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In a recent paper by the same author general improvements on the sphere 
covering bound for binary covering codes were obtained. In the present work it is 
shown how the main idea can be exploited to obtain “improved sphere bounds” 
also for nonbinary codes. We concentrate on general q-ary codes and on binary/ 
ternary mixed codes. Special attention is paid to the football pool problem; a few 
new lower bounds are established. Also, it is shown how a similar method yields 
upper bounds on packing codes. 0 1991 Academic Press, Inc. 

I. INTRODUCTION 

Consider the Cartesian product H := Q i x Q2 x . . . x Qn, with n E N and 
the Qi alphabets of size qi 2 2. H is a metric space with (Hamming) distance 
d: for every x = (xl,xZ, . . . . x,), y = (y,, y,, . . . . y,) in H, d(x, y) = 
1 {i 1 xi # yi)l. The sphere with radius r and center x, i.e., the set 
{y E H 1 d(x, y) < r}, is denoted by B,.(x). The elements of H are called 
words. 

A nonempty subset C of H is called a code. Its elements are called 
codewords. More specifically, in our general setting, C is usually called a 
mixed code, and H a mixed (Hamming) space. When all qi are equal to q, 
one also speaks of a q-ary code and a q-ary (Hamming) space, respectively. 
We call n the length of C. 

Now let C be a code. By the packing radius PR(C) of C we mean the 
maximal number eE (0, 1, . . . . n} such that for all b, c E C with b #c, 
B,(b) n B,(c) = a. The covering radius CR(C) of C is the minimal number 
R E (0, 1, . . . . n} such that lJepC BR(c) = H. Clearly PR(C) < CR(C). A code 
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118 G. J. M. VAN WEE 

with packing radius > e is often called an e-packing of H. Similarly, a code 
with covering radius <R is often called an R-covering of H. 

For given e, R, and H, the numbers 

N:=max{ICI 1 @#CEH,PR(C)=~} and 

K:=min{(Cl 1 @#CsH, CR(C)=R} 

are of great interest. Of course, N only depends on n, the qi, and e, and K 
only depends on n, the qi, and R. 

The general problems of determining the values of the functions N and 
K are known as the (sphere) packing problem, the (sphere) covering 
problem, respectively. The covering problem for qi = 3 (for all i) and R = 1 
is also well-known as the football pool problem (for n matches). Packing 
and covering problems have been widely studied during the last four 
decades; see, e.g. [l-18, 20-35-J. These problems seem hard to handle. Only 
a few values of N and K have been exactly determined. Mostly, only lower 
and upper bounds are known, with large gaps in between. 

This paper is only concerned with upper bounds on N and lower bounds 
on K For a given Hamming space H let V(r) denote the number of words 
in a sphere with radius r. We shall use this notation in Section II too. Then 

V(r)=l+i C (4il - l) ’ ’ (44 - l). 
j=l I<i,< ... <$<n 

Now the expression 

is a lower bound (“sphere covering bound”) on the cardinality of any 
r-covering of H, and an upper bound (“sphere packing bound”) on the 
cardinality of any r-packing of H, 

In [32] a new method was introduced to obtain lower bounds on binary 
covering codes better than (1) (with all qi = 2). It was stated in the intro- 
duction of that paper that the main idea also applies to nonbinary codes. 
This (kind of) generalization is one of the goals of this paper (and of [ 191). 
In addition, we show that a similar idea can be used to obtain upper 
bounds for the packing problem. We shall rely heavily on [32]. 

In Section II we first generalize some notation, definitions, and lemmas 
from [32]. In Section III we treat packings and coverings in q-ary 
Hamming spaces. In Section IV we pay special attention to the football 
pool problem and obtain some new lower bounds. In Section V we 
consider mixed Hamming spaces, but, for simplicity, only in the case that 
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all qi E (2, 3}, which is probably the most interesting. To illustrate how 
these spaces H can be dealt with, we derive a lower bound on l-coverings 
of [Fi[Fi. For general bounds on R-coverings and e-packings of [F: iFi, see 
[19], a work that is completely devoted to this subject. 

From [8] and [20], for example, it appears that at present there is a 
growing interest in bounds such as presented in Sections III, IV, and V, 
and in [19]. 

Many of the ideas and results in this paper and [19] were presented 
earlier by us in [ 183. Results similar to those in Section IIIA are derived 
in [3], a paper which was written independently of this paper and [19], 
but using [18]. 

II. SOME PRELIMINARIES 

We recall from [32] some definitions and lemmas and generalize for 
arbitrary Hamming spaces H= Q, x Q2 x ... x Qn. We also introduce 
some notation for packings. We omit the (straightforward) proofs in this 
section. 

We have already defined B,(x). In addition, we define S,(x) := 
{YEHI dky)=r}. 

DEFINITION 1. Let r E (0, 1, . . . . n> and W, C E H. The nonnegative 
number E’,(W) is defined by 

E’,(W) := 1 pi,(c) n WI - u B,(c) n w  . (2) 
C.EC CPC 

If C# @, we define E,(W) := EgRcC)( W), and we call this number the 
excess on W by C. 

LEMMA 2. Let C be a code in H with CR(C) = R. 

(4 J&W)= ICI W+qm--r,. 
(b) For any finite collection { Wi} of pairwise disjoint subsets of H we 

have 

EC u Wi =C EdWi)* (i ) i 
(C) If WI E W, C H, then E,( W,) < E,( W,). 

LEMMA 3. Let r E (0, 1, . . . . n} and W, C, C’GH. If C’sC, then 
E’,.(W) <E’,(W). 
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DEFINITION 4. For a code C in H we define 

(a) Z(C):={ZEH~E~({Z})>O}, and 

(b) G(C) := H\U, EC &R&). 
If it is obvious which code is meant, we simply write Z, G, respectively. 

From (2) and Definition 4a we have 

Z(C) = (z E H I I&R&) n Cl ’ l>, (3) 
and by Lemma 2a and b, 

I.4 <E,(Z)=&(H)= ICI V(CR(C))-qlqz~.*q,. 
Clearly, 

IGI =qlqz.-’ qn - ICI JvR(C)). 

Also, if WG H then 

(4) 

(5) 

IG n WI = I WI - 1 I~PR~C~(~) n WI. (6) 
CCC 

On the analogy of Definition 1, we could call this number the deficit on W 
by C. 

III. THE Q-ARY CASE 

In this and the next section we confine ourselves to the case that for 
some q >2 q1 = q2 = ... = qn = q. One usually takes H= i?; (or ‘F;, if 
possible). The number of words in a sphere of radius r is now denoted by 
k’,(n, r) (cf. [32, Section VII]). This number equals 

I 

co 
‘: (q- l)i. 

j=, 1 

A. Coverings 

The notation K&n, R) := min{ ) C( I @ # CC H, CR(C) = R) has more 
or less become standard. In this Part A let C be a code in H with 
CR(C) = R. Furthermore, put 

A:={~EHI~(~,C)=R}, and 

(n-Wq-1) 
R+l 1 

(R+l)-(n-R)(q-1). 

LEMMA 5. (a) E,(B,(x))>l ifx~Z, 

(b) E,-(Bi(x))>e ifXEA-Z. 

Proof: (a) Obvious. (b) There is a unique c E C with d(x, c) = R. For 
every bE c\{c} we have d(b, x)2 R+ 1, and hence IB,(b)nB,(x)l E 
(0, R+ l}. Consequently, by (2), 
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&v,(x)) = IBR(C) n B,(x)1 - Ih( 

=l+R(q-l)-(l+n(q-1)) 

=(n-R)(q-1) (modR+ l), 
from which (b) follows. 

THEOREM 6. Ifc>O, then 

121 

&(n, R) 2 
(n(q-l)-R-1+2&)q” 

(n(q - 1) - R - 1 + E) f’,(n, R) + ET’,& R - 1)’ 
(7) 

ProoJ For every zeZ we have IA n B,(z)1 < n(q- 1) -R (compare 
with [32, Eq. (14)]). We shall not prove this here, but refer the reader to 
[ 19, Lemma lo], where a more general situation is considered. We now 
have 

4q”- ICI v&n, R- I))- (E- l)(l’J v&n, R)-q’Y 

GElAl-(E-l)IZ( (by (4)) 

<&[A(-(E-l)IAnZI 

=&IA-ZI+l.IAnZI 

= c c &W) 
SEA xo&(a)nZ 

= c c &({xH 
XEZ a~AnE,(x) 

=xFz IA n&W &(bI) 

~~~z(n(q-l)-R)E,({x)) 

= (n(q - 1) - RI J%(Z) 

= (n(q - 1) - RN ICI V#, RI - 4”) 
and (7) follows. 

COROLLARY 7. If q and n are even, then 

K&n, 1)a4” 
n(q- 1)’ 

(by Lemma 5) 

(by Lemma 2b) 

(by Definition 4a) 

(by Lemma 2b) 

(by (4)), 
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Here the sphere covering bound (1) reads 

fqn, 1)2 q” 
l+n(q-1)’ 

Corollary 7 is a generalization of [32, Corollary la]. 

Remarks. (1) If we substitute E = 0 in (7), we get the sphere bound 
(provided the denominator is positive). The condition E > 0 is equivalent to 
(n- R)(q- 1)fO (mod R+ l), and then (7) is better than (1). 

(2) For R > 1, Theorem 6 is not really a generalization of [32, 
Theorem 91. This is because of the estimate E&B,(x)) 2 1 for XEA n 2 
that we used. For q = 2, Theorem 9 in [32] is always at least as good as 
(7). A slight improvement on (7) could be achieved by considering 
x E A n Z more carefully. 

(3) The case q = 3 is of special interest. Tables with lower and upper 
bounds on K&r, R), for n Q 13 and R = 1,2, 3, recently appeared in [S] 
and [20]. The new bound (7) improves on the lower bounds in these 
tables at several places. In [19] Theorem 6 for the cases q = 2 and q = 3 
is generalized to a bound (Theorem 5 in [ 191) which applies to mixed 
covering codes with all qi E (2, 3). For the computed values of (7) for 
q = 3, n < 13, R = 1, 2, 3, the reader is referred to Table I in [ 191 (the cases 
with b = 0). We list the improvements by Theorem 6 on [20, Table I] in 
Corollary 8 (the old values of [20] given in brackets). Theorem 6 also 
gives alternative proofs of K,(6, 2) > 11 and K,(8, 3) > 13, results which 
were already found in [20] by linear programming. 

COROLLARY 8. 

K,(7,2) > 25 (24) 

K,(9,2) > 128 (121) 

K3( 10,2) B 322 (294) 

K,(lO, 3)&56 (51) 

K3( 12,2) > 1915 (1839) 

K3( 12,3) > 280 (260) 

K3( 13,2) 2 5048 (4704). 

B. Packings 

In the case of packings we can use similar arguments as with coverings 
to obtain a general bound (Theorem 11) better than the sphere packing 



PACKINGS AND COVERINGS BY SPHERES 123 

bound. Throughout this part B we assume that C is a code in H with 
PR(C) = e. We put 

A := {xEHI d(x, C)=e}, 

6 := (n-e)(q- l)- 
1 

(n-e)(q-11) 
e+l 1 

(e+ 1) 
7 and 

6’ .= 4cr - 1) 
*l 1 e+l (e+l). 

To have a positive denominator in Theorem 11, we make the (nonsignili- 
cant) assumption that e < n. 

LEMMA 9. lGnS,(x)l adfor all XEA. 

ProoJ: There is a unique c E C with d(x, c) = e. For every b E C\{c} we 
have d(b, x) >e+ 1 and hence IB,(b)n’S,(x)l E (0, e+ l}. By (6) we have 

IGn S,(x)l= IS,(x)l - P,(c) n S,(x)l 

=n(q-l)-e(q-l)=(n-e)(q-1) (mode+ l), 

and the lemma follows. 

LEMMA 10. IAnS,(z)J <&for allzEG. 

Proof Let z E G. Every c E C has d(c, z) 2 e + 1. If a E A n S,(z), then a 
CE C exists with d(c, a) = e. For this c we have d(c, z) = e + 1, and 
IS,(c)nS,(z)l =e+l.Since PR(C)=e, thereareatmost LISi(z)l/(e+l)J= 
Ln(q - l)/(e + 1)_1 such codewords c. Therefore IA n S,(z)J < 6’. 

THEOREM 11. 
d’q” 

(q - 1)’ 
(8) 

Proof 

6lCI 1 (9-l)’ 
0 

G 1 lGnSI(a)l 
PEA 

(by Lemma 9) 

= .FG IA n W)l 

< 6’ IGI (by Lemma 10) 

= Uqn - I Cl v&4 e)) (by (5))> 
and (8) follows. 
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Remarks. (1) The bound (8) improves on the sphere packing bound 
(1) whenever 6 > 0, which is the case if and only if (n - e)(q - 1) $0 
(mode+ 1). 

(2) If q=2 and 6>0, then 6’= 1 +n-6. 

(3) To get an impression of the performance of (8), the reader is 
referred to [19, Table I]. As was the case with (7), the bound (8) for the 
special cases q = 2 and q = 3 is generalized in [ 193 to a bound (Theorem 9 
in [19]) for packing codes in IFilF,. b The cases with b = 0 in [ 19, Table I] 
give the computed values of (8) for q = 3, n < 13, R = 1,2, 3. 

COROLLARY 12. Zf e = 1 and q and n are even, then 

ICI < q” 
2+n(q-1)’ 

It is interesting to compare this with Corollary 7 and the remark that 
followed it. 

IV. LOWER BOUNDS FOR THE FOOTBALL POOL PROBLEM 

We now consider the q-ary covering problem in the particular case that 
q = 3 and R = 1. A list of the best 1 ower and upper bounds on K,(n, 1) 
known for n < 13 was given in [20, first column of Table I]. The bound of 
Theorem 6 does not give any new results in this case, because for all n we 
haves=Oifq=3andR=l. 

Since the football pool problem is of such great interest, we try harder 
and do something that was called “counting excess on spheres with radius 2” 
in [32]. We assume throughout that C is a code in H with CR(C) = 1. 

LEMMA 13. (a) E,(B,(x)) > 2 if n = 2 (mod 3) and x E C, 

(b) E,(B,(x))>l ifn$l (mod3) and x&C. 

Proof: (a) IfthereisacEC\{x}withd(x,c)<2,thenIB,(c)nB,(x)lE 
(2, 3); hence, by Lemmas 2c and 3, E,(B,(x)) 2 E(,,,)(B,(x)) 2 2. If there 
is no such c, then for all b E C\(x) I B,(b) n &(x)1 E {0,3}. Hence, by (2), 

E&B,(x)) E IBl(x)l - IZ&(x)l = - 
0 

i .4 = -2n(n - 1) E 2 (mod 3), 

and (a) follows. 

(b) There is a CE C such that d(x, c) = 1. We have [RI(c) n B,(x)/ 
= 3. If E&B,(x)) > 1, then also E,(B,(x)) 2 1 (Lemma 2~). Suppose that 
E,(B,(x))=O. Then there are no other codewords than c at distance 1 
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from x. For every bE C with d(x, b) = 2 we have Ill,(b) n B,(x)/ =2. By 
(2) we have 

0 = &(Bl(x)) = P,(c) n &(x)1 + 1 I&@) n BAx)l - PI( 
b=C\Icl 

=3+ c 2-(1+2n). 
beC:d(x,b)=2 

Hence the number of codewords b with d(x, b) = 2 is 4( 1 + 2n - 3) = n - 1. 
For all such b we have [B,(b) n B2(x)I = 5. For all d E C with d(x, d) > 3 

- 

we have /Ill(d) n B2(x)I E (0, 3). Substitution in (2) gives 

&V32@)) = PI( + 1 I&(b) n B2(x)l 
beC:d(x,b)=2 

=(n-1)*5- ; 
0 

.4=(5-2n)(n-1) 

G(?z--1)2El (mod 3), 

which implies (b). 

THEQREM 14. 

(a) K3h 1) 2 ~~~;:1)~~~f~ ifn - 1 2 

(v3h 2)- 1) 3” 
(b) K3(n,1)~(~3(n,2)-2)(1+2n)+1 ifn=o 

IB2b)l 

(mod 3), 

(mod 3). 

Proof: (a) We have 

21CI + 1.(3”- ICI) 

G 1 &(B,(x))+ 1 &(B2(x)) (by Lemma 13) 
XGC xeH\C 

= c WB2b)) 
XEH 

= c c &({YH 
XEH YE&(X) 

= c c &({Yl) 

(by Lemma 2b) 

YE H x E B*(Y) 

=yFH ff3(% 2)&((Y)) 

= V3h 2) &(W 

= V,(n,2)(ICI(1+2n)-3”) 

(by Lemma2b) 

(by Lemma 2a). 
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(b) Put A := H\C. If z E Z, then IA n B2(z)I < V,(n, 2) - 2 (see (3)). 
We have 

= c c &({xH 
neA xe&(a)nZ 

= c c J%(W) 
XCZ a~AnE2(x) 

(by Lemma 13b) 

(by Lemma 2b and Definition 4a) 

d 1 vY~~2)-2)&(~x~) 
XEZ 

= (~A& 2) - 2) J%(z) (by Lemma 2b) 

=(I’,(n,2)-2)(ICj(1+2n)-3”) (by (4)). 

Remarks. (1) Compare Theorem 14 with [32, Corollary 21. 

(2) According to Lemma 13b the proof of Theorem 14b also holds 
for n = 2 (mod 3). It is, however, easily verified that the bound in 
Theorem 14a is better then. 

(3) We list the improvements by Theorem 14 on Table I of [20] in 
the following corollary. The old lower bounds, all established by the sphere 
covering bound, are given in brackets. 

COROLLARY 15. 

K,(8, 1) 2 390 (386) 

K,(9,1) > 1043 (1036) 

&(ll, 1)27736 (7703) 

&(12,1)>21329 (21258). 

V. BINARY/TERNARY MIXED CODES 

In this final section we assume that H= FilFi. Coverings of these spaces 
H have an obvious practical importance for football pools. Through the 
last decades many interesting covering codes were found by Finnish foot- 
ball pool fans, and often published in Finnish magazins. Also, a recent 
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work of Himlllinen and Rankinen [8] is concerned with this matter. They 
included a table with lower and upper bounds on covering codes in H. 

It is not immediately clear how methods like those in Section III can be 
used in the case H = IFi F:. Here, we treat only the special case of 
l-coverings in detail (Theorem 16). By this example we hope to illustrate 
in a clear and comprehensive way how the idea of counting excess on 
spheres can be applied. For R > 1 things become much more complicated. 
In a joint work with J. H. van Lint, Jr., Theorem 16 is generalized for all 
covering radii R (see [ 19, Theorem 51). 

The situation for packings is quite different. We leave it as an easy excer- 
cise to derive Theorem 17 by altering the proof of Theorem 16. In contrast 
with the situation for coverings, here no extra difficulties arise when one 
tries to generalize for all packing radii e. We refer the reader for the general 
bound (which includes Theorem 17) to [19, Theorem 91. 

Theorem 16 and its generalization [19, Theorem 51 give various 
improvements on the lower bounds in [S, Table I], which were all com- 
puted using the sphere covering bound (1). In [ 191 we present a new table 
with lower bounds on coverings (and upper bounds on packings). We do 
not give the computed values of Theorems 16 and 17 here, but simply refer 
to that table (the column e= 1, R= 1). 

THEOREM 16. Let C be a code in H with CR(C) = 1. Then 

(2t + b) 3’2’ 
(a) IC13(2t+b)(l+2t+b)-b 

ifb is even, 

(b) ICI2 
(22 + b) 3’2’ 

(2t+b)(l+2t+b)-2t 
if b is odd. 

ProojI (a) Let A’ denote the set of words in H that are equal to a 
codeword or can be obtained from a codeword by changing one ternary 
coordinate. Put A := H\A’. Let a E A. Then IB,(c) n Bl(a)l E (0, 2) for all 
c E C. Since IB,(a)l = 1 + 2t + b is odd, B,(a) n Z# @. Therefore 

A E u B,(z). 
ZPZ 

But then also 

A G u (B,(z) - C). 
ZSZ 

We get 

3’2b-lCl(1+2t)~JAl<lZl(1+2t+b-2) 

and (a) follows. 

582aJSl/L-9 
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(b) In this case let A’ denote the set of words in H that are equal to 
a codeword or can be obtained from a codeword by changing one binary 
coordinate. Again we put A := H\A’. Suppose a E A. Then there is a c E C 
which differs from a in exactly one coordinate, which is ternary. We have 
IB,(c) n Br(a)l = 3. If a $Z, then IB,(b) n B1(a)l E {0,2} for all bE C\{c}. 
Since IBr(a)j = 1 + 2t+ b is even, B,(a) n Z# 0. If a o Z, then again 
B,(a) n Zf 0. The rest of the proof is similar to the corresponding part 
of the proof of (a) (use IAl >3*2’- ICI(l+b) here). 

Theorem 16 generalizes Corollary la of [32]. It is always at least as 
good as the sphere covering bound. 

This last statement also holds for Theorem 17, compared to the sphere 
packing bound. 

THEOREM 17. Let C be a code in H with PR( C) = 1. Then 

(2t + b) 3’2’ 

(a) ““(2t+b)(l+2t+b)+b 
if b is even, 

(2t + 6) 3’2’ 
(b) IC1’(2t+b)(l+2t+b)+2t 

if b is odd. 
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