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This paper describes the asymptotic behavior of solutions of a class of semi-
linear ultrahyperbolic equations with variable coefficients. One consequence of
the general analysis is a uniqueness theorem for a mixed boundary-value
problem. Another demonstrates unique continuation at infinity, These results
extend previous work by M, H. Protter, [Asymptotic decay for ultrahyperbolic
operators, in “Contributions to Analysis” (Lars Ahlfors et al., Eds.), Academic
Press, New York, 1974], and A. C. Murray and M. M. Protter, [Indiana U.
Math. J. 24 (1974), 115-130], on a more restricted class of equations.

1. INTRODUCTION

Let D be a bounded domain in R™, m > 2, and let I" denote the exterior
of the unit ball in R?, #» > 2. Use » = | y | to denote the length of a vector y
in R™. For R 2= 1, the sets S(R) and I'(R) are defined by

S(R) ={yeR":r =|y|=Rj},
I'(R) ={yeRr:1 < |y <R}
Let L be an ultrahyperbolic operator defined in D x I' by
Lu = Au - Bu, (1.1)
where
Au = (ais(%, ¥) ts,)e;  and  Bu = byp(x, ¥) Uy, -

Repeated indices 7, j are to be summed from 1 to m, while repeated indices &, ¢
(and later &, L) are to be summed from 1 to #.

The coeflicient matrices [a;;] and [b;,] are assumed to be positive definite
and symmetric with C! entries defined for (x, y) € D x I'. Further, 4 is assumed
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to be uniformly elliptic, thus there exist positive constants g and & such that

aléP <aylxy) &€ <alép

for all (x, y) € D x I' and all ¢ € R™. Also, the coefficients of A are subject to
the condition

Haidy, | < Mr?

for some small constant .#.
The matrix [b,,] is assumed to be close to the identity [§,,] in the sense that

bre(%, ¥) = 8y 4 crel, ¥),

where the ¢;, are small, slowly varying functions. Specifically, we assume that
there are constants @, &, &, such that

Y el ) < €2

k,{=1
](Ck{)yk | < AT, ](ck!)mi | < Zrd,

throughout D x I
We shall consider solutions of the equation

Lu = f(x, y, u, V,u, V u) (1.2)
in the region D X I, where f is subject to a consistency condition
f(%,%0,0,0)=0

and a Lipschitz condition

lf(x,y,u,p,q) _f(x’y’u”Pl’q,N <¢0 |u_‘ul| “Jl_‘?sl IP _"P’ ‘ +¢2[ 9—9' I»

where the ¢, , 0 <C ¢ < 2, are functions of y. Thus we can consider not only
solutions of (1.2) but, more generally, solutions of the differential inequality

[Lu| < o(y) ] +u(9) | Vot | 4 do(y) | Vo . (1.3)

Broadly put, our results say that if a nonzero solution of (1.3} vanishes on
0D x T, then it cannot decay arbitrarily fast as | y | — oo. The precise results
can be stated as follows for a solution # of (1.3) which is C%2 on D X I' and
vanishes on 8D X I'. Assume that L satisfies Condition C, a technical hypothesis
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(spelled out in Section 2) saying that the constants €, 2, %, and . are “‘small
enough.” Introduce the “energy”

E(u, R) -= Rt fm; fD Qul? + |Vt uganu, ) dx do.

If the ¢, are bounded in I', then

(1) u cannot have bounded support in D x I', unless  =: 0;
(it) E(u, R) cannot decay faster than exp(—pR?) for all p, unless u == 0;
and

(ii1) there is an explicit lower bound of the form
E(u, R) = K exp(—pR?) E(u, 1).

More generally, suppose that ¢; = O(rf) for —} << 8 << c0. Then the results
(1), (i), and (iii) remain valid when the function exp(—pR?) is replaced by
exp(—pR?*%8). As a consequence, we have uniqueness for the mixed boundary-
value problem

Lu = f(x,y,u, Vu, V,u) in D x I'(R)
with Dirichlet data givenon  ¢D x I'(R) (1.4)
and Cauchy data given on D x S(R).

Results of this type were obtained previously by Murray and Protter [3]
and Protter [5] in the special case where [b,,] is the identity matrix [8;,]. The
burden of this paper is to extend the estimate procedure of {3] to the case of
variable b,, .

Other authors have considered the uniqueness question for certain boundary-
value problems for the special ultrahyperbolic equations

Y by, — Y, Uy, =0 (1.5)
i1 k=1
or
m n
z (aijua:,»)x, - z Uy y, = CU. (1.6)
. J=1 k=1

In [4], Owens gives examples of bounded domains V" such that a solution of
(1.5) in V' is determined by giving both its value on all of ¢} and its normal
derivative on an appropriate part of £}”. The domain considered in our problem
(1.4) is not among those Owens discusses, nor is our boundary condition quite
as severe as his,



AN ULTRAHYPERBOLIC EQUATION 203

In [1], Diaz and Young consider the Dirichlet and Neumann problems for
(1.6) in a region D x P where D is a bounded domain in x-space and P is
a bounded parallelepiped. Their conditions for uniqueness relate the dimensions
of P to the eigenvalues of a related problem in D.

In [2], Levine considered the abstract Cauchy problem for certain ordinary
differential equations in Hilbert space. Our Eq. (1.2) can be interpreted in
the terminology of [2] by taking r == |y | for an independent variable. In this
framework, Levine’s results do not apply to the problem (1.4). However, they
do apply to the analogous problem for xe D, r == R.

Paper 3] contains a discussion of related work on the question of asymptotic
behavior.

The main results of this paper are established in Section 3 by means of a
weighted energy inequality. This inequality is stated and proved as Theorem 1
in Section 2. The proof of this theorem is quite technical, and one may prefer
to omit it on first reading.

2. A WEIGHTED ENERGY ESTIMATE

We consider an operator L defined by (1.1) and having the properties described
above. We assume that L satisfies

ConprTioN C.

L — @ldn £ 2 - €] — 64 n32(1 +€) =0, (Cy)

1 —E(n +nl2— 1) — A2 > 3, (Cy2)

Ya— Fmat— Mnim(l +6)>1a,  (Cb)

ML <}, (Cy)

1 —% — (1 +€)F | 20— 3| 26 w32} > 4, (C,2)
L — (1 + G2 1€ + w32} = 0. (C,b)

These inequalities are not chosen to be “best possible,” but rather to fit naturally
into the estimates that will arise. These hypotheses are expressed in terms of
the dimensions m and #, the moduli of ellipticity of A, and a parameter « which
will permit us to handle a variety of growth properties for the ¢, in (1.3).

For convenient reference, let % denote the class of functions u = u(x, y)
which are C2in D x I', C* on the closure of D x I, and zero on (8D) x I

Tueorem 1. Suppose uc U, L satisfies Condition C, and o > 1. Then there
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are computable positive comstants k; , 0 < i < 3, such that for all sufficiently
large A

[ rene? L |2 dy 4 ko) RE-16%E(u, R)
I'(R)

> kl(/\a):i f y20-n—122r% ” u ”2 dy
)

(R,

ok [ e Vo2 4| V) dy

'(R)

+ kye®E(u, 1). 2.1

The k; are independent of u; the necessary size of A depends on the behavior of u
on D x S(1).

The rest of this section is devoted to the proof of the weighted energy estimate
(2.1) for a function # in %. For parametetrs A > # and « > 1, we introduce
the auxiliary function

w(e, ) = u(x, 3) exp(ir).
Then computation shows that
e Lu = Aw — Bw 4 2dar*~%y,by,w,,
— darHAor® — a + 2) yibr, vy — ByobyrPew. (2.2)
For brevity let ¢ denote the quantity
g == (har® — o + 2) by Yy — Oppbyer™.

By squarring (2.2) and dropping a positive term on the right, we can obtain
the initial inequality

e | Lu 2 2 400 P (pbyso, )
+ 2(2xor*=2y, by, J(Aw — Bw — dar*Hqw).  (2.3)
Once multiplied through by r3-*—", (2.3) yields
rimengr® | Lu [2 3 400 1ot yibet, )
— AAart=ty, by, Bw

+ Aor-ny byw,, Aw

— 4(Ax)? re=3-nqyby,w, w.
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We integrate this over D X I'(R) and let T denote the ith term on the right side
of the result. Thus

J. y3—a—ng2Ar® j lLu |2 dx dy > Tl + T2 + T3 + T4 ’ (2'4)
r(R) D
where
_ 2 a—1— 2

Ty =402 [ e [ b, v dy,

T, = —2a fD 2 fF(R)rl‘"ykbkgwwaKwyKyL dy dx,

Ty=2[ 2[  rorybyw,fagws)., dy dx,

D Yr(Rr)

and

T, — —2(\)? fD 2 fF(R)ra—s—nqykwaww dy dx.

The next task is to obtain useful estimates of the T; by careful exploitation
of the hypotheses on [a;;] and [b;,]. These estimates and their proofs appear
in the next three lemma. For any smooth v = o(#, ¥) it will be convenient
to use || || to denote the integral of | v(x, ¥)|> over domain D in x-space. Let
v = (vg ,..., ¥,) denote the outer unit normal on the boundary of I'(R). The
expression do refers to the usual (# — 1) measure on hypersurfaces in R”.

Lemma 1.
Ty + Ty > — 2 fD L 2B 0 — (bt i) B, do

4 A f rin || Va0 |2 dy. (2.5)

r'(R)
Proof. We first study T, alone. Its integrand is
Sy, y) = —2rl"y kbkt’wwaL‘vavL .

In order to integrate Zy(x, y) over D X I'(R) by means of the divergence theorem,
we use the identity

Solx, y) = ”“["1_"{2(J’kbktww) Wy — (kabk!ww) yi} bKL]vL
— 2(n — 1) 17 yidrwy,)®
+ 1 — 1) 17 yibre Vo) — Spebrel (Wi Dy, )

+ 2rin kZ (brewy,)?
-1

+ ri-ty k{2w‘ll(w1l]((bkt’bKL)1lL - (bk.fbKL)w‘vava}-
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The first term is a divergence: call it 7. The second term is negative, but it
can be dominated by T . The next two terms can be estimated fairly directly
since

{(n — 1) r‘zykbk;y{ - Sk{’bkl} 2 (n — 1)(1 — %) - n — nl/W,
(wyKbKLwyL) = (1 - %)] Vu'w 127
and
Y (brewy)t = | Vyw |2 + 2w, crowy, -+ Y. (exewyy)? = (1 — 26)| Vo |2
P k
In the last term of % , Cauchy-Schwarz estimates yield
]yk{zwwwvx(bKLbM)yL - (bKLka)wwwavL}l < 6n2 A" (1 + %)I V‘!/w |2'
Thus we find that
K% y) 2 T — 2n — 1) r " yibrewy,)?
471l — E@dn + 2 + €) — A 6031 - B)}| V,w |2
By applying (C,), we get
Sx,3) > T 43 [V p— 2n — 1 rin(pdum,). (26)

By integrating (2.6) over D x I'(R) and then applying the divergence theorem,
we get

T, > —2a | o Jo TR i @b 9 b d do
A -0 | Vo [2dx d
T e fF(R) fD ! [ " e Y
—4(n — 1) A “1-n(y.b 2dx dy.
(n ) A fl‘(R) J.D 4 (y X M'ww) 'y

To finish the proof of Lemma 1 from this point it suffices to recall that A > =
and « > 1, so

Ty — 4 — ) [ ol by, | dy > 0.

r(

Lemma 2.
T, = ——2)\05.[. j P30y bV Wy, 855005, do dx
D Yor(r)
o[ Ao Vwl2dy
r(R)

— NaFnt f 7V Ry, (2.7)
(R
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The last term on the right side of (2.7) can be dominated by the last term
on the right of (2.5) by invoking the condition

ML < L. (Cy)

It should also be remarked that if the &,, are independent of x, then & =0
and the conditions are needed only on €, ¢, 4.

Proof. We consider the integrand in T, namely
Iyx, vy = 2ty by w,, Aw.
Preparing to use the divergence theorem, we find that

Syx,y) = (2rlgnykbklw'ygaij‘wmj)ri
- (”knylcbkfwxiaﬁww,-)w
-+ (rlqukbkt’)wwx;aiiwm,-
A 7y bWy (@) P,
— 2r Y (Che ) Wy AW -

Before integrating, notice that w,, — 0 on (D) X R", since w = u exp(Ar®) =0
for x € 8D. After integrating and making the natural estimates, we get

Ty = 2\ f J. Fo(x, vy dx dy
I(R) YD
> —2Ax f J Py bW, BTy, dx do
or(rR) D

+ 220 I Vi dy

R

e Fn? f rion | Vo | dy, 2.8)
r(R)
where & stands for the quantity
F ={l —€m+nV? — 1) — A n¥Ya — Fma® — Mn’m(l 4 €).

Clearly the hypotheses (C;a) and (C,b) are chosen to give the result & > }a.
So the estimate (2.7) follows from (2.8).

Lemma 3. There is a constant Ay = My(x, n), independent of € and XA,
such that if A > A, , then

Ty 2 —2(Ax)? J.ar(R) r3=tgy e | w|? do

+300p | ren o dy, 2.9)
I(R)
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Proof. After integrating by parts, one can re-express T as

To= =200 [ v gy |l de

+ 200 [ 1@ ybicdy - (2.10)

The derivation of (2.9) from (2.10) requires a very delicate estimate of the
divergence term

J={r(r3g) ykbkt’}w .
Computation yields
] = rm_"_SQ[Bklck{ + yk(ckt’)w - ”r..zykckty!] + rﬂnykbkl(ra_aq)w .

By (C,) we have € <C 1. Since A > n and « > 1, it follows thatin D x I’
g=r¥(Purs —a+2)(1 —F6)— (n+nV¥)} = 1 —C(n + n'/2 + 1).

Thus (C,) is sufficient to keep ¢ > 0. After expanding the quantity yb..(r*~q),, ,
and grouping its terms according to the powers of r, one can obtain an estimate
of the form

Vibre(ro73g)y, = Aar®-1Q, — r*-10,

where O, and Q, are algebraic expressions in e, n, €, and #". Assumption
(C4a) makes O, > 4, and thus

Vibie(r*3q)y, = % dar2e-1 — po-1Q),

Either (C,) or (C,a) allows Q, to be bounded above in terms of 7 and « alone.
Take A, so large that 1A, > O, . Then for A > A,

ykbké’(ra_3Q)1/g > § Aar2e1,
and
J = # dare-n-1 — pon=34[nl/2¢ L 932" + n¥).
Since ¢ < (Aar® — « -+ 2) r}(1 4 €), one now sees that
J = v fd — (1 + B)n2€ + n€ + n324}]
— ren 12 — o)(1 + C)Wnl/2E 4 n32 + nE}.
Using (C,b), we get

= trn 1 e — |2 — o).
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Take A, also larger than | 2 — « |. Then for A > X, we arrive at the result
J = L dare-1,
Putting this into (2.10) we finish the proof of Lemma 3.
Returning to the main line of the proof, we will assume that A > max{n, A,}
so the result of Lemma 3 will be valid. Applying the three lemmas to estimate

the right side of (2.4) one derives the following inequality, in which #(R)
and #(1) denote certain boundary integrals to be detailed presently:

J pB-a—ng2ae H Lu H2 dy = ZAOCJ(R)
r(Rr)

> 2)\0(](1) 4 % ()\(x)SJ. pRa—n—1g2Are II u Hz dy

(R

e | AV e VP dy. (210)

r(Rr)

Notice that 8I'(R) is composed of the two spheres S(R) and S(1). The outer
unit normal v from 8I'(R) is therefore given by » = R™'y on S(R) and by
v = —y on S(1).

The terms #(p) for p = R and p = 1 have the form

f(P) = J:;( ) JD r*"{z(ykbk[wy{)z — (‘wykbkgww)(yKbKLyL)} dx do
0,
+ J:5‘(9) J~D r_n(ykbk[yf)(w‘xiaiiwmj) dx do
+ (AO‘) f ru_4_"4(ykbkgy{)|\ @ "'2 do.
S(o)

The next objectives are an upper bound for .#(R) and a lower bound for #(1).
Since [b;;] is symmetric and positive definite

(ykbklwyf)z < (yxbxL yL)(wykbklww)'

Standard methods lead to
Wy brew,, < (1 4+ €) 2e{(Aa)? r2=—2u® 4 | V,u |2}
Because of (C,) one can verify that in D x I

0 < g < har=t(1 + ¥).
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Using these remarks one concludes that

H(R) < 301 + €)2 f y2a-nghhr || 4 |12 dos

S(R)

+2(1 4 €) f P2 | Yy |12 do

S(R)

+(1+9% fS(R) y2-ng2are J;) Uy Ay, A do.

Recalling the definition of the “energy’ E(u, R), we see that
J(R) < 3(A)*(1 + €)? R*1e*R°E(u, R). (2.12)

The argument leading to a lower bound for #(1) in terms of E(I, u) is
contained in the proof of the final lemma.

Lemma 4. There is a A, such that if A > max{2n, A}, then
F(1) = 31 — 6)? e*E(u, 1). (2.13)
The value of ), depends only on the behavior of u and V., u on D X S(1).

Proof. By expressing #(1) almost entirely in terms of %, one may obtain
the inequality

S(1) 2 doe(1 — %) [ gllulftdo

+e ) [ fD ty @ity A do

—+ b 2dx d
[, ] b s do
— e [ [ {(t bt oxbrin) — (abi) dx do. (2.14)
s ’p
Under (C,) and with A > 2r, 7 = 1, one gets

7> (Qoe—a+2)(1 —6) —n(l +%) > 3l —%).

The proofs now proceeds by separate arguments depending on the behavior
of uon D x S(1).

Case 1. Assume that the integral of ||« |2 over S(1) is positive. Inequality
(2.14) can be weakened to the form

(1) = 1 Qapen(l — %) [ Jjulrdo
sa)
1-e(1 — ) fs(l) fD Uy it A do

— (1 +B) fsm |V, |2 do. (2.15)
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Under (C,) one can show that if

A A = [10 L(l) | V,ul? d0]1/2US(1) | w2 da]‘l/z

then

132(1 — ©)2 2 do — 2 Jo
PR —@F [ uitdo — (1 @R [ (Vulrd

>30 -8 IVulp (2.16)
<50

From (2.15) and (2.16) it follows that
I = 3= EF [ (u P o gigts, + | V|7 do.
1

This is exactly the required bound (2.13).

Case 2. Assume that [[u| vanishes identically on S(1); so u(x,y) =0
for all xe D, y € S(1). Considering u as a function of y for a fixed x € D, we
now have V,u = 4 | V,u| v, since v is the outer unit normal from I'(R) on
S(1). Thus the inequality (2.14) takes the form

H(1) = fs(l) fD (vibrw,,)? dx do.

But in this case, one also finds that
ity = Evibiouy, = 4t | Vou | vibye,
on D x S(1). Thus
J(1) = (1 — ‘g)zf | V|2 do. (2.17)
s
Because « and V,u vanish in D x S(1) in this case, (2.17) is equivalent to
S0 = (1 —F [ AVl 1 ul? - waug) do,
1

which leads to (2.13) without further conditions on A.

Having completed the proof of Lemma 4, we return to the proof of Theorem 1.
We now require that A >> max{2n, Ay, A} in order to assure the validity of
(2.11), (2.12), and (2.13).
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Combining these three inequalities we find that

J‘( )rS—a—ne2z\r°‘“Lu [2dy + 6(1 4 F)}(Ax)® R2+e2ARE(y, R)
(R

>1 (Aa)sf pRen=1g2r% | 4 |12 dy
I'(R)

+ A f P |V |2 + gl Voo |2 dy + (1 — )2 dae®E(x, 1). (2.18)

r(R)

It remains only to estimate the two terms referring to =@ instead of u. Since
w = u exp(Ar), it follows that

| Vo [P = 7| Vu |2

and
[V, |2 = e Zn {Pare=2yu 4 u, }2.
k=1
But the bound
| 20har-2y0) uy, | < $0aru)? + § | Vyu |2
leads to

V2 = e {— d0ar=)2 | ul® + 3| V,u |?).
Thus (2.18) will yield the desired inequality (2.1) once we set
ky = 6(1 -+ €), ky = 15,
, = min {}, g} ky < (1 — %)

‘The proof of Theorem 1 is finally complete.

3. T MaiN ResuLTs

We now apply the weighted energy inequality of Theorem 1 to the study
of solutions of ultrahyperbolic equations.

THEOREM 2. Suppose that u belongs to U and satisfies

Lu| <o lul +¢ ! Vaul +¢y [ Vyul (1.3)
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If o , by , and $, are bounded in T, then for some positive constants k, K, and for all
sufficiently large A

KXBR3?RE(u, R) = kE(u,1) + f ( )rl‘“e“’s | % dy. (3.1)
r(r

Proof. We invoke (2.1) with « = 2 and A sufficiently large. Because of the
assumption on the ¢; , we have

[ Lu | < P{j el | Voue [* + (| Vyue |7}
for some @. Putting this bound on || L ||? into (2.1), we can obtain the inequality
ko8NS R3e2 R°E(u, R)

> f (8B Nr2 — &} rl-ng2i?| y |2 dy
r(R)
[ 12k B rne ) Vol Tyl dy o BB, )
I'(R

If A is taken not only so large that (2.1) holds, but also so large that
AP — D =1, and  2kA—D =0,

then we get the inequality (3.1) claimed by Theorem 2.
The crucial observation about (3.1) is that the right side is 2 nonnegative
increasing function of R. From (3.1) one is led to the following results.

THEOREM 3. Suppose u € U and u satisfies (1.3). Assume L satisfies Condition C
and the ¢; are bounded in I'. Then

(1) if u has bounded support, then u = 0;
(i) E(u, R) cannot decay arbitrarily fast, unless u = 0;
(iil) there are positive constants K and p, such that for R > 1

E(u, R) > Ke*®E(u, 1).

Proof. (i) Suppose that the support of u is contained in some D X I'(R).
Then E(u, R) will be zero. From (3.1) it follows that || # || = 0 in I'(R), and thus
that the support of u is empty.

(ii) Suppose E(x, R) is o(e~*¥’) for all p > 0. Then (3.1) forces || ul|
to vanish in all I'(R).

(iii) This follows immediately from (3.1).

In the proof of Theorem 2, one should notice that the validity of (3.1) for
any given value of R requires only that the ¢; be bounded in D X I'(R) and thatu

505/23/2-3



214 A. C. MURRAY

solve (1.3) in D X I'(R) and vanish on (D) x I'(R). This remark allows us
to treat the question of uniqueness for a mixed boundary value problem.

Turorem 4. Suppoese L satisfies Condition C, and the ¢, are bounded in I'(R).
Then there is at most one solution of the problem

Lu = f(x,y,u,V,u,Vu) inD x I'R);
u is specified on (0D) x T
u and u, = r-lyu, are specified on D X S(R). (3.2)

Proof. Suppose u and v are both solutions. Set U = # — v. Then the
Lipschitz condition on f forces U to satisfy the inequality

ILU| <¢ | U|+¢1 | VU +¢2 [V,UL

Clearly U = 0 on (8D) x I'. Also, it is easy to verify that E(U, R) = 0. Thus
by Theorem 2, it follows that U = 0 in D X I'(R).

These results can be extended and sharpened by considering various possible
growth conditions on the ¢,(¥). We discuss rather informally the case

Iqs()(y)l < quB) l¢z(y)l < Y]ry) {= 1» 2:
where —} < B, ¥ < co. Now if u solves (1.3), we can conclude that
I L P < 30720 | w|[® 4 3W2rBA[i Vou [B + || Ve |7}

If u both solves (1.3) and belongs to class %, then we can invoke Theorem 1
to get

Eo(Ax)8 R2=-1¢2ARE(y, 7)

> f {k1(/\05)3 - 3¢2r4+23——3a} yRa-n—1g2xr || 4 |2 dy
I'(R)
=+ J. {kaha — 3P 2yiiv—ol pl-mp2Ar® || Yy 12dy -+ kaE(u, 1) (3.3)
I'(R)

for & > 1 and A sufficiently large. Now we pick « = max{3(4 + 28),2 + 2y} > 1.
The effect is to make the powers of 7 in the curly brackets, {---}, in (3.3) non-
positive. Thus we can pick A so large that (3.3) holds and that

kA% — 302 > 1, and kA —3¥P2>=0.
For all such large A, (3.3) yields

koAa)® R2e—1g22RE(y, R) = kgE(u, 1) - f ( rla—l-ng2hr® || 4 |12 dy,
r(R)
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This is the analog of Theorem 2 and the results analogous to those in Theorem 3
can be easily recognized.
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