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Abstract
We study the second-order partial differential equations
Llu] = Aux + 2Buxy + Cuyy + Du, + Euy = Jnll,

which have orthogonal polynomials in two variables as solutions. By using formal functional calculus on moment func-
tionals, we first give new simpler proofs and improvements of the results by Krall and Sheffer and Littlejohn. We then
give a two-variable version of Al-Salam and Chihara’s characterization of classical orthogonal polynomials in one variable.
We also study in detail the case when L[ -] belongs to the basic class, that is, 4, = C, = 0. In particular, we characterize
all such differential equations which have a product of two classical orthogonal polynomials in one variable as solutions.
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1. Introduction

In this work, we are concermned with orthogonal polynomial solutions of second-order partial
differential equations of spectral type

L[u]:=Auy, + 2Bu,, + Cuy, + Du, + Eu, = Au, n=0,1,2,..., (1.1)

where A(x, y),...,E(x, y) are polynomials, independent of #, with |4| + |B| +---+ |E| #0 and 4, is
the eigenvalue parameter.
In 1967, Krall and Sheffer [3] posed and partially solved the following problem:
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Classify, up to a linear change of variables, all orthogonal polynomial systems that arise as eigen-
functions of Eq. (1.1), assuming that Eq. (1.1) is admissible (see Definition 3.1).

Krall and Sheffer first found necessary and sufficient conditions for weak orthogonal polynomials
(see Definition 2.1) to satisfy an admissible Eq. (1.1) in terms of the recurrence relations for moments
of the orthogonalizing measure. In doing so, they used a formal generating series

o0

G(x, y,5,t) = Z B..(x, y)s"t®

m,n=0

of a polynomial sequence {£,,(x, y)}. See Section 4 (in particular, Theorems 4.3 and 4.4) in [3].

Later, Littlejohn [7] employed a functional approach to investigate the same problem and made
an important observation that the recurrence relations found by Krall and Sheffer can be restated in
a much simpler closed form (see, [7, p. 117]) using a weak solution of the weight equations for the
differential operator L[ - ].

Instead of moments and a formal generating series G (x, ,s,¢) used in [3] and a weak solution
of the weight equations used in [7], we use directly moment functionals (i.e., linear functionals on
the space of polynomials) and their formal calculus, which turn out to be quite successful in the
study of orthogonal polynomials in one variable (see [4-6, 9, 10]).

In this way, we can provide much simpler new proofs and some improvements of results in [3,
7]. For example, the technical assumption, such as the unique solvability of the moment equations,
needed in [7, Theorem 2.3.1] can now be removed.

In [3, 7], it is always assumed that Eq. (1.1) is admissible. However, since it is unknown whether
Eq. (1.1) is admissible when it has orthogonal polynomials as solutions, we do not assume the
admissibility of Eq. (1.1), whenever possible.

We then find a characterization of orthogonal polynomials satisfying the differential Eq. (1.1) via
the so-called structure relation, which was first proved for classical orthogonal polynomials in one
variable by Al-Salam and Chihara [1] (see also [4, 9]).

Lastly in Section 4, we consider the particular case when L[-] belongs to the basic class
(cf. [8]), that is, when 4, = C, = 0. We characterize differential Eq. (1.1) which have a prod-
uct of two classical orthogonal polynomials in one variable as solutions. We also find conditions
under which derivatives of any orthogonal polynomial solutions to Eq. (1.1) are also orthogonal
polynomials satisfying the same type of equations as (1.1).

We refer to [2, 11] for works closely related to ours. See also [12, 13] and references therein for
general theory of multi-variable orthogonal polynomials including Favard’s Theorem and Christoffel-
Darboux formula.

2. Preliminaries

For any integer n > 0, let &, be the space of real polynomials in two variables of (total) de-
gree <n and 2 =J,,(%. By a polynomial system (PS), we mean a sequence of polynomials
{Dmn(x, ¥)}52nzo such that deg(¢pm,) =m +n for m and n > 0 and {¢,;;}}_, are linearly indepen-
dent modulo Z,_, for n > 0 (Z_; = {0}).
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A PS {B,,} is said to be monic if
B, y)=x"y" + Ryn(x,y), mand n =0,

where R,,(x,y) is a polynomial of degree < m+n — 1.
For any moment functional ¢ on 2, we let

<5x0’, ¢) = _<69 ax¢>’ (aya, ¢> = —<0', ayd))’ <l//0-s ¢> = (63 ‘pd))
for any polynomials ¢(x, y) and ¥ (x, y).

Definition 2.1 (Krall and Sheffer [3]). A PS {¢n.} is a weak orthogonal polynomial system
(WOPS) if there is a nonzero moment functional ¢ such that

<Ga¢mn¢k1> =0 lfm—}-n;ék.;.]

If, furthermore,

<os ¢mn¢kl> = Kmnémkénla

where K,,, are nonzero (respectively, positive) constants, we call {¢..} an orthogonal polynomial
system (OPS) (respectively, a positive-definite OPS). In this case, we say that {¢,,} is a WOPS
or an OPS relative to a.

A PS {¢pnn} is a WOPS relative to o if and only if (6, @,,R) =0 for any polynomial R(x, y) of
degree <m+n—1.

For any PS {¢n,}, there is a unique moment functional o, called the canonical moment functional
of {@mn}, defined by the conditions

(6,1)=1 and (0,¢n,) =0, m+n=1.
Note that if {¢n,} is a WOPS relative to o, then ¢ must be a nonzero constant multiple of the

canonical moment functional of {@p,}.

Definition 2.2. A moment functional ¢ is quasi-definite (respectively, positive-definite) if there is
an OPS (respectively, a positive-definite OPS) relative to o.

In treating multi-variable orthogonal polynomials, it is convenient (see [12]) to use the following
vector notations:
For a PS {¢mn}, we let

¢n = [¢n09 ¢n—1,1,---’¢0n]T7 n = O’

and use also {®,}2, to denote the PS {¢,,}. For a matrix ¥ = [y;(x, y)I_, 2, of polynomials and
a moment functional o, we let

(o, ¥) = [{o, ij)]?:o,jio-
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Then, a PS {®,}2, is an OPS (respectively, a positive-definite OPS) relative to ¢ if and only if
(6,8, ®T)=H,0p,, m and n > 0 and H,:= (0, P, D)), n > 0, is a nonsingular (respectively, positive-
definite) diagonal matrix.

The following was proved in [3].

Proposition 2.1. For a moment functional o #0, the following statements are equivalent:
(i) o is quasi-definite (respectively, positive-definite),
(ii) There is a unique monic WOPS {P,}2, relative to o;
(iii) There is a monic WOPS {P,}2, such that H,:={o,B,Pl), n >0, is a nonsingular
(respectively, positive-definite) symmetric matrix;
(iv) 4, =|D,|#0 (respectively, D, is positive-definite), where

FO'Q() J10 Oo1 (")) Oon 1
010 02 a1 «ve Opy10 --- Oy
D,:= , nz= Oa
| Oon O1n O0p+1 --- Onn «vr 0929

and o; = {6,xy)), i and j=0, are the moments of o.
i y J

In fact, Krall and Sheffer proved Proposition 2.1 only for the quasi-definite case. But, the proof
for the positive-definite case is similar. It is also easy (cf. [12]) to see that ¢ is positive-definite if
and only if (o, ¢?) >0 for any polynomial ¢(x,y)+# 0.

Lemma 2.2. Let 0 and © be moment functionals and R(x,y) a polynomial. Then
(i) =0 if and only if 6,6 =0 or 0,0 =0.
Assume that o is quasi-definite and let {®,}2, be an OPS relative to 0. Then
(ii) R(x,y)o =0 if and only if R(x,y)=0;
(iii) (T, Pmn) =0, m+n>k (k=0 an integer) if and only if T =y(x, y)o for some polynomial
Y(x, y) of degree < k.

Proof. (i) and (ii) are obvious.
(ili) «<: It is trivial from the orthogonality of i(bn};’io relative to o.

(iii) =: Consider a moment functional 7= (3_;_, C;®;)s,
where C; =(Cj,Cj_1,1,...,Cy;), 0 < j <k, are arbitrary constant row vectors.
Then
d 0 n>k
4 — T T ’ s
<T, ¢n> - Z(Us dSndsj >(Ej - { (O', @n(p'£>q:;, 0<n< k.

i—0

.,

Hence, if we take C, = (z, @n)TH,,‘l, 0 <n <k, then (1,9,) = (7,P,), n =20, so that t=7. O
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3. Second-order differential equations
It is easy to see (cf. [3]) that if the differential Eq. (1.1) has a PS {®,}2°, as solutions, then it
must be of the form

L[u) = Au,, + 2Bu,,, + Cuy, + Du, + Eu,
=(ax’* +dix+ey+ fuy + QRaxy +dyx + ey + S2 )y
+(ay’ +dsx + ey + frduyy, + (gx + h)ux + (gy + h2)uy

= Anu, 3.1
where A,:=an(n — 1) + gn.

Definition 3.1 (Krall and Sheffer [3]). The differential equation (3.1) or the differential operator
L[ -] is admissible if A, # A, for m#n or equivalently an + g#0,n > 1.

It is shown in [3] that Eq. (3.1) is admissible if and only if Eq. (3.1) has a unique monic PS as
solutions.
Assume that 4 = B = C =0. Then, Eq. (3.1) becomes

L{u] = (gx + h)u, + (gy + h2)u, = gnu, (3.2)

which can have a PS as solutions only when g # 0. Hence, by setting x* =gx + A4, and y* =gy + h,,
Eq. (3.2) becomes

Llu] = xu, + yu, = nu,

which has a unique monic PS {x"/3/}32, ", as solutions. However, the PS {x"~/p/}2, %, is a

WOPS but cannot be an OPS since its canonical moment functional §(x, y) is not quasi-definite (see
Proposition 2.1). Therefore, from now on, we always assume that |4|+|B|+ |C| #0 and |a|+ |g| #0
in (3.1).

Lemma 3.1. If Eq. (3.1) has a PS {®,}32, as solutions, then the canonical moment functional ¢
of {®.}2, must satisfy

L*[6]1=0, (3.3)

(6,D) = (0,E) = (6,4 +xD) = (0,C + yE) = (0,B + yD) = (0,B + xE) =0, (3.4)
where L*[ -] is the formal Lagrange adjoint of L[ -] given by

L¥[u] := (Au)yy + 2(Bu)y, + (Cu),, — (Du), — (Eu),.

Proof. For any m and n > 0

<L* [O’], d)mn) = <G’L[¢mn]> = lm+n (6’ ¢mn) =0,
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since Ay =0 and (0, Pn,) = 0 for m +n > 1. Hence, L*[6] = 0, that is, for any polynomial Q(x, y)

(L*[0],0) =0.

In particular, (L*[c],x) = (g,L[x]) = (6,D) =0 and similarly (s, E)=0. We may assume that {®,}2,
is a monic PS. Then

D=4y and E =i,

so that (g, yD) = A1(0, ydr0) = 41(0, P10¢01) = (0, XE).
Now take O(x, y) =x?%, xy, and y* to obtain

(L*[0],%*) = (0,L[x*]) = 2(0,4 +xD) =0,

(L*[0),xy) = (0,L[xy]) = (0,2B + yD +xE) =0,
and

(L*[0],5*) = (0,L[)*]) = 2(0,C + yE) = 0.
Hence, (6,4 +xD) = (6,C + yE) = (6,B + yD) = (6,B+xE) =0. O
Proposition 3.2. Assume that Eq. (3.1) has a PS {®,}2, as solutions. If the canonical moment
Sunctional o of {®,}2, satisfies

(0,XPmn) = (0, YPmn) =0, m+n =2, (3.5)
then

M[6]:=(40), + (Bo), — Do =0 and M[c]:=(Bo), + (Cc), — Ec =0. (3.6)
Proof. We may assume that {®,}, is a monic PS. Then for any polynomial y(x, )
hmsn(G, Gunth) = (0, L{dmnl¥) = (L*[Y5], Gmn)
=([4Ysx + 2By, + CYy,y )0 + Y4 [2(40), + 2(Ba), — Do]
+Y,[2(Bo), + 2(Co)y — Ec] + YL*[0], Pmn)
=([4Yx + 2BYsy + Cihy o + Ys[2(40), + 2(Ba), — Do]
+¥,[2(Bo); + 2(Co), — Ea), $mn),

since L*[¢] = 0 by Lemma 3.1.
We now take Y(x, y) =x and y. Then we have, by (3.5), form+n=22and m+n=20

(2(do), + 2(Bo)y — DG, Pmn) = Amsn(0sXPmn) = 0, 3.7

(2(Bo)x + 2(Co)y — E0, Gmn) = Amsn(0, YPmn) = 0. (3.8)
We also have by (3.5)

(D6, n) = (EG, pn) =0, m—+n=2. 3.9



Y.J. Kim et al. | Journal of Computational and Applied Mathematics 82 (1997) 239-260 245

Hence, we have by (3.7)-(3.9)

(Mi[0], Pmn) = (Ma[0), Pmn) =0, m+n=2.

On the other hand,

and

<M1[0'],¢00> = <(A0')x + (BO')y —DO’, 1> = —-(O’,D> =0

(Molo], boo) = ((Bo): + (Co), — Ea, 1) = —(0,E) =0,

by (3.4) so that in order to show (3.6) it only remains to show

(Mj[0], do1) = (Mj[0), 10) =0, j=1.2.
(Mi[c], $10) = ((40)x + (Bo), — Do, ¢1o) = —(0,4 + Dépro) = —(0,4 + xD) =0,
(Mi[0], por) = ((do) + (Bo), — Do, ¢o1) = —(0,B + Do) = —(0,B + yD) =
by (3.4). Similarly, (M>[c], ¢10) = (Ma[0],d0r) =0. O

0

We call M [c] = M,[c] = 0 the moment equations for the Eq. (3.1).

Corollary 3.3. If Eq. (3.1) has a WOPS {®,}32, as solution, then the canonical moment functional
o of {®,}2, satisfies M [6] = My[6] = L*[c] = 0.

Proof. Condition (3.5) is satisfied for any WOPS {&,}2°, so that M|[c] = M[c] = 0 by Proposi-
tion 3.2. Finally, L*[¢] =0 follows from Lemma 3.1 or from the relation

L*[o] = (Mi[0]): + (M5[0]),. D (3.10)

In terms of moments of o, we can express M[g] = 0, M,[6] =0, and L*[6] =0 as

and

Cmn = —2<M1[0'],xmyn> = 2{a(m + l’l) + g}am+1,n

+(2dm + e;n + 20 )0y + d20Opyy p—1 + 21 1MOp_1

+f2nam,n—l + 2elrno-m-—l,n+l = 0’ (31 1)

an = —2<M2[0'],xmyn> = 2{a(m + n) + g}o-m,n+1

+ezm0',,,_1,,,+1 + (dzm + 2@3’1 + 2]12)0',,,,, + fsz'm_l,,,

+2 f310p 51 + 2d310p11 -1 = 0; (3.12)

Amn = <L*[0'],xmyn> = %mCm—l,n + %an,n—l

= )-m+no-mn + m[dl(m - 1) + en + hl]am—l,n
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+nldym + e3(n — 1) + )0 n-1

+fim(m — 1)op_2, + frMNGp_1 41

+fon(n — 1)0y,2 +exm(m — 1)0p_3 ny1

+dsn(n — 101 n2=0 (3.13)

for m and n > 0, where g, =0 if m or n<0.
The relation (3.10) is equivalent to (see [3, Lemma 4.1})

2Am,, = an,n—l + mCm_l,n (BO,—I = C_l,() = 0), m and n = 0.

Note that Proposition 3.2 gives a much simpler proof and some improvement of similar results in
[3, 7]. To be precise, Krall and Sheffer (see [3, Theorem 4.3]) proved Corollary 3.3 in the form of
(3.11)—(3.13) when Eq. (3.1) is admissible, using the formal generating series

G, 3,5,0):= Y Pualx, y)s"1"
m,n=0
of {&,}2,.
Littlejohn (see [7, p. 117]) found the relations (3.11)—(3.13) using a weak solution A(x, y) to the
weight equations M [A] =0 and M,[A]=0 for L[-] when the Eq. (3.1) is admissible.

Proposition 3.4. If Eq. (3.1) is admissible, then L*[¢] =0 has a unique solution up to a constant
factor.

Proof. Let ¢ be the canonical moment functional of any PS {®,}°, of solutions to Eq. (3.1). Then,
L¥[6]=0, that is, 4,,,=0 for m and n > 0 by Lemma 3.1 and (3.13).

On the other hand, since 4,.,# 0 for m+n = 1, Eq. (3.13) is uniquely solvable for ¢,,,, m+n = 1,
once g #0) is fixed. Hence, if L*[t]=0 and 1o =c, then t=co. O

Corollary 3.5. If Eq. (3.1) is admissible and has a WOPS as solutions, then the moment equations
M\[6]=0 and M,[c]=0 have a unique solution up to a constant factor.

Proof. It follows immediately from Corollary 3.3 and Proposition 3.4. O

The converses of Proposition 3.2 and Corollary 3.3 hold also at least when Eq. (3.1) is admissible
as we shall see now.

Lemma 3.6. Let L[ -] be the differential operator as in (3.1). Then for any moment functional o,
the following statements are equivalent:

(1) M[e]=M,[0]=0;

(ii) alL[-] is formally symmetric on polynomials, that is,

(L[Plo, Q) ={(L[Q]o,P), P and Q€ 2. (3.14)
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Furthermore, if L[P1=AP and L[Q]=uQ, A+# u, then for any moment functional o satisfying
Mi[o]=M:[0]=0,

(6, PQ) =0.

Proof. Since (L[P]o, Q) = (L*[Qc], P), (3.14) is equivalent to
L*[Qo]=L[Qlo, Q(x)€ 2.

Since L*[Qo] — L[Qo = 26,0 - Mi[a] + 26,0 - My[o] + OL*[0], (3.14) is equivalent to
Mi[o]=M,[c]=L*[¢] =0, that is, M;[c]=M[6]=0.

Now, assume that L[P] = AP,L[Q] = uQ, A # p, and M;[6] =M,[c]=0. Then

(4 — u){(o, PQ) = (0, L[P]Q) — (0,L[Q]P) =0,

by the first part of the lemma. Hence, (5, PQ) =0 since 4 — u#0. 0

Theorem 3.7 (cf. [3, Theorems 4.4 and 4.5]). Let {®,}2, be a PS satisfying an admissible
Eq. (3.1) and o the canonical moment functional of {®,}°,. Then the following statements are
equivalent:

(i) {®,}, is a WOPS relative to o,

(i) Mi[a]=0;
(iii) M;[a]=0;
(iv) (0,xXPmn) = (0, YPma) =0, m+n = 2.

Proof. By Lemma 3.1 and (3.10), L*[¢] = (M,[0]), + (Ma[c]), =0, so that (ii) and (iii) are equiv-
alent by Lemma 2.2 (i). (i) implies (iv) trivially and (iv) implies (ii) and (iii) by Proposition 3.2.
Finally, assume that (ii) holds. Then, we also have M,[g]=0, so that

<aa¢mn¢k1>:0 if m+n7ék+l,

by Lemma 3.6 since Ay, # 4x4; When Eq. (3.1) is admissible and m +n#k + I. Hence, {®,}22, is
a WOPS relative to o, that is, (i) holds. O

We finally give equivalent conditions for an OPS {®,}2°, to satisfy Eq. (3.1). For a PS {®,}22,,
where

buss )= apx"*y*moduloZ_,, 0<j<n,
k=0

the matrix 4, := [a}]7,_, is nonsingular. We then call {B};2,, where B, =4,'®,, n >0, the nor-
malization of {&,}3°,. Note that if {®,}32, is a PS (respectively, an OPS) satisfying Eq. (3.1),
then {3}, is a monic PS (respectively, a monic WOPS (but not necessarily an OPS)) satisfying
Eq. (3.1).
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Theorem 3.8. Let {®,}°, be an OPS relative to a quasi-definite moment functional ¢ and {B,}2,

n=0
the normalization of {®,}2,. Then, the following statements are equivalent:
(i) {@,}:2, satisfy Eq. (3.1);
(i) Mi[c]1=0 and M,[c]=0;
(iti) oL[-] is formally symmetric on polynomials,
(iv) there are (n+ 1) x (k + 1) matrices K" and G} for k=n— 1, n, n+ 1 such that

Aa_x¢n + BayQ" :Ez_l¢n+l +};‘1'n¢" + Eﬁ_l@n_l, n > 1, (3.15)
BO®, + C,8, =G, Bpi1 + GG, + G By, 1> 1, (3.16)

and o satisfies

(0, PioPor){0,4) — (6, P}y){0,B) =0, (3.17)
(0, Py ){0,B) — (6, P1oPo){0,C) =0, (3.18)
(0, P} (0,4) — (0,Pg){a,C) =0. (3.19)

Proof. (i) implies (ii) by Corollary 3.3.
(ii) and (iii) are equivalent by Lemma 3.6.
(ii) = (i): we have

m+n

L[d)mn] = A’m+n¢mn + R(x’ y) = Z cijd)ij: deg(R) <m+n— 1.
i+j=0
By Lemma 3.6, for any 0 <k + 1/ <m+n,

m+n

0= <0', GmnLldu]) = (0, LI Pmnlbu) = Z Cij(O', ¢ij¢k1> = Z C'ij<0', ¢ij¢k1)-

i4j=0 i+j=k+1

Since {®,}22, is an OPS relative to o, Hi.; = [{0, $;;Pu)]i+j=k+ is a nonsingular diagonal matrix so
that ¢;; =0 for any i + j < m + n. Hence,

L[¢mn] = /1m+n¢mn +R(x,y)= Z cij¢ij:
i+j=m+n

$0 that Cpy = Amn and all other ¢; =0 since {¢;;}iyj=msn are linearly independent modulo %, n—;.
(1) = (iv): Since deg(40,P, + B0, P,) < n+1,

n+1
48,9, + Bo, b, = Y F'®,

Jj=0
where E" are (n+ 1) X (j + 1) matrices. Then
n+1
E'Hy=F'o, &%) = <a, Y F, 4>,I> = (0,(40,®, + B0, D,)®;)
j=0
= —{(40), + (Bo),, ®,®;) — (0, D,(40,P; + Bo, D))
= —(0,$,(D + 40, + B3,)®}), 0<k<n+]1,
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since M;[6]=0. Hence, =0, 0 <k <n— 2, since deg{(D + 40, + B3,)P;} <k+1<n-1 for
0 < k < n-—2 and |H;|#0. Therefore, we have (3.15). Similarly, we also have (3.16).
On the other hand,

(Mi[0], Pio) = ((40)x + (B6), — Do, Pyg) = — (0,4) — A1{6,Pi) =0
and
(My[0], Pn) = {(4o); + (Ba), — Da,Py) = — (6,B) — Ai(0,PioPo) =0,

since D=4,P and E = APy so that we have (3.17). Similarly, we also have (3.18) using M,
instead of M. Finally, (3.19) follows from (cf. (3.4))

(6,4) = — (6,xD) = — M(0,P}) and ({0,C)= — (0,yE)= — J{0,P}).
(iv) = (ii): Since Eq. (3.15) implies

((40); + (Bo)y, @,) = — (0,40, P, + B0, D)
= —<O',Fn ¢n+1 +I’;:n¢n +F,:"_1¢n_1>—'_—0, n 22,

ntl
there is a polynomial D(x, y) of degree < 1 such that
(do), + (Bo), — Do =0
by Lemma 2.2 (iii). We may write D as
D=aPy+ BPy + 7 (o, B,y are constants).
Then
0={((40), + (B0o),,1) = (6,D) = (0,aPio + fPu + 7) =7(0,1),
so that y=0 and
(0, DPio) = (0, Py) + B(a, ProPor) = ((40)x + (Ba),, Pro) = — (0,4),
(0,DPy) = a{a, PioPo) + B0, Ph) = ((40): + (Bo),,Py) = — {(a,B).

Hence,

[“} = — |H | [ (0, F51) —<U,P10Po1>] [(0',/1)]
p ! ~{0, PioFPor) {0,P}) (0,B) |’
so that =0 by (3.17) and so D = aPy.
Similarly, we can see that there is a polynomial E = P, such that
(Bo), +(Ca), — Ec =0,

from (3.16) and (3.18). Then (3.19) implies a=f. O

Note that we may replace {®,}2, by {P}2, in Theorem 3.8(i) and (iv).

In particular, the condition (iv) in Theorem 3.8 is the two-variable version of the well-known
Al-Salam and Chihara [1] characterization of classical orthogonal polynomial in one variable. As in
[1], we may call (3.15) and (3.16) the structure relations for an OPS {&,}2, satisfying Eq. (3.1).
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4. Differential equations belonging to the basic class

Definition 4.1 (Liskova [8]). The differential operator L[-] in (3.1) belongs to the basic class if
A4,=C,=0, that is,

Axy)=A(x)=a +dix+ fi and C(x,y)=C()=ay* + ey + fi.
If L[ -] belongs to the basic class and L[u] = Au, then v= Q{ay"u (J and k£ > 0) satisfies

Avy + 2Bv,, + Cuvy, + (D + jA, + 2kB, Yo, + (E + 2jB, + kC,)v,
=(A—jDy - kEy - %.](] — DAy — 2jkB,y — %k(k — DCyy)v. (4.1)

In the following, we use the standard terminologies for orthogonal polynomials in one variable as
in [4, 5].

Proposition 4.1. Let {B}2, be the monic PS of solutions to the admissible Eq. (3.1). Then, the
Jfollowing statements are equivalent:
(1) 4, =0 (respectively, C,=0);
(i) Bo(x, ») = Bolx) (respectively, Pou(x, y)=Pon(»)), n > 0;
(iii) Pao(x, y) = Pao(x) (respectively, Po(x, y) = Fo(y));
(iv) {Bo(x, »)}32, (respectively, {Po(x, y)}2,) satisfy the equation

Auy, + Du, = A,u( respectively, Cuy, + Eu, = Au); (4.2)

(V) Py(x, y) (respectively, Py(x, y)) satisfies the equation (4.2).

In this case, {By(x)}2, (respectively, {Po,(y)}2,) is a WOPS (in one variable). If moreover,
the canonical moment functional o of {B}, is positive-definite, then {By(x)}32, (respectively,
{Pon(3)}2,) is a positive-definite classical OPS.

Proof. (i)=>(ii): Assume 4, =0, that is, A(x, y) = A(x) = ax*+d,x+ f;. We will show that By(x, y) =
P,(x) by induction on n = 0. For n =0 and 1, it is trivial. Assume that P,(x, y) = Fyo(x), 0 <k < n,
for some integer n > 1. Express P4 o(x, y) as

Prro(x y)=x""+ Z CiPy(x, ¥),

k=0
where C; =(Cy,...,Co). Then, we have from L[P,11 0] = Ans1Frs1,0
(n+ D)(dn+ h)x"+ fi(n + Dmx"~' + zn:(lk = 2t 1)Ci P = 0. (4.3)
k=0
Since Pyo(x, y) =PFio(x), 0 < k < n, we may express (n + 1)(din+ b )x" as
(n+ 1)din+h)x"= i 0 Pro(x).

k=0
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Then (4.3) gives
% Bo(x) + (Ar — 431 )G, )
= [otn + (An — Ant1)CrolBo(x) + (4 — /-Ln-H)Z CotkBti (%, ¥)
—0 modulo %_, -

Hence, C, 4 = 0, 1 <k <n, since {B_x,};_, are linearly independent modulo %_, and L[-] is
admissible. Then, Eq. (4.3) gives

(n+ 1)(din+ h)x" + fi(n + Dnx"™" + (Ay = Ans1)CroBro(x)
n—1
H(An-1 = Ant1)Cr1,0P0-1,0(%) + (An—1 = Any1) Z Co-1—kibi-1-x(x, ¥)

k=1
= 0 modulo Z_,,

of which the first four terms can be expressed as Y ;_, BiPro. Hence,

n—1

BaBo + Bao1Pur,0(x) + (A1 — An-{»l)z Co1-kibr—1-k k(X »)

k=1
=0 modulo %_,,

so that C,_1_4; =0, 1 <k <n—1 since By(x) and {P,_1_xs}iz é are linearly independent modulo
Pz
Continuing the same process, we obtain

Ci;j=0,1<k<n and 1<j<k

so that B o(x, y) =x""" 4+ 353 CroPro(x).

(ii) = (iii) and (iv)= (v): They are trivial.

(i) = (iv): If Bo(x, y)=Ro(x), n = 0, then (By), =0, n > 0 so that (iv) follows.

(111) = (1) If on(x, y) = })20(X), then }szZ()(X) = L[on] =24 + D(P20 )x so that A(x, y) = %[lszo —
D(Pyo);] = A(x).

(v) = (iii): Let Pyy=x% + ox + By + 7. Assume that 4(Psy)y + D(Py)s = A2Ps. Then

L[Pyo] — A(Ps)xx — D(Pao): = E(Py), = PE =0,

so that f=0 since E(y)# 0 when L[-] is admissible. Hence, we have (iii).

Now, assume that 4, =0, i.e., A(x,y)=A4(x) and let o be the canonical moment functional of
{B}2,. Let 7 be the restrlctlon of ¢ on the space of polynomials in x only. Then By(x, y) = Bo(x),
nx=0 by (i1) so that (t,Bg) = {0,By) =9, n = 0, that is, 7 is the canonical moment functional of
{Bo(x)}22,. Then by (iv)

0= As(r, Bo) = (1, AE§ + DEp) = (Dt — (47),By), n >0
so that Dt — (A1) =0. Hence,

(Am - ln)(@BnOBtO) - <’C,AW,:m + DWmn> = <DT — (Ar)ly Wmn) = 03
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for m and n > 0, where W,,.(x)= P (x)Ro(x) — Bio(x)Pg(x). Therefore, (1, BoBo) =0 for m # n, that
is, {Bo(x)}22, is a WOPS relative to t since 4, # A, for m#n.

If ¢ is positive definite, then (1, P3) = (0, B3) > 0, n > 0 so that {By(x)}%, is a positive-definite
classical OPS satisfying

A()EY(x) + D)BYx) = AuBo(x), 1> 0.

The proof for the case C, =0 is the same as for the case 4,=0. [

Corollary 4.2. Let {B}, be the monic PS of solutions to the admissible Eq. (3.1). Then, the
following statements are equivalent:
(i) 4,=C, =0, that is, L[ -] belongs to the basic class;
(ll) B!O(xs y) =BIO(x) and POn(x) y) :P()n(y)9 nz 09
(iil) Pao(x, y) =Pro(x) and Po(x,y) = Fu(y);
(iv) {Box »)}i2g and {Pon(x, )}32 satisfy

A(Ep )xx + D(BIO = AnBo and C(Pon )yy + E(Fon )y = AnFon, 1 2 0; (4-4)
(v) Py(x,y) and Py(x,y) satisfy
A(Py)xx + D(Poo)x = AP and  C(Py)yy + E(P2)y = 2P

In this case, {Bo(x)}2, and {Po(y)}32, are WOPS’s (in one variable) and we may express

{B}2, as
m—1n—1

Bun(%, 9) =Bo(x)Pon(¥) + D_ Y CTPo(x)Poy(¥), m and n > 0. (4.5)
i=0 j=0

If, moreover, the canonical moment functional ¢ of {B}22, is positive definite, then {By(x)}2, and
{Pon(¥)}32, are positive definite classical OPS’s.

Proof. All others except (4.5) follow from Proposition 4.1. Since each B,,(x, y) is monic and
{Bo(X)Porl ¥)}. 4o is @ monic PS, we have (4.5). O

Lemma 4.3. Consider a second-order ordinary differential equation

o(x)y"(x) + B(x)y'(x) = tny, (4.6)

where a(x)=ax? + bx + c(#0), B(x)=dx + e, and u,=an(n — 1) +dn.
Then, Eq. (4.6) has an OPS (respectively, a positive-definite OPS) as solutions if and only if
(i) sp:=an+d+#0, n=20;
(11) O‘(_(tn/'s‘Zn))?é 0 (respectively, (Sn—l/SZn—1s2n+l)a(—(tn/SZn)) < 0)’ nz 07
where t,=bn+e and s_;=1.

Proof. See [5, Theorem 2.9] and [10, Theorem 2].
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Theorem 4.4. Let {B}2, be the monic PS of solutions to the admissible equation (3.1).
(i) If A, =0, then {Bo(x)}2, is a classical OPS (respectively, a positive-definite classical OPS)
if and only if

A(—(t/522)) # 0 (respectively (sp—1/sam-152m+1)A(—(ta/521)) < 0), n=0. (4.7)

(ii) If C, =0, then {Po,(»)}32, is a classical OPS (respectively, a positive definite classical OPS)
if and only if

C(—(un/52)) # 0 (respectively (sp—1/S2n—152n+1)C(—(tn/522)) <0), n=0. (4.8)

Here, s,=an+g, t,=din+hy, u,=esn+h, for n >0 and s_;=1.

Proof. It follows immediately from Proposition 4.1 and Lemma 4.3 since s,=an + g#0, n >0,
when L[ -] is admissible. O

When is the monic PS {B}, of solutions to Eq. (3.1) the product of two monic PSs in one
variable ?

For any two moment functionals 7 and u on the space of polynomials in one variable, we let
7® p be the moment functional on £ defined by

(T® u, dW(¥)) = (1, D) (. ¥)

and linearity.

Theorem 4.5. Let {B}° , be the monic PS of solutions to Eq. (3.1) with 4,=C,=B=0:
L{u] = A(x)ux + C(yYutyy + D(x)u + E(y)uy = Anu (4.9)

and let ¢ be the canonical moment functional of {PB}° ,. Then
(@) Bo(x, y)=Fo(x), Fon(x, ¥) = Foun(y), and Fu(x, y) = Fuo(x)Ron(y), m and n 2 0;
(b) {B}3, is a WOPS;
(c) the following statements are equivalent:

(i) o is quasi-definite (respectively, positive definite),

(i) {B.}2, is an OPS (respectively, a positive definite OPS);

(iii) {Bo(x)}2, and {Rn(¥)}2, are classical OPSs (respectively, positive definite classical

OPSs).

Proof. Since a=0, g#0 so that ,,=grn#0, n > 1 and L[ -] is admissible. Hence, there is a unique
monic PS {B,}>° , of solutions to Eq. (4.9).

(a) By Corollary 4.2, {Bo(x, y) = Fo(x)}22 o and {P(x, y) = Pn(y)}32 , are WOPSs satisfying the
Eq. in (4.4). Then, {B_ro(x)Pu(¥)}52 0 f—o is also a monic PS satisfying Eq. (4.9), so that

Pk o) Pk(¥)=Piii(x, ), 0<k<n,

since the admissible Eq. (4.9) has a unique monic PS as solutions.
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(b) Let T and u be the restrictions of o on the space of polynomials of x only and y only,
respectively. Then {Bo(x)}32, and {R.(»)}°, are WOPSs relative to t and p, respectively by
Corollary 4.2. We also have ¢ =1 ® u since we have

<T ® /J'aPmn> = (T:Pm()) <,Ll,R),,> = <0-5Pm0> <aaR)n> - 6m+n,() = (O-aPmn)
for m and n = 0. Hence,
(G, BunX* y") = (1@ pty BunX* y") = (2, Buo¥®) (1, By ') =0, O <k +1<m+n,

so that {B,}22 , is a WOPS relative to o.
(¢) We have by (a) and (b)

H,:= o, RPF) = [(T’Pnz—k,0><M’P02k>5jk];,k=0’ nz0,

is a diagonal matrix. Hence, ¢ is quasi-definite (respectively, positive definite) (cf. Proposition 2.1)
if and only if

(v.Fo) and (wFRp), n>0,
are nonzero (respectively, positive). Therefore, (i) & (ii) < (iii). O

We can now characterize completely Eq. (3.1) with B=0, which has an OPS as solutions.

Theorem 4.6. We assume B=0 in Eq. (3.1). Then, Eq. (3.1) has an OPS (respectively, a positive
definite OPS) as solutions if and only if L[ -] belongs to the basic class and

gfi — di(din + hy) # 0 (respectively, < 0), n=0; (4.10)
gf; — es(esn + hy) # 0 (respectively, <0), n = 0. (4.11)

In this case, Eq. (3.1) has a monic OPS {B,}$2 , as solutions, which is a product of two classical
OPSs in one variable.

Proof. Since a=0, g#0 so that L[-] is admissible and Eq. (3.1) has a monic PS {B}, as
solutions. Note that when L[ - ] belongs to the basic class, that is, A(x) =dix+ f1 and C(y)=e3y+ f3,
the conditions (4.7) and (4.8) are equivalent to the conditions (4.10) and (4.11) since s, =g, n = 0.

Assume that L[ -] belongs to the basic class and the Conditions (4.10) and (4.11) hold. Then, by
Theorem 4.4, {P,o(x)}52, and {R(y)}° , are classical OPSs (respectively, positive definite classical
OPSs). Then, by Theorem 4.5, {P,}2,, is a monic OPS (respectively, a monic positive definite OPS)
which is a product of two classical OPSs {P(x)}2, and {Fn(¥)},.

Conversely, assume that Eq. (3.1) has an OPS (respectively, a positive definite OPS) {®,}5° , as
solutions and let ¢ be the canonical moment functional of {®,}5° ,. Since L[ -] is admissible, we
may assume that D(x)=x and E(y)=y by a linear change of variables. Hence, we have from (3.4)
and Mi[o]=M,[c] =L*[¢] =0 (cf. Corollary 3.3)

G10 =001 =011 =0; o= — f1, o= —f3
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and
<Ml[a]’y2> = - (G’y2D> = —0n :07
<M2[O-]7x2> = — <O-ax2E> = — 0= 0:
(L*[0],4*y) =2(0, y4 + xyD) + (0,x’E) =0,
(L*[0), x)%) = 2(0,xC + xpE) + (o, y*D) =0,
so that
12 =07 =0, dso= —d;f1 =0, e o= —e f3=0.

On the other hand, since ¢ is quasi-definite,

A, = 06500, =f1f3 #0,

so that d; =e; =0, which means that L[ -] belongs to the basic class.

Now, let {B,}> , be the normalization of {®,}5° ,. Then {[,}3°, is a monic WOPS relative to ¢
satisfying Eq. (4.9) and ¢ is the canonical moment functional of {B,}% ,. Since ¢ is quasi-definite,
condition (iii) in Theorem 4.5 holds so that we have (4.7) and (4.8) or equivalently (4.10) and
(4.11) by Theorem 4.4. O

Theorem 4.6 implies that if Eq. (3.1) with B=0 has an OPS {®,}>°, as solutions, then the
normalization {B,}2° ; of {®,}3° , must be a product of two classical OPSs, which are either Laguerre
or Hermite polynomials since deg(4) < 1 and deg(C) < 1.

Example 4.1. Consider the following equation:
(x + g + 2(y + Duyy, + xu; + yu, = nu. (4.12)

Krall and Sheffer [3] showed that Eq. (4.12) has an OPS as solutions. But, they might not recognize
that Eq. (4.12) has a product of two monic PS’s in one variable as solutions.

Since Eq. (4.12) is admissible, it always has a unique monic PS as solutions, which is a product of
two monic PS’s in one variable for any choice of «. On the other hand, by Theorem 4.6, Eq. (4.12)
has a monic OPS (which cannot be positive definite) as solutions if and only if x#0,1,2,.... To
be precise, by setting x* = —x — o and y* = — %(y + 1), Eq. (4.12) becomes

xuxx+yuyy+(-oc—x)ux+(—% — Y, = — nu. (4.13)
of which the monic PS of solutions is

(BN = (L @OL D)oo
where {L{(x)}°, is the monic Laguerre polynomials of the order o. Hence, {P*¥}> , is a monic
OPS (but not a positive definite OPS) if and only if ®#0,1,2,....
Example 4.2. Consider the following equation:

3y + 2uy, — XUy — yu, = — nu. (4.14)
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Krall and Sheffer [3] showed that Eq. (4.14) has an OPS {®,}2° ; as solutions. If {B,}2° ; is the
normalization of {,}5° ,, then we have by Proposition 4.1

Ru(x,y)=PRu(y) and yF (y)=nR.(y), n>=0

so that B,(y)=»", n = 0. Since {y"}3°, is not an OPS, {®,}2° , cannot be a positive definite OPS.
As a converse to Theorem 4.5, we have:

Theorem 4.7. Assume that Eq. (3.1) has a monic PS {B}°, as solutions, which is a product of
two monic PSs in one variable. Then we have:
(i) 4,=C; =0, that is, L[ -] belongs to the basic class;
(i) if a=0, then B=0 so that Eq. (3.1) must be of the form (4.9) and the conclusions (a), (b),
and (c) of Theorem 4.5 hold,
(iii) if a#0, then Eq. (3.1) must be of the form

a(x — a)zuxx + 2a(x — a)(y — Bluxy +a(y — .B)zuyy
+g(x — u, +g(y — Plu, =Au (4.15)

for some constants o and p.

Proof. Assume that B,,(x,y) = ¢n(x)¥s(»), m and n >0, where {¢,(x)};2, and {yu(y)};2, are
monic PSs in one variable. Then Py(x, y) = ¢,(x) and Ry,(x, y)=yu(y), n = 0. Hence, 4,=C, =0
by Proposition 4.1. Here, we note that we do not need the admissibility of L[ - ] in proving (iii) = (i)
in Proposition 4.1. Since D= 4,Pyo, E = 41 Ry, and L[P]=L[P1oFy1]=2B + DRy + EP\o = 4P,

B(x,y)=3(4 — 24)R1 = aB;. (4.16)

Hence, if a=0, then B=0 so that (ii) follows from (i) and Theorem 4.5. We now assume a # 0.
Since B,.(x, ) = Bu(x)P.(y), we have from (4.4)

APun)es + C(Pan)yy + D(Ban)e + Eun)y = (Gon + )P (4.17)
Subtracting (4.17) from L[P,,] = Am+nFn» and using (4.16), we have

B(Pun)xy = aP\(Pun)xy =amnF,,, m and n > 0.
Since a #0, we have

Pio(x)Pi(2)PLo(x)Py(¥) = mnPog(x)Bsu(y), m and n > 0
so that

Pro(x)Bpy(x) =mBu(x),  Pu(MF,(y)=nFu(y),  mandn>0.

We may express Pno(x) as Buo(x)= >7_oa;(Pio(x))’, where a,,=1. Then

]

P1o(x)Pyy(x) — mPyo(x) = Z(j — m)a;(Pio(x))! =0.

j=0
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Hence a; =0, 0 < j < m — 1 so that P(x)=(Pio(x))", m = 0. Similarly, R,(y)=(Fu(y))", n = 0.
Set Pio(x)=x — o and Ry (y)=y — B. Then

L{P1o] =D(P1o)x =D = 1,Py;

L[Fn]=E(Bn)y=E=AFRy;

L[P3] =24 + D(P); =24 + 2DPyy = }pPy = (P10 )’

L[P1]1=2B + D(P\)x + E(P\)y =2B + DRy + EPyy = /2P = 4,P10Fy;
L[Rn] =2C + E(Ry)y =2C + 2ERy; = Ao Fp = Aoy ).

Hence,

A(x)= %(&2 - 24 )(P10)2 =a(x — 0‘)2,
B(x,y)= %(/12 — 24Py =alx — a)(y — B),
C(y)=3(Ja = 2 )P ) =a(y — BY,

D(x)= AP =g(x — ),

E(y)=AFi=g(y — B),
so that (4.15) follows. O

We now claim that Eq. (4.15) cannot have an OPS as solutions. By a linear change of variables,
we may transform Eq. (4.15) into

X, + 2xyu,y, + yzuyy + guy + gu, = A,u. (4.18)

Assume that Eq. (4.18) has an OPS {®,} , relative to ¢ as solutions. Then L*[6] =0 by Lemma 3.1
so that by (3.13)

Apn = AminOmm=(m+nYm+n—-1+¢g)o,,=0, mand n=0.

Hence, 6,,, =0 for m+n#0 and m+n > g—1 so that 4, =0 for n > max(0,g—1), which contradicts
the quasi-definiteness of o. Hence, Eq. (4.18) or equivalently Eq. (4.15) cannot have an OPS as
solutions.

Therefore, from Theorems 4.5 and 4.7, we obtain: if Eq. (3.1) has a monic OPS {B,}%2, as
solutions, which is a product of two monic PSs in one variable, then Eq. (3.1) must be of the form
(4.9) and {P,}>>, must be a product of two classical OPSs in one variable.

It is well known (see, for example, [4, 10]) that classical OPSs (in one variable) are the only
OPSs such that their derivatives are also orthogonal. In particular, if {@,(x)}2°, is a classical OPS
satisfying Eq. (4.6), then {¢/(x)}2 , is also a classical OPS satisfying the same type of the equation
as (4.6).

We finally consider two-variable analogue of this property. Assume that Eq. (3.1) is admissible
and has an OPS {®,}2° , as solutions. Let ¢ be the canonical moment functional of {®,}2° ,. Then,
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we may assume that D(x) =x and E(y)=y so that we have by (3.4):
(6,D) =010=0, (0,E) =001 =0,
(6,A+xD) =(a+ 1)oy + f1=0,
(0,B+ yD)=(a+ )ou + 3 f2=0,
(6,C+ yE)=(a+ 1)o, + f3=0.
Therefore, 4 =0300 — (o11)> =(1/(a+ 1) fifs — 3(f2)*)#0. In particular, B> — 4C #0 since

1(f2)* — fifs is the constant term of B* — AC.
We now consider Eq. (3.1), which is admissible and belongs to the basic class

L{u] = A(x)uy, + 2B(x, Y)Yy + C(3)uyy + D(x)uy + E(y)uy, = At (4.19)

Let {P,}2°, be the unique monic PS of solutions to Eq. (4.19). We know by Corollary 4.2 that
Foo(x, ) =Fo(x) and Ry(x, y) = Fu(y), n > 0. Set

1
(x) ,
Bii= m(ﬂ—jﬂ,j)x, 0<j<n,

1 ;
B = TT(Pn——j,j—H)ya 0<j<n

n—jj J

Then, {B®}22 o = {BY, 122,70 and {BP}2 = {BY) }52, %, are monic PS’s satisfying (cf. (4.1))

n=0,=0
LONu] = Aug, + 2Buyy + Cuyy + (D + A Juy + (E + 2B,)u,
=nla(n+ 1)+ glu, (4.20)

LPu] = Auy, + 2Buyy + Cuyy + (D + 2B, )u, + (E + C, )u,
=nla(n+ 1)+ glu, (4.21)
respectively. Note that Eqs. (4.20) and (4.21) are also admissible.

Theorem 4.8. Assume that Eq. (4.19) is admissible and has an OPS {®,};>, as solutions. Let
{B}22, be the normalization of {®,}5°, and o the canonical moment functional of {@,};2 o
() If {PW}x, is a WOPS relative to f(x,y)o for some polynomial f(x,y)(#0), then f
must satisfy

Af, + Bf, — A.f =0; (4.22)

Bf.+ Cf, — 2B, f =0. (4.23)
Moreover, A, B, and C must satisfy the compatibility condition

7 [ZBBX —4,C } K [AxB — 2ABX}

oy | B2—-AC B? — AC

~ ox
Conversely,
(ii) if Egs. (4.22) and (4.23) have a nonzero polynomial solution f, then {B®}e [ is a monic
WOPS relative to fo.

(4.24)
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Proof. We first note that by Theorem 3.8, o satisfies
Mi[o]l=(40). + (Bo), —Do=0 and M,[g]=(Bo),+ (Co), — Ec=0.

(i) Assume that {P®}> is a WOPS relative to f(x, y)o for some polynomial f # 0. Then by
Theorem 3.7,

Mi[fo]=(Afo)x + (Bfo), — (D +4,)fo =0, (4.25)
My[fo]=(Bfo): + (Cfo), — (E +2B;) fo =0. (4.26)

Since M\[fa]= f[(40), + (Bo), — Dol + (Af, + Bf, — A f)o=(Af, + Bf, — 4, f)o=0 and o is
quasi-definite, we have (4.22). Similarly, we have (4.23) from M,[fo]=0. We may solve Egs.
(4.22) and (4.23) for f, and f, as

(B> — AC)f,=(2BB, — A,C)f and (B’ — AC)f,=(A,B —24B,)f,

from which (4.24) follows since B> — AC #0.

(ii) Assume that f( 5 0) satisfies Eqgs. (4.22) and (4.23). Then fo is a nonzero moment functional
and satisfies Eqs. (4.25) and (4.26). Let T be the canonical moment functional of {P®}2 ;. Then,
both fo and 7 satisfy

LO¥[ fo] =LV [1]=0
by (3.10) for fo and by Lemma 3.1 for 7. Since L[ -] is admissible, we must have
fo=ect,

where ¢ = (fo,1) = (0, f) # 0 by Proposition 3.4. Hence, t also satisfies (4.25) and (4.26). Therefore,
{P®}e is a monic WOPS relative to fo by Theorem 3.7. [

We can also state Theorem 4.8 for {P}>  instead of {P®} , for which Eqgs. (4.22)—(4.24)
must be replaced by

Af. + Bf, — 2B,/ =0, 4.27)

Bf.+Cf, —C,f =0, (4.28)
and

9 [ch - ZByC} 2 [2BBy —ACy]

oy | B2—AC | ox| B*—AC

It is easy to see that when the compatibility condition (4.24) is satisfied, Eqgs. (4.22) and (4.23)
always have a nonzero solution f(x, y), which however may or may not be a polynomial.

When B=0, f=A4(x) or f=C(y) satisfies (4.22), (4.23) or (4.27), (4.28), respectively.
Moreover, it is easy to see that if {[3}32, is a monic OPS relative to ¢ satisfying Eq. (4.9)
so that {PB,}3° ,, is a product of two classical OPSs (cf. Theorem 4.5), then {P®}2 ; and {P}>
are also monic OPSs relative to A(x)o and C(y)o satisfying (4.20) and (4.21),
respectively.
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Example 4.3. Consider the following equation:
(% = D + 2xp10 + (V° — Dy + gl + yu)=n(n — 1+ gu (g > 1), (4.29)

which is known to have an OPS, called circle polynomials, as solutions (cf. [3]). Let {B,}22, be the
monic polynomial solutions to Eq. (4.29). Then, {B,}>, is orthogonal on 2 = {(x, y)|x* + y* <1}
relative to the weight function w(x, y) = (1 —x?>— »*)¥=372_ In this case, f(x, y) =1 —x% — y? satisfies
both (4.22), (4.23) and (4.27), (4.28) so that by Theorem 4.8, {P®}> ; and {P®}% , are also
orthogonal relative to (1 —x% — y*)9~D2 on .

We finally note that Theorem 4.8 remains to hold for {P®}2 o or {P} , respectively, when

n=0°

either C, =0, but 4,#0 or 4,=0, but C,#0. For example, if we consider Eq. (4.14), where
C=0, but 4,=37#0, then Eqs. (4.22) and (4.23) have f(x,y)=1 as a nonzero solution. In fact,
if {B}>2, is the monic PS of solutions to Eq. (4.14), then {P*®}% , is also a monic PS satisfying
the Eq. (4.20), which in this case, is the same as (4.14) so that {P®} /={B},.
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