(A—l(a;; —a'), Th) + (%) (¢~ div(el — o), divz,)
At

2
= %(u;ﬂ —u ! dive,) — (7> (¢~ 'div(e} ' — o', divy)

At AP At
+ 5 AT = o T+ SV ), ),

_(an?

2 (¢~ 'ph, divey), VY (v, Th) € Vi x W (3.35)

Let us split into o}, — o' = & — ni where

i i i i
&, =0, —0,€W,, Ny

o

=o' —6}. (3.36)
By the definition of&; in (3.27), we have

(¢~ divr, +n, 1), divey) = =1, + 0y ).
It is clear that

W —ut divey) + (V@ —uh), 1) = 0.
Hence (3.35) reduces to: for all T, € W,

(A6 8w + 5 9 divee, + 87, divey)

= AUAT Sy T) = Sl ) — A b, dives). (3.37)

Letting 7, = & + &~ € W, in (3.37) and using the Cauchy inequality, we have

oA 17— R I ST divee, + &I < Adg + &1+ 519 hdivee + 61

1 ; 1 . . 1
B[S IAT B P+ gl + 0 187 AP (3.38)
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Summing (3.38) fori =1, 2, ..., n we can deduce that
1wz, 1 B i—1y 12
IAZZE N + 5 D At~ div(E, + &)
i=1
n

< CY AN + CIELI + €Y Aelllden I* + Imb 112 + 1165171 + CAtIn . (3.39)
i=1 i=1

Using Gronwall’s Lemma we can get that,
n
IEI2 + Y Atl diveg, + & DI < XD (o 12 ety + 10 el Eggeny) + CAL (a2 2) + iV uli?z).  (3:40)
i=1

Combining with (3.4) completes the proof of (3.32).
Choosing 7, = 4. (&, — &) = §,& in (3.37) we have that

. 1 - T 1
ALIATE8E I+ 1672 divE,|? — o972 dive, )1
. . At . . . . i .
= AtCAT Sl 88) = -Gy + 0 8E) — AT ph. div i),

< CALIATZSE II8arl Il + I + 15 1) — (6710, divEL) + (67" 5", diver") — At(@~"8iph, divel™D),  (341)
where we have used the equivalence
At(p™' oy, diveg) = (@' ph, divEy) — (7' p5 ', divE, ") — At '8,0h, divE, ™).

03—h3
At

For convenience we introduce a notation o3 and 8,0} =
Cauchy inequality result in

. Making summation overi = 1,2, ..., n and using the

1 1 ; 1 1 .. 1 _1 i i i i 1 _1 ..
D ALATIEE P+ Sli¢72 divE® < €Y ALIAT28E 1P (18, | + Ilng + g 1D + 5 1¢72 divEZ)®
i=1

i=1

(¢ divED) + (¢, divED) + 30 AL 80, divE) + At( 8}, divED). (342)

i=2

Since

(¢ 03, dived) + At~ "8pd, dived) = (¢}, divED),

using the e-inequality we have that
- degip2, Lot g 1E g2y Lol o i 60 12
D At ATZ8E, | +5H¢> 2divég || SizAtlleA 28:&, |l +Z”¢ 2divEg |17 + Clldivé |
i=1 i=1

n . X n X 1. .
+C> 7 AISL I + I 112 + CUm2 I + 1517 + 10313 + C Y AtllsphlI*> + €Y At zdivE, |2 (343)

n
i=1 i=2 i=1

Moving the first two terms of the right-hand side to the left side, then Gronwall’s inequality results in

n
Idiver|? + 3" AtlsE 2 < RSV (o120 o, + 10l gry) + Ch2 [ diva®| 2,
i=1

+ A 122, + 10212 g2 + 1 2oy + 10l 2))- (3.44)
Now we consider the estimate of uj — u". Choosing r, = 0 in (3.34) we have that,
P At P -1 il j il i-1
(d(uy —u), va) + 7(efW(uh —u), V) = (¢(u, —u'"),v) — At(py, vi) — At(div(e, —a'), vy)
At i—1 i—1
+ T(AV(uh —u'""),Vw), Vv, eV (3.45)

Denote by

& =up — 1y, Ny =u" — oy (3.46)
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From (3.45) we have that
i At i i i : i— i—
(@&, vi) + T(AVSL’ Vi) = (P&, vi) + At(pdin,, vi) — At(div(e ' — o), v)
i At i1
- A[(,OZ, vp) + T(AV“;‘U ,Vvp), Vv, eV (3.47)

Setting v, = & and using the Cauchy inequality we have that

A

1 At 1 1 1. 1, 1. At 1 i
lpz& % + 7||szsu||2 < 5||¢z$uu2 + 51928, N2+ gnwanz + CAL[18:m |12
At 1.; . i i
+€||¢>fs;,||2 + CAt| div(e} ' — o112

At 1, ; At 1 At 1
+ €||¢25u||2 + CAtl| 11> + ZHAZ VELI® + ?HAZ VET|?

1+ At 1. At 1. 1 1. At 1
= l@zE N> + — | AZVE > + = llp2&, 1> + — A2 VE, ||
2 4 2 4
+ CALI8H 1 + IIdiv (o) " — o) I12 + 11651121, (3.48)
then
1.; At 1 . 1.; 1.; At 1 .
192 &6,1% + - 1A2 VEI® < 1926717 + A2 8,17 + S 1A42 V&
+ CAL[I8n,1I* + [Idiv (o} — o™ DII* + 165 11°1. (3.49)

Summing (3.49) overi =1, 2, ..., n, we have that
1 At 1 1 1 1 At 1
2 &% + 7||=>4’zvs’;,||2 <D AtlorE P + 9287 + - llA2 VEN?
i=1
n
+ C2 | B iy + AL (N 22 + I diVowlgz) +C Y At diviey " — o7, (3.50)
i=1

Since
div(ei-! — ') = div(e: ") + div(e ' — o',
noticing (3.44) and (3.31), by Gronwall’s inequality shows that
~ 1 4 3
lluf — @+ A2 [ VEL < ChM flugll 2 gy + CAL (uP 22y + 10 12601
3
+ CAL (P 2y + 10wl + CHE 10 oo g1y + CHE (loell iz gty + 10l oo ety

Combining with (3.11) completes the proof. O

4. Least-squares procedure for nonlinear problems

In this section we give a least-squares finite element procedure for nonlinear parabolic problems. We consider the
following problem on a bounded domain 2 c R¢:

d(wu, — div(A(u)Vu) = f(u), in02 x]J,
u=20, onlp x], (4.1)
AWVu-n=0 on Iy xJ,

subject to the initial condition
u(x,0) = up(x) on x]J. (4.2)

The coefficient ¢(u) is a strictly positive function and the coefficient matrix A(u) = (g; (u))f,j:l is a bounded, symmetric and

positive definite matrix, i.e., there exist two positive constants ¢; and ¢, and two positive constants o and g such that, for
ue R!

o1 <o) <2, al§l® < (AWE, §) < PIEN, VE e R (4.3)

In general the coefficients ¢(u), 4 (u) and f(u) are also dependent on time variable t and space variable x. Since our main
purpose is to consider the nonlinearity, for convenience we just consider the dependence of the coefficients on wu.



H. Rui et al. / Journal of Computational and Applied Mathematics 223 (2009) 938-952 949

Introducing o = —A(u)Vu,o = (61, ..., 04), the nonlinear problem (4.1) appears as a first-order system for both u and
as follows:
¢(Wu, + dive —f =0, inn x]J,
o+ A)Vu =0, in 2 xJ,
u=0, on I x J, (4.4)
o-n=0 onlyx]J.

We approximate the above equation by

oW Hsu" + dive™ — fu™ ) — pi =0, in2x],
o" + AWTHVU — pf =0, in 2 x]J,
u :O, on FD X]s
o-n=0 on I'y x J,

where the truncation errors p§ and p} are defined as follows
Py = g NS — gl ph = (AWUT) — AWV
When the solution and the coefficients are sufficiently smooth we have that
o8 =0(At), P =O0(Ab). (4.6)
From (4.4) we know that forn > 1, (u", ") € V x W satisfy that

dW )2 (G " + Atdive" — F) =0, in 2 xJ,

| . (4.7)
AW NH72(6" + AW)VU" — p}) =0, in2x]J,
where
Fi = @™ DHu" ! + Atf ™) + Atph.
For (v, 7) € V x W, define the least-squares functional J; (v, 7) as follows.
B0, 1) = g )2 (¢ v + Atdive — F)I? + At AW (z + AWV — oI, (4.8)
The least-squares minimization problem corresponding to (4.7) is: find (u", ") € V x W such that
L@ o) = ve\l/gfewf4(v, 7). (4.9)
Define the bilinear form a(w; u, o; v, T) as
1
a(w: u, o3 v, 7) = <m(¢(w)u + Atdive), p(w)v + Atdiv r) + At (,A(w)“ (0 + AW)Vu), T + A(w)Vv)
w
At
= <u * 5w dive, p(w)v + Atdiv r) + At (,A(w)_]a +Vu, T+ =>%(w)w) . (4.10)
w

Noticing the definition of F§, the weak statement of the minimization problem (4.9) becomes: find (1", 6") € V x W such
that

At
a@™ ", 6" v, T) = (¢(u"*1)u"*1 + AtFW) + p5), v+ P f)
+At<p2,¢\7(u”’l)’lr+Vv),\7’(v, 7) eV x W. (4.11)

Selecting the initial approximationu? € V4, a2 € W, similarly as before, the least-squares mixed finite element procedure
based on (4.11) reads as follows, which was obtained by diminishing the truncation error terms from (4.11).

Scheme (IV). For n > 1find (u}, o}) € V, x W), such that

a(ug_l; up, om v, T) = (qb(uz_])uz_] + Atf(uz_]), vy + % div r,,) , Y (v, th) € Vy x W, (4.12)
h
Similarly to Lemma 2.1 we can prove the following lemma.
Lemma 4.1. Forany u,v € Vand o, T € W we have that,
awiu, 03 v, T) = (@(W)u, v) + At(AW)Vu, Vv) + At(AW) o, 7) + AP (ﬁ divo, div 'r) . (4.13)
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Using Lemma 4.1, we have the decoupling equivalent form of Scheme (IV).
Equivalent Form of Scheme (IV). With the initial guess (12, 6?) € V,, x Wy, forn > 1find (u?, o) € V; x W, such that for
all vh € Vi and T, € W,

(ul, vi) + At(AW VUL, V) = (@@ DHul ! + Atfup™), vi), (4.14)

(AW el 7)) + At <¢( ! 5 dive?, le‘[h) =@, divey,) + At( ———f(u™h, divrh> ) (4.15)

Now we discuss the error estimate for Scheme (IV).

(T

Theorem 4.2. Suppose the analytical solution (u, o) is sufficiently smooth. Suppose also that the coefficients ¢, A and f are
Lipschitz continuous bounded functions and satisfy (4.3). (uf, o) € Vi, x Wy is the solution of Scheme (I). Under the assumption
ud — 0| = o(h™ 1 ||uC||ymi15), j = 0, 1, there exists a positive constant C independent of hy, h, and At such that

lup — u"[ls < CIH™ + CAD), s=0,1, (4.16)
lof — ol + At} || div(e] — 6™ < C(HEF! + At3RE + At + min{h?, (™ At )). (4.17)

Proof. Since Scheme (IV) is equivalent to (4.14) and (4.15), we use the equivalent form of Scheme (IV) in error estimates.
Setting T = 0in (4.11) and noticing Lemma 4.1 we have that

(@@ Hu", v) + At(AW™HVu", Vv) = (qb(u”’])u"’l + AL + pb), v) + At (pl, Vv), VveV. (4.18)

Comparing (4.14) and (4.18), from the error estimates of the finite element method for nonlinear parabolic problems

(see [18] or [19], for example), we know that (4.16) holds.
Now we consider the error estimates for o. Subtracting (4.11) from (4.12) and letting v, = 0 we have that,

aup s up, 04" 0, Th) — a@" s u", 0™ 0, Th)

_fon-1 a1 At -1y _ o1y AL :
= <uh —u + ¢(uz71)f(Uh ) ¢( n— 1) ( ) ¢(un—1)p3’ Atdiv Th> s v Th € Wh. (419)
Using Lemma 2.1, we have
(AW el — AW "6", Th) + At <¢( )dlv " ¢(u1_1) dive", divrh>
n— n—-1 1 ne e 1 I
= (uy Ty divey,) — At <¢( = 1)f( " h_ ¢(un 1) ) — ¢(u”‘1)p3’ d1vrh)
— n—1 n—1 f(uzil) f(un 1) n .
= —(V(uh —u"7"), ) — At (¢(ug_]) P ) ¢(u“—1)p3’ divr,), Vr,eW,, (4.20)
or equivalently,
(A~ 1)(412 —o"), ) + At <¢( L ) div(e, — "), div rh)
= ((a‘i(uﬁil) — A(Un_])_)an, Th) + At (((Zs(ulz_l) — ¢(u}1_1)> diva", div Th)
n—1 n—1 f(uzil) f(unil) 1 n .
— (V(uh —u ), Th) — At <¢(uz_l) — ¢(un_]) — ¢(un_]) P3, div Th) , VYt e Wh. (421)

Let o] € W, be the same interpolant of ¢" satisfying (3.4). With a chosen 7, = ¢} — o] in (4.21), and using the notation
& defined in (3.5) we have that

CUIE P + At divE; |1?) < (A s, 6) + At( divés, diVEZ)

1
o™
A (11— n—1y—\,.n g&n 1 1 7 n v en
= ((:A)(uh 1) — .A)(u l) )a ) Sa) + At ((W — ¢)(u"1)> dive s d1V§d>

_ f@y @t 1
1_ . n-1 , Yy _ A h
v ) t(¢(u;;—1> e B

= (V(uy~ P, div %“2)

— (A (o7 —a™), E) — At ( div(e" — o™, dwg") (4.22)

1
Py
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Table 4.1
Result of the first example
N, Nt D =10 D=1 D=0.1

Ea-‘[oo ea,,2 e,,’,oo ea,lz ea’loo ea,lz
5 0.319 0.267 3.33E-2 2.79E-2 2.36E-3 1.97E-3
10 7.93E—2 6.22E—2 9.47E-3 7.42E-3 1.50E-3 1.17E-3
20 2.06E—2 1.53E-2 3.02E-3 2.25E-3 8.46E—4 6.29E—4
40 5.45E—3 3.95E-3 1.07E-3 7.79E—4 4.47E—4 3.24E-4

Since ¢, % 4 and f are uniformly bounded and Lipschitz continuous, using the e-inequality, (4.6) and (4.22), we have

Co(IELI1% + At divEL?) < Clluf " — u™ M IIEL + CAtuf " — u™ ||| div &L
+ V@ = u" DIIEL + CAt(lup " — w7+ (151D 1 div L]
+Cllo} — o™IIEL ] 4+ CAt| div(e] — o™ ||l div &L

IA

CO n n . n n

- (o = o7lI* + Al div(a} — e )II*)

+CA+ AD[up —u" P 4+ IV @y = u" P + CAt| P51

+Cllo™ — o"||? + CAt| div(e" — o™)|%. (4.23)
Then, using (4.16) with s = 0 and s = 1, we have

1.
& Il + Atz || divE |

1
< C(HE M 0™ gt + AtZRE 16" [y 41 + Atlluelli22)) 4 CHY (e ety + el 2gmery).- (4.24)
Finally, combining (4.24) with (3.4) completes the proof. O

5. Numerical examples

In real implementation we can select the sub-procedure (2.27) to solve u;, and the sub-procedure (2.30) to solve o,.
(2.27) is the usual Galerkin finite element procedure, so it is sufficient to give some numerical examples to examine the
sub-procedure (2.30) for o.

We consider the following problem

u; —div(DVu) =f, inf xJ,

with proper Dirichlet boundary condition and initial condition. For simplicity we let D be a constant, 2 be an unit square,
2 = (a, b) x (a, b), and the time interval be (0, T) = (0, 0.5). The boundary and initial conditions are selected according to
the analytical solution.

We divide (0, T) into N, equal time intervals, At = Nlr and divide 2 into N x N uniform square elements, h = % Based on
this triangulation we select the lowest order Raviart-Thomas mixed element as the test function space. For 6}, = (04,1, 01.2),
a finite element approximation to ¢ = (o1, 03), the set of nodal points for o}, ; is denoted by V; and the set of nodal points
for oy, ; is denoted by V5.

In the first example, the analytical solution is

u = sin(7mx) sin(my) exp(—t), o = —-DVu.
For a set of simulations, different mesh sizes and different values of the diffusion coefficient D are taken and their
corresponding errors are listed in Table 4.1. Here e, ;~ and e, ;» are defined as
€y, = Max{max |(o1 — o,1)(p, T)|, max (o2 — 0 2)(p, DI},
pevy peV;

1

e 2 = (Z (o1 —0on)@. DI’ + ) (02 —Uh.z)(ILT)lzhz) .

peVy peVy
In the second example, the analytical solution is
u=x(1—-x)y(1—y)exp(x—y—t), o = —DVu.
For different mesh sizes and different values of the diffusion coefficient D the errors are listed in Table 4.2.
In the third example, the analytical solution is
u=x(1—x)y(1—y)exp(x+y+t), o = —DVu.

For different mesh sizes and different values of the diffusion coefficient D the errors are listed in Table 4.3.
The numerical examples given above are in good agreement with the theoretical analysis, which shows that the scheme
is stable and convergent.
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Table 4.2
Result of the second example
N, Nt D=10 D= D=0.1

€g,1° eaqlz €g [ Ea,lz €o 10 eaqlz
5 3.40E-2 3.06E—2 3.11E-3 2.96E-3 4.43E—-4 3.02E—4
10 9.62E—3 7.25E-3 9.86E—4 6.88E—4 1.46E—4 9.81E-5
20 3.05E-3 1.75E-3 3.12E-4 1.65E—4 7.51E-5 4.68E—5
40 8.90E—4 4.28E—4 9.10E-5 4.37E-5 3.87E-5 2.32E-5
Table 4.3
Result of the third example
N, Nt D =10 D= D=0.1

eg,[0° e, 2 €10 e, 2 eg.[o° e, 2
5 0.222 0.157 2.05E-2 1.44E-2 1.49E-3 1.43E-3
10 5.73E-2 3.64E—-2 5.37E-3 3.22E-3 7.10E—4 5.06E—4
20 1.56E—2 8.65E—3 1.48E-3 7.43E—4 3.89E—4 2.29E—4
40 4.23E-3 2.07E-3 4.06E—4 2.10E—4 2.03E-4 1.13E-4
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