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1. INTRODUCTION 

A theorem of Artm states that every rationally valued character of a finite 
group G is a rational sum of permutation characters of G. A natural question 
to ask is the following: When is every rationally represented character of G 
an integral sum of permutation characters of G ? We call this property P. 
This paper classifies all nilpotent groups with this property. The main 
classification is Theorem 5.2. 

In Part 3 we prove that all p-groups have property P. This result has been 
proven by W. Feit, J. Ritter, G. Segal, and others and is included for com- 
pleteness. 

Parts 4 and 5 are the main part of the paper. In Part 4 we characterize 
the nilpotent groups having property P in terms of the Schur indices of 
irreducible characters. Part 5 translates this condition into an equivalent 
statement about the splitting fields of certain algebras, and then we use alge- 
braic number theory to complete the classification. 

2. PRELIMINARIES 

G will always denote a finite group; F a finite field extension of Q (the 
rational numbers), and x an irreducible (absolutely irreducible) character 
of G. All notation not explained or referred to is as in [5]. 

The following lemmas on Schur indices are all wellknown, and have 
been published in more general form in several sources. 

LEMMA 2.1. Let H C G with 4 and x irreducible characters of H and G 
respectiwely. Suppose +* = x and F(X) = F($), then n+(4) = m,(x). [2]. 
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LEMMA 2.2. Let G = G, x G, be the direct product of two groups with 
irreducible characters x1 , xa respectively. If x = x1x2 , then m,(x) < mF(Xl)m,(xz) 

[41* 

LEMMA 2.3. Let G = G1 x G, with (I G, /, 1 G, I) = 1. Let x be an 
irreducible character of G; x = x1x2 . If m&) = 1, then mp+,,Jxz) = 1 [4]. 

3. PROPERTY P FOR ~-GROUPS 

The key to the verification of P for p-groups is the following theorem 
which is probably due to P. Roquette. Roquette uses the theorem, although 
it is not explicitly stated in [8]. 

THEOREM 3.1 (Roquette, Solomon [5, 81). Let G be a p-group. If x is a 
faithful nonlinear irreducible character of G, then either 

(i) there exists a subgroup H C G and a character + of H such that 
IG:Hj =p;x =$*andQ(x) =Q(+)or 

(ii) p = 2 and G contains a cyclic subgroup of index 2. 

THEOREM 3.2. Let G be a p-group. Then every rationally represented 
character of G ti an integral sum of permutation characters of G. 

Proof. We proceed by induction on the order of G. It is known [5, p. 621 
that 

O(x) = mdx) C x6 6 E GaXQ(x) : 81 

o( an irreducible character of G) is a Z-base for the integral ring of rationally 
represented characters of G. So it suffices to show that each O(x) is an integral 
sum of permutation characters of G. If x is a nonfaithful irreducible character 
of G, then we view x as a character on G/ker x and apply our induction 
hypothesis. Thus O(X) is an integral sum of permutation characters of 
Gjker x. These can also be viewed as permutation characters of G. So we can 
assume that x is faithful. 

We note that for p-groups, p odd, that ma(x) = 1 for all irreducible 
characters of G and if p is even, ma(x) = 1 or 2. [5, p. 771. If x is a faithful 
linear character, then G is cyclic; G = (a>. A calculation shows that O(X) = 
1* - 1* a> <d-‘> where I(a)] = pn and x is any faithful irreducible character 
of G. 

If x is a faithful nonlinear character we apply Theorem 3.1. Case (i) 
presents no problem as we restrict O(x) to H, and use Lemma 2.1 to obtain 
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O(x) IH = CO/H WBH where the gH’s are coset representatives of G/H. 
We apply our induction hypothesis to O(+) and induce back up to G. Cancel- 
ling p from both sides of the equation gives the desired result. 

Case (ii) is broken into two parts. By [6, p. 1871 the groups satisfying 
condition (ii) are as follows: 

(1) Dihedral, semidihedral, ordinary nonabelian groups of order 
pi-1 

(2) Generalized quaternion. 

For (I), let the cyclic subgroup be (a), j(a)1 = 2” and let b be an involution 
in G N (a). By [5, p. 631 x = h* where X is a faithful linear character of {a). 
A calculation shows that O(x) = l& - lTa~+-l,a> . For (2), again x = h* 
where X is a faithful irreducible character of (a). Take x6 x” (<a> = O(A) = 
1* <l> - 1 Fa2n-1> in (a). Inducing back to G, we have 2 Ca x8 = 1 $, - 1 ;a+ . 
But ma(x) = 2 [5, p. 641, and the result follows. 

4. CHARACTERIZATION OF NILPOTENT GROUPS WITH 
PROPERTY P BY MEANS OF SCHUR INDICES 

The following wellknown result will be used in our characterization. 

LEMMA 4.1. Let G be a p-group, and x an irreducible character of G. 
If x # lo (the principal character), then there exists a g E G such that x(g) = 
X( 1) e2nilp. 

We now characterize all nilpotent groups which satisfy property P. We 
introduce the following notation. Let G, be the Sylow 2-subgroup of G 
(if ] G 1 is odd, we let G2 = (1)). S ince G is nilpotent G s G2 x G/G, and 
any irreducible character x of G is of the form x = xa2’ where x2 , x2’ are 
irreducible characters of G, and G/G, respectively. 

THEOREM 4.2. Let G be a nilpotent group. Let ,y be an irreducible character 
of G. Set O(X) = m&C8 x8 6 E Gal[Q(x) : Q], then O(x) is an integral sum 
of permutation characters of G iSf m*(x) = mo(x2) mo(x2’). 

Proof. 

- 0(x> = mdx) c x” 6 E Gal/IQ(x) : 81 8 
= mdx2> +x2’) C x”, 

Q(x) = Q(x2x2’> = QCx:, x2’), 
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and 

Gal[Q(x) : Ql = Gal[Q(xJ : 81 x Gal[Q(xi) : 81. 

so O(x) = 0(x2) 0(x2’)* 
Now xzl = xu, ... xu, where x9,, is an irreducible character of the Sylow 

pi-subgroup of G/G, . Using the fact that the irreducible character ofp-groups 
have Schur indices 1 whenp is odd, we obtain O(x,l) = O(x,,)O(x,J *** 0(x& 
The result follows from Theorem 3.2 on p-groups. 

* Suppose mdx) # mo(xz) 4x2'). BY II5, P. 771, 4xz’> = 1 and 
m&s) < 2. Thus by Lemma 2.2 ma(x) = 1 and m&s) = 2. Thus xs’ # 
1 o/c, and by repeated application of Lemma 4.1 we know that there exists a 
g E G/G, such that xs’(g) = ~~(1) esailn where n divides the product of all 
primes dividing ] G/Ga 1 and n > 1. Now 

O(x) = ma(x) c x8 6 E Gal[Q(x> : Ql 8 
= ;X8 
= 0(x27 c x2 6 E G4Q(xz) : 81. 

8 

A calculation shows that O(xs’)(g) = (&l)m with (m, 2) = 1. 
Assume that O(x) is an integral sum of permutation characters of G. If we 

evaluate at gg, for any g, E G, , we obtain: O(x)(ggs) = (+?z) & xs8(g,) on 
one side of the equation, and on the other side we obtain an integral sum of 
permutation characters of G,. Thus m x8 xs8 6 E Gal[Q(xs) : Q] is an integral 
sum of permutation characters of G, . Hence m&J 1 m; also m&J 1 deg xs 
which is a power of 2. So m&J = 1, a contradiction. The proof is complete. 

5. A CHARACTERIZATION USING NUMBER THEORY 

We now complete the characterization of nilpotent groups which have 
property P. 

Given an irreducible character x of a group G, one associates a division 
algebra D(X) in the following manner: Form the group algebra of G over the 
field Q(x). Let ‘8 be the simple component of the group algebra on which x 
is nonzero. Set D(x) to be the Wedderburn component of ‘%. It is known that 
D(x) is central over Q(X), and [D(X) : Q(x)] = Mo(x)a. [7, pp. 542-5451. 

Let D be the ordinary quatemion algebra over Q (i.e., with basis 1, i, j, K). 
Then the following proposition is well known. [S]. 
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PROPOSITION 5.1. Let G be a nilpotent group and x an irreducible character 
of G. If ma(x) = 2, then o(x) = D 00 Q(x). PI. 

We now return to our condition on the Schur Indices. In particular we 
determine when m&q) < mo(xz) ~tlo(x~‘), i.e., m,(x) = 1 and P&J = 2. 

BY Lemma 2.3 ~o(xl.x,~)(~2) = 1, but this is the same as saying that Q(xa , x2’) 
splits the division algebra D(xJ. Since D(xJ = D @o Q(xa) we obtain that 
Q(x2 , xz’) splits x2 iff Q(xz , x2’> splits D. 

We now determine when Q(xa , ~a’) splits D by the use of local indices of D. 
All facts used about local indices may be found in [l]. 

It is known that D has nonzero invariants at the primes 2 and co. Thus L 
splits D iff 1 L, : Q, 1 is even for p = 2 and co. In our situation we have 
L = Q(xs , x2’) and we must have that ezniJq EQ(x~‘) for some odd prime 
q 1 1 G/G, I. Thus L, = C (the complex numbers) and L, splits D. We are 
left with the prime 2. 

There are two cases to consider: 

Case (9. Q(xJ # Q- 

Case (ii). Q(xa) = Q. 

Case (i) is easily handled by noting that d/z EQ(x~). Now x2 + 2 is 
irreducible over Qa , thus 1 Qa( 1/z) : Qa 1 = 2. Hence / L, : Qa 1 is even and 
L, splits D. 

Case (ii). We need to have 1 Q.&a’) : Qa 1 even. This is completely 
discussed in [3]. 

All of the above is summarized in the following theorem. 

THEOREM 5.2. A nilpotent group G has property P unless the order of G 
is not a powuer of 2 and the Sylow 2-subgroup of G has an irreducible character 
x with m*(x) = 2 and either 

(9 Q(x) # Q 
or 

(ii) Q(x) = Q and th ere exists an odd prime q 1 1 G 1 such that the order 
of 2(mod q) is even. 

Using the following wellknown results: 

If q z f3 (mod S), then the order of 2 (mod q) is even 
if q z --I (mod 8), then the order of 2 (mod q) is odd 

we obtain the corollary. 

COROLLARY 5.3. A nilpotent group G has property P unless the order of G 
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is not a power of 2 and the Sylow 2-subgroup of G has an irreducible character x 
with m&) = 2 and either 

(4 Q(x) # Q 
or 

(ii) Q(X) = Q and there exists an odd prime q / 1 G 1 with q = &3 
(mod 8), or q E 1 (mod 8) and the order of 2 (mod q) is even. 
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