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1. Introduction

The purpose of this paper is to establish the conditions for the existence of positive solutions for the following nonlinear
Caputo fractional functional differential equation of the form

D3, y(®) +1(Of () =0. VYt e (0. 1).qe (1l
y(i)(O)ZO, 0<i<n-3,

ay™ 2 () — By" V() = n(t), te[-1,0],

yy "2 + 8ym V() = £(t), te[l,1+al,

(1.1)

where

(HO) 7, a, a, B, y and § are nonnegative constants satisfying0 <t +a < land p~! = ay +ad + By > 0.
(H1) y. =y(t+6),0 € [-7,al;n € C([—7,0],R),§ € C([1, b], R), n(0) = §(1) = 0, whereR = (—00, +00), b = 1+a.
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Let C = C"%([—1, a], R) be a Banach space with [¢|lc = sup_,—s-, l¢" 2 (0)| forp € C,and C* = {p € C : p(9) >
0,—t <60 <a}.
Define

E={te[0,1]:0<t+60<1,—71 <60 <a}.

Obviously, E possesses nonzero measure from the assumption that0 <t +6 < 1.

Fractional differential equations have gained importance due to their numerous applications in many fields of science
and engineering including fluid flow, rheology, diffusive transport akin to diffusion, electrical networks, probability, etc. For
details, see [ 1-4] and the references therein. In recent years, there are some papers dealing with the existence of the solutions
of initial value problems or linear boundary value problems for fractional differential equations by means of techniques of
nonlinear analysis (fixed point theorems, Leray-Schauder theory, lower and upper solutions method, etc); see for e.g. [5-13].

In [8], Bai and Lii investigate the following two point boundary value problem of fractional differential equations

D u(t) +r@f(t,u(t) =0, 0<t<1, 1<q=<2,
u(0) =u(l) =0,

where Dg+ is the Riemann-Liouville fractional derivative.
In [12], by means of Amann theorem and the method of upper and lower solutions, Liu and Jia study the existence and
multiplicity of positive solutions for nonlinear fractional differential equations

Dl u(t) +f(t,u(®),u'(t) =0, 0<t<1,
go(u(0), u'(0)) = 0 = g (u(1), u'(1)),
u'(0) =u"(0)=---=u""0) =0,

wheren — 1 < q < nis areal number and Dg + is the standard Caputo fractional derivative.
In [13], Rehman and Khan investigate the existence and uniqueness of solutions for the following fractional differential
equations

DI u(t) +f(t,u(t), Dy,u(t)) =0, 1<q=<2,0<v<1,0<t<]1,

m—2
u(©0 =0,  Dyu(l) — ) aDy,u() = uo,
i=1

where0 < & < 1,q; € [0, +00),(i=1,2,...,m—2)and Dg+ is the standard Riemann-Liouville fractional derivative. By
means of the Schauder fixed point theorem and the Banach contraction principle, some results on the existence of solutions
are obtained for the above fractional boundary value problems.

When q = n, the problem (1.1) is reduced to nth-order boundary value problem, which has been studied by Hong
et al. [14]. For the situation that 7 = a = 0and 1 < q < 2, the problem (1.1) becomes the two-point boundary value
problem of fractional functional differential equations and has been investigated in the recent literature such as [8,10,15].
However, the results dealing with the existence of positive solutions for boundary value problem of fractional functional
differential equations are relatively scare. Li et al. [16] investigate the existence of at least one positive solution for the
following boundary value problem of fractional functional differential equations

Dg+}’(t) +f(t7yt) = 07 Vt € (0’ 1)3 1 < q S 27
ay(t) — By (t) = n(t), te[-1,0],
yy(©) +8y' () =&1), te[l,1+al,

where DJ, is the Caputo fractional order derivative.

Recently, in [17], Weng and Jiang have studied the existence of positive solutions for the boundary value problem of
second order functional equations. In [18], Zhao and Chen discussed the existence of multiple positive solutions for the
following second order functional differential equations

y'(©) +f(t,y(t —1)) =0, Vte(0,1))\/{r},
y(t) =n(), Vtel-t,0],
y(1) =0,

where the nonlinearity f may be singular and takes negative values.

Motivated and inspired by the work above, we are concerned with the existence of positive solutions for the fractional
functional equations (1.1) under suitable conditions on f. The main tool used in this paper is the theory of Krasnosel’skii’s
fixed point theorem in cones. Some sufficient conditions for the existence of at least one positive solution or at least two
positive solutions of the BVP (1.1) are obtained, and the main results of this paper is to extend and supplement some results
in[17,14,16].
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Throughout this paper, we suppose that the following conditions are satisfied.

(H2) f(p) is a nonnegative continuous function defined on C*.
(H3) r(t) is a nonnegative measurable function defined on (0, 1), and satisfies

1
0< /r(t)h(t)dt Sf r(t)h(t)dt < +oo0,
E 0
where h(t) is defined as

1
- — _ _g)d—n
h(s) = F(q_n+2)(ﬂ Fas)ly(1—s) +8(q—n+ DIA -5

In obtaining positive solutions of problem (1.1), we will need the following fixed point theorem in cones.

Lemma A (Krasnosel'skii’s [19]). Let K be a cone in a Banach space E. Assume that 21, £2, are open subsets of E with 0 €
21,21 C 2. If T: KN (£, \ §21) — K is a completely continuous operator such that either:

() ITx|l < lIxIl, x € KN 082y, and || Tx|| = |Ix||, x € K N 0£2,, or
(i) ITxIl = [Ix]l, x € K N 9824, and || Tx]| < [Ix]|, x € K N 3823,

then T has a fixed point in K N (25 \ £21).

2. Preliminaries

In this section, we introduce preliminary facts and properties which are used throughout this paper. The definitions on
the fractional integral and the Caputo fractional derivative can be found in the recent literature [2-5,8].

Definition 2.1. The left sided Riemann-Liouville fractional integral of order g > 0 of a function f : [0, +00) — Ris given
by

t
B0 = [ =9 s

1
I'(q)
Definition 2.2. The Caputo derivative of fractional order g > 0 of a function f : [0, +00) — Ris defined as

1 t
DS f(t) = 7/ (t — )" W (s)ds,
o+ rin-q Jo
wheren—1<q <n.

Lemma 2.1. Let q > 0. Then the fractional differential equation
DG, y(t) =0

has a unique solution y(t) = co + c1t + cot> + -+ +cp_it" L, eR,i=0,1,2,...,n—1,n=[q] + 1.
Lemma 2.2. Let q > 0. Then the following equality holds for y € L(0, 1), Dg+y e L(0, 1),

Ig, D, y(t) =y(t) + co + cit + &t” + -+ cuqt" !,
forsomec;eR,i=0,1,2,...,n—1,n=[q] + 1.

Definition 2.3. We say a function y(t) is a solution of BVP (1.1) if

(1) y(t) is continuous on [0, b];
(2) y(t) = y(—r1;t) fort € [—1, 0] where y(—t; t) : [—7, 0] — [0, +00) satisfies

0
YD (—; 1) = e (;/ e #y(s)ds +y‘”2)(0)) ; @D

t

(3) y(t) = y(b; t) fort € [1, b], where y(b; t) : [1, b] — [0, +00) satisfies

Y (b £) = e ¥ (; / e 5 (s)ds + e%y“*”m) : (2.2)

1
(4) Dg+y(t) = —r(t)f (y;) for t € (0, 1) almost everywhere.
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3. Main results and proofs

Lemma 3.1. Suppose that (H0)-(H2) hold, and q € (n — 1, n], the unique solution of BVP (1.1) is

y(=1;10), -7 <t=<0,

1
y() = /G(t,s)r(s)f(y(s—i—@))ds, 0o<t<1,
0

y(b; t), 1<t<b,
where
(t_s)q1+G(t) 0<s<t<l1
,S), <s=<t=<1,
G(t,s) = @) 0
Go(t, s), 0<t=<s=<1,
and

_,0[;‘3(n—1)—|—ott]l“”_2 B _ R
Got:9) = (=g —ng gy (9@ nEDIA =97,

moreover, y(—t; t) and y(b; t) satisfy (2.1) and (2.2), respectively.

Proof. By D¢ y(t) +z(t) = 0, t € (0, 1), and the boundary conditions y(0) = y'(0) = - - - =y~ (0) = 0, we have
y”( ) 2 yo20) ., y"P0) ,_,
t) = —Id, z(t 0 o)t n n
¥ 12(0) +y(0) +y (0t + = =t* + +(n_2)! 1!
m=2)o =10
- f(t—s)q lz(s)ds+y Oy | V7O s
T (n 2)' (n—n!
By virtue of the proposition of the Caputo derivative, we have
-1 t
(n—2) t) = — f t—s q—n+lz s d$+ (n—2) 0 + (n—1) 0)t
yro 7F(q—n+2)o( ) (s) yo0) +y T (0)
and
(n—1) 1 ' (n—1)
t)y=—-——— t — ) "z(s)ds +y" =V (0).
Y ) F(q—n+l)/o( )" "z (s)ds +y"~(0)
Then
1 1
2D = [ A=) z(5)ds +y" 2 (0) +y" V(0
yrrm F(q_n+2)/0( ) ($)ds +y"~7(0) + y*(0)
and
(n—1) 1 ! (n—1)
)= 1—5)17"z(s)ds + y" =" (0).
¥y F(q_n+1)/0( )17"z(s) vy (0)

3459

According to boundary conditions ay™=?(0) — By~ (0) = (0) = 0, yy™2(1) + sy" V(1) = £(1) = 0, and noting

that I'(g—n+2)=(@q@—n+1)I'(q—n+ 1), we get
ay"2(0) — py"(0) =0,

1 1
yy" 2 0) + (v +8)y" M0 = TQ-n+t2 / [y(1—=s)+38(@—n+ DI —s)""z(s)ds.
- 0

(q
Hence
(n—2) pB !
n— — _ _ _ q—n
yoo) = Tq—nt2) [0 [y(1—=s)+8(g—n+ DI —s)""z(s)ds
and
(n—1) pa ! q-n
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So we can easily obtain that

v
rq

1
/ G(t, s)z(s)ds.
0

plB(n—1) +at]t"% (!
m—DIr'q—n+2) Jy

y(t)

t
f (t — )47 'z(s)ds + [y(1—s)+38(q—n+ D] —5s)T"z(s)ds
0

Then we complete the proof of Lemma 3.1. O

By direct computation, we have

8n72
WG(LS) =g(t,s), t,se][0,1],
where
_Ja(t,s), 0<s=<t=1,
g(t.s) = {go(t,S), 0<t<s<l, (3.1)

(t—s)d—n+1

and g1(t,5) = — 2o + 808, 9), £o(t, 5) = HEM0 [y (1—5) +8(g —n+ DI — )"

Lemma 3.2. The function g(t, s) defined as in (3.1) has the following properties:

(i) g(t, s) is continuous on [0, 1] x [0, 1];

(i) for B > q:il"" we have g(t,s) > O foranyt,s € [0, 1];
(iii) for B > q:iﬂ’" we have g(t,s) < g(s,s) fort,s € (0, 1);

(iv) there exists a positive number X such that pAh(s) < g(t, s) < ph(s) for t,s € [0, 1].

Proof. It is easy to prove that (i) holds. First, we check that (ii) is true. For0 < s <t < 1, we get

0g1(t, s) (t—=9)T" pa _
= — 1—5+8(@—n+1D]JA —=957"
at r@—-n+1) F(q—n+2)[y( ) +4 11 =)
and
2 _ __ ¢\g—n—1
Feit,s) _ (n—qt—5s) - 0.
ot? rq-n+1 —
This implies that w isincreasingont € [s, 1], so

9g1(t,s) _ 9&1(1,s) _ pay(1—s)—(@—n+ DA - pad)

< = (1—s)1™"
at ot rg—n+2)

P _
< ———Jay —(@—n+ D(x + 1—97" <0
F(q—n+2)[ Yy —(q )+ By )
because of 8 > qf;jla.Theng (t, s) is decreasing with respect to t on [s, 1], we get g1(1, s) < g((t, s) < g1(s, 5).
Furthermore, when 8 > q:LO"
(1— syt pla+ p) _
1,5) = — + 1—5)4+8(—n+1D](1—=95)94"
@19 =~ 1 T a9 8@ )1 =)
= M[—p_l(l —S)+y@+p)A—s)+(a+p)d@—n+1)]
rq—n+2)
P =S s+ @+ B)g—n+ 1)
= — |- (07 o -
ra—n+2) d
08(1 —5)d™m
> 7 Ja(q— —n+1]>0.
_F(q_n+2)[a(q n+p@—n+1]>
When0 <t <s < 1, we have
ag@(tas) pa _
= 1-— 8(q — D1 —=95)4">0,
or F(q_n+2)[y( $)+8(@—n+DIA—-9"" >
which implies g9(0, 5) < go(t, s) < go(s, s) = ph(s). Obviously,
g0(0,s) = L[V(l —s)+8(@—n+ DI —59">0.

rq—n+2)
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From the proof of (ii), we can obtain g(t, s) < g(s, s) easily. Furthermore, we have

g%(s) < g(t,s) < ph(s),

where
—ad(g —
g(ls), 0<s<Py=—oda=m
g6 = @+ by
By —ad(q—n)
8/(0,5), ———= <s< 1.
ad + By
Since
inf &a(l,s) . ¢ p—(1=53)

o g5 s) 0t p(Btasy(1—s)+8G—n+ D]
dayd[flg—n+1) +a(g—n)]

= [ay — By +ad(q—n+ D]? +4aByly +8(q—n+ 1] =h
and
inf 80,5 _ . By(1—s)+Bs(q—n+1)
0<s<1 g(s,s)  Oo<s<t p(B+as)ly(1—s)+3(q—n+1)]
daBydlB(@—n+1) +a(q—n)] .

= [ay — By +ad(q—n+ 112 +4aByly +8(@—n+ 1)] =

Take A = min{\{, A,}, then we get

Aph(s) = Ag(s,s) < g(t,s) < g(s,s) = ph(s). O

Throughout this paper, assume that x,(t) is the solution of BVP (1.1) with f = 0. Clearly, it satisfies

1 o 0 4
feﬁt/ e B’n(s)ds, —t<t<0,
B t
X2 =10, 0o<t<1,
-l t
ge’%‘/ e%SS(s)ds, 1<t<bh.
1
Let y(t) be a solution of BVP (1.1) and x(t) = y(t) — xo(t). Because of x(t) = y(t) for 0 < t < 1, and x(t) satisfies
A x(=2 (), —T<t<0,
1
X" (1) = / g, )r()f (x(s +6) +xo(s +6))ds, 0=t =<1,
0
e 5 (= Dy(n=2) (1), 1<t<b,
which implies
n—2
<ﬁ> e#'x"2(0), —-T<t=<0,
o
1
x(t) = / G, )r(sS)f (x(s +0) +xo(s+0))ds, 0<t <1,
0
S n—2
(—) e 5 (= Dy(=2) (1), 1<t<bh.
v

Define a cone K in the Banach space X = C"? ([—t, b], R) as follows
K= {x e X :x"2(t) = p©)Ixll(—c 51 t € [T, ]},

where [|X[|[_.p := sup{|x""2(t)| : —7 <t < b}, and
e%t, —T7<t<0,
p(t) = A, 0<t<1,
e

—%(r—n,

3461
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Define a mapping T : K — K as

n—2
<é> ef'x"2(0), —T<t<0,
o
1
(Tx)(t) = / G(t, )r(s)f (x(s +0) +xo(s +0)ds, 0<t <1, (32)
0
5 n—2
(——) e~ 5 VX2 (7, 1<t<bh.
Y
Thus
o 1
eﬁf/ £(0, )rS)f (x(s + 0) + xo(s + 0))ds, —71<t<0,
0
1
(M) "2 (1) = / g(t, )r(s)f (x(s + 0) + xo(s + 0))ds, 0<t<1, (3.3)
0
1
e—%“—“/ g1, )rE)f(x(s+0) +x(s+0)ds, 1<t<b
0
Lemma 3.3. T : K — K is completely continuous.
Proof. It follows from (3.2) and (3.3) that we have for —7 <t <0
0 < ()" 2 (1) < ("2 (0)
andfor1 <t <b
0 < ()™ () < ("2 (1).
Thus we get || Tx||—7,5; = I TX|l{0,1; and
_ BYTx| —T<t<0
@) > 1€ (0,115 <t =0, 34
@ = L_g(t_”HTXH[o,l]» 1<t<b G4
For0 <t <1, x € K, we obtain from Lemma 3.1(iii) and (iv)
1
1Tl = [Txllon < o / BE)r () (x(5 + 0) + xo(s + 0))ds
0
and
1
(M) 2(t) > pA / h(s)r(s)f (x(s + 0) + xo(s + 0))ds,
0
which implies that (Tx)"2(t) > A[Tx|lo.;] = AlITx[l{_r.5. This together with (3.4) shows that (Tx)™~2(t) >

p(O)|ITX||{=<.p)- Therefore, we have T(K) C K.

Next we show that T : K — K is continuous. In fact, suppose that x,,, x € K with ||x,, — x| 5§ = 0asn — oo; then
we have [|xy(t +0) — X(t + 0)|l[—c,b) = SUP_;<p<q |Xm(t +0) — X(t +6)| — 0, t € [0, 1]. Thus for t € [—7, b], it can be

seen from (H2) and (3.3) that

1
I(Txm) "2 (£) = (M) (O) |0y < Sup If (xm (t +6)) — f(x(t + 0))] / r(s)h(s)ds.
=t=< 0

This implies that ||Tx, — Tx||[—;;) = 0asn — oo.

Let B C K be a bounded subset of K and My > 0 is a constant such that ||x|[[_;y < M. Define a setS € C* as

S={p € CT : |l¢lic <Mo}.LetL = maxyesf(¢ + MaXee(,1) Xo(t + 0)).
Furthermore, we have for —7 <t <0

1
(M0 (0)] = %63[ / g0, )r(s)f (x(s + 0) + Xo(s + 0))ds
0

o 1
< —Lp/ r(s)h(s)ds =: Ly,
B 0



Y. Zhao et al. / Computers and Mathematics with Applications 64 (2012) 3456-3467 3463
for0 <t <1,

|0V )] = ‘ a-n- ]

t
e — __o)d—n
rq—n+2) /0 (& =) ()f (x(s + 0) + xo(s + 0))ds

1 ap o
+/0 m[y(l—s)—l—é(q—n—l—l)](l—s) r($)f (x(s +0) + xo(s + 0))ds

qg—n—1

1
- _ q—n
= Tq-n+2) /0 (1 =9)""r()f (x(s + 6) +xo(s + 0))ds

1 ap o
+/0 m[y(l—s)—l—é(q—n—l—l)](l—s) r($)f (x(s + 6) + xo(s + 0))ds

L 1
[ — — — _ ) n —
51‘(q—n+2)/0[a8'0(] )+ (@—n+ DA+ adp)](1 —95)T"r(s)ds = Ly,
for1 <t <b,

(TP ()] = ‘—

> [ R

1
e-%/ (1, 9)r()f (x(s + 0) + xo(s + 0))ds
0

y 1
—L,o/ r(s)h(s)ds =: Ls.
5 Jo

IA

Thus, suppose that x € K, Ve > 0,let §5 = forty, tp € [—1, b], |t; — t3] < &g, We get

&
max{Lq,Ly,L3}"’
[(Tx) ™2 (t1) — (T0) "2 (62)| < max{Ly, Ly, L3}|t; — to] < e.

The proof of Lemma 3.2 is completed. O

o 8
Chooseao € (0, min {eiﬁr, A, e77“}) and let

C*={peCr:0<olplc <™ 2(t), forte[—1,al} (3.5)

andE, ={teE:o<t+60<1-—o0, for —7 <0 <a}.
Now, we can state and prove our main results.

Theorem 3.4. Assume that (H0)-(H3) hold and 8 > q:jla. Then BVP (1.1) has at least one positive solution if one of the
following conditions is satisfied.

(H4) fy > dy, and foo < dy, or
(HS) fo < d3’fo*o > d1, andé}(t) = Y](f) = 0,

where
N i fl@) . [
0 = im s 0= lim s
pect,ligliclo |l@llc lellc o |||l ¢
" : fo) . f(p)
foo = 1 s oo = 1 s
pect, liglictoo ||l c lelictoe |l@llc
and

-1
di = Apa/ r(s)h(s)ds] ,
L Eq

_ 1 1
d, = | 2p(1 + ol _r.) / r(s)h(s)ds} ,
L 0

-1

1
ds = p/ r(s)h(s)ds}
0

Proof. By (H2) and (3.5), we have 0 < fEa r(t)h(t)dt < +oo.
If condition (H4) is satisfied, suppose that f;* > d;. We can choose p; > 0 sufficiently small so that

f@) = dillelle, Vo e, lglic < pr.
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Set the first open subset of X by £2; := {x € X : |[X|l[—r.5y < p1}. If X € 3827, we have ||x||[—; 5 = p1 fort € [0, 1].
Furthermore, one has x, € C* fort € E, and

IXllc = olXll—c.oy =0 p1. t €Es. (3.6)

Note that when t € E,, we have xo(t + ) = 0 € C. Thus, one obtain

1
(T2 (Ollj=r.1 = 1T 2 Olljo.1) = ’ / g(t, )r(s)f (x(s + 0) + xo(s + 0))ds
0

v

Apdilx(s +6) + xo(s +0)llc / r(s)h(s)ds

Es

v

Apdwm/ r(9)h(s)ds = p1 = [IX[l(—z.p1 (3.7)
Es

which implies that 1Tl (—z.b; = I TXllj0,1] = lIXll[=7,p), VX € K N 0821.
On the other hand, since f,, < d5, there exists M > p; such that

f@) =dllglc. ¢eCt,  lelc>M.

Choose p, > 0 sufficiently large so that

1
p2 > 1+ pmax{f(p) : 0 < [l¢llc =M + ||X0||[—r,b]}/ r(s)h(s)ds.
0

Set the second open subset of X by £2; := {x € X : ||X||[—¢,5; < p2}. Forx € 962, we have ||x||[_r »; = p2.Itis easy to obtain,

from the facts: xf)"_z) (t) > 0,x"2(t) > 0fort € [—7, b], that for s € [0, 1]

Ix"2 (s +0) + x5 2 s+ Ol = X" (s +O)llc > M, if [x"2(s+0)lc > M,
and
X" 2 (s +0) + x5 s+ O)lc < 1x" 2+ 0c+ lIxg 7 (s +0)c
<M+ xoll—rp. i IX"P (s +6)[lc <M.
Hence

1
1T 2Ol = T2 (O llo17 = / g(t, )r(s)f (x(s +0) + xo(s + 0))ds
0
<p [ r(S)h(s)f (x(s + 0) + xo(s + 0))ds
[X(=2) (s+6) | c>M

+p / r(9h(s)f (x(s +60) + xo(s + ))ds
K2 (5+6) | c <M

< pmax{dz||x(s + 60) + xo(s + 0)|lc, max{f(¢) : 0 < [l@llc =M
1
ol }) / F(h(s)ds
0
1 1 1
< max EIIXII[-Z,H + 5 pmax fl@) | r(s)h(s)ds: 0 < |lgllc <M+ [IXoll[—r.p]
0
1 1
< §||X||[—r,b] + SP2<p2= 1xl = 51,

which implies that
(T l—2.0) = (T O l0,1) < NXll[—zp, VX € KN 3S$2;.

Therefore, by Lemma A, it follows that T has a fixed point x* € KN (£2,\ £21) suchthat0 < p; < [|x*|| —.b] = X" [lj0,1] < p2.
So, the problem (1.1) has a positive solution y(t) = x*(t) + xo(t) withy € [p1 + Mo, p2 + Mol, where My = ||xo [z p]-
If condition (H5) is satisfied, obviously, one has x, = 0. Suppose that fy < ds, then there exists a p3 > 0 such that

f@) <dsllgllc, ¢ ecCt, lellc < ps.
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Set the open subset of X by 23 := {x € X : |IX||[_r.0; < p3}. Forx € 923, we deduce that [x"2 (s +0) +x{" 2 (s + )| c <
X2 (s 4+ 6)||c < p3fors € [0, 1]. Hence

1
1) ™2 (Ol ey = 1T 2O 10,15 2/ g, )r(s)f (x(s + 0) + xo(s + 6))ds
0

IA

1
pds / r(Sh(s)lIx(s + 0) + xo(s + 0) [|cds
0

IA

1
pdsps / FORE)Ss = p3 = [X]r 01
0

which leads to || (Tx) () [l{=z,p] < lIXl{=z,b], VX € KN 0823. Next, since f% > dy, then for any M* > 0, we can choose p4 > p3,
so that

fl@) = M*|lpllc, ¢ €C, llellc € (o pa, +00).
Set the open subset of X by £24 := {x € X : ||X||[—z.5y < p4}. For any x € K with ||x||{— »; = p4, one can deduce that

ollxll—e.p) < Pt + OIxll—c.p) < x" 2 (t+0), €L,
which implies that x, € C* and

x(t +O)|lc > ol|xll{=z.p) = 0 p4, fort €E,.
Thus, similar to (3.7), we get

T2 O ll—e.py = ApdlIIX(S+9)|Ic/ r(s)h(s)ds

Eq
> pdiopn [ rOG)dS = pr = Il
Ex

which implies that || Tx|l{—z.5; > lIXll{—7,5), VX € K N 0£24. According to Lemma A, it follows that T has a fixed point

X € KN (£24\ £23) suchthat 0 < p3 < Ix*li=z.51 = lIX¥**|l{0,11 < pa. So, the problem (1.1) has a positive solution
y(t) = x**(t) withy € [p3, p4]. The proof of Theorem 3.4 is thus completed. O

Theorem 3.5. Assume that (HO)-(H3) hold and 8 > qf;qr] «. Then BVP (1.1) has at least two positive solutions if the following
conditions are satisfied.

(C1) f§ > dq, and f% > dq,
(C2) there exist constant p; > 0 and u € (0, h) such that

f(@) < up1, Vlieglic € (0, p1 + pol,
where

1
h= |:p/ r(s)h(s)ds]
0

1 o 0 _ag 1 _» by
Po = Max{ max —e#p / e B'n(s)ds, 1r£1[a<xk’ge’?t/ es’E(s)ds} .

—T=t=0 ¢ 1

-1

and

Proof. At first, in view of (C1), there exists a p* : 0 < p* < p; such that

f(@) = dillellc, forllllc <p*, ¢ cC"

Set the first open subset of X by 2, = {x : x € X, [|X|[{—r,») < p*}. Similar to (3.6), we have x(s + 6) € C* and p* >
lx(s + 0)llc = o||x|l{—¢,p) = op* for s € E,. Furthermore, one can obtain ||Tx||[—; »; > p* = ||x|l{~r 5}, which implies

TNy = 1TXllo,11 = IXll[—7.by, VX € KN 3L2px.
On the other hand, since f, > d;, one can choose d > p; sufficiently large so that

flo) = dilelle,  llellc =20d, ¢

Set the second open subset of X by 2 = {x : x € X, ||X|||—;,p) < d}. For any x € K satisfies ||x||[—;,») = d,one hasx(s +0) €
C* and |[x(s 4+ 0)|lc = o||X|l{—-.») = od for s € E,. Also one obtains an analogous inequality ||Tx||[—; 5 > d = ||X|l[—¢,p, for
allx € K N 0£2y.
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Finally, set the open subset of X by £2,, = {x : x € X, ||X|l{—r,5) < p1}. Forany x € K N 3£2,,, one has

IO 2 Olli-ep = 1T O lljo,1) =

1
/ g(6. TS (x(5 + 0) + xo(s + 6))ds
0

IA

1
p/ r(s)h(s)f (x(s + 0) + xo(s + 0))ds
0

IA

1
pum/ r(s)h(s)ds < p1 = ||xll{—<,p1,
0

which yields
1Tl (—2.b) < lIXll[—z.by, forx € KNasy,.

According to Lemma A, it follows that T has two fixed points X1, X, such thatx; € K N (£2y, \ 2p+), X2 € KN (£24\ £2,,) with
0 < IX1ll{=z.5) < P1 < lIX2|l{=z.b)- So, the problem (1.1) has at least two positive solutions y; () = x1(t) + xo(t), y2(t) =
X2(t) + xo(t) with O < |ly1ll{—7.57 < P1 + Mo < [[¥2|l{—z,5;- The proof is complete. O

In the same way, we can prove the following corollaries.
Corollary 3.6. The BVP (1.1) has at least one positive solution if fo = 0, f£ = oo, and £(t) = n(t) = 0.
Corollary 3.7. The BVP (1.1) has at least one positive solution if fj = oo and f,, = 0.

Corollary 3.8. Assume that (H0)-(H3) hold and 8 > q:il «. Then BVP (1.1) has at least two positive solutions if the following
conditions are satisfied.

(C3) fo < d37foo < dz, andé(t) = 7’}({') =0.
(C4) there exist a constant p, > 0 and 1 € (dy, +00) such that

fl@) = pap2,  Vl¢llc € lopa, p2l,
where

-1
d = [Apa/ r(s)h(s)ds:| .
Ex

Corollary 3.9. Assume that f; = f% = oo, and there exists a constant p; > 0 such that

fl@) < up1, Viellc € (0, p1 + pol,

where

1 o [0 _o 1 v by
Po = Max{ max —e?p / e B n(s)ds, {E%,Eeii[/ es*E(s)dst .

—r=t=0 B t 1

and p is given in (C2). Then BVP (1.1) has at least two positive solutions y1(t), and y,(t) with 0 < ||y1|l{—z.p) < P1 + Mo <
1¥2lli—z,b-
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