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Abstract

Our goal is to develop methods that enable one to select a class £ of rings and then to describe all right
essential overrings or all right rings of quotients of a given ring R which lie in &. Our major method of
attack is to determine the existence and/or uniqueness of right ring hulls of R in £ and to use these to
characterize the right essential overrings of R which are in £. Some applications are: (1) a characterization
of the right rings of quotients of the 2-by-2 upper triangular matrix ring over a PID which are either Baer
or right extending; (2) a characterization of a continuous ring hull for a commutative ring whose singular
ideal has finite uniform dimension; (3) a characterization of the right extending rings which have the 2-by-2
matrix ring over a given division ring for their maximal right ring of quotients; (4) a characterization of the
intermediate right extending rings between the 2-by-2 upper triangular matrix ring and the 2-by-2 matrix
ring over a large class of local right finitely X'-extending rings; (5) a characterization of the classical right
ring of quotients as a ring hull from a certain class of rings.
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0. Introduction

Throughout this paper all rings are associative with unity and R denotes such a ring. Sub-
rings and overrings preserve the unity of the base ring. Ideals without the adjective “right” or
“left” mean two-sided ideals. All modules are unital and we use Mg (respectively, g M) to de-
note a right (respectively, left) R-module. If Ny is a submodule of Mg, then Ny is essential
(respectively, dense also called rational) in Mg if for any 0 # x € M, there exists r € R such
that 0 # xr € N (respectively, for any x, y € M with x # 0, there exists r € R such that xr # 0,
and yr € N). Recall that a right ring of quotients T of R is an overring of R such that Ry is
dense in Tg. The maximal right (respectively, left) ring of quotients of R is denoted by Q(R)
(respectively, Q(R)). We say that T is a right essential overring of R if T is an overring of R
such that Rp is essential in Tg. The right injective hull of R is denoted by E(Rpg) and we use
Eg to denote End(E (Rg)). Unless noted otherwise, we work with right sided concepts. However
most of the results and concepts have left sided analogues.

One of the major efforts in Ring Theory has been, for a given ring R, to find a “well behaved”
overring Q in the sense that it has better properties than R such that a rich information transfer
between R and Q can take place. Alternatively, given a “well behaved” ring, to find conditions
which describe those subrings for which there is some fruitful transfer of information.

Our general goal is to develop methods that enable one to select a specific class K of rings
and then to describe all right essential overrings or all right rings of quotients of a given ring R
which lie in R. Our major approach is to determine existence and/or uniqueness results for right
essential overrings which are, in some sense, “minimal” with respect to belonging to K. Then, by
capitalizing on the hull-like behavior of these “minimal” ones, we describe or characterize the
right essential overrings belonging to £ in terms of the “minimal” such rings in K.

Motivation for our outlook can be seen from the following examples. First take R = (% %)
where Z and Q denote the ring of integers and the ring of rational numbers, respectively. The
ring R is neither right nor left Noetherian and its prime radical is nonzero. However, Q(R) is
simple Artinian. Next take R to be a domain which does not satisfy the right Ore condition.
Then Q(R) is a simple right self-injective regular ring which has an infinite set of orthogonal
idempotents and an unbounded nilpotent index. The sharp disparity between R and Q(R) in
the aforementioned examples limits the transfer of information between R and Q(R). These
examples illustrate a need to find overrings of a given ring that have some weaker versions of
the properties traditionally associated with right rings of quotients such as semisimple Artinian,
right Artinian, right Noetherian, right self-injective regular, or right self-injective. Furthermore,
this need is reinforced when one studies classes of rings for which R = Q(R) (e.g., right Kasch
rings). For these classes the theory of right rings of quotients is virtually useless. However our
theory which considers right essential overrings is still applicable.

Using the traditional class of right self-injective rings as a model, we introduce the notion of
a ©-¢ class. Although the concept of a ©-€& class encompasses many generalizations of right
self-injectivity, it retains the advantage that its members have an abundance of idempotents for
their distinguished right ideals which is crucial in various structural considerations. Recall the
definitions of some classes that generalize the class of right self-injective rings or regular right
self-injective rings. A ring R is: right (FI-)extending if every (ideal) right ideal of R is essential
in a right ideal generated by an idempotent (classes denoted by §J, &) (see [14,15,17,23] for €;
and see [5,9,11] and [18, Corollary 33B] for §J); right (quasi-)continuous if R is right extending
and (if A and By are direct summands of Rg with AN B =0, then A @ By is a direct
summand of Rg) R satisfies the (Cy) condition, that is, if X and Y are right ideals of R with
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Xgr =Yg and Xp is a direct summand of Rpg, then Yx is a direct summand of Ry (classes
denoted by q€on, Con) (see [20,33,36] for Con and q€on); (quasi-)Baer if the right annihilator
of every (ideal) nonempty subset of R is an idempotent generated right ideal (classes denoted
by ¢‘B, B) (see [3,24,25,42] for *B; and see [6-8,10,16,34] for q*B). These classes have their
roots in the study of right self-injective rings and in Operator Theory, especially in the study of
von Neumann algebras. We delineate our techniques by obtaining results for the aforementioned
classes. However, our methods are not limited to these classes and can be applied to many other
classes of rings.

Since the right essential overrings (which are, in some sense, “minimal” with respect to a
specific class of rings) are important tools in our investigations, we define several types of ring
hulls to accommodate some notions of “minimality.” Our search for such minimal overrings for
a given ring R includes the seemingly unexplored region that lies between Q(R) and E(RR)
(e.g., when R = Q(R)). We consider two basic types (the others are their derivatives). Let S be
a right essential overring of R and R be a specific class of rings. We say that S is a & right ring
hull of R if S is minimal among the right essential overrings of R belonging to the class £ (i.e.,
whenever T is a subring of S where T is a right essential overring of R in the class £, then
T = S). In the other basic type, we generate S with R and certain subsets of E(Rpg) so that S is
in K in some “minimal” fashion. This leads to our concepts of a € pseudo and of a € p pseudo
right ring hull of R, where € is a ©-€ class of rings and p is an equivalence relation on a certain
set of idempotents from Eg. These ring hull concepts are “tool” concepts in that they appear in
the proofs of various results but do not appear in the statement of the results (e.g., Theorems 3.1
and 3.7).

In this paper, we: (1) begin the development of a general theory of £ right ring hulls and €
pseudo right ring hulls, where € is a ©-& class of rings; (2) apply our theory to several classes
of rings; (3) characterize the right essential overrings from various classes of rings for certain
subrings of matrix rings.

1. Preliminaries

This section is mainly devoted to background information and preliminary results. We present
results indicating interconnections between those classes used to illustrate our theory. Various
conditions are presented which transfer from a ring to its right rings of quotients or to its right
essential overrings. For example, we indicate that if R is right extending (respectively, right FI-
extending), then T is right extending (respectively, right FI-extending) where T is a right ring
of quotients (respectively, a right essential overring) of R. We define the concept of a ©-€ class
and illustrate it with several concrete examples. Finally we formulate two problems which give
direction and motivation to our work.

For aring R, we use I(R), B(R), U(R), Z(RRr), Cen(R), and J(R) to denote the idempotents,
central idempotents, units, right singular ideal, center, and Jacobson radical of R, respectively.
For ring extensions of R, we use Q7,(R), RB(Q(R)), Mat,(R), and T,,(R) to denote the clas-
sical right ring of quotients, idempotents closure (i.e., the subring of Q(R) generated by R and
B(R) [2]), n-by-n matrix ring, and n-by-n upper triangular matrix ring over R, respectively. For
a nonempty subset X of aring R, the symbols rg(X), £g(X), and (X)g denote the right annihi-
lator of X in R, the left annihilator of X in R, and the subring of R generated by X, respectively.
When the context is clear, we use r(X) and £(X) for rg(X) and £g(X), respectively. Also Z,
denotes the ring of integers modulo n. Recall that a ring R is called reduced if R has no nonzero
nilpotent elements and Abelian if I(R) = B(R).
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The notation Ng < Mg, Nr <®% Mg, and Ng < Mg (I < R) symbolize that Ny is a sub-
module, an essential submodule, and a fully invariant submodule of Mg (I is an ideal of R),
respectively. A module My is said to be (FI-)extending if every (fully invariant) submodule of
M is essential in a direct summand of Mg (see [9,14,23]). Terminology not defined here can be
found in a text such as [21,27,28], or [37].

Let Qg = End(g, E(RR)). Observe that Q(R) =1 - Qp (i.e., the canonical image of Qg in
E(RR)) and that B(Qr) = B(ER) [28, pp. 94-96]. So we may write elements of B(Qr) on the
right of their arguments in using them as elements of £z. Also, B(Q(R)) = {b(1) | b € B(Qg)}
[27, p. 366]. Thus RB(Eg) = RB(Q(R)). In the sequel, we implicitly use the fact that if ¢ €
B(End(Mpg)) and e € I(End(Mg)) with eMr = cMp, then e =c.

Definition 1.1. We say that a ring R is right essentially Baer (respectively, right essentially
quasi-Baer) if the right annihilator of any nonempty subset (respectively, ideal) of R is essential
in a right ideal generated by an idempotent. We use ¢®B (respectively, eq®B) to denote the class of
right essentially Baer (respectively, right essentially quasi-Baer) rings.

It can be seen that ¢B (respectively, eq®B) properly contains & (respectively, §J) and ‘B (re-
spectively, gB): If R = A & B, where A is a domain which is not right Ore and B is a right
uniform prime ring with Z(Bp) # 0 [13, Example 4.4], then R is neither right extending nor
Baer. But R € ¢B. Now take T = (ZO4 ZZZ:). From [11, Theorems 1.4 and 3.2], the ring T is
neither right FI-extending nor quasi-Baer. However T € eq’B.

Proposition 1.2. Assume that R is a right nonsingular ring.

(i) If R € ¢B (respectively, R € ¢eq®B), then R € B (respectively, R € q°B).
(ii)) If R € §7J, then R € ¢*B.

Proof. (i) First assume that R € ¢B. Let # # X C R. Then there is e € I(R) with r(X)g <**
eRp.So £(r(X)) =4(eR) = R(1 —e). Hence r(X) =r[£(r(X))] =r(eR)) =r(R(1 —e)) =
eR. Therefore R € ®B. For the case when R € ¢q’B, take X to be an ideal of R and follow the
above proof.

(i1) See [9, Proposition 4.4]. O

Proposition 1.3. ([4, Lemma 2.2] and [9, Theorem 4.7].) Assume that R is a semiprime ring.
Then R € §J if and only if R € q°B if and only if R € eq*B.

Lemma 1.4. Let T be a right ring of quotients of R.

(i) For rightideals X and 'Y of T, if X7 <®5 Y7, then X <®*° Y.
(>i1) IfXR d TR, then Xp <5 T XTkp.

Proof. (i) Let 0 # y € Y. Then there is t € T with 0 # yr € X. Since Ry, is dense in Tk, there
exists 7 € R such that ytr #£ 0, and tr € R. Now ytr € X. Thus Xp <®* Yg.

(ii) Define f, :Tr — Tgr by f(t) = ot where « € T. Then f, € End(Tg). Hence TX C X.
Let0#yeTXT. Then y = x1t; + --- + xpt, where x; € X, t; € T, and x;t; # 0 for each i,
1 <i < n. Since Rp is dense in Tg, there is 7| € R with 0 # yr, and t;r; € R. Again there
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exists 2 € R such that 0 # yrirp, and trrjrp € R. Continuing this process, we get r € R such
that 0 % yr € X. Thus Xg <®*STXTy. O

Proposition 1.5. Let T be a right ring of quotients of R. Then:

(1) T €§7J ifand only if Tg is Fl-extending;
(i) T € € ifand only if Ty is extending.

Proof. (i) Assume that 7 € §J. Let Xg < Tg. By Lemma 1.4(ii), X g < T X Tg. There exists
e =¢% e T such that TXTy < eTp. Thus TXTg <° eTk from Lemma 1.4(i). Therefore
X <®% eTg. Consequently, Ty is Fl-extending.

Conversely, assume that Tx is Fl-extending. Take ¥ < 7. Then Yr <O Ty since End(TR) =
End(T7) = T from [28, p. 95]. So there is e = €2 € End(Tg) = End(T7) = T with Yg < eTk.
Hence Y7 <®SeT7. Thus T € §7J.

(ii) The proof of this part is similar to that of part (). O

Definition 1.6. Let R be a class of rings, £ a subclass of R, and X a class containing all subsets
of every ring. We say that R is a class determined by a property on right ideals if there exist an
assignment O g : R — X such that ® g(R) C {right ideals of R} and a property P such that each
element of ® g(R) has P if and only if R € R.

If R is such a class where P is the property that a right ideal is essential in an idempotent
generated right ideal, then we say that £ is a ©-& class (i.e., distinguished extending class) and
use ¢ to designate a D-€ class.

Some examples illustrating Definition 1.6 are:

(1) R is the class of right Noetherian rings, ® g (R) = {right ideals of R}, and P is the property
that a right ideal is finitely generated;

(2) Ris the class of regular rings, ® g (R) = {principal right ideals of R}, and P is the property
that a right ideal is generated by an idempotent as a right ideal;

3) R=B,95(R)={rr(X) | ¥ # X C R}, and P is the property that a right ideal is generated
by an idempotent;

(4) € = € (respectively, € =FJ, € =¢B), De(R) ={I | Ir < Rp} (respectively, Dz5(R) =
{I'l'I <R}, De3(R) ={rr(X) | # X S R}).

In this paper our primary focus is on classes of rings which are either ©-& classes or sub-
classes of ©-€ classes. Note that any ®-¢& class always contains the class of right extending (and
hence all right self-injective) rings. Moreover, many known classes of rings are subclasses of a
D-¢ class (e.g., B is a subclass of ¢B).

Theorem 1.7 illustrates the generality achieved by working in the context of a ©-€& class,
while Corollary 1.8 demonstrates its application to concrete ©-¢& classes.

Theorem 1.7. Assume that € is a ©-€ class of rings.

(1) Let T be a right essential overring of R. Suppose that for each Y € ©¢(T) there exist
Xr < Rrande € I(T) such that Xg <*** eRg, Xp <**Yg,andeY CY.Then T € C.

(1) Let T be a right ring of quotients of R and R € €. If Y € D¢ (T) implies Y N R € D¢ (R),
then T € €.
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Proof. (i) First note that Y =eY @ (1 — e)Y. Assume that there exists 0 # y € (1 —e)Y. Then
0# yr € X forsomer € R.But yr = (1 —e)yr € (1 —e)X =0, a contradiction. So Yr <®* eTg,
hence Y7 <° eTr. Therefore T € €.

(i1) Claim. Lg(Y) = £Lr(Y N R): First we note that £ (Y) CLr(Y NR). Nowleta € £r(Y NR)
and suppose that there exists y € Y such that ay # 0. Since Rg is dense in Tk, there exists
r € R such that ayr # 0, and yr € Y N R, a contradiction. Thus €g(Y) = €g(Y N R). This
proves the claim. Next, since ¥ N R € D¢ (R), there exists e € I(R) with (Y N R)gr <*° eRp.
Then 1 — e € £x(Y N R). Hence (1 — e)Y = 0. Note that Y < eTg and eRg <°% eTg. So
Yr =eYgr <*% eTg. Therefore T € €. O

As a consequence of Theorem 1.7, the next corollary exhibits the transfer of the right
(FI-)extending property from R to its (right essential overrings) right rings of quotients. Also
note that whenever a property is carried from R to its (right essential overrings) right rings of
quotients, then a Zorn’s lemma argument can be used to show that R has a (right essential over-
ring) right ring of quotients which is maximal with respect to having that property.

Corollary 1.8.

(1) Any right essential overring of a right Fl-extending ring is right Fl-extending.

(i) Any right ring of quotients of a right extending ring is right extending.
(iii) Any right ring of quotients of a right finitely X -extending ring is right finitely X -extending.
(iv) Any right ring of quotients of a right uniform extending ring is right uniform extending.

Proof. (i) Let T be a right essential overring of a right FI-extending ring R and ¥ € Dz5(T).
Since Y < T, Y N R < R. So there exists e € I(R) such that (Y N R) g <® eRp. The result now
follows from Theorem 1.7(i), where we take X =Y N R.

(i) This part is a direct consequence of Theorem 1.7(ii) since € is a ©-€ class and D¢ (R) is
the set of all right ideals of R.

(iii) Let T be a right ring of quotients of a right finitely X'-extending ring R. Then by [17,
Lemma 12.8], Mat, (R) € € for any positive integer n. Since Mat, (T) is a right ring of quo-
tients of Mat, (R), Mat, (T) € € by part (ii). Thus T is a right finitely X'-extending ring by [17,
Lemma 12.8].

(iv) The proof follows directly from Theorem 1.7(ii). O

Motivated by Theorem 1.7, we introduce the following notations which will be used in the
sequel. Let T be a right essential overring of R. For a class K of rings, we use:

(i) D g(T — R) to denote the condition that for each Y € 3 g(T') there exists X € D g(R) such
that X g <®5 Yg;
>ii)) ® g(R — T) to denote the condition that for each X € ® g(R) there exists Y € ® g(T) such
that X p < Yp;
(iii)) ® z(T # R) to denote the condition Y € ® g(T') implies Y N R € D zg(R).

It is easy to see that the condition © g(T # R) implies © g(T — R), while the converse does
not hold. Also observe that if R is either € or §J, then © g (T # R) holds, while if T is a right
ring of quotients of R and & = € then © g(R — T) holds.
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Theorem 1.9.

(1) Let T be a right and left essential overring of R. If R € q°B, then T € q°B.
(ii) Let T be a right essential overring of R which is also a left ring of quotients of R. If R € B
(respectively, R € eq®B), then T € ‘B (respectively, T € ¢q*B).
(iii) Let T be a right and left ring of quotients of R. If R € ¢B, then T € ¢‘B.

Proof. (i) Assume that R € ¢'B. Let Y < T and X = Y N R. There exists e € I(R) such that
rr(X) =eR. Let a € rr(Y). Assume (1 — e)a # 0. Since R <°* Tg, there exists r € R with
0# (1 — e)ar € R. Note that X(1 — e)ar = 0. Hence (1 — e)ar € rg(X), a contradiction. So
(1 —e)rr(Y) = 0. Therefore rr (Y) C eT. Now assume that there exists y € Y such that 0 # ye.
Since T is a left essential overring of R, thereis s € R with 0 # sye € R. Hence sye e YNR = X.
But sye € Xe =0, a contradiction. Hence Ye = 0. Therefore rg(Y) = €T, hence T € ¢*B.

(ii) First assume that R € B. Let A be a nonempty subset of 7 and ¥ = T A. Then rr(A) =
rr(Y). Let X =Y N R. Then there is ¢ € I(R) with rg(X) = eR. First to show that rr (Y) CeT,
assume that there exists a € rp(Y) such that (1 — e)a # 0. Then since Rp <®° T, there is
re RwithO# (1 —e)ar € R.So X(1 —e)ar = Xar =0, hence 0 # (1 —e)ar e rp(X) =¢R,
a contradiction. Thus r7(Y) C eT. Next assume that ye # 0 for some y € Y. Since g R is dense
in g7, there is s € R such that sye # 0, and sy € R. So sy € X. Hence 0 # sye € Xe =0,
a contradiction. Thus e € r7(Y), so eT C rr(Y). Therefore rr(A) =rp(Y) =eT. Thus T € B.

Next assume that R € eq®B. Let ¥ < T and X =Y N R. There exists e € I(R) such that
rr(X)gr <®5 eRp. As in the proof of (i), we obtain r7(Y) C eT. Now let 0 # et € eT with
t € T. Then there exists s € R with 0 # ets € rp(X). Assume that there is y € Y such that
0 # yets. Since rR is dense in g7, there exists d € R satisfying dyets # 0, and dy € R. But
dy € Y N R = X, a contradiction. Hence 0 # ets € rr(Y). Therefore ry(Y)r <®%eT7,s0 T €
eq’B.

(iii) Assume that R € ¢B. Let A be a nonempty subset of R and ¥ = T'A. Then rr(A) =
rr(Y). Take X =Y N R. There exists e € I(R) with rgp(X)p <** eRpg. Let a € rp(Y). Assume
(1 —e)a # 0. Since Rpg is dense in Tg, there is r € R such that (1 — e)ar # 0, and ar € R.
But ar € rg(X), a contradiction. Therefore ry(Y) C eT. To show that rp (Y)7 <®% eT7, use the
corresponding part of the proof in part (ii). O

The following corollary generalizes the well-known result that a right ring of quotients of a
Priifer domain is a Priifer domain [19, pp. 321-323].

Corollary 1.10. Let T be a right and left ring of quotients of R. If R is right semihereditary
and every finitely generated free right R-module satisfies the ACC on direct summands, then T
is right and left semihereditary.

Proof. The proof follows from Theorem 1.9(ii) and [30, pp. 233-235]. O

Results 1.7 through 1.10 show that under suitable conditions and for certain classes of rings
if R is any ring with a right essential overring S from one of these classes, then every other
right essential overring of R which contains S as a subring, is also from that class. These results
provide some motivation for the study of the following problems:

Problem I. Assume that a ring R and a class of rings R are given.

(i) Find conditions to ensure the existence of right rings of quotients and that of right essential
overrings of R which are, in some sense, “minimal”” with respect to belonging to the class K.
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(i1) Characterize the right rings of quotients and the right essential overrings of R which are in
the class K, possibly by using the “minimal” ones obtained in part (i).

Problem II. Given a ring S and a class K, determine those rings 7 such that Q(7T) = S and
T € R.

2. Existence and uniqueness of ring hulls

In this section we introduce several types of ring hulls and begin to develop a general theory.
After illustrating the ring hull concept with various classes of rings, we develop some technical
machinery which enables us to verify the existence of hulls for various ®-€ classes. Equivalence
relations p are used to refine and reduce the size of the subsets of E(Rg) which are utilized to
generate € p pseudo right ring hulls. We exhibit examples to distinguish the difference between
right ring hulls and pseudo right ring hulls.

We henceforth assume that whenever a ring R is given, all right essential overrings of R are
considered to be contained as right R-modules in a fixed injective hull E(RR) of Rg and all right
rings of quotients of R are considered to be subrings of a fixed maximal right ring of quotients
Q(R) of R.

In our next definition we exploit the notion of a right essential overring which is minimal with
respect to belonging to a class 8 of rings.

Definition 2.1. Let £ denote a class of rings. For R, let S be a right essential overring of R and
T be an overring of R. Consider the following conditions.

1 Sexnr

(i) T e Rand T is a subring of S, then T = S.
(iii) If S and T are subrings of aring V and T € K, then S is a subring of T'.
(iv) If T € R and T is aright essential overring of R, then § is a subring of T.

If S satisfies (i) and (ii), then we say S is a K right ring hull of R, denoted by @ a(R). If
S satisfies (i) and (iii), then we say § is the K absolute to V right ring hull of R, denoted by
QE(R); for the K absolute to Q(R) right ring hull, we use the notation Qﬁ(R). If S satisfies (i)
and (iv), then we say S is the K absolute right ring hull of R, denoted by Q g(R). Observe that if
Q(R) = E(RR), then /Q\_ﬁ(R) = Q0 a(R). We see that the concept of a K absolute right ring hull
was already implicit in [33] from their definition of a type III continuous (module) hull.

Next, we consider generating a right essential overring in a class & from a base ring R and
some subset of £g. By using equivalence relations, we can effectively reduce the size of the
subsets of £ needed to generate a right essential overring of R in K.

Definition 2.2. Let YR denote a class of rings and X a class of subsets of rings such that for each
R € fR all subsets of g are contained in X. Let & be a subclass of R such that there exists
an assignment g :9R — X such that g(R) € &g and 5z(R)(1) € R implies R € K, where
dg(R)(1) ={h(1) € E(RR) | h € §g(R)}. Let S be a right essential overring of R and p an
equivalence relation on §g(R).
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1) If 6g(R)(1) € S and (RUSg(R)(1))s € R, then we call (RU3Jg(R)(1))s the dg pseudo
right ring hull of R with respect to S and denote it by R(R, dg, S). If S = R(R, ég, S), then we
say that S is a §g pseudo right ring hull of R.

(i) If 8% (R)(1) € S and (R U 8% (R)(1))s € &, then we call (R UL (R)(1))s a 8z p pseudo
right ring hull of R with respect to S and denote it by R(R, 84, p, S), where SQ(R) is a set of
representatives of all equivalence classes of p and 8%(R)(1) ={h(1) e E(RR) | h € Sg(R)}. If
S=R(R, g, p,S), then we say that S is a §g p pseudo right ring hull of R.

If the 6 has been fixed for a class R, then in the above nomenclature we replace §g (respec-
tively, 6g p) with R (respectively, K p) (e.g., g pseudo right ring hull becomes K pseudo right
ring hull) and delete §z from the notation (e.g., R(R, g, S) becomes R(RK, S)).

Throughout the remainder of this paper take ‘R to be the class of all rings unless indicated
otherwise. Some examples illustrating Definition 2.2 are:

(1) R = 6T = {right self-injective rings}, §g3(R) = Eg.

(2) B=qCon, §geon(R) =I(ER).

(3) K = {right P-injective rings}, §g(R) = {h € Eg | there exist a € R and an R-homomorphism
f:aR — Rsuchthat h|,g = f}.

(4) Let R = {right nonsingular rings}, & =B, du(R) = {e € I(Eg) | there exists # # X C R
such that rp gy (X) = e Q(R)}.

Also note that Definition 2.2 allows us the flexibility to consider any right essential overring
Sofaring R,suchthat S e Rand S =(RUS(1))s,tobea R(R, g, p, S) where @ # § C §g(R)
and §(1) = {e(1) | e € §}. To see this, choose f € 5. Let X =5g(R) \ {e| e € and e # f}. Then
{X}U{{e} | e € 6 and e # f} is a partition of 6z (R). Let p be the equivalence relation induced on
8z (R) by this partition and take Sg(R)(l) =4(1). Then S = R(R, g, p, S). (See Definition 2.14
for other useful equivalence relations.)

In our first result of this section we use several well-known theorems to illustrate Defini-
tions 2.1 and 2.2, and Problem I from Section 1.

Recall that a ring is called right duo if every right ideal is an ideal.

Proposition 2.3.

(1) Let 2 be the class of semisimple Artinian rings and R a right nonsingular ring with finite

right uniform dimension. Then Q9 (R) = Q(R).

(ii) If Q(R) = E(Rg), then Q&3(R) = Q(R) = R(67, &3, Q(R)).

@iii) If Q(R) = E(RR), then Qqeon(R) = (RUI(Q(R)))o(r) = R(q€on, $geon, Q(R)).

(iv) If R is a commutative semiprime ring, then Qs (R) = (RUI(Q(R)))o(r) = Qqecon(R).

(v) Assume that R has finite right uniform dimension and S is a right ring of quotients of R.
Then Mat,, (S) = ésB (Mat, (R)) for all positive integers n if and only if S is a right and left
semihereditary right ring hull of R.

(vi) If R is a right Ore domain, then R has a right duo absolute right ring hull.

Proof. (i) By Gabriel’s theorem [27, p. 378], Q(R) € 2. Let T be a right essential overring of R
such that T € 2. Since Z(Rgr) =0, T is asubring of Q(R) = E(Rg).Hence T = Q(T) = Q(R).
Therefore Qg (R) = Q(R).
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(i1) From Johnson’s theorem [27, p. 376], Q(R) = E(Rgr) € &J. Let T be a right essential
overring of R such that 7 € &J. Then T is aright ring of quotients of R. By an argument similar
to that in [28, p. 95, Proposition 2], E(Rr) = E(TT) =T.Hence Qs5(R) = Q(R).

(iii) This part follows from [20, Theorem 1.1] and [28, pp. 94-95].

(iv) Part (iii) and [32, Proposition 2.5] yield this part.

(v) This follows from [30, pp. 233-235] and [38].

(vi) Note that Q(R) is right duo since it is a division ring. Let S be the intersection of all right
duo right rings of quotients of R. Assume that 7 and V are right duo right rings of quotients
of R. Suppose s,x € S with x # 0. Then there exist t € T and u € V such that sx = xt = xu.
Hence x(t —u) =0,s0t =u. Thus ¢ (oru) € T NV. Since T and V are arbitrary right duo right
rings of quotients of R, t € S. So sx = xt € xS. Therefore S is the right duo absolute right ring
hullof R. O

For Proposition 2.3(vi), the next example is that of a right Ore domain R which is not right
duo, but it has a right duo absolute right ring hull properly between R and Q(R).

Example 2.4. Take A = Z + Zi + Zj + Zk, the integer quaternions. Let P = 5Z and Z p the
P-adic completion of Z. Also let R=Zp + Zpi + Zpj + Zpk. Then R is a right Ore domain.
Note that R is not right duo because (3 + i) R is not a left ideal. Take A = (1/2)(1 +i + j + k) €
0A)=Q+Qi+Qj +Qk.Let S=A+ AA. Then by [35, p. 131, Exercise 2] § is a maximal
Z-order in Q(é) Thus the P-adic completion S p= Zp ®z S of S is a maximal Z p-order
in Q(R) = Q(Zp) ®g Q(A) by [35, p. 134, Corollary 11.6]. Since Zp is a complete discrete
Valuatlon ring and Q(R) is a division ring, S, p is the umque maximal Zp order in Q(R), thus
Sp is right duo by [35, p. 139, Theorem 13.2]. So Spisa proper intermediate right duo ring
between R and Q(R). Thus, by Proposition 2.3(vi), there exists a right duo absolute right ring
hull properly between R and Q(R).

Lemma 2.5. Let T be a right essential overring of R. Then Q(R) N T is a subring of Q(R) and
of T (i.e., the ring multiplications of Q(R) and of T coincide on Q(R) N T).

Proof. Since Q(R) and T have the same addition, Q(R) N T is an additive subgroup of Q(R)
and 7. Let - and * denote the ring multiplications of Q(R) and T, respectively. Take ¢t € T'. Define
fit:T — E(RpR) by f;(x) =t xx for x € T. Let juxtaposition denote scalar multiplication (by R
or Q(R)). Hence f; is an R-homomorphism and extends to an element f; of Eg. By [28, p. 95,
Proposition 2], f; is a Q(R)-homomorphism. Now for g1, g2 € Q(R) N T, g1 * g2 = Ja(q2) =
Ja(DWg2=(q1 * Dg2=(q1)q2=q1-q2. O

From Lemma 2.5, we have that if §g(R)(1) € Q(R) and S is a right essential overring of R

such that R(R, 8g, S) exists, then R(R, §g, S) = R(R, 5z, Q(R)).
Let 4 denote the class {R | RN U(Q(R)) = U(R)} of rings.

Lemma 2.6.

() T eWifandonlyif T = (T U{q € UQ(T)) | ¢~ € T} oer).
(i) (RU{g €UQ(R) ¢~ € TY) o) ST for T €lland RS T S Q(R),

Proof. The proof is straightforward. O
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Recall from [21] that R is called directly finite if one-sided inverses of R are two-sided. Note
that if R has finite right uniform dimension, or if R satisfies the condition that rg (x) = 0 implies
Lr(x) =0, orif R is Abelian, then R is directly finite.

For our next result, let i < j be ordinal numbers. We define Ry = (R U {g € U(Q(R)) |
g ' € RYowr), Ri=Ri U{g € UQR) ¢~ € Ri)or) for j=i+1,and R; = Ui<; Ri
for j alimit ordinal. The following theorem characterizes Q,(R) as a U absolute to Q(R) right
ring hull.

Theorem 2.7.

(i) Qu(R) exists and Qy(R) = R; for any j with |j| > |Q(R)|.
(ii) Assume that T is a directly finite right essential overring of R and Tt satisfies (C;). Then
Qu(R) is a subring of T.
(iii) If R is a right Ore ring, then Qy((R) = O, (R).

Proof. (i) Using Lemma 2.6, it can be seen that the intersection of all 7 € 4 which are inter-
niediate rings between R and Q(R) is again in (. Thus @u(R) exists. By transfinite induction
Ou(R) = R, for any j with | j| > [Q(R)].

(ii) Take ¢ € Q(R) such that g~! = x € R. Define f:T — xT by f(t) =xt fort € T.
Clearly, f is a T-epimorphism. Note that rg(x) = 0. Thus r7(x) = 0 since Rg <®* Tg. There-
fore f is a T-monomorphism, hence 77 = xTr. So xT7 is a direct summand of 77 by the
(Cy) property of Tr. Thus there exists e € I(T) with xT = eT. Since T is directly finite,
xT =eT =T. So x is right invertible in 7. Hence x is invertible in 7.

Let % denote the multiplication of 7" and - the multiplication of Q(R). Let v € T be the
inverse of x in T. We claim that v = g. To see this, assume to the contrary that v — g # 0.
Then there exists r € R suchthat 0 # (v—g)r e R.Sayri=Ww—q)r=vxr—q-r.Sov*r =
ri+q-r € Q(R)NT. Similarly,g-r € Q(R)NT.Since rg(x) =0, xr; # 0. Now by Lemma 2.5,
O#xri=x(w—q)r=x(xr—q-r)y=xx*xr)—x-(q-r)=x*xv)*xr—(x-q)-r=r—r =0,
a contradiction. Hence g = v € T. Thus the ring (RU {g e U(Q(R)) | ¢~ ' € R}) o(r) is a subring
of T by Lemma 2.5. The result now follows from part (i).

(iii) Routine arguments using Lemma 2.6 show that U(Q(R)) € Q7,(R), Q7,(R) € Ry, and

0’,(R) € L. Thus Qy(R) = Q,(R). O
Lemma 2.8.

(i) Let R be a right Ore ring such that rg(x) = 0 implies £g(x) = 0. If e € B(QL,(R)) and
h:eQ7,(R)—Y C QV,(R) is a Q7,(R)-isomorphism, then eQ7,(R) =Y.
(1) If R is Abelian and right extending, then Q(R) is Abelian and right extending.

Proof. (i) There exists y € Y such that h(e) =y = ye =ey. Hence Y = yQ’,(R) CeQ’,(R).
Thus there are 5,7, ¢,d € R withy=st"'and | —e=cd~!. Thens =yt €Y and (1 — e)d =
ceR.Letaerg(s+(1—e)d).So (s+(1—e)d)a=sa+(l—e)da=0.Hencesa € eQ’,(R)N
(1-e)Q0!,(R)=0.Thus 0 =sa = yta = h(e)ta = h(eta). Hence eta = 0. Then ta = (1 —e)ta,
soa=1"1(1 —e)ta= (1 —e)a. Therefore 0 = (s + (1 — e)d)a = (1 — e)da = d(1 — e)a = da.
Then a = d~10 = 0. Hence there is u € 0',(R) such that (s + (1 — e)d)u = 1. Thus e = sue +
(1 —e)de =sue € Y. Therefore eQ’ ,(R) =Y.
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(i1) By Corollary 1.8(ii), Q(R) is right extending. Let e € I(Q(R)) and X = RNeQ(R). Then
there exists ¢ € I(R) such that X <®* cRgr.So c € B(R) CB(Q(R)). Hence Xgr <**eQ(R)N
cQ(R)=ecQ(R),s0eQ(R)=ecQ(R)=ceQ(R)=cQ(R). Thuse=ceB(Q(R)). O

The next few results are inspired by the work on continuous module hulls in [33] or [36].

Proposition 2.9. Assume that R is a right Ore right ring such that rg(x) = 0 implies £g(x) =0
forx € R.If O, (R) is Abelian and right extending, then Q¢on(R) = Q7,(R).

Proof. By Lemma 2.8(i), Q7,(R) has the (Cy) property. So Q”,,(R) is right continuous. Since
Q(R) = Q(Q7,(R)), Q(R) is Abelian by Lemma 2.8(ii). Hence every intermediate ring between
R and Q(R) is directly finite. So, by Theorem 2.7, Q¢on(R) = Q7,(R). O

Corollary 2.10. Let R be a right Ore ring. If at least one of the following conditions is satisfied,
then Qgon(R) = Zg(R)

(1) R is Abelian, right extending, and rg(x) = 0 implies Lr(x) = 0.
(i1) R is right uniform and rg(x) = 0 implies Lr(x) = 0.
(iii) R is Abelian, right extending, and Z(Rg) = 0.

Proof. Note that if R is right uniform, then R is Abelian and right extending. Also note that a re-
duced ring satisfies the condition rg(x) = 0 implies £ (x) = 0. Thus the result is a consequence
of Lemma 2.8 and Proposition 2.9. 0O

The following theorem is an adaptation of [36, Theorem 4.25].

Theorem 2.11. Let R be a right nonsingular ring and S the intersection of all right continuous
right rings of quotients of R. Then Q¢on(R) = S.

Proof. From [40, Theorems 2 and 4], Q(R) = A @ B (ring direct sum), where A = eQ(R) is
a strongly regular right self-injective ring, e € B(Q(R)), and B is a regular right self-injective
ring generated by idempotents. By Proposition 2.3(iii), ¢ € Qqeon(R) and B C Qgeon(R). Let
T be a right continuous right ring of quotients of R. Then Qg¢on(R) is a subring of 7" and
T =eT & B. From [4]1, Lemma 4.1], T is regular since T is right nonsingular. Hence eT is
strongly regular. Then S = ¢S @ B and eS = () eT, where T is a right continuous right ring
of quotients of R. Since Qgeon(R) is a subring of S, § € € by Corollary 1.8(ii). From [22,
Proposition 3.6 and Corollary 13.4], eS € €on. Since B is right self-injective, S = eS ® B € Con.
Therefore Qgon(R)=S. O

Theorem 2.12. Let R be a ring such that Q(R) is Abelian.

() Q(R) € € ifand only if Q¢ (R) = Oqeon(R) = RB(Q(R)).

(i1) Assume that R is a right Ore ring such that rg(x) = 0 implies £gr(x) =0 for x € R and
Z(RR) has finite right uniform dimension. Then Q(R) € € if and only if Q@on(R) exists
and ann(R) = H| ® H; (ring direct sum), where Hj is a right continuous strongly regular
ring and Hj is a direct sum of right continuous local rings.
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Proof. (i) Assume that Q(R) € €. Let Xz < RB(Q(R))g. Since Q(R) € €, there exists e €
I(Q(R)) such that X Q(R) g(r) <*** e Q(R) g(r)- Thus X Q(R)r <** e Q(R)g by Lemma 1.4(i).
So Xg <®™° XQ(R)r <*° ¢Q(R)g. Since ¢ € RB(Q(R)), RB(Q(R))r is extending. From
Proposition 1.5(ii), RB(Q(R)) € €. Assume that S is a right extending right ring of quotients
of Rand b € B(Q(R)). Let Y = SNbQO(R). Then Yr <* bQO(R)g and there is ¢ € I(S) with
Y5 <®5 ¢Sg. Thus Yg <®% ¢Sg by Lemma 1.4(i). Therefore Yz <®** bQ(R)r N cQ(R)g. Since
b,c € B(Q(R)), then b = c. Hence RB(Q(R)) is a subring of S. Thus RB(Q(R)) = Q\@(R).
Since Q(R) is Abelian, every right extending right ring of quotients is right quasi-continuous.
Therefore Q ¢(R) = @ geon(R). The converse follows from Corollary 1.8(ii).

(ii) Assume that Q(R) € €. Since Q(R) is Abelian and right extending, Q(R) = Q1 & Q>
(ring direct sum), where Q| is right nonsingular and Z(Q(R)Q(R))Q(R) < Q20(r)- Now there
are e, f € B(Q(R)) with Q1 =eQ(R) and Q> = f Q(R). A routine argument yields that Q1 =
Q(eRe). Let H; be the intersection of all right extending regular subrings of Q1 which contain
eRe. By Theorem 2.11, H; = Qegon(eRe). Since Hj is Abelian, it is strongly regular.

Note that Z(Rg)r <®° Z(Q(R)g(r))r- Hence Q> has finite right uniform dimension. Thus
there exists a complete set of primitive idempotents { f1, ..., f,} for 0>.So f=fi+---+ fu.
In this case, Q> = Q(fRf) and f; Q> = Q(fiRf;) for each i. Since Q; € €, each f;0r € &
for each i. Therefore f; Q> g is extending for each i by Proposition 1.5. We show that fiR ;g
is uniform. For this, take 0 # I5,r < fiR ;g. Then I <*° Jy g for a direct summand Jj; g
of f; sziR because f; QgﬁR is extending. Thus there exists g; = gl.2 € End(f; Q2fiR) such that
Jfir = &i(fi Q2) s g Note that End(f; Q2 4. g) = End(f; Q24,¢,) = fi Q2 from [28, p. 95]. Since
fi Q2 isright uniform, g; = fi,so Jrr = fi Q24 - Thus I, <*° fi Q24 .80 £ p <®° fiR .
Hence f;R is a right uniform ring. Also each f;R is a right Ore ring. By Corollary 2.10(ii),
Q¢ (fiR) = Qeon(fiR) foreachi. Let Hy = QU (/iR) © - ® Qp,(fuR).

We claim that Hy = Qeon(f Rf). To see this, let T be a right continuous ring of quotients of
fRf.Since Q> is Abelian and right extending, (f Rf)B(Q2) S T by part (i). So fi1, f2, ..., fn
are in T. Now f;T is a right continuous right ring of quotients of f;R. Thus Q7,(f;R) is a
subring of f;T. Hence H> is a subring of fiT @& ---® f,T = T. Therefore H; = @gon(fRf).
Since a right uniform right continuous ring is local, H> is a direct sum of local rings.

Let V be any right continuous right ring of quotients of R. By part (i), B(Q(R)) C V. Hence
V =eV @ fV (ring direct sum). Thus H; is a subring of eU and H; is a subring of fV.
Therefore Hy & Hp = §¢on(R). From Corollary 1.8(ii), we obtain the converse. O

For commutative rings, the preceding results yield the following corollary which is related to
[33, Corollaries 3 and 7].

Corollary 2.13. Let R be a commutative ring.

(i) If R or Q7,(R) is extending, then @QUH(R) =07, (R).
(i) If R is uniform, then Q¢on(R) = Q7,(R) and is also a local ring.
(iii) If Z(RR) =0, then Qeon(R) =T | B(Q(R)) C T and T is a regular right ring of quo-
tients of R}.
(iv) Assume that Z(RR) has finite uniform dimension. Then Q(R) is right extending if and only
if ngn(R) exists and Q@on(R) = H) ® H; (ring direct sum), where H| is a continuous
regular ring and H» is a direct sum of continuous local rings.
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We observe that in Corollary 2.13(i), the hypothesis “R or Q7,(R) is extending” is not
superfluous. Let T be a countably infinite direct product of copies of a field F. Take R =
(@;’i] F; U{1})r. Then Q7,(R) is the subring of T whose elements are eventually constant.
It can be seen that neither R nor Q7,(R) is extending. Hence Q7,(R) is not continuous. Also,
in general, R may not satisfy the (Cy) property (e.g., take F' = Q); but 97, (R) does satisty the
(C7) property since it is regular.

To develop the theory of pseudo hulls for ®-¢ classes €, we fix D¢ (R) for each ring R and
define

8¢(R) ={e €I(Er) | Xr < eE(RR) for some X € De(R)}.

To find a right essential overring S of R such that S € €, one might naturally look for a right
essential overring T of R with §¢(R)(1) € T. Then take S = (R U 3¢ (R)(1))r. Indeed, under
some mild conditions, this choice of § is in €. However, in order to obtain a right essential
overring with some hull-like behavior, we need to determine subsets A of ¢ (R)(1) for which
(RU A)r € € in some minimal sense. Moreover, to facilitate the transfer of information between
R and (R U A)7, one would want to include in A enough of 8¢ (R)(1) so that for all (or almost
all) X € D¢ (R) there is e € §¢(R) with Xz <®%e(1) - (RU A)7 and e(1) € A. To accomplish
this, we use equivalence relations on 8¢ (R).

Since we have fixed the d¢ assignment for all ®-¢ classes €, we will use the terminology €
(respectively, €p) pseudo right ring hull for é¢ pseudo right ring hull and use R(€, §) (respec-
tively, R(C, p, S)) for R(&, 8¢, S) (respectively, R(E, d¢, p, S)).

The next two equivalence relations are particularly important to our study.

Definition 2.14.

(i) Let A be aring and let § € I(A). We define an equivalence relation @ on é by e « ¢ if and
only if ce = e and ec = c.

(i) We define an equivalence relation 8 on d¢(R) by e S c if and only if there exists X < Rp
such that Xg <®% e E(RR) and X <*5 cE(RR).

Note that for e, c € §¢(R), e a ¢ implies e B c. Also note that « = g if and only if every
element of D¢ (R) has a unique essential closure in E(Rg). Soif Z(Rg) =0, then o = 8.

The following example indicates the independence of Definitions 2.1 and 2.2 for - & classes.
Hence these definitions provide distinct tools for investigating a ring and its right essential over-
rings. Recall from [27, Corollary 8.28], a ring R is right Kasch if the left annihilator of every
maximal right ideal of R is nonzero.

Example 2.15. [39, 1.1] For a field F,let T = F[x]/x4F[x] and x be the canonical image of x
inT.Then T = F 4+ Fx + Fx?>+ Fx3.Let R = F + Fx* + Fx> which is a subring of 7. Now
R and T have the following properties.

(1) R isright Kasch, so R = Q(R) by [27, Corollary 13.24].
(i) T is a QF right essential overring of R. There is no proper intermediate ring between R
and T.Hence T = Q¢(R) = Ox5(R).
(iii) T is not a € p pseudo right ring hull of R for any choice of € and any equivalence relation
o on 8¢ (R). Indeed, there is no ¢ € 8¢ (R) such that ¢(1) € T \ R and Ig <®**° cE(Rp) for
any nonzero ideal / of R.
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(iv) Tg is not Fl-extending (hence not extending). In fact, X3 Rp < T. But there does not exist
e € I(End(Tg)) such that X3 Rz <°* eTg. Thus the hypothesis in Proposition 1.5 that 7' is
a right ring of quotients of R is necessary.

(v) Since Tt is injective, T is maximal among right extending right essential overrings of R.

(vi) By [29, Theorem 4], E(Rg) has no ring multiplication which extends its R-module scalar
multiplication.

By Example 2.15, there is a ring R with a right extending right ring hull which is not a right
extending p pseudo right ring hull for any choice of p. However, there are ©-& classes of rings
for which R(€, Q(R)) always exists (see [12, Theorem 2.8]).

Lemma 2.16. Let T be a right essential overring of R.

(1) For e e I(T), there exists ¢ € I(ER) such that c|r € End(Tr) and c(1) =e.
(ii) For b € I(ER), if b|r € End(T7), then b(1) € I(T).
(iii) For b € I(ER), if b(1) € Q(R), then b(1) € I(Q(R)).

Proof. (i) First we see that E(Tg) = E(eTr) ® E((1 — e)TR). Let ¢ be the projection of E(Tg)
onto E(eTg). Then c(t) = c(et) + c((1 — e)t) = c(et) = et for all t € T. Hence c(1) = e. If
s € T, then c(ts) = ets = c(t)s. Therefore c|r € End(T7).

(ii) Note that b(1) = b(b(1)) = b(1b(1)) = b(1)b(1). Thus b(1) € I(T).

(iii) From [28, p. 95], each element of £ is a Q(R)-homomorphism. Thus if (1) € Q(R),
then we can see that (1) € I(Q(R)) as in the proof of part (ii). O

The following result may seem somewhat technical, however its usefulness is demonstrated
by its application in many of the remaining results of this paper.

Theorem 2.17. Assume that € is a ®-€ class of rings. Let T be a right essential overring of R,
8§ Cé¢(R) with5(1) ={c(1) | c €} C T, and set S = (R US(1))r. Suppose that D¢ (S — R)
holds.

(i) Let § =3¢ (R) or some g (R), respectively. Assume that c|s € End(Ss) for each c € . Then
S=R(C,T)or R(C,«a, T), respectively.

(i1) Let § =8¢ (R), some 8%(R), or some BQ(R), respectively. Assume that §(1) C I(T) and that
either a = 8 or each Y € D¢ (S) satisfies the condition that (Y N fE(RR))r <% Yy for
some [ € 8 implies f(1)-Y CY.ThenS=R(E, T), R(C,«, T), or R(E, B, T), respectively.

Proof. (i) Since S is a right essential overring of R and c|s € End(Ss) for all ¢ € §, §(1) €
I(S) by Lemma 2.16(ii). To show that S = R(&, T') or R(&, o, T'), respectively, let Y € D¢ (S).
Since D¢ (S — R) holds, there is X € D¢ (R) with Xz <5 Yp. Thus X <® Y <®S E(YR) =
eE(Rg) for some e € I(Eg). Hence e € §¢(R), so there exists ¢ € §g(R) satisfying e E(RR) =
cE(RR). Hence Yr <®% ¢(S)g = c(1)Sg with c¢(1) € I(S) because c|s € End(Ss). Therefore
S=R(C,T)or R(C,a, T), respectively.

(i1) Assume that §(1) € I(T"). We prove the case for § = 8§(R); the other cases are similar.

First suppose that « = 8. Let Y € D¢(S). Then as in the proof of part (i), Yr <*% ¢eE(RRg)
and e € 8¢ (R). There is b € 8§(R) with e 8 b. Hence e o b, so e E(RR) =bE(RgR) and b(1) €
I(S) C I(T). Lemma 2.16(i) yields ¢ € I(Eg) such that ¢|7 € End(7T7) and ¢(1) = b(1). We show
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that cE(Rg) N R =bE(Rg) N R. To see this, let c(x) € cE(RR) N R with x € E(RR). Then
cx)=clcx))=c( -c(x)) =c(D)c(x) =b(1)c(x) = b(1 - c(x)) = b(c(x)) € bE(RR) N R.
Thus cE(RRr) N R C bE(Rg) N R. Similarly, bE(RR) NR S cE(RRr) N R.So cE(RR)NR =
bE(RRr)NR.Thus c B b. Since @ = B, we have that c @ b, so cE(Rg) = bE(Rpg). Consequently,

YR < e(S)r =c(1) - Sk.

Therefore S = R(&, T), R(€,«, T), or R(E, B, T), respectively.

Next we suppose the other condition, that is, each Y € D¢ (S) satisfies the condition that
Y N fE(RR))r <*° Yg for some f € § implies f(1)-Y C Y. Now take ¥ € D¢ (S). Then
there exist e € I(Eg) and X € D¢ (R) such that Xg < Yr <®S eE(RR). Hence e € §¢(R), so
there is f € (Sg(R) with fBe. Thus there is X, < Rp satisfying X, <®° ¢eE(Rg) and X, <
FE(RR). So (XN X")p <*° eE(RR). Since XN X' CY N fE(Rg) C eE(RR), we have that
(YN fE(RR))g <™ eE(RR). Hence (Y N fE(RR))g <5 Yg. Therefore f(1)-Y C Y by the
assumption.

Let K =X N fE(RR). Since (Y N fE(RR))g <*° Yr and X <*° Yg, we have that
Kgr <*5 Yg. Now Kg <®% fE(RR). To see this, let 0 # f(t) € fE(RgR) with t € E(Rp).
Since X', <®° fE(Rg), there exists r € R such that 0 % f(r)r € X'. Also since (X N X") g <
eE(RR),thereisae Rwith0# f(H)rac XNX' C XN fE(RR) =K. So Kg <™ fE(RR).

Note that Kg < R and K = X N fE(Rg). Therefore K = f(K) = f(1)- Kp < f(1) - Y.
Since f(1)-Y CY and f(1) € I(S), we have that f(1) - Yg is a direct summand of Yg. Also
note that Kg <* Yz and Kg < f(1) - Yg < Yg. Thus f(1)-Y =Y. Now

Yr=f(1)-Yr<*° f(1)- Sk.

To prove this, note that Kg <®**% f(Rr) < fE(Rg) and f(Rg) = f(1)- Rg <*5 f(1) - Sg. So
Kgr <®% f(1) - Sg. Therefore Ygr = f(1) - Yr <®% f(1) - Sg because Ky < Yg.
From f € SQ(R) and f (1) € I(S), it follows that S = R(¢, 8, T). O

If, in Theorem 2.17(i), T is a right ring of quotients of R, then R(&, T) = R(q€on, T). In
general, if R € € it is not necessarily true that R is the € pseudo right ring hull of R itself. For
example, let R = T>(F'), where F is a field. Then R € &, so R = Q¢(R) but R(&, Q(R)) =
Maty(F) = Qq@on(R)~

Corollary 2.18. Assume that € is a ©-€ class of rings. Let T be a right essential overring of R,
8 C8¢(R) such that (1) C T, and take S = (R U §(1))r. Suppose that ®¢(S — R) holds.

(i) Let 8 be some §g(R). If §(1) € Q(R), then S = R(€, «, T). If T is an intermediate ring
between S and Q(R) such that D¢ (T # R) holds, then T € €.

(ii) Let & be some 8§(R) and §(1) CI(T) (e.g., if 5(1) C Q(R)). If either o = B, §(1) € Cen(T),
orDe(S)C{Y | Y IS}, then S=R(E,B8,T).

Proof. (i) If (1) € Q(R), then by Lemma 2.16(iii), §(1) C I(S) because S is a subring of both
T and Q(R) by Lemma 2.5. Thus by Theorem 2.17(i), S = R(€, «, T). The remainder of part (i)
follows from Theorem 1.7(ii).

(i1) The condition either (1) € Cen(T) or the condition D¢ (S) C {Y | Y < S} ensures that
the condition “f (1) - ¥ € Y” in Theorem 2.17(ii) is satisfied. Therefore, by Theorem 2.17(ii),
S=R(C,B8,T). O
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Lemma 2.19. Let ¢ € I(ER). Then we have the following.

(i) If c € B(ER), then [cloe =[clg = {c} and c(1) € B(Q(R)).
(i1) If T is a right ring of quotients of R with c(1) € B(T), then [cly = [c]g = {c}.

Proof. (i) Let b € [c]g. Then there exists X < Rg such that Xp <** bE(RR) and X <®%
cE(RR).Butbc € I(Eg) and X < bcE(RR) =bE(RR) NcE(RR). Hence bE(RR) = cE(RR).
Since ¢ € B(ER), b = c. Therefore {c} = [cly = [c]g. From [28, pp. 94-95], c € B(ER) if and
only if ¢(1) € B(Q(R)).

(ii) Note that Cen(T") € Cen(Q(R)). The remainder follows from part (i). O

The following is the left sided version of the claim in the proof of Theorem 1.7(ii).

Lemma 2.20. Let T be a left ring of quotients of R and X a left ideal of T. Then rr(X) =
rr(X N R).

Our next result shows that when Q(R) = E(Rpg) the o pseudo right ring hulls and 8 pseudo
right ring hulls also exist, respectively for the right FI-extending and the right essentially quasi-
Baer properties.

Corollary 2.21. Assume that Q(R) = E(RR).

(1) For each 8% (R) (respectively, (ng(R)), R(&, o, Q(R)) (respectively, R(FJ, B, O(R))) ex-
ists. Moreover, every right ring of quotients of R containing R(€, o, Q(R)) (respectively,
R(33, B, Q(R))) is right extending (respectively, right Fl-extending).

(i) Let S =(RUS(1))g(r). If 8(1) = 8355 (R)(1) (respectively, 5(1) = (qu%(R)(l)) and S is
a left ring of quotients of R, then R(e¢8B, a, Q(R)) (respectively, R(eq®B, 8, Q(R))) exists.
Moreover, any right and left ring of quotients of R which also lies between R(¢B, o, Q(R))
(respectively, R(eq®B, B, O(R))) and Q(R) is right essentially Baer (respectively, right es-
sentially quasi-Baer). If Z(Rg) = 0, then these intermediate rings are Baer (respectively,
quasi-Baer).

Proof. (i) This is a consequence of Lemma 2.16(iii), Corollaries 2.18, and 1.8.

(ii) Let 8(1) = 8593 (R)(1). Take rg(K) € D (S) with ¥ # K € S and let ¥ = SK.

Then rg(Y) = rs(K) and rr(¥Y) = rs(Y) N R. Now rr(¥Y) =rr(Y N R) € D.u(R) by
Lemma 2.20. Hence rg(Y N R)g <*° rg(Y)R, so0 D.5(S — R) holds. By Corollary 2.18(i),
S = R(eB, o, O(R)). Also any right and left ring of quotients of R which is also intermediate
between R(¢B, o, Q(R)) and Q(R) is right essentially Baer by Theorem 1.9.
If6(1) = S'Sq%(R)(l), then D4 (S — R) holds by an argument similar to that used in the
above argument. Thus, by Corollary 2.18(ii), S = R(eq®B, 8, Q(R)). Let T be a right and left
ring of quotients of R which is intermediate between R(eq*B, 8, OQ(R)) and Q(R). Then by
Theorem 1.9, T € eq®B. The rest of the proof follows from Proposition 1.2. O

Lemma 2.22. Let € be a ©-€ class of rings and T a right essential overring of R.

(1) Iffor each X € D¢ (R) there exists e € I(T) satisfying X g < eTg, then there is a Sg(R)
such that c|t € End(Tr) and c¢(1) € I(T) for each ¢ € SQ(R).
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(ii) Let § C I(T) such that for each e € § there exists X € Dg(R) with Xg <®¥ eTg. If S =
(RUS)T and S € €, then S = R(C, p, T) for some p.
(iii) Re Cifandonlyif R = R(C, B, T).

Proof. (i)Letb € 8¢(R). Thenthereis X € D¢ (R) with Xg <*° bE(RR). Thus, by assumption,
there exists e € I(T') satisfying Xr <% eTg. By Lemma 2.16(i) there is ¢ € I(£g) such that
c|t € End(T7) and ¢(1) = e. Hence Xg <®** cE(RR).So b B c.

(ii) This follows from Lemma 2.16(i).

(iii) This part follows from parts (i) and (ii). O

We remark that the K absolute (absolute to Q(R)) right ring hull of R is the intersection of
all right essential overrings (of all right rings of quotients) of R which are in &. Our next result
shows that under suitable conditions, these intersections coincide with the intersections of the o
pseudo or the 8 pseudo right ring hulls for various ©-€ classes (e.g., €, §J, ¢8, and eq®B). Also
under these conditions a € right ring hull will be a € @ or a € B pseudo right ring hull. We note
that the condition X < R implies X7 < T holds for example when T is a centralizing extension
of R or when R is a right Noetherian ring and 7 is a right ring of quotients of R contained in
Q7,(R) [27, pp. 314-315]. This condition is useful in the following result.

Corollary 2.23. Assume that T is a right ring of quotients of R.

(1) Suppose that either « = B or some Sg(R)(l) C Cen(T). Then T € € if and only if there

exists a R(&, o, Q(R)) which is a subring of T.

(i) If X < R implies XT T, then T € §J if and only if there exists a R(§J, B, Q(R)) which
is a subring of T.

(iii) Suppose that either o = 8 or some 8’33 (R)(1) CCen(T). If T is also a left ring of quotients
of R, then T € B if and only if there exists a R(¢8, o, Q(R)) which is a subring of T

@iv) If T is also a left ring of quotients of R and X < R implies TX T, then T € ¢qB if and
only if there exists a R(eq’B, B, Q(R)) which is a subring of T.

Proof. (i) Let T € €. Suppose that « = 8. Say X € D¢ (R). As in the proof of Lemma 1.4(ii),
Xpg <®% XTg. Take Y = XT. Since T is right extending, there is e € I(T) with Yy <®* eT7.
Thus Yz <® eTr by Lemma 1.4(i), so Xg <®° Yr <®% eTg. By Lemma 2.22(i), there exists
85 (R) such that ¢|7 € End(Tr) and ¢(1) € I(T) for each ¢ € 84 (R). Take S = (R U85 (R)(1)) 1
(=(RU (Sg(R)(l))Q(R)). Since @ = B and D¢ (S — R) holds, § = (R U sz (R)(1))g(r) =
R(€&, o, Q(R)) by Corollary 2.18. Clearly S is a subring of T'.

Next, suppose that 8’;(R)(1) C Cen(T) for some B. Since Cen(7T) € Cen(Q(R)), it follows
that SQ(R)(I) C Cen(Q(R)). Thus by Lemma 2.19, 8 = «. From Corollary 2.18, S = (R U
Sg(R)(l))T =(RU Sg(R)(l))Q(R) = R(¢, o, O(R)) and it is a subring of 7. The converse
follows from Corollary 1.8(ii).

(ii) Assume that T € §J. Take X € Dz5(R) (i.e., X < R). Since T is right Fl-extending
and XT T, there is e € I(T) with XTp <% eTy. Thus XTr <® eT from Lemma 1.4(i).
Also by a modification of the proof of Lemma 1.4(ii), we can see that Xg <®*°% XTg. There-
fore Xp <®% eTg. Let Y = XT. Then Xp <®° Yp <*° T with Y € Dz5(T) and e € I(T).
Now from Lemma 2.22(i), there exists 8§j(R) such that ¢|r € End(T7) and c(1) € I(T)
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for each ¢ € ng(R). Then Corollary 2.18(ii) yields S = (R U 8§3(R)(1))T = R(§J3,8,T)
(= R($7J, B, Q(R))) which is a subring of T. The converse follows from Corollary 1.8(i).

(iii) Assume that 7' € ¢®B. First, note that if X € ®.9(R) then there exists a nonempty set
K C R such that rg(K) = X. Therefore rg(K) =rr(K) N R. Hence (rr(K))r <% (r7 (K))R.
For, if 0 # ¢t € rr(K), then there is r € R with 0 # tr € R because Rg <®*° Tg. Thus Ktr =0,
so 0 #tr erg(K).

Since T € ¢B, there is e € I(T) with rp(K)7p <®5 eT7. So rr(K)r <*° eTg from
Lemma 1.4(1). Thus Xz = rp(K)g < rr(K)gp <% eTg with r7(K) € Des(T) and e €
I(T). Hence it yields the hypothesis of Lemma 2.22(i). Thus there exists (Sf% (R) such that
c|lr € End(T7) and c(1) € I(T) for each c € §;3(R). Let S = (R U 85%(R)(1))T (=(RU
85%(R)(1))Q(R)). Then .5 (S — R) holds. To see this, take ¥ € D.5(S). Then ¥ = rg(L)
for some @ # L € S. Now note that Y = rg(SL) and rg(SL) = rs(SL) N R <*° rs(SL)g.
Also note that S is a left ring of quotients of R, hence rgr(SL) =rr(SL N R) by Lemma 2.20.
Therefore D93 (S — R) holds since rg(SLN R) € D (R).

By an argument similar to that used in part (i), S = R(¢B, «, Q(R)) is the desired subring
of T, by Corollary 2.18(ii). The converse follows from Theorem 1.9(iii).

(iv) Assume that T € eq®B. Let K € D.qa3(R). Then there is X < R with K =rg(X). Not-
ing that TX = TXT by assumption, K = rg(X)g <®rr(X)g =rr(TX)g = rr(TXT)pg.
Now r7(TXT) € Deqn(T). Thus there is e € I(T) such that r7(TXT)r <** eTr, so
rr(TXT)r <% eTg since Rg is dense in Tg. Hence, by Lemma 2.22(i), there is 8’fq%(R)

satisfying c|7 € End(Ty) and ¢(1) € I(T) for each ¢ € (qu%(R). Let S = (R U (qu%(R)(l))T

(=(RU qu%(R)(l))Q(R)). Since T is a left ring of quotients of R, so is §. By an argument
similar to that used in the proof of part (iii), D¢qo (S — R) holds. By Corollary 2.18(ii),
S = R(eq®B, B, Q(R)). The converse follows from Theorem 1.9(¢ii). O

Corollary 2.24. Assume that E(Rg) = Q(R), Q(R) is a left ring of quotients of R, and T is a
right ring of quotients of R. Then:

() de(R) =éen(R).

(i) Assume that @ = 8 or some 5’33(R)(1) CCen(T). Then T € € if and only if T € ¢$B. Also
every right extending a pseudo right ring hull of R is a right essentially Baer o pseudo
right ring hull of R and conversely.

(iii) Assume that Z(Rg) =0. Then T € € if and only if T € B. Moreover, every right extending
o pseudo right ring hull of R is an essentially Baer o pseudo right ring hull of R which is
Baer and conversely.

Proof. Obviously, ¢ (R) C §g(R). Let c € ¢ (R) and e = ¢(1). By Lemma 2.20, rg (Q(R) x
(1=e)NR)=rr(Q(R)(1 —e)) =ror)(Q(R)(1 —e)) NR=(eQ(R)NR)gr <** eQ(R)g =
c(1)Q(R)r =cQ(R)R. Hence ¢ € 6.1 (R). Thus ¢ (R) = §¢(R). The remainder of the proof
follows from Corollary 2.23 and Proposition 1.2. O

3. Applications to matrix and generalized triangular matrix rings
In this section, we apply our theory to provide answers to Problems I and II of Section 1, when

the class £ is B, €, §J, or the class of right (semi)hereditary rings and the ring R (in Problem I)
or the ring T (in Problem II) is a subring of a 2-by-2 matrix ring.
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Our first result of the section characterizes any right extending ring whose maximal right ring
of quotients is the 2-by-2 matrix ring over a division ring.

Theorem 3.1. Let D be a division ring and assume that T is a ring such that Q(T) = Mat(D)
(respectively, Q(T) = QY(T) = Maty(D)). Then T € € (respectively, T € B) if and only if the
following conditions are satisfied:

(i) there exist v, w € D such that ((1) }’)) eT and (g (1)) eT;and
(1) for each 0 # d € D at least one of the following conditions is true:

M (§4)eT,

@ (L) eT, or

(3) there exists a € D such that a — a* # 0 and ( a (-ad

d'a d*l(lfa)d) €T.

Proof. Routine calculations show that any nontrivial idempotent of Q(T') has one of the follow-
ing forms where a, b, f € D witha —a* # 0 and b # 0:

1 f 0 0 0 f 1 0 a b
o 0)'’\fr 1)°\0o 1)°\fr o)’ \bp'd=a)a b7'A—a)b )"

By using Definition 2.14(i), we obtain:
1 f 1 0 0 0 0 0).
for f € D, (0 O>a<0 O) and<f 1)“(0 1),
for0+ f, 0#£ge D, (8 {)a@ 8) if and only if g = f~!; and
0 f a b . —_—

for0# f e D, <0 l)a(b_l(l—a)a b_l(l—a)b) ifandonly if b= (1 —a)f.

Thus for some v, w € D, let
1 0 1 v 0 0

=0 DG ) (9]

U{KeMatz(D)

0 d 1 0 a (1—a)d . 2
<0 1)’<d_1 O)’Or(d_la d_l(l—a)d) for some a € D witha —a #0}.

Then Y = 8%(T)(1). Since Z(Tr) =0, « = B. Hence the result is now a direct consequence of
Corollaries 2.23 and 2.24, where R in the corollaries coincides with T in the present result. O

for each 0 #£d € D, K has exactly one of the following forms:

We observe that one can generalize Theorem 3.1 by replacing Mat, (D) with a semisimple
Artinian ring S = @le Mat,, (D;), where n; is a positive integer and D; is a division ring. To
see this, one can develop a generalized proof of Theorem 3.1 as follows:

(1) calculate I(Mat,, (D;)) for each i;
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(i) note that if X7 < Tr, then (@L] (X NS))r < X7, where S; = Mat,, (D;);

(iii) find a 8"@‘(T N Mat,,; (D;))(1) for each i;

(iv) take §G(T)(1) to be the Cartesian product of the 85 (7 N Mat,, (D;))(1) by using (ii)
and (iii).

Now the generalized version is a direct consequence of Corollaries 2.23 and 2.24 as in the
proof of Theorem 3.1.
Theorem 3.1 provides the following elementwise characterization of a Priifer domain.

Corollary 3.2. Let A be a commutative domain with F as its field of fractions. Then the following
conditions are equivalent.

(i) A is a Priifer domain.
(ii) For eachd € F withd ¢ A and d-! ¢ A, there exists a € A such that d~lae Aand (1 —
a)d € A.

Proof. The proof follows from [25, p. 17, Exercise 3] and Theorem 3.1, where we take T =
Mat,(A) in Theorem 3.1. O

As in the comment before Corollary 1.10, we remark that any ring of quotients of a Priifer
domain is a Priifer domain follows immediately from Corollary 3.2.

Corollary 3.3.

(i) Let T be a ring such that Q(T) = Maty (D), where D is a division ring and ((1) 8) eT. If
either (8 g) CTor (g 8) C T, then T is right extending and Baer.

(i) Let A be a right Ore domain with D = Q,(A). Then (‘8 Q) is a right extending right ring
hull of Tr(A) and it is Baer.

Proof. Part (i) is a direct consequence of Theorem 3.1 and [15, Theorem 1.1]. Part (ii) follows
from part (i). O

As a consequence of Corollary 3.3, our next example provides a right extending generalized
2-by-2 triangular matrix ring 7" such that Q(T') = Maty(D), where D = Q7,(A) and A is aright
Ore domain, but 7 is not necessarily an overring of 75(A).

Example 3.4. Let A be a right Ore domain with D = Q7,(A) and B any subring of D. Then
T = (g 2) € ¢ and Q(T) = Maty(D). For an explicit example, take A = Z[x] or Q[x], and
B=7.

From [25, p. 16, Exercise 2] it is well known that if A is a commutative domain with F as its
field of fractions and A # F, then 7,,(A) (n > 1) is not Baer, but by Theorem 1.9 any right ring
of quotients of 7,,(A) which contains 7, (F) is Baer. This result motivates the question: If A is
a commutative domain, can we find € right ring hulls or € p pseudo right ring hulls for T, (A)
and use these to describe all € right rings of quotients of T,,(A) when € is a class related to the
Baer class? (See Problems I and II, Section 1.) In the next five results, we answer this question
when A is either a PID or a Bezout domain (i.e., every finitely generated ideal is principal [19]).
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Lemma 3.5. Let A be a commutative Bezout domain and T a right ring of quotients of T>(A)
such that (;}4 ﬁ) C T for some0+#a € A.

1) If(g a! ) eT, then T is right extending.

(i) Ifa= k' pm where each p; is a distinct prime, each k; is a positive integer, and

ki—1 km 1
0 (py' - -
(O 0 )ET,

then T is right extending.

Proof. Let ¢,d € A such that ¢ # 0 and d # 0. Assume that (0“1 )¢ T and ( hat 0) ¢ T. Let
gcd(c,d) = z. Then ¢ = ¢z, d = dyz, and ged(cy,dy) =1 for some ci,d, 2 e A. By noting
that cd ™! = cldl_1 because A is a GCD domain [26], we may assume that gcd(c,d) = 1. Let
g=gcd(d,a). Thena =sg,d =tg, and gcd(s,t) =1 for some s, t € A.

(i) Since gcd(s,t) = 1 = ged(c, t), then gcd(z,cs) = 1. Hence there are x, y € A with
l=csx +1ty. Take b=csx. If b=0, then | =ty, thust ' =y e A. Socd™ ' =c(tg)™! =
cyg ' eg'A=a"'sA Ca'A, a contradiction. Hence b # 0. If b = 1, then ¢~! = sx. So
de™! =dsx = tgsx = tax € aA, a contradiction. Thus b — b* # 0. Note that dc~'b = dsx =
tgsx =tax € aA and (1 — b)ed™' = (ty)c(tg) ' =g ey e g7 'A=a"'sA Ca='A. There-
fore ( b (l_b)”dfl) € T. From Theorem 3.1, T € €.

dc'b 1-b
(i1) We can consider the divisibility of d with respect to each p; and obtain

h
d=p\" - pirq.
where each h; is a nonnegative integer such that h; < k;, and h; < k; implies ged(p;,q) = 1.

Case 1. Assume that whenever h; # 0, then h; = k;. We claim that gcd(d, s) = 1. First, if
hiy=---=h, =0,thend =¢q. Thus g =gcd(d,a) =1.Soa=sg =s and d =g =t. Since
ged(s,t) =1, ged(s, d) = 1. Now suppose that not all /; are zero. Assume to the contrary that
ged(d, s) # 1. Then there exists j € {1, ..., m} such that p; | s. Thus s =51 p; for some s € A.
Since at = sd, we have that

pkl P] lp]rll . pkml, _p?l ,..pjf/ kj pm qpjsi
and hj —k; =0. Hence p; | ¢, a contradiction to gcd(s, t) = 1. Therefore ged(d, s) = 1.

Since ged(c,d) = 1, we have that gcd(cs, d) = 1. Thus there exist x, y € A such that 1 =
csx+dy. Letb=csx. 1fb=0,thendy=1,hence d"! =y € A. So cd~! =cy € A, a contra-
diction. Thus b #£ 0. If b =1, then 1 = c¢sx, so ¢V =sx. Thusdc ! =dsx = tgsx =tax € aA,
a contradiction. So b # 1, hence b — b> # 0. Now dc™'b = dsx = tgsx = tax € aA and
(1 =b)ed ' =dycd™" = yc € A. Therefore

b (1 —b)ed™! A A
(dc—lb 1—b >€<aA A)QT'

Case 2. Assume that there exists £ € {1,...,m} suchthat 1 <h, <ke. Let I ={i €{l,...,m}|
hi <k;j} and v=1I|. Also let J ={1,...,m}\ I and w = |J|. Denote I = {iy,...,i,} and
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={j1,..., jw}. Inthis case, note J ={j € {1,2,...,m} | hj; =0 or h; = k;}. Then there exist
7,0 € A such that

Oiy 6i kjy kj
ncpi] .. .pi;v +O_pj] . p]wwq — 1’

91’ i —
where 0;, = kiy — hi\, ..., 6, = ki, — h;,. Takeb=ncp,»11~-~pfv“. Then bc='d € aA and
_ kj / B N — hi hiys—1, ki —1 kiw—1._1 -
(1=byed™ =op - piqe(p! - plrg)y ™ =oc(p - pr)y ) T s

in (pkl Lo phn=y-1y4, Clearly b —b>#0. Thus ( [flb (1—1171211—1) € T. Therefore, by Theo-
rem3.1,Te¢ 0O

Lemma 3.6. Let A be a commutative Bezout domain and T a right ring of quotients of Tr(A)
such that T N Maty(A) = (aA A), where 0 # a = p1 pf,,’” € A, each p; is a distinct prime,

and each k; is a positive integer. If T is right extending, then

A (pkl 1 km ) lA
aA A

is a subring of T.

Proof. Assume that 7 € € and that F denotes the field of fractions of A. Letd = pk1 b p],f{"_l

€ A. Note that ( ) ¢ T. Thus, by Theorem 3.1, either ( 0% ) € T or there exists b € F

such that b — b*> # 0 and (/¢ lb)z ) € T. Suppose there is b € F with b — b* # 0

and (bb a- b)d ) € T. Now there are x,y € A with b = xy~! and ged(x, y) = 1. Hence

( j‘x O y")f ) € T. Since A is a commutative Bezout domain and gcd(x, y) = 1, there are

v, w € A such that xv + yw = 1. Note that ( wxx (wiuywzj);i ) € T and (Uli;‘x 8) € T. Since

wy = 1 — vx, it follows that ((g”:ulglxd a l(f(':li)lj)‘))j ) e T. Also since (x(:i 8) e T N Maty(A),
we have that xd € aA. Thus x is not a unit of A. Hence 1 — (v + w)x # 0. If (v 4+ w)x =0

then ( ) € T. Assume (v + w)x # 0. Take ¢ = (v + w)x. Then ( g (1 lg);f ) e T, where

g€A, g—g>+0,and gd € aA. Thus p; | g for i =1,...,m. So gcd(l —g,d)=1.
Hence there exist 7,0 € A with (1 — g)o +dm = 1. Thus (1 — g)od~' + 7 =d~'. Since

(8 (l_g)dfl) e T, then (0 (G g)"d 1J’”) € T. Thus in all cases, we have that (gdo ) € T. Conse-

quently, (A (ry

11.km1),

§ ) isasubringof 7. O

Theorem 3.7. Let A be a commutative Bezout domain with F as its field of fractions, A # F,
and T be a right ring of quotients of To(A). If at least one of the following conditions holds, then
T is right extending and Baer.

@) (‘8 ) is a subring of T.
(ii) ( A “71 ) is a subring of T for some 0 # a € A.
k| I

(iii) (A (py

pi is a distinct prime, and each k; is a positive integer.

km—1\—1 . .
- an ) A) is a subring of T for some 0% a € A, where a = pll” ~--pf,{", each
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Proof. This result follows from [15, Theorem 1.1], Theorem 3.1, and Lemma 3.5. 0O

Lemma 3.8. Let A be a commutative PID with F as its field of fractions, A # F, and

ki—1 Km—1y—

V_( A (P )1A>

=\ % kom )
pll...pmA A

where each p; is a distinct prime of A. Then V is a right hereditary ring.

Proof. Defineo:V — (Pl““é’mA f}‘) =W by

. a TN (0 a b
p]f]~-~pfn’”c d pr---pmc d)’

where a, b, ¢, d € A. Then we can see that ¢ is a ring isomorphism. Thus to show that V is right
hereditary, we need to prove that the ring W is right hereditary.
For this, let P = pA be a nonzero prime ideal of A. Then P is a maximal ideal of A. If

p¢{pls pZa"'apm}athen

P=\pip2--pmAr Ap)” \Ap Ap

is right hereditary, where A p and Wp are localizations of A and the A-algebra W at P, respec-
tively. Next suppose that p € {p1, p2, ..., pm}- Say p = p1,s0 P = p1A. Thus,

_ Ap Ap
Wr= (PAP Ap )
is right hereditary by [31, p. 155, Example 5.11(i)]. So Wp is right hereditary for any maximal

ideal P of A. Thus W is right hereditary by [35, p. 41, Theorem 3.28]. Therefore V is right
hereditary. O

The following corollary illustrates how both Definitions 2.1 and 2.2 can be used to character-
ize all right rings of quotients from a class € (see Problem I in Section 1).

Corollary 3.9. Let A be a commutative PID with F as its field of fractions, A # F, and let
R=Ty(A).

(1) Let T be a right ring of quotients of R. Then T is right extending if and only if either the

. . . . k=1 km—1y—1 . .
U=(a% b T, orth V=(A®" -p)7lA b T
ring ( ) A) is a subring of T, or the ring (aA 1 i ) is a subring of
for some nonzero a = plfl S p,lii”, where each p; is a distinct prime of A.
(ii) (‘8 g) is the unique right extending right ring hull of R.
(iii) R has no right extending absolute right ring hull.
(iv) In (1)—(iii) we can replace “right extending” with “Baer,” “right PP,” or “right semiheredi-

tary.”
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Proof. (i) Assume that T € €. If U is not a subring of T, then T N Maty(A) = (4 4 ) for some
0#a € A. For, if T N Maty(A) = T>(A), then (') € T by Theorem 3.1. So U is a subring
of T, a contradiction. Now V is a subring of 7 by Lemma 3.6. The converse follows from
Theorem 3.7.

(ii) If there is another distinct right extending right ring hull H of R, then from part (i) there
exists 0 £ a = p]f' k’" € A such that each p; is a distinct prime of A and H = V. Let p be a
prime in A with gcd(p, p1---pm) = 1. Take

o A (pkl 1 m ) ]A
! paA A

Then, by part (i), H; is a right extending right ring of quotients of R such that H; is a proper
subring of H, a contradiction.

(iii) If R has a right extending absolute right ring hull S, then S € U from part (i). Let p
be a prime element of A. Then ( ;4 4) € € by part (i). Thus S € (/%4 4). hence S € (4 5) N
(p‘% 2) =T>(A) = R. So S = R. Therefore R € &, which is a contradiction.

(iv) Corollary 2.24 and the fact that a right PP ring with no infinite set of orthogonal idem-
potents is a Baer ring [38] yield that “right extending” can be replaced by “Baer” or “right PP.”
To see that “right extending” can be replaced by “right semihereditary,” we first note that a right
semihereditary ring is right PP. Hence if T is right semihereditary, then it must have either U or
V as a subring.

Next we claim that the ring U is right semihereditary. First note that U is Baer by The-
orem 3.7(i). Thus U is right PP. Now suppose that [ is a finitely generated right ideal of U
generated by ( i q’) wherei =1,2,...,k.

Case 1. If there exists i with a; # 0. Then there are a, b € A suchthata #0,aA =a1A+--- +
agA,and bA =b1 A+ ---+ by A. Moreover, it follows that

1 ar gk _faA F\ _ (a O
I‘(o b)A+ +(o bk>A_(0 bA)_<O b)U'
Now since U is right PP, [ is projective as a right U-module.

Case 2. a; =0 for each i. Then

_J(0 ain 0 qrre
1_{(0 n1r1>+ +<O NErk
Since A is a commutative PID, there exist (0 Y ) el with j=1,...,¢suchthat ] = (0 A®

() ')A, where the scalar multiplication is (8 ; )-r= (3 ; r) for r € A. Thus we see that

rl,...,rkeA}.

I = (8 ;1‘ )U DD (O s )U Since U is right PP, each (0 i )U is projective, so [ is a projective
right ideal. Hence U is rlght semihereditary.

By Lemma 3.8, V is right hereditary. Since both U and V have finite right uniform dimension,
Corollary 1.10 yields that if 7 has U or V as a subring, then 7 must be right semihereditary.
Now arguments for parts (ii) and (iii) hold when “right extending” is replaced by “right semi-

hereditary.” O
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We remark that U and V, in Corollary 3.9, are right extending « pseudo right ring hulls of R,
whereas Q(R) = R(€, Q(R)). Moreover, if {p1, p2, ...} is an infinite set of distinct primes of A

and
A A
V= ,
! (Pl"'piA A)

then V1 D V, O ... forms an infinite descending chain of right extending o pseudo right ring
hulls none of which contains U. Thus no V; is a right extending right ring hull.

Corollary 3.10. Let A be a commutative PID with F as its field of fractions, A # F, and let T
be a right ring of quotients of R = T(A). Take

ki1 Kp—1n 1
A F A (P cepmt )TA
Sz(o F> and VZ( ki ke y A ’
P Pm

where each p; is a distinct prime of A.

(i) If T is right hereditary, then either S or V is a subring of T. The converse holds when T is
right Noetherian.

(ii) S is the unique right hereditary right ring hull of R; but R has no right hereditary absolute
right ring hull.

Proof. (i) This is a direct consequence of Corollary 3.9(i) and (iv).

(i1) A routine argument shows that S is right Noetherian [21, p. 114, Exercise 15]. By part (i),
S is right hereditary. Assume that A is a right hereditary right ring of quotients of R such that A
is a proper subring of S. Then A = (’3 g), where B is a proper subring of F which is an overring
of A. By Corollary 3.9, A is right extending. From [17, Corollary 10.6(i)], A is right Noetherian.
Let 0 # b € B such that b~! ¢ B. We see that the B-submodules of F of the type 5" B form
a strictly ascending chain (as n increases where n is a positive integer). Thus (8 bf(';B ) form a
strictly ascending chain of right ideals of A, a contradiction. Therefore S is a right hereditary
right ring hull of R.

For uniqueness, let H be another distinct right hereditary right ring hull of R. By part (i),
H =V for some nonzero a = p]f' e p],f;” where each p; is a distinct prime of A. Take Hj as in the
proof of Corollary 3.9(ii). Then by the same method as was used in the proof of Lemma 3.8, Hj is
isomorphic to W. Hence H; is right hereditary. But H; is a proper subring of H, a contradiction.
By an argument similar to that used in Corollary 3.9(iii), R has no right hereditary absolute right
ring hull. O

The following result provides an answer to Problem I of Section 1 for the case when & = & and
R = T>(W) by characterizing the right extending right rings of quotients which are intermediate
between 7>(W) and Maty (W), where W is from a large class of local right finitely X'-extending
rings (see [17] for finitely X' -extending modules).

Theorem 3.11. Let W be a local ring, V a subring of W with J(W) C V, R = (‘6 %), S =
(J(‘GV) % ), and T = Maty(W). Then we have the following.

(1) Foreach e € I(T), there exists f € I(S) such thate o f.
(i) Se€ifandonlyif T € € ifand only if S = R(&, p, T) for some p.
(iil) If W is right self-injective, then S = R(€,a, T), and Qqeon(R) =R(E, T)=T.
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@{iv) If T € € (respectively, W is right self-injective) and at least one of the following conditions
is satisfied, then S = Qg(R) (respectively, S = Q¢ (R)):
(@) J(W) < Cen(W);
(b) U(W) < Cen(W);
(c) J(W) is nil,
(d) W is right nonsingular.
(v) Assume that S = QE(R) and M is an intermediate ring between R and T. Then M € € if
and only if M = (J(Iéi/) w) or M =T, where A is an intermediate ring between V and W.
(vi) Re T ifand only if W € §J.

Proof. Since B = (W) is a left ideal of T such that £7(B) =0 and B € R, [27, pp. 380-381,
Exercise 9] yields that Q(R) = Q(S) = Q(T) and E(Rg) = E(Ss) = E(T7).
(i) Lete=(95) € (T). Then

(1) a>+bc=a;
) d*>+cb=d;
(3) ab+ bd =b; and
@4) ca+dc=c.

We need only consider the following cases.
Case 1. Assume that ¢ is invertible. Then e = ( caf;)c—l) from (4). Take f = (8 “Cl_] )- Then
fel(R)ande- f = (8 ‘12511‘”’) = f because a’c ' + b= (a®> +bc)c ' =ac! . Also f e =
(a a(lfa)c’1

e ) =esince a(l —a)e™! = (a —a?)c™! = bee™! = b. Therefore e a f.

Case 2. Assume that c € J(W) and a ¢ V. Then bc = a(1 — a) € J(W). Since a is invertible,
l—aeJ(W)CV.ButleV,soa eV, acontradiction.

(i) If S € &, then T € & by Corollary 1.8(ii). Now assume that 7' € ¢ and Xs < Ss. Then
there exists e € I(T) such that X7y <% eTr. From Lemma 1.4(i), XTs <% eTy. Since Sy is
dense in Ty, X5 <®* XTs by an argument similar to that used in the proof of Lemma 1.4(ii). By
part (i), there is f € I(S) with e « f in I(T"). Hence eT = fT. So Xs <*° fSs. Thus S € €.
The remainder of the proof of this part follows from Lemma 2.22(ii) and that

()

(iii) Observe that (1 ) & (; 0) if and only if x = y. Thus, by part (i), there is a 8% (R)(1) with

ceJ(W)}> .

T

{(jl 8) ‘ de J(W)} < SE(RI(D) S1(S).

Hence S = (R U(S"é(R)(l))S. So, from Corollary 2.18(i), S = R(¢&, o, T'). By Proposition 2.3(iii),

(<o)

Thus Qqeon(R) =T = R(E, T).

cE W} C Qgeon(R).
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(iv) Let M be an intermediate ring between R and T'. Then there is an additive subgroup I of
Wwith IA+WI C[and A+WI C A.Thus [ isaleftideal of W. Also A is a subring of W with
VCAand M = (’? %) Assume that M € € and that S € M. Then I C J(W) since W is local.
Let r € J(W) such that 7 ¢ . Then there is ¢ = (‘z Z) € I(M) with (8 })MM <% eMyy. Thus
6(8 }) = (8 } ) Hence a, b, c, d satisfy Egs. (1)—(4) in the proof of part (i) and the equations:
®) a+bt=1and
(6) c+dt=t.

From (5), bt = 1 —a € J(W), so a is invertible. By (6), c = (1 —d)t € J(W).If 1 —d is invertible,
thent € We C W1 C I, acontradiction. Hence 1 —d € J(W), so d is invertible. If b is invertible,
thend =b~ (1 —a)b e J(W) by (3), a contradiction. Thus b € J(W).

Claim 1. [fbc =0, then S C M.

Proof. From (1), a = 1. Then (3) implies bd = 0. Since d is invertible, b = 0. Hence (2) implies
that d = 1. Then (4) yields that ¢ = 0. Thus e = (é?) Note that (8 })M N (8(1))M =0. So
(8 V)M is not essential in eMy; = My, a contradiction. Therefore if M € €, then SC M. O

Claim 2. [f J(W) C Cen(W) or U(W) C Cen(W), then bc = 0.

Proof. Multiply both right sides of (3) by ¢ and use the fact that J(W) € Cen(W) or U(W) C
Cen(W) to obtain bc(a + d) = bc. Hence be(1 — (a +d)) =0. Suppose that 1| — (a+d) = j €
J(W). Thend = (1 —a) — j € J(W), a contradiction. Hence 1 — (a + d) is invertible. Therefore
bc=0. O

Claim 3. If J(W) is nil, then bc = 0.

Proof. From (3) and (5), bd = (1 — a)b = btbh. Hence b = bthd~! = (btbd=V)tbd~! =
b(thd=")". Since J(W) is nil, b=0. Thus bc =0. O

Claim 4. If W is right nonsingular, then bc = 0.

Proof. Since T € €, W € ¢ [17, Lemma 12.8]. So W is a domain. As in the proof of Claim 3,
bd =btb. If b #0, then d =tb € J(W), a contradiction. Therefore 0 =b=bc. O

Thus by Claims 14, § = Qé(R) (respectively, S = Q¢ (R)) when either J(W) C Cen(W),
J(W) is nil, U(W) C Cen(W), or W is right nonsingular.

(v) This part follows from Corollary 1.8(ii).

(vi) This is a consequence of [11, Corollary 1.6]. O

Recall that if W is a local ring such that Wy is finitely X-extending [17, Lemma 12.8], then
Mat, (W) € € for all positive integers n. The class of local commutative Priifer domains is a class
of local rings which are finitely X -extending [17, Corollary 12.10].

Corollary 3.12. Let D[x, ¥] be the skew formal power series ring over a division ring D with
¥ an automorphism of D and V a subring of D. If
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R = (V +x€[[x, VI g%ﬁ’ 5%) . then

V +xD[x,¥] DJx,vy]

T _
Qe (R) ‘( xD[x.y]  D[x.¥]

> ,  where T =Maty(D[x, ¥]).

Proof. Since D[x, y] is a right hereditary Noetherian local domain, [17, Corollary 12.18] yields
that D[x, y] is right finitely X'-extending. The result is now a consequence of [17, Lemma 12.8]
and Theorem 3.11. O

We note that Q@(R) in Corollary 3.12 is a Baer ring by [15, Theorem 1.1].

Corollary 3.13. Assume that W is a local ring and V is a subring of W. Let R = (‘6 %) Then
the following are equivalent.

(1) R is right extending.
(i) To(W) is right extending.
(iii) W is a division ring.
Proof. As in the proof of Theorem 3.11, Q(Mat,(W)) = Q(R).

(i) = (ii). This follows from Corollary 1.8(ii).
(ii) = (iii). Suppose that 0 # d € J(W). Since

0 1 00
(0 d)Tz(Wm<0 1)Tz(W>=o,

(8 é)Tz(W)Tz(W) is not essential in 75 (W), (w). So there is e = (8 51) € I(T,(W)) with

0 1 < (0
<O d)T2(W)T2(W) < (O T)TZ(W)TZ(W)-

0 1Y\ _ . 0 1\ (0 yd
0 4/ \0o d4) \o d )
Hence yd = 1, a contradiction. Thus J(W) =0, so W is a division ring.
(iii) = (i). Since W is a division ring, Maty (W) € €. From Theorem 3.11(ii), R € €. O

Then

The following example illustrates Theorem 3.11 and right ring hulls for several classes of
rings.

Example 3.14. In Theorem 3.11, take V = W to be a local right self-injective ring with J(W)
nilpotent and nonzero (e.g., W can be a local QF-ring with J(W) # 0). Let Sp = (%’J(‘X,V)),
S1=R, Sy =S and S3 =T. Then S C S1 € 5> € 3 is an ascending chain of subrings of S3
where each ring is a right essential overring of its predecessor. Note that Spg, <®*° Sy, and
S1s, is dense in S3g,, but Sog, is not essential in Sy5,. By [11, Theorem 1.4], S is not right FI-

extending; but it is right Kasch, so So = Q(Sp) by [27, Corollary 13.24]. From [11, Theorem 1.4]
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and Theorem 3.11, we have that S; = égj(S()), S = Qe(S1),and S3 = Qs3(S1) = Qs3(52).
Observe that this chain of right essential overrings must terminate at S3 since Sz is right self-
injective.

Note that in Theorem 3.11 and in the following result we can construct some € right ring hulls
for rings which may or may not be right nonsingular.

Proposition 3.15. Let A € §J, M =W =@;_, A;, A; = A for each i, and S a subring of W

containing D = {(ay,...,a,) € W | forsomea € A, a; =a foralli =1,...,n}. Then the ring
H= (‘g 1\1‘;1) is a right Fl-extending right ring hull of R = (g AX)

Proof. Assume that wN4 < wM4. Then N = @?:1 I;, where each I; < A;. Since A € §J,
there is ¢; € I(A) with I; 4 <**%¢;A4. Let e = (eq,...,e,) € W. Then Ny <®% eM,. By [11,
Corollary 1.6], H € §J. Note that H is a right essential overring of R. Next assume that U is a
right Fl-extending intermediate ring between R and H. Then U = (}j ), where V is a subring
of W.So A; isa (V, A)-bisubmodule of y M4. By [11, Corollary 1.6], there is f = f2 e V with
Ajg <®5 fMy4. Since A; 4 is closed in My, Aj 4 = fMy. Note that f D is the ith component
of W.But fDC V.Hence V=W.Thus U =H,so H= @gj(R). a

We conclude with an example illustrating Proposition 3.15.

Example 3.16. Let A be a field and

A A@A a 0 x
R = 0 A = 0 a vy
0 0 ¢
(i) Then R € 9B and Z(Rg) = 0. But, by using [11, Corollary 1.6 and Theorem 3.2], R is not
right Fl-extending (hence the converse of Proposition 1.2(ii) does not hold).

(ii) Let
a 0 x
m=(rgr o)< (00 0)
0 0

c
a+b a x
H2=[( 0 b y)
0 0 ¢

Note that R, H; and H, are subrings of Mat3(A). Define ¢ : Hf — Hj by

a 0 x a a—-b x-—y
GG )
0 0 ¢ 0 0 c

Then ¢ is a ring isomorphism. By Proposition 3.15, H; and H, are right Fl-extending right ring
hulls of R such that H; N Hy = R. Thus, in general, the intersection of right FI-extending right
ring hulls is not a right FI-extending absolute right ring hull.

a,c,x,yeA}.

a,b,c,x,yeA}

and let

a,b,c,x,yeA}.
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(iii) Note that

A A A
R(33,Q(R)) = (A A A) # Mat3(A) = Qqeon(R) = E(RR).
0 0 A

(iv) We see that H; and H, are properly contained in T3(A) = (1), R(3J, a, Q(R)). Thus,
we have right Fl-extending right ring hulls properly contained in the intersection of all right
FlI-extending « pseudo right ring hulls.

(v) Let
a+b b x
0 0 ¢

Note that H3 can be represented by the generalized matrix ring (5 #), where B = {(¢}??) |

a,be A} isaring; and M = {(f) |x,y € A} is a (B, A)-bimodule. From [11, Corollary 1.6],
Hj is a right FI-extending right ring hull of R if and only if either:

a,b,c,x,yeA}.

(a) pMy has 0 as its only proper (B, A)-bisubmodule; or
(b) thereis 0~ pNg < pM4 and f € I(B) with N = fM and dim(N4) = 1.

Thus if A =7, then Hs is also a right FI-extending right ring hull of R. But H3 is not a right
FI-extending p pseudo right ring hull of R for any equivalence relation p on 835 (R). Also we
see that Hz % H.

Open problems.

(i) Characterize the classes £ of rings such that each ring in £ has a right self-injective or right
continuous (absolute) right ring hull, respectively.
(i) Assume that 7 is a right essential overring of a ring R. Find some interesting property P
such that if R has P, then T has P.
(iii) Fix a class R of rings. Determine those rings R such that Q(R) is semisimple Artinian and
R € K. (In particular, consider & = §J or R = ¢*B.)

Motivated by Example 3.14, we give the next definition for problem (iv): An overring S of R
is a generalized right essential overring of R if there exists a finite chain R=Sy C §; C--- C
S, = S of subrings such that S; is a right essential overring of S;. Note that any such chain of
right essential overrings will terminate when S; is right self-injective.

(iv) Determine necessary and sufficient conditions for R to have a maximal generalized right
essential overring.

Note added in proof

In the comment after the proof of Theorem 3.1, if the division rings D; are fields, a method
for calculating I(Mat,, (D;)) appears in [1].
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