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Abstract

For a bivariate Lévy process (&, nr);>( the generalised Ornstein—Uhlenbeck (GOU) process is defined

t
V= bt (z +/ e’g‘*dns) , 120,
0

where z € R. We define necessary and sufficient conditions under which the infinite horizon ruin
probability for the process is zero. These conditions are stated in terms of the canonical characteristics
of the Lévy process and reveal the effect of the dependence relationship between £ and 1. We also present
technical results which explain the structure of the lower bound of the GOU.
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1. Introduction and notation

For a bivariate Lévy process (§, n) = (&, n:)s>0 the generalised Ornstein—Uhlenbeck (GOU)
process V = (V;)s>0, where Vy = z € R, is defined as
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t
V, = e (z + /0 e—%dns> . 1)

It is closely related to the stochastic integral process Z = (Z;);>o defined as

t
7 = / e 55— dn;. 2)
0

The GOU is a time homogeneous strong Markov process. For an overview of its properties see
Maller et al. [1] and Carmona et al. [2]. Applications are many, and include ones in option pricing
(e.g. Yor [3]), financial time series (e.g. Kliippelberg et al. [4]), insurance, and risk theory (e.g.
Paulsen [5], Nyrhinen [6]).

In this paper, we present some basic foundational results on the ruin probability for the GOU,
in a very general setup. There are only a few papers dealing with this, or with passage-time
problems for the GOU. Patie [7] and Novikov [8] give first-passage-time distributions for the
special case where & = At for A € R, and n has no positive jumps. With regard to ruin
probability, Nyrhinen [6] and Kalashnikov and Norberg [9] discretize the GOU into a stochastic
recurrence equation. Under a variety of conditions, they produce some asymptotic equivalences
for the infinite horizon ruin probability. Other work on the GOU ruin probability comes from
Paulsen [5]. For the special case where & and n are independent, Paulsen gives conditions for
certain ruin for the GOU, and a formula for the ruin probability under conditions which ensure
that the integral process Z; converges almost surely as t — oo.

Since these papers were written, the theory relating to the GOU, and to the process Z, has
advanced. For the general case where dependence between & and 5 is allowed, Erickson and
Maller [10] present necessary and sufficient conditions for the almost sure convergence of Z; to a
random variable Z, as t — c0. Bertoin et al. [11] present necessary and sufficient conditions for
continuity of the distribution of Z,, given that it exists. Lindner and Maller [12] show that strict
stationarity of V is equivalent to convergence of an integral fot efs-dLy, where L is an auxiliary
Lévy process composed of elements of £ and n. Note that in [12] the sign of the process & is
reversed in the definition of the GOU. For our purposes it suits us to have the GOU in the form
V, :=¢ef (z+ Z;) and to study the behaviour of V in terms of Z.

Our main results are presented in Section 2. Theorem 1 presents exact necessary and
sufficient conditions under which the infinite horizon ruin probability for the GOU is zero.
These conditions do not relate to the convergence of Z or stationarity of V or to any moment
conditions. Instead they are expressed at a more basic level, directly on the Lévy measure of
(&, n). Theorem 3 shows that P(Z; < 0) > 0 for all # > 0 as long as 7 is not a subordinator. This
result is an important building block in the proof of Theorem 1. Finally in Section 2, Theorem 4
extends a ruin probability formula of Paulsen [5], presenting a slightly different version which
deals with the general dependent case, and applies whenever Z; converges almost surely to a
random variable Z,, as t — o0.

Section 3 contains technical results of interest, which characterize what we call the lower
bound function of the GOU, and are used to prove the main ruin probability theorem. Section 4
contains proofs of the results stated in Sections 2 and 3.

1.1. Notation

We now set out our theoretical framework and notation. Let (X;);>0 = (&, n:)i>0 be a
bivariate Lévy process with &y = 59 = 0, adapted to a filtered complete probability space
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(2, F,F = (Z1)o<t<co, P) satisfying the “usual hypotheses” (see Protter [13] p. 3), where &
and 7 are not identically zero. Assume that the o-algebra .% and the filtration F are generated
by (&, n), thatis, # =0 ((§,1); : 0 <t < o0)and .F; := o ((§,n)s : 0 < s < t). Note that the
processes V and Z are defined with respect to F.

The characteristic triplet of (£, n) will be written as ((Ve, 7)., ey, IIe.y) Where (7, 7)) €
R2, the Gaussian covariance matrix Xty 1s a non-stochastic 2 x 2 positive definite matrix,
and the Lévy measure Iz, is a o-finite measure on R?\{0} satisfying the condition
fRZ min{|z|?, 1} ,(dz) < oo, where | - | denotes Euclidean distance. For details on
Lévy processes see Bertoin [14] and Sato [15].

The Lévy-Ito decomposition (Sato [15], Ch. 4,) breaks (&, n) down into a sum of four
mutually independent Lévy processes:

E,ome) = ()757 J7n)f + (BS,lv Bn,z) + / Z (NSJ],t(': dz) — tﬂg,n(dz))

|z]<1
+ / ZNg 5.1 (-, d2), 3)
lz|>1

where Bz and B, are Brownian motions such that (Bg, By) has covariance matrix X ;, and
N¢ 1 (w, -) is the random jump measure of (£, n) such that £ (Ng,n,l(a), /1)) = Iz ,(A) for Aa
Borel subset of R\ {0} whose closure does not contain 0. We can write (see Protter [13], p-3D

Ve, vp) = E ((%‘1, n) —/l lzNg,n,l(ndZ)) : “4)

The characteristic triplets of & and n as one-dimensional Lévy processes are denoted as
(Ve» 052, 1II¢) and (yy, anz, II,,) respectively, where

(I = I y(I' xR) and IT,(I') = Iz ,(R x T) 5)

for I' a Borel subset of R\{0} whose closure does not contain 0,
ve=vi+ [ * Il (d(x, ¥), ©)
{Ix|<13N{x2+y2=1}

Yn = )777 +/ )’H.s,n(d(x, ), 7)
{lyl<1in{x2+y2>1}

and aéz and 03 are the upper left and lower right entries, respectively, in the matrix X ;.
With the one-dimensional random jump measures of & and n denoted by N¢ (w, -) and Ny(w, -)
respectively, we can write the Lévy-Ito decomposition of & as

x (N (-, dx) — 11T (dx)) +/ XN, (-, dx), (8)

[x[>1

&=%Hﬂm+/

|x|<1

where

Ve =E<$1 _/| lxNg,l(-,dx)), 9)

and similarly for n. A Lévy process is said to be a subordinator if it takes only non-negative
values, which implies that its sample paths are non-decreasing (Bertoin [14], p. 71).
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Stochastic integrals are interpreted according to Protter [13]. The integral fah is interpreted as

Jia.) and the integral fah+ as [, »)- The jump of a process Y at ¢ is denoted by AY; := ¥, — ¥,_.

The Lévy measure of a Lévy process Y is denoted by Ily. If T is a fixed time or a stopping
time denote the process Y stopped at T by YT and define it by YZT = YiaT = Yminis, 7). For a
function f(x) define fT(x) := f(x) v 0 := max{f(x),0} and f~(x) := max{— f(x), 0}. The
symbol 1 4 will denote the characteristic function of a set A. The symbol =p will denote equality
in distribution of two random variables. The initials “iff”” will denote the phrase “if and only if”.
The symbol “a.s.” will denote equality, or convergence, almost surely. Let 7, denote the first time
V drops below zero, so

T, =inf{t >0:V, < 0|V =z}

and T, := oo whenever V; > 0Vt > 0 and Vy = z. For z > 0, define the infinite horizon ruin
probability function to be

Y(z) =P (ing Vi <0
>

Vo = z) = P(T; < 00).

2. Ruin probability results

Our results are given in terms of regions of support of the Lévy measure IIr,. We
define some notation, beginning with the following quadrants of the plane. Let A =
{(x,y) € R?:x >0,y >0}, and similarly, let A5, A3 and A4 be the quadrants in which
{x >0,y <0},{x <0,y <0} and {x < 0,y > 0} respectively. For eachi = 1,2,3,4
and u € R define

A} = {(x,y)eAi:y—u(e_x—1)<0}.

These sets are defined such that if (A&, An,;) € A} and V;_ = u, then AV, < 0, as we see
from the equation

AV, =V, = V,_

1— 1—
o <Z n / e~bi-dn, + e—bi- Am) _ b (Z n / e—ssdm)
0 0
t_
(€5 — efin) (Z n f e—sxdm) +efre—fi- An,
0

= (2 — )V, + P8 An,. (10

If u < 0 then AY = A and A} = ). As u decreases to —oo, the sets A} expand, whilst the Ag‘
shrink. Define

o, = 5P {u<0: I, (A)) > 0} 6y = inf {u < 0: II ,(A}) > 0}
—oo if I 5(A1) =0, 0 if Iy (A3) = 0.

If u > 0O then Ag = Az and A} = ). As u increases to oo, the sets A5 shrink, whilst the A}
expand. Define

o, - |SUP {u >0: I, (AY) > 0} 04— inf{u >0: I, (A)) > 0}
2700 if I, (A2) = 0, T oo if I (Ag) = 0.
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Foreachi = 1, 2, 3, 4, note that Hg,n(A?") = 0, since in the definitions of A;‘ we are requiring
that y — u(e™ — 1) be strictly less than zero.

Theorem 1 (Exact Conditions for No Ruin for the GOU). The ruin probability function satisfies
¥ (0) = 0 if and only if n is a subordinator. If n is not a subordinator then there exists ¢ > 0
such that the ruin probability function satisfies W (c¢) = 0 if and only if the Lévy measure satisfies
I ,(A3) =0, 0 < 64, and:

e when 052 # 0 the Gaussian covariance matrix is of form Xg , = [_:‘ _ug] 052 for some
u € (62, 04] satisfying
- _ 1
g(u) =y + uye — Juof — / (wx + W1, d(x, )) = 0; (1)
{x2+y2 <1}

e when o2 = 0 the Gaussian covariance matrix is of form Y.y = 0and there exists u € [6;, 64]
satisfying g(u) > 0.

If 052 # 0 and the conditions of the theorem hold, then ¥ (z) = 0 forall z > ¢ = —Us—‘z”,

0,
&
whilst ¥ (z) > 0 forall 7 < c.
If 052 = 0 and the conditions of the theorem hold, then ¥ (z) = 0 for all z > c =
inf{u € [62, 64] : g(u) > 0}, whilst ¥ (z) > 0 forall 7 < c.

We now discuss some examples and special cases which illustrate and amplify the results in
Theorem 1.

Remark 2. (1) Suppose that (£, n) is continuous. We can then write (&, n;) = (yzt, yyt) +
(Bg,1, By,1). Theorem 1 states that ¥ (z) = O for all z > u and ¥ (z) > O for all z < u, if and

only if there exists # > 0 such that B, = —uB¢, and (y¢ — %osz)u + ¥y = 0. For example
we could have
&, me) == (Br +ct, =B + (1/2 — o)1), (12)

where ¢ € R and 052 = 1. Then Theorem 1 implies that y(z) = O for all z > —?—’2’] =1

€
whilst ¥ (z) > O for all z < 1. For this simple case, we can check the result directly. Using
Ito’s formula we obtain

t t
Z = / e BreIdB 4 (1/2 — ¢) / e”(Bites)qy — e=(Brte)
0 0

and hence a lower bound for Z is —1.
(2) Suppose that (&, n) is a finite variation Lévy process. Then Xt ;, = 0 and flz|<1 |z|IIg n(dz) <
00. We can define the drift vector as

e, dy) = (e 7) — /

lzl<

z1Ig 5 (dz) (13)
1

and write
¢, 1) = (dg, dp)t + /]RZ ZNg ¢ (-, d2).

In this situation, Theorem 1 simplifies to the following statement: ¥ (0) = 0 iff  is a
subordinator. If » is not a subordinator then yr(c¢) = 0 for some ¢ > 0 iff I ,,(A3) = 0,
0 < 04, and at least one of the following is true:
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e dg =0,and d; > 0; or
o ds >0and—Z—Z < 64; or
o dy > 0, and dg < 0, such that —Z—Z > 0.

If the second property holds, then ¥ (z) = O for all z > ¢ := max{6,, —Z—g} and ¥ (z) > 0 for
all z < c. If the other properties hold, then (z) = 0 for all z > ¢ := 6, and ¥ (z) > 0 for all
z<c.

These results are easily obtained by using (13) to transform condition (11) into the
equation g(u) = dy + udg > 0. For a simple example, let N; be a Poisson process with
parameter A, let ¢ > 0 and let

&, ) = (—ct + Ny, 2ct — Ny). (14)

Then we are in the third case above, and ¥ (z) = O forall z > 6, = ﬁ, and ¥ (z) > 0 for
all z < =5 For this simple case, we can verify the results by direct but tedious calculations
which we omit here.

(3) Suppose that & and 5 are independent. This implies that £ and » jump separately, which
means that all jumps occur at the axes of the sets A;. Further, there is zero covariance
between the Brownian components of & and 7, namely oz, = 0. With a little work,
Theorem 1 simplifies to the following statement: ¥ (0) = O iff 5 is a subordinator. If 7 is
not a subordinator then ¥ (z) = 0 for z > 0 iff & and 5 are each of finite variation and have
no negative jumps, and g(z) = d, + zd: > 0. Note that for this situation to occur, it must
be the case that d;, < 0 (since 7 is not a subordinator), which implies that d¢ > 0. Hence
E(§1) > 0.

(4) Paulsen [5] states conditions for certain ruin when £ and 5 are independent. For the cases
E(&) < 0 and E(&;) = 0, and under certain moment conditions, he shows that ¥ (z) = 1
for all z > 0. Theorem 1 shows that the situation changes when dependence is allowed.
The continuous process defined in (12), and the jump process defined in (14), illustrate
this difference. Each process trivially satisfies Paulsen’s moment conditions and can satisfy
E(&1) < 0, or E(&;) = 0, depending on the choices of ¢ and A; however it is not the case
that ¥ (z) = 1 for all z > 0. Note that Paulsen does not comment on the possibility of zero
ruin for the independent case. The above statement (3) completely explains this situation.

(5) We make some comments on subordinators and explain why Theorem 1 has to have a
separate statement for the simple case in which 7 is a subordinator. By Sato [15], p. 137,
n is a subordinator if and only if the following three conditions hold:

,)2 = 0, so 1 has no Brownian component;

o [I,((—00,0)) = 0, so n has no negative jumps;

e dy > 0, where

dy = vy —/ yI,dy) = E (m —/ YNy 1, dy)>.
©,1) (0,00)

Note that, by definition, d,, € [—00, 00), and d;; = —o0 iff f(o 1 vII,(dy) = oo.

2 _
g =

[(1) g] 052. Using the fact that  has no negative jumps, and Eq. (7), we obtain

® O

Suppose that 7 is a subordinator. Since o 0 the covariance matrix is of form Yg , =

dy = vy —/ g, (d(x, y)) = Py —/ yiIg ,(d(x, y))
Rx{ly|<1} {(x24+y2<1)

= g(0).
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Thus, the fact that d;, > 0 implies that (11) is satisfied for u = 0. Also, since n has no
negative jumps, 6> = 0, and hence the condition 6, < 04 is satisfied. However there is one
condition that might not be satisfied. Even though 7 has no negative jumps, we cannot say
I ,,(A3) = 0, since it may be the case that II¢ ; ((—o0, 0) x {0}) > 0. Namely, £ may make
a negative jump at the same time as 1 has no jump.

(6) If II: ,(A3) = 0, and 6, < 64, then the function g(u) from (11) exists for any u € [0, 64],
and g(u) € [—oo, 00). Under such conditions, the domain of integration for the integral
component of g can be decreased using the fact that

IIg ({y —ue™ -1 < 0}) =0. (15)
Further, if g(u) is finite for some u € [0, 4], then

/ (y —u(e™ — 1)) Il ,,(d(x, y)) < oo. (16)
{y—u(e™*=1e(0,1)}

On first viewing, (16) may seem counterintuitive, as it places a constraint on the size of the
positive jumps of V. However, if (16) does not hold, and all the other conditions, excluding
(11), are satisfied, then the Lévy properties of (§, ) imply that V; can drift negatively when
Vi— = u. These statements, and the Eqs. (15) and (16), are discussed further in Remark 10
following Theorem 9.

Theorem 3. The Lévy process n is not a subordinator if and only if P(Zt < 0) > 0 for any
fixed time T > 0.

One direction of this result is trivial and has been noted above, namely, if 7 is a subordinator
then P(Zr < 0) = 0O for any T > 0. The other direction seems quite intuitive and in fact is
implicitly assumed by Paulsen [5] for the case when & and n are independent. However even for
the independent case the proof is non-trivial. We prove it for the general case using a change
of measure argument and some analytic lemmas. As well as being of independent interest, this
result is essential in proving Theorem 1.

The final theorem in this section provides a formula for the ruin probability for the case
where Z converges. Recall that 7, denotes the first time V drops below zero when Vy = z, or
equivalently, the first time Z drops below —z.

Theorem 4. Suppose Z; converges a.s. to a finite random variable Z~, as t — 00, and let
G() = P(Zso < 7). Then

G(—2)
G(—VTZ)’ T, < o0)

Y(z) = E(

Remark 5. (1) For the case where £ and 5 are independent, Paulsen [5] shows that, under a
number of side conditions which ensure that Z; converges a.s. to a finite random variable
Z o with distribution function H(z) := P(Zso < z) ast — 00,

H(-z)
V() = .
E(H(-Vp)| T, < o0)
This formula is a modification of a result given by Harrison [16] for the special case in which
& is deterministic drift and n is a Lévy process with finite variance. Theorem 4 extends the
formula to the general dependent case. Our proof is similar to those of Paulsen and Harrison;
however we write it out in full because some details are different.
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(2) Erickson and Maller [10] prove that Z; converges a.s. to a finite random variable Z, as
t — oo if and only if

: In|y| )
lim & = 4oca.s. and / <— II,(dy) < oo,
=00 R\—eel \Ag(nlyD /) "

where, for x > 1,

Ag(x) =1 +/ Il ((z, 00))dz.
1

Lindner and Maller [12] prove that if V is not a constant process, then V is strictly stationary
if and only if fooo ef~dL, converges a.s. to a finite random variable as  — 0o, where L is
the Lévy process

L =n + Z (eAEs — 1) Any 4+ tCov(Be,1, By1), t=0.
O<s<t

In neither of these cases do the conditions of Theorem 1 simplify. Each of the processes
defined in (12) and (14) can belong to either of these cases, or neither, depending on the
choice of constant ¢ and parameter A.

(3) Bertoin et al. [11] prove that if Z; converges a.s. to a finite random variable Z,, as t — oo,
then Z has an atom iff Z, is a constant value k iff P (Zt =k(1 — e_éf) Vvt > 0) = 1iff
e ¢ = e(—n/k), where €(-) denotes the stochastic exponential. In this case it is trivial that
¥ (z) = 0 forall z > —k. Theorem 1 produces the same result; however this will not become
immediately clear until Remark 8(2) following Theorem 7.

3. Technical results of interest

This section contains technical results needed in the proofs of Theorems 1 and 3, which also
have some independent interest. The proofs of these results are given in Section 4. Recall that the
stochastic, or Doléans—Dade, exponential of a semimartingale X, is denoted by €(X),. The first
proposition introduces a process W which will play an important role throughout the rest of the
paper. This proposition is adapted from Proposition 8.22 of [17] and is presented without proof.

Proposition 6. Given a bivariate Lévy process (&, 1) there exists a Lévy process W such that
e & = (W), and (§€,n, W) is a trivariate Lévy process. If & has characteristic triplet
(ve, 0¢, 1) then

02t
Wi= =6+ + 3 (25 + a5 —1) a7

O<s<t

and the characteristic triplet of W is given by O’%, = osz and
Iy (A) = 1I¢ ({x e —1le /1}) (18)
and
1 _
YW = e 50¢ +/R(“<*"”(x) + (e = DI in200®) Te(d), (19)

where the integral converges.
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We define the lower bound function § for V in (1) as

Vo=z) = 0].

The following theorem exactly characterizes the lower bound function.

8(z)=inf{ueR:P<ian,§u

t>0

Theorem 7. The lower bound function satisfies the following properties:

(1) Forallz € R, 8(z) < z.

(2) If z1 < zo then 8(z1) < 8(z2).

(3) Forall z € R, §(2) = z if and only if n — zW is a subordinator.
(4) Forall z € R, 8(z) = 8(8(2)), and

8(z) =sup{u :u < z,n—uW is a subordinator} .

Remark 8. (1) If n is a subordinator then §(0) = 0, so V cannot drop below zero when
VWw=2z>0.

(2) Asnoted in Remark 5(3), if Z; converges a.s. to a finite random variable Z., as t — oo, then
Zoo has an atom iff e 8 = e(—n/k). If this holds then § (—k) = —k, since n+k (—n/k) =0
and hence is a subordinator. Thus 1 (z) = O for all z > —k, as mentioned in Remark 5(3).

Theorem 9. Let u € R\{0} and let (&, n, W) be the trivariate Lévy process from Proposition 6.
The Lévy process n — uW is a subordinator if and only if the following three conditions are
satisfied: the Gaussian covariance matrix is of the form

Sy = [ ! ‘“} o2, 20)

—u u?
at least one of the following is true:

o II; ,(A3) =0and 0, < 04 and u € 02, 64];
o Il ,(A2) =0and 0 < 63 and u € [0y, 63];
o Il y(A3) = II; ,(A2) = 0and u € [0y, 64];

and in addition, u satisfies (11).

Remark 10. In Remark 2(5) we stated three necessary and sufficient conditions for a
Lévy process to be a subordinator. These three conditions correspond respectively with the three
conditions in Theorem 9, as we shall see in the proof. In particular, if one of the dot point
conditions holds, and u € [6;, 6] for its respective i, j, then II,_,w((—o0,0]) = 0, which
we will show to be equivalent to (15), and the function g from (11) satisfies g(u) = dy_yw €
[—00, 00). Further, if g(u) is finite for some u € [6;, ;] then f(o,l) zIl)_yw(dz) < oo, which
we will show to be equivalent to (16). Note that if  — uW has no Brownian component, no
negative jumps, but [, ©.1) zII,_,w(dz) = oo, then, somewhat surprisingly, n — uW is fluctuating
and hence not a subordinator, regardless of the value of the shift constant y;_,w. This behaviour
occurs since d,_,w = —00, and is explained in Sato [15], p. 138.
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4. Proofs

We begin by proving Theorem 3. For this proof, some lemmas are required. In these we
assume that X = (&, n) has bounded jumps so that X has finite absolute moments of all orders.
Then, to prove Theorem 3 we reduce to this case.

Lemma 11. Suppose X = (&, n) has bounded jumps and E(n1) = 0. If we let T > 0 be a fixed
time then ZT is a mean-zero martingale with respect to .

Proof. Since 1 is a Lévy process the assumption E(n1) = 0 implies that n is a cadlag martingale.
Since & is cadlag , e ¢ is a locally bounded process and hence Z is a local martingale for F by
Protter [13], p. 171. If we show that E (supsit |ZST|) < oo for every ¢ > 0 then Protter [13], p.
38, implies that Z7 is a martingale. This is equivalent to showing E (suplgT |Z;|) < 00. Since
Z is a local martingale and Zp = 0, the Burkholder—Davis—Gundy inequalities in Lipster and
Shiryaev [18], p. 70 and p. 75, ensure the existence of b > 0 such that

t . . 1/2
E| sup /e_&*dns < bE [/ e_g*dns,/ e_&'dns]
0<t<T |JO 0 0 T
T 1/2
=bE((/ e—zfsd[n,n]s) )
0

’ 1/2
< bE f sup e~ 2d[n, nly
0 0<t<T

= bE ( sup e ¥ [n, n]lT/z)

0<t<T

1/2
<b (g( sup e—%)) (E (I, nlr)'/?,
0<t<T

where the second inequality follows from the fact that [, n]; is increasing and the final inequality
follows by the Cauchy—Schwarz inequality. (The notation [-, -] denotes the quadratic variation
process.) Now, by Protter [13], p. 70,

E(n.nlr) = 02T +E ( > (An)2> =0T + T/xzﬂn(dx),

0<s<T

which is finite since 7 has bounded jumps. Thus it suffices to prove that E (supoS (<T e’zgf) < 00.
Setting ¥; = e % /E(e~%"), a non-negative martingale, it follows by Doob’s maximal inequality,
as expressed in Shiryaev [19], p. 765, that

—2& E e_ng
E| sup ¢ 5] =4 ( )2,
0=t=T (E(e~%)) (E(e~%))
which is finite since £ has bounded jumps and hence has finite exponential moments of all orders
(Sato [15], p. 161). It is shown in Sato [15], p. 165, that (E(e_sf))2 = (E(e_fl))zt. Letting
c = (E (e=& ))2 € (0, 00), the above inequality implies that
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—2¢
E| sup e % | <max{1,c"}E sup e[ <oo. O
0<t<T

0<t<T €

We now present two lemmas dealing with absolute continuity of measures. These lemmas will
be used to construct a new process W such that W7 is a mean-zero martingale which is mutually
absolutely continuous with Z7. Then P(Z7 < 0) > 0 if and only if P(W7 < 0) > 0, and the
latter statement will follow immediately from the fact that W is a mean-zero martingale.

Lemma12. Let X = (&,n) and Y := (t,v) be bivariate Lévy processes adapted to
2, Z ,F, P), and let Z, = fot e &-dn, and W, = fot e~ “—dv,. If the induced probability
measures of X' and YT are mutually absolutely continuous, then the induced probability
measures of ZT and WT are mutually absolutely continuous.

Proof. Let D([0,T] — Rz) denote the set of cadlag functions from [0, T] to R2
and #*0T] denote the o-algebra generated in this set by the Borel cylinder sets (see
Kallenberg [20]). Then the induced probability measures of X7 and Y7 can be written
as Pyxr and Pyr on the measure space (D([O, T — Rz),%ﬂ[o’ﬂ). Let C = (C/,C")
be the coordinate mapping of (D([0,T]— R?), #%07]) to itself. Define Z' on the
probability space (D([0, ] — R?), #2071 Pyr) by Z, = [5e G-dC!. Define W' on
(D([O, T] — R?), $20.T1 PyT) by W/ = 5e_C§de§’. Note that Z’ and W’ are different
processes since they are being evaluated under different measures. Now Z = X o Z’ and
W =Y o W.Hence P(ZT € A) = Pyr(Z' € A) and P(WT € A) = Pyr (W' € A). Since
Pyr and Pyr are mutually absolutely continuous, Protter [13], p. 60, implies that Z" and W’ are
Pyr-indistinguishable, and Pyr-indistinguishable. So Pyr(Z" € A) = Pyr (W' € A). Since
Pyr and Pyr are mutually absolutely continuous, Pyr (W' € A) = 0iff Pyr(W' € A) =0
which proves P(ZT € A) = 0iff P(WT € A) =0, as required. [

Lemma 13. If X = (&, n) has bounded jumps, E(n1) > 0, n is not a subordinator, and n is
not pure deterministic drift, then there exists a bivariate Lévy process Y = (t, v) with bounded
jumps, adapted to (12, F,F, P), such that XT and YT are mutually absolutely continuous for
all T > 0, and E(v;) = 0.

Proof. As mentioned in Remark 2(5), the Lévy process 7 is a subordinator if and only if the
following three conditions hold: 0,;2 = 0, I,((=00,0)) = 0, and d;, > 0 where d;, =
Vo — f(O,l) vII,(dy). Thus it suffices to prove the lemma for the following three cases.

Case 1: Suppose o;; # 0. Given dependent Brownian motions Bg and B, there exists
a Brownian motion B’ independent of B, and constants a; and ap such that (Bg, B;) =
(a1 B’ + ax By, By). Using the Lévy-Ito decomposition, X can be written as the sum of two
independent processes as follows:

Xi=G,n) = (5;/ + BE,tv 77; + Bn,t) :D(Et/ + alBl/v 77;) + (aan,n Bn,t),

where (&', ') is a pure jump Lévy process with drift, independent of (B¢, By). Let ¢ :== E (1)
and define the Lévy process Y by

Y, = (Et/ + alBt/, 77;) + (az(Bn’, —ct), By, — ct) .

It is a simple consequence of Girsanov’s theorem for Brownian motion, e.g. Klebaner [21],
p- 241, that the induced measures of the processes B, ; and B;, ; —ct on (D([O, T] — R), 95’[0’”)
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are mutually absolutely continuous. It is trivial to show that this implies that the induced
probability measures of (a2 By, B,7,,)T and (ax(By,, —ct), By, — ct)T are mutually absolutely
continuous. Using independence, this implies that the induced probability measures of X7 and
YT are mutually absolutely continuous. Note that if we write Y as ¥ = (z, v) then v; = n; — ct
so E(vy) = 0 as required.

Case 2: Suppose o;,, = 0 and II,)((—o0, 0)) > 0. We can assume that X has jumps contained
in A, a square in R2,ie. forallt > 0

(A&, An)eAd={(x.y)eR*:—a<x<a,—a<y<a)
For any 0 < b < a define the set I' C A by
F::{(x,y)e]Rz:—asxfa,—afys—b}.

A Lévy measure is o-finite and IT,((—o0, 0)) > 0 so there must exist a » > 0 small enough
such that IIx(I") > 0. By Protter [13], p. 27, we can W{ite X = X + X where )~(t = (ét, n¢)
is a Lévy process with jumps contained in A\I" and X; = (&, 7)) is a compound Poisson
process 1ndependent of X, with jumps in I" and parameter A := IIx(I") < 00. So we can write

Zl | Ci where N is a Poisson process with parameter A and (C;);>1 = (C}, C/');>1 is an
1ndependent identically distributed sequence of two-dimensional random vectors, 1ndependent
of N, with C; € I'. Let M be a Poisson process independent of N, C; and X, with parameter
ri for some r > 1. Define the Lévy process ¥ by ¥, = X, + Z 1 Ci. We show that
the induced probability measures of X7 and Y7 on (D([0,T] — R), %’IO 'T1) are mutually
absolutely continuous. Since X is independent of both compound Poisson processes, this is
equivalent to showing that the induced probability measures of Z,N=t1 C; and Zf‘i’l C; are
mutually absolutely continuous. Let A € %71 and note that

N; 00 N;
P((ZQ) eA):ZP((ZQ) €A
i=1 0<t<T n=0 i=1 0<t<T

Since N is a Poisson process, P(N; = n) > 0 for all n € N. Thus the left hand side of (21) is
zero if and only if P ((ZlN_’l Ci) € A|Nt = n) =0foralln e N.
- 0<t<T

Nr =n> P(Nr=n). 21)

For any Poisson processes, regardless of the parameter, Kallenberg [20], p. 179, shows that
once we condition on the event that n jumps have occurred in time (0, 7], then the jump times
are uniformly distributed over (0, T']. This implies that

Mr = }’l) .

Ny M,
P((ZQ) €A NT:n>:P<<ZC,~> €A
i=l1 0<t<T i=1 0<t<T

Thus P ( (2, ¢:) e ) =0ifandonlyif P ( (XM C) € A) = 0, which
1= 0<t<T 1= 0<t<T

proves that the two measures are mutually absolutely continuous, as required.

Recall that ¥, =: (t;, ;) = X, + Y., C; where X = (, /j) and C; := (C}, C}') € I'. Thus
v = T)H‘Z ', C/" which implies that 1 E(v1) = t E(7j1)+rAt E(C]') where E(7j1) > E(n1) > 0.
Choosing r = E(m)/|)\E(Cl”)| gives E(v;) = 0 as required.

Case 3: Suppose o, = 0, II;((—00,0)) = 0, and d;, < 0, where we allow the possibility
that d;, = —oo. If II;((0, o0)) = 0 then n; = djt is deterministic, and this possibility has been
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excluded. So II,,((0, 00)) > 0, and we can assume that X has jumps contained in A where we
define the set A := {(x,y) € R2: —a <x<a0< y < a}. For any 0 < b < a define
the set I'® < A by re = {(x,y) € R2: —a <x <ab< y < a}. We can write
X = X® 4 8O where X® = £, 5,®)isa Lévy process with jumps contained in A\I"®

5 ~(b) A . . . S - .
and X® = (S,( ), 7)) is a compound Poisson process independent of X, with jumps in
'® and parameter A0 = [Ty (F(b)) < Q.

If d, € (—o00,0) then we can write E( (b)) = dyt + tf(o’b)xﬂ,,(dx). Since
limp0 fig ) X 11 (dx) = 0, there exists b > 0 such that E(ﬁ,(b)) < 0.1If d; = —oo then
f(o 1))cH,,(dx) = o0. Note that E(n1) = E (n](b)) + E (ﬁl(b)) € (0, c0) since jumps are
bounded, whilst

lim £ ( <”>) =lim | xII,(dx) = oo
bi0 Jb,a)

Hence there again exists » > 0 such that E (n,(b)) < 0. From now on we assume that » > 0

is small enough that E (ﬁ,( ) < 0. Since a Lévy measure is o-finite and II,((0, c0)) > 0

we can also assume Ty (I'®) > 0. Thus we drop the ”) from our labelling. We can write
X, = vaz’l C; where N is a Poisson process with parameter A and (C;);>1 = (C}, C/);>1 is an
independent identically distributed sequence of two-dimensional random vectors, independent of
N, with C; € I'. Let M be a Poisson process independent of N, C; and X, with parameter r for
some r > 0. Define the Lévy process Y by ¥; = X, + Z 1 Ci. Then the induced probability
measures of X7 and Y7 are mutually absolutely continuous by the same proof as was used for
Case 2. If Y =: (z,v) thenv, = 7}, + Zlﬂi’l C! with C/" € [b, a]. Since E(7j1) < 0 for our choice
of 0 < b < a, choosing r = |E(ﬁ1)|/AE(le/) gives the result. [

Proof (Theorem 3). Take a general (£, 1), let a > 0 and define
A= {(x, y)eR2:—a<x<a —a<y<al.

We can write X = X + X where X; = (&, 17,) is a Lévy process with jumps contained in A
and X, == &, f)isa compound Poisson process, independent of X, with jumps in R?\ 4, and
parameter A = ITx(R?\A) < co. Note that

= Y AX,lg 4(AX))

0<s<t

and by Poisson properties, P()A(, = 0) > 0 for any ¢ > 0. Suppose that P (fOT e b dns < 0) >

0. Then P(Z7 < 0) > 0, because
T A A
p </ e 5 dy, < 0‘ Ry = o) P (XT - 0)
0

T
P (/ e_SS*dm < O)
0
T = A A
— P </ e~ &-dij, < 0‘ Ry = 0) P (XT - 0)
0
T = A
p </ e 5 di, < 0) P (XT - o) 0.
0

v
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Further, note that 7 is not a subordinator iff we can choose a > 0 such that 7 is not a subordinator.
If 0772 > 0 ord, < Othen any a > O suffices. If II;((—o0, 0)) > 0 then we can choose a > 0
large enough that II,((—a, 0)) > 0. The converse is obvious. Thus the theorem is proved if we
can prove it for the case in which the jumps are bounded. From now on assume that the jumps of
X = (&, n) are contained in the set A defined above. Note that this implies that E(n;) is finite.
If n is pure deterministic drift, then n, = d,t where d; < 0, since 1 is not a subordinator.
In this case the theorem is trivial, since Z is strictly decreasing. Thus, assume that 1 is not
deterministic drift. We first prove the theorem for the case where —c := E(11) < 0. Note that

T T
P(Zr <0)=P ( f e 5-d(ns + cs) — / e 5-d(cs) < 0)
0 0

T
> P </ efé‘v‘d(ns +cs) < 0) > 0.
0

The final inequality follows by Lemma 11, which implies that /OT e~5-d(ns +cs) is a martingale,

so E (fOT e &-d(n, + cs)) = 0. Note that fOT e 5-d(ny + cs) is not identically zero due to our
assumption that n is not deterministic drift.

Now we assume that ¢ := E(n1) > 0. Lemma 13 ensures that there exists ¥ = (t,v)
with bounded jumps, adapted to (£2,.%,F, P), such that X7 and Y7 are mutually absolutely
continuous for all 7 > 0, and E(v1) = 0. If we let W; = fot e~ “-dyg then Lemma 11 ensures
that W7 is a mean-zero martingale. We prove that Wz is not identically zero. Firstly if v is
deterministic drift then W is either strictly increasing, or strictly decreasing; hence Wr is not
identically zero. If v is not deterministic drift then the quadratic variation [v, v] is an increasing
process. Hence

. . T
|:/ e Bdyy, / e_”dvs] = </ e 25y, v]s) > 0.
0 0 T 0

If Wr is identically zero then W, must be identically zero for all # < T, since W is a martingale.

Thus [W, W]r = 0, which gives a contradiction. Now, since W is not identically zero, and

E(Wr) = 0, we conclude that P(W7r < 0) > 0. However, Lemma 12 ensures that the induced

probability measures of Z7 and W are mutually absolutely continuous. Hence P(Z7 < 0) > 0.
O

Proof (Theorem 7). Property 1 is immediate from the definition while Property 2 follows from
the fact that V; is increasing in z for all + > 0. Let W be the process such e % = ¢(W),. Then
for any u € R,

t
e (z + / egf‘dns)
0

t t
= ¢ (z +/ e*&‘d(ns —uWs) + u/ eSf—dWs)
0 0

t
=% (z +/ e 5=d(ny — uWy) + u(e™ — 1))
0

t
=u+ef (z —u +/ e_&*d(ns — uWS)> .
0

Vi
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Now if n — zW is a subordinator then fot e &-d(n, — zW,) > 050 8(z) = z. By Theorem 3 if
n — zW is not a subordinator then for some ¢ and some € > 0,

t
P </ e 5=d(ns — zWs) < —E) >0
0

and so, with Vy =z + € and u = z,

t
Vo=1z2 +e> =P (in(f) {z + e (e +/ e S=d(ny — ZWs))} < z)
1> 0

which is strictly positive. This implies that §(z) < §(z + €) < z and establishes Property 3. Now
Property 3 implies Property 4 if n — §(z) W is a subordinator. So suppose that n — §(z) W is not a
subordinator. Then from the argument above we know that for some € > 0, §(8(z) + €) < §(2).
Let T, = inf{t > 0 : V; < u}. By the definition of § we have that P(T5¢)+c < 00) > 0. By the
strong Markov property of V;, if u < z,

V0=z)
V0=z>

=P (tilzlg Vt+T6(u)+E < (S(H)
Tsuy+e <00, Vo = Z) P (Tswy+e < 00)

P <inf Vi <z
t>0

P <inf Vi < 8(u)
t>0

=P ([lgg V1+T8(u)+e < 8(14)

v

> P (inf Vi < 8(u)
t>0

Vo =68(u) + 6) P (T(s(u)+€ < OO) > 0.
This contradiction proves Property 4. [

Proof (Theorem 9). The Lévy process S® := n — uW is a subordinator if and only if the
following three conditions hold: 052'(14) = 0, Igw ((=00,0)) = 0, and dgwy > O where
dgw = E (S{") - f((),oo) ZNgw 1 (s dz)). Note that U§<u> = 0 is equivalent to B,, — uBw = 0,
which is equivalent to B, = —uBg by (17), which establishes (20). We show that § ) has no
negative jumps for u # 0 if and only at least one of the dot point conditions of the theorem holds.
Using (18) we see that AS™ = An, — u (e7®% —1.).If u > O then AS™ < 0 requires that
(A&, An,) be contained within A%, A3, or A}. Every (Ag;, An,) € A3 produces a AS,(") < 0.
Recall that the value 6 is the supremum of all the values of # > 0 at which there can be a
negative jump AS,(“) with (A&, An) € Aj. Note that at u = 6, such a jump is not possible. The
obvious symmetric statement holds for 6. Hence, if # > 0 then S has no negative jumps if
and only if Il ,(A3) = 0,6, < 64 and u € [0;, O4].

If u < O then AS,(”) < 0 requires that (A&, An;) be contained within AY, A, or Ag. Every
(A&, Ans) € Aj produces a ASI(”) < 0. Recall that the value 0; is the supremum of all the

values of u < 0 at which there can be a negative jump AST(”) with (A&, An) € Ay, and atu = 0,
such a jump is not possible. The obvious symmetric statement holds for 65. Hence, if u < 0 then
S can have no negative jumps if and only if It ,(A2) =0, 6; < 03 and u € [0, 63]. Finally,
if Il ,(A3) = IIz ,(A2) = O then 835 = 6, = 0 and so both of the above are satisfied when
u € [01, 04]. Now suppose that at least one of the dot point conditions holds. We let u € [6;, 6]



D. Bankovsky, A. Sly / Stochastic Processes and their Applications 119 (2009) 2544-2562 2559

for suitable i, j, and prove that g(#) = dgw . The following holds:

dgw = J/n—uj/w-i-E(/ yNn,l(',dy)—u[ xNw,1(-, dx)
[y[=1

[x[>1
- / Ny, - dz))
(0,00)

= Vn—uj/w-i-E(/ yNn,l(',dy)—u[ (e™ — 1) Ng,1 (-, dx)
[y[=1 (—00,—1In2)

- / (y - u(e_x - 1)) NE,V),] (" d(x’ }’))>
{y—u(e=*—1)>0}
1 2 —Xx
= yy+uye —Euag + E - (y1|y|21 —uxliy<p —ue™ =1
— (y—u™ = D) Ijy_ye—r—1=0;) Ne.yp1(, dix, y))>
1
=Yy +uys — Elwgz —E (/Rz(uxlpcd + ¥1y1<1)Ne 5,1 (-, d(x, y)))

s - 1
= J/;7+u)/§_5140'§2_E</ (ux+y)N§,n,1('vd(x7y)))'
(x24y2<1}

The first equality follows because the expected values of each of the Brownian motion
components of n and W are zero, as is the expected value of the compensated small jump
processes of n and W. The second and third equalities follow by (18) and (19) respectively.
The fourth equality follows since u is contained in suitable [6;, 6;] which implies that S® has
no negative jumps, and correspondingly Ng ; i ({y —ue™*—-1)< O}) = 0. The final equality
follows by (6) and (7). Thus we are done if we can exchange integration and expectation in the
above expression. Now if f(x, y) is a non-negative measurable function and A is a Borel set in
RR? then the monotone convergence theorem implies that

E(/A f(x,y)Ng,n,l(-,d(x,y))> =/Af(x,y)ﬂs,n(d(x,y))-

For general f(x, y),if [4 f*(x, y) I ,(d(x, y)) or [, f~(x, y) 1 ,(d(x, y)) is finite, then the
following is a well-defined member of the extended real numbers:

E </A S, y)Ne g1 (- d(x, y)))
=/Af+(x,y)ﬂs,n(d(x,y))—/Aff(x,y)ﬂs,n(d(x,y))

:/Af(x,y)ﬂg,n(d(x,)’))-

X

However, using the fact that 0 < e ™ — 1 4+ x < x> whenever |x| < 1, we have

/ (ux + )~ Iz (d(x, ¥))
{x2+y2<1}

= / —(ux + ) yxry<0y e n(d(x, y))
{x2+y2<1}
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= / (y—u™ = 1) — (ux + ) Luxty<0y ey (d(x, )
(x24y2<1)

- / (e = 14 ) sy <) ey (dCx, ¥))
{(x2+y?

A

< / 46 1y <0y ey (0K, 1)
{x2+y2<1}

< lul / min {1, xz} 1T (dx),
R
which is finite since II¢ is a Lévy measure. L]

Proof (Theorem 1). By Theorem 7, 4 (0) = 0 iff §(0) = 0 iff 5 is a subordinator. Suppose 7 is
not a subordinator and let ¢ > 0. Clearly v (c) = 0 if and only if §(c) > 0. By Theorem 7, this is
equivalent to the condition that there exists 0 < # < ¢ such that § () = u. Combining this fact
with Theorem 9 proves Theorem 1. [

Proof (Theorem 4). Define

o0
Us = e (Zoo — Z;) = ¥ / e 5 dn,.
t+

Since we are integrating over (¢, oo) there are no predictability problems moving ¥ under the
integral sign. Thus U; = flcf e~ &-—8)dp,, from which it follows, from Lévy properties, that U,
is independent of .%; and that Uz, conditioned on T, < oo is independent of .%7, . Since (£, 1) is
a Lévy process, forany u > Oand ¢t > 0

Gues ) = Erar— — & Nt — 10 =D Euc ). (22)
Thus

U

/ 6t gy — / e~Er-—Edp
sE(t,00) ue(0,00)

/ e~ Crr-=8d(n 4, — ) = / e di,
ue(0,00) ue(0,00)

D / e S=dn, (by (22)) = Zs (since Ang = 0).
ue(0,00)

In particular, for any Borel set A,
P (UTz € A| T, < oo) = P(Zy € A). (23)
Next note that if w € {T; < oo} then by definition of U,

2+ Zoo =2+ Zy, +e U, = e (¥ (2 + Z1,) + Ur,)
= e 5T (Vr, + Ur).

This implies that

P(T; <00,2+ Zoo <0) = P(T; <00, Vg, +Ur, <0). 24)
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Finally note that (Zooc < —z) C (T; < 00) since the convergence from Z; to Z, is a.s.
convergence. Thus

P(z4+Zx<0)=P(T; <00,2+ Zx <0)
P (T, <00,V +Ur, <0) (by (24))
= E(P(Tz < 00, VTZ +UTz <0|°gZTz))

/ P (Vr, +Ur, <0| %) (@) P(dw).
T, <00

But if T, (w) < oo then

P (Vi + Ur. <0|.71.) (@) = P (V1.(0) + Ur. < 0| 77.) (@)
=P (Ur, < V5, ()| T, < o)

The second to last equality follows since Uz, conditioned on T, < oo is independent of .77, .
Thus we obtain the required formula from

Ac

G(—2) = /T G(— V1) (@) P(dw)

= E(G(_VTZ)ITZ<OO)

= E (G(—V7)11,<00| T < 00) P(T, < o0)
4+ E (G(—=Vr)11,<00| T. = 00) P(T, = 00)

= E(G(=Vg)|T. < 00) P(T; <00). O

knowledgements

We are very grateful to Professor Ross Maller and two anonymous referees. Allan Sly is

supported by NSF grants DMS-0528488 and DMS-0548249.

Re

ferences

[1] R. Maller, G. Miiller, A. Szimayer, Ornstein—Uhlenbeck Processes and Extensions, 2007.
[2] P. Carmona, F. Petit, M. Yor, Exponential functionals of Lévy processes, in: Lévy Processes, Birkhduser Boston,

Boston, MA, 2001, pp. 41-55.

[3] M. Yor, Exponential functionals of Brownian motion and related processes, in: Springer Finance, Springer-Verlag,

[4

[5

[7
[8

[9

Berlin, 2001, with an introductory chapter by Hélyette Geman, Chapters 1, 3, 4, 8 translated from the French by
Stephen S. Wilson.

C. Kliippelberg, A. Lindner, R. Maller, A continuous-time GARCH process driven by a Lévy process: Stationarity
and second-order behaviour, J. Appl. Probab. 41 (3) (2004) 601-622.

J. Paulsen, Sharp conditions for certain ruin in a risk process with stochastic return on investments, Stochastic
Process. Appl. 75 (1) (1998) 135-148.

] H. Nyrhinen, Finite and infinite time ruin probabilities in a stochastic economic environment, Stochastic Process.
Appl. 92 (2) (2001) 265-285.

P. Patie, On a martingale associated to generalized Ornstein—Uhlenbeck processes and an application to finance,
Stochastic Process. Appl. 115 (4) (2005) 593-607.

] A.A. Novikov, Martingales and first-exit times for the Ornstein—Uhlenbeck process with jumps, Theory Probab.
Appl. 48 (2) (2004) 288-303.

V. Kalashnikov, R. Norberg, Power tailed ruin probabilities in the presence of risky investments, Stochastic Process.
Appl. 98 (2) (2002) 211-228.

=

=

—

—



2562 D. Bankovsky, A. Sly / Stochastic Processes and their Applications 119 (2009) 2544-2562

[10] K.B. Erickson, R.A. Maller, Generalised Ornstein—Uhlenbeck processes and the convergence of Lévy integrals,
in: Séminaire de Probabilités XXXVIII, in: Lecture Notes in Math., 1857, Springer, Berlin, 2005, pp. 70-94.

[11] J. Bertoin, A. Lindner, R. Maller, On continuity properties of the law of integrals of Lévy processes, in: Séminaire
de Probabilités XLI, in: Lecture Notes in Math., vol. 1934, Springer, Berlin, 2008, pp. 137-160.

[12] A.Lindner, R. Maller, Lévy integrals and the stationarity of generalised Ornstein—Uhlenbeck processes, Stochastic
Process. Appl. 115 (10) (2005) 1701-1722.

[13] P.E. Protter, Stochastic modelling and applied probability, in: Stochastic Integration and Differential Equations, 2nd
ed., in: Applications of Mathematics (New York), vol. 21, Springer-Verlag, Berlin, 2004.

[14] J. Bertoin, Lévy Processes, in: Cambridge Tracts in Mathematics, vol. 121, Cambridge University Press,
Cambridge, 1996.

[15] K.-I. Sato, Lévy processes and infinitely divisible distributions, in: Cambridge Studies in Advanced Mathematics,
vol. 68, Cambridge University Press, Cambridge, 1999, translated from the 1990 Japanese original, Revised by the
author.

[16] J.M. Harrison, Ruin problems with compounding assets, Stochastic Process. Appl. 5 (1) (1977) 67-79.

[17] R. Cont, P. Tankov, Financial modelling with jump processes, in: Chapman & Hall/CRC Financial Mathematics
Series, Chapman & Hall/CRC, Boca Raton, FL, 2004.

[18] R.S. Liptser, A.N. Shiryayev, Theory of martingales, in: Mathematics and its Applications (Soviet Series), vol. 49,
Kluwer Academic Publishers Group, Dordrecht, 1989, translated from the Russian by K. Dzjaparidze.

[19] Lobachevskii Criterion (for convergence)-Optional Sigma-Algebra, in: Encyclopaedia of Mathematics, vol. 6,
Kluwer Academic Publishers, Dordrecht, 1990, translated from the Russian, Translation edited by M. Hazewinkel.

[20] O. Kallenberg, Foundations of modern probability, in: Probability and its Applications (New York), Springer-
Verlag, New York, 1997.

[21] EC. Klebaner, Introduction to Stochastic Calculus with Applications, Imperial College Press, London, 1999, reprint
of the 1998 original.



	Exact conditions for no ruin for the generalised Ornstein--Uhlenbeck process
	Introduction and notation
	Notation

	Ruin probability results
	Technical results of interest
	Proofs
	Acknowledgements
	References


