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1. INTRODUCTION 

In the article (Ref. [S]) the authors studied the ideal Cpc, of a unitary com- 
mutative ring R, generated by a elements a, ,..., a, satisfying the following 
property (*): if b, ,..., 6, are elements of the ideal 67 = (al ,..., a,)R such 
that &a, + ... + 6,a, = 0, then the syzygy (b, ,..., 6,) is trivial, i.e., it is 
a combination of the elementary syzygies (0 ,..., 0, aj , 0 ,..., 0, --ai , 0 ,..., 0). 

It is well-known that if a, ,..., a, is an R-regular sequence every syzygy 
is trivial, so (*) is verified. It is also known that the property “every syzygy 
is trivial” can be expressed by the relation H,(K(u, ,..., a,; R)) = 0, where 
WI ,..., a,; R) is the Koszul complex determined by a, ,..., a, . 

In [5] some examples are given of elements a, ,..., a, verifying (*) which are 
not a regular sequence and, therefore, Hl(K(a, ,..., a,)) f 0. 

The condition (*) can also be stated by means of the Koszul complex. 
In fact, let fl = (al ,..., a,)R and let 

rp : K(a, ,..., a,; 6T) --t K(a, ,..e, a,; R) 

be the canonical mapping induced by the inclusion 6Y C R. Then we observe 
in Section 2 that (*) is equivalent to the condition H,(v) = 0, where HJpl) is 
the map induced on homology. 

By the remarks above we are led to consider the following problem: 
Given an R-module M and a submodule N, under what conditions will a 
sequence a, ,..., a, of elements in R, not necessarily a regular sequence, be 
such that H,(v) = 0, 9) being the canonical mapping K(a, ,..., a,; N) + 
K(a, ,..., a,; M) induced by the inclusion NC M? 

Thus in Section 3 we define a notion of relative M-regular sequence with 
respect to N and verify that if a, ,..., a, is a relative M-regular sequence then 
we have E&(v) = 0 as wanted. 

Finally we verify in Section 4 that there exist interesting examples of ideals 
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f3! generated by a relative contained in Rad, (Ii) R-regular sequence with 
respect to cvd. Namely, if h,, ,..., h,,?, are elements of a noetherian ring R 

which form a regular sequence, then such an ideal is the ideal @generated by 
the (4 - 1) minors of the matrix H = I/ Iz, (/ (1 < i < 9 - 1, 1 <j < 9). 

2. RELATIVE M-REGULAR SEQUENCES WITH RESPECT 

TO A SUBMODULE N 

Let R be a commutative unitary ring and M an R-module. A sequence of 
elements a, ,..., a, of R is said to be M-regular if for each 2’ = l,.... n, a, is 
not a zero-divisor in the module !U’/(a, ,..., a,-l)L%$. (In particular, this means 
ur is not a zero-divisor in Mj. 

DEFINITION 1. Let R be a commutative unitary ring, M an R-module and 
N a submodule of M. A sequence a, ,..., a, of elements in R is said to be a 
relative M-regular sequence with respect to N, if for all i, a,+rx EC;=, ajN 
and x E N imply x E C:=, a,M, 0 < i < IZ. (For i = 0, this means a, is not a 
zero-divisor in N). 

DEFINITION 2. Moreover, if every arbitrary permutation ai1 ,..., aiil of 
elements a, ,..., a, also gives a relative M-regular sequence with respect 
to the submodule N, we say that a, ,..., u,~ form an unconditioned relative 
M-regular sequence with respect to N. 

Remark 1. Let a, ,..., a, E R. The property of being a relative M-reguiar 
sequence with respect to a submodule N is preserved under flat extension of R. 
Indeed, let f : R -+ R' be a ring homomorphism making R' into a flat. 
R-module. Put M’ = M @JR R'? N’ = N OR R’. It is obvious that N’ C M’. 
The fact that a, ,..., a,n is a relative M-regular sequence with respect to N can 
be expressed by the following commutative exact diagram 
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where 

Nl = N, Ml = n/r, Ni = N/(qN + ... + q-,N), 

M’i = M/(alM -+ ... + a,-,M), i = 2,..., n; 

01i is induced by 01 and We = a&x E Ni), i = I,..., n. Tensoring with R’ 
over R this diagram is transformed into the corresponding diagram for 
Al', N’, ai’ = f (a,), i = I,..., n, and the exactness is preserved. 

Let K(u, ,..., a,; E) = K(a, ,..., a,) OR E, for all R-module E, where 

K(% ,-**, a,) denotes the Koszul complex associated to the sequence a, ,..., a, . 

THEOREM. Let N be a submodule of M such that ~~z1 a,M C N, with a, E R. 
Let 01 : N + M be the inclusion mapping, and let 

Ipa : K((a, ,..., a,; N) - K(a, ,..., a,; M) 

be the mapping induced by a’. If the sequence of elemerzts a, ,..., a,n is a relative 
M-Yegular sequence with respect to N, then HP(p)=) = 0, ‘dp > 0. 

Proof. We proceed by induction on n. 

Case (a) 

If E = 1, then ax, = 0 and x E N imply x = 0; hence a, is an N-regular 
element. However, H,(K(a,; N)) = Ann,,, a,. It follows that H,(K(a,; N)) =O, 
and, “a fortiori,” H,(pJ = 0. 

Case (b) 

If ~8 > 1, then we suppose the statement true for n - 1. We have 

K(a, ,.-., a,; 4 = K(G) OR K(a, ,..., G..,; -9, 

for all R-modules E [7]; we also have the following exact sequence: 

0 - f&(&4 OR H&Q ,..., a,-,; E)) - ff&, ,..., a,; E) 

- Hl(K(a,) @ H&a, ,..., a,-,; E)) + 0. 

Choosing E = N, M, we get the commutative diagram 

0 - Ho(K(a,) OR HS(a, ,..., a,-l; N)) --+ HJa, ,..., a,; N) 

ClP 1 &J 1 
0 - ffo(K(4 OR %(a1 ,... , GG Al>) --+ &(a, ,..., a,; At> 

- HdK(a,) 0 HP-da1 ,..., a,-,; NJ! - 0 

y?J i 
- Hl(K(a,) @ II,-,(a, ,..., a,-,; M)) --j 0, 

where the vertical arrows are defined by the inclusion 01 : N + PI. 
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If p > 1, by the induction hypothesis, ap = yp = 0. 
If p = 1, also by the induction hypothesis, 01~ = 0. We prove now that 

even in this case y1 - 0. 
In fact, since H,(a, ,..., a,-,; E) = E/(a,E + ... $- a&), for all 

R-modules E, we have that H,(K(Q @ &(a, ,..., a,-,; Ejj = AnnEan , 
with E = EI(,a,E + ... + u,-,E). 

On the other hand, y1 : AnnR a, -+ AnnAT a, is the homomorphism 
defined by ?i : N---f i@, where ~2 is the homomorphism induced by the 
inclusion 01 : Iv + M. Every element of Ann, a, is the class 3 of an element 
z E N, such that u,x E 2;:; a$. From the hypothesis, this implies that 
x E xyii aJW, hence yl(n) = 0. Therefore for anyp > 0, we have 01~ = yP = 0. 

We shall prove next that /3, = 0. 
By the above diagram, 

Im & L &(K(u,) $JR H,(u, ,..., anpI; n’)j. 

Hence every- cycle c of &,(a, ,..., a,; N) is homologous to a cyde 
e E &(a1 ,..., a,,; M); that means, c - e E XDLI(ul ) .,., a,; M). But 

~K,+,(~, ,.-*, un; M) c K&z, )...) a,-,; ‘IV), 

since, by hypothesis, cb, a$~ C N. Consequently, 

e e KJu, ,..., u,-,; M) f-7 K,(u, ,...) a,-,; IV) = K&z, ,.~.f a,-,; -V). 

Taking the homology classes, it follows that Im ,8, C Im 01~ . But Im aI, = 0, 

so 8, = 0, and the theorem is proved. 

Remark 2. The condition H,(pJ = 0, indicated in the above theorem, is 
equivalent to 

Z(K&, ,...) a,; N)) = dK,+,(u, ,..., a,; M), C”“) 

where Z(l&(u, ,..., a,; N)) is the module of cycles of &,[a, ,...: a,; M), 
identified as a submodule of &(a, ,..., a,; Mj. 

The property (**) is equivalent to 

In particular, if p = I, we have syz(u, ,..., a,) n Nn = T, where 
T = dl%,(u, ,..., a,; M) is the submodule of trivial syzygies [4, Chapter IT’]. 



388 FIORENTINI 

3. ONE EXAMPLE 

Let K be a field and yl* ,..., Y+~,* indeterminates over It?. In the polynomial 

ring kf = K[Y,, ,..., ~~-~,d we consider the ideal p = xf=lF,A, where 
(-l)ji+lFi is the (4 - 1) -minor obtained by deleting the i-th column in the 
matrix Y = j/ylj 11, (; = I,..., 4 - 1;j = I,..., 4). 

We know [2] that every pair Fi , Fj with i + j, is a maximal A-regular 
sequence contained in p. It follows that if q > 2, Fl ,..., F, is not an A-regular 
sequence. Our purpose is to verify that Fl ,..., F, is a relative A-regular 
sequence with respect to p. 

Let us suppose thatyFq E (Fl ,..., F,&, withy up, i.e., y = CL, T~F~(Y~ E A). 
Then y E (Fl ,..., F,-,) is equivalent to rnF, E (Fl ,..., F,,). 

I = &yj,/l is a prime ideal of A, and one can easily see that 

(i> (4 ,.-, F,-A Cl, and (ii) Fg $1. On the other hand &yuFi = 0, 
(1 < i < q - I), which shows that yiQFq ~1, for i = l,..., q - 1, hence (iii) 
IF, C (Fl ,..., Fe,). YF, E (4 ,.‘.> F,,) implies rzq2 E (Fl ,..., Fnml), hence, by 
(i) Y*F~ E I; therefore by (ii) r4 E I; also, by (iii) r,F, E (Fl ,..., Fgel). 

We have thus verified that yFg E (Fl ,..., F,-,) and y EP implies 
y E (Fl ,..., Fuel), i.e., p n [(Fl ,..., F& : F,] = (Fl ,..., F,,). 

Suppose now that yF,, E (Fl ,..., F&, where y = C& riFi . Since a 
permutation of the columns of the matrix Y leads to a permutation of the 
elements of the system {Fl ,..., F,), we get 

E(F, 3.-., Fg--8 , Fg) : F,,l n P = (Fl ,..., F,-2 > Fg), 

and, therefore, we can suppose Y*-~ = 0. 
We have to prove that rpa E (Fl ,..., F,-,). 
Let J be the ideal of A generated by all the minors of order 2 of the matrix 

formed by the last two columns of the matrix I’. We know [2] that J is a prime 
ideal and it is easy to see that 

(j> (Fl ,..., Fg-*) C J; (jj) FM , Fg G J; (jjj) JF, C (Fl ,-.., Fu-2). 

In a similar way to that employed above for the ideal 1, we can now conclude 
that y E (FI ,..., FQP2). By repeating this procedure one can verify that 
yFi E (Fl ,..., Fi-,) and y EP imply y E (Fl ,..., F&, for i = l,..., q - 1. 

TQe have therefore proved that z%e elements Fl ,..., F, form a relative 
A-regular sequence mith respect top and that this sequence is unconditioned since 
we can permute arbitrarily the elements Fl ,..., F, by simply permuting the 
columns of Y. 

Remark 3. We have the relation 

T = ker(#) n pA4 = syz (Fl ,..., F,) n p&, 
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where T C Aq is the submodule of the trivial syzygies of the systemfl;; ?..., F,), 
and # : 4q- A, is the ring homomorphism defined by $(ei) = Fi , where 
e, )..., ep is the natural basis of the free A-module A”. 

Remark 4. The property of being an unconditioned relative regular 
sequence also holds for the elements G, ,...., G, which are the (4 - I)-minors 
of a matrix i-I = /I 1~ /I, (1 < i < 4 - 1, 1 <j S. q), where lzij are elements 
of a noetherian ring R which contains a field k, provided h,, ,..., h,-r,, form a 
regular sequence, contained in RadJ (R). 

Indeed, is this an easy consequence of Remark 1, of the example above, 
and of the following 

LEMMA, Let R be a unitary commutative noetheriun ring contaihg a $eld k 

and 35 ,.‘., ym E RadJ (R). Let x1 ,..., x,, be indete~minates oaei k and t? : A == 

4x1 ,..., xml - R tlze homomorphism of k-algebras for which 0(x,) = yi 
(i = l,..., m). Suppose tkat y1 ,..., yn, form a regular sequence. Then Y is flat, 
i.e., 8 makes R into a$at A-uwdule, and consequently ker(8) = 0. 

Note: this Lemma slightly extends Proposition 1 of [4]. 

Proof. Let I = y,R + ... + y+,,R, ] = s,A $- ... + x,d. One knows [3] 
that R is A-flat iff (i) R/JR is flat over A/J, and (ii) TorlA(R, A/J) = 0. 

We observe that (ij is trivially verified as A/J = k is a field. 
To prove (ii) consider the Koszul complex associated to yr ,..‘) ym . But 

yr *..., yin forms a regular sequence; hence H,(K( y, ,. .., ynr)) = 0, for p > 0. 
Thus (ii) is true and R is a flat A-module. 

Ker(0) = 0 follows from the fact that for any flat homomorphism of rings 
f : B + C, any non zero-divisor b of B is mapped onto a non zero-divisor c of 
C. Indeed the homothety z H bz of B tensored over B with C leads to the 
homothety u H ~21 of C. So the Lemma is proved. 
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